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Abstract

By using classical uncertainty principles for the Fourier transform and com-
position properties of the Kontorovich-Lebedev transform, analogs of the Hardy,
Beurling, Cowling-Price, Gelfand-Shilov and Donoho-Stark theorems are obtained.
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1 Introduction

The Kontorovich-Lebedev transformation is defined as follows (cf. [8], [12], [15], [16], [17])

o(z) = / " KuW)f )y, © > 0. (11)

Here K,(z) is the modified Bessel function [3], which is an independent solution of the
differential equation
Zd*u  du

2 2 _
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When y = iz, * € R,z = y > 0 it is real valued and even with respect to z. If
[ € Ly(Ry;ydy) then g € Lo(Ry;wsinhwadx) (see [16], [17]) and the Parseval formula
holds

\:8

zsinh mx|g(x)|*de = % / y)[ydy. (1.2)
0

~— O

In this case integral (1.1) converges in the mean square sense and can be written making
necessary truncations at zero and infinity. Moreover, the inverse transform has the form

yf(y) = % /Oooxsinhﬂme(y)g(:p)d:p, (1.3)

™

where integral (1.3) is in the mean square sense with the necessary truncation at infinity.
On the other hand, if f € L1 (R; Ko(y)dy), where Ky(y) is the modified Bessel func-
tion of the index zero then inversion formula (1.3) can be interpreted at each Lebesgue
point of f (see in [15]) as
4 < T
yf(y) = = lim x sinh acx cosh 7Kim(y)g($)dw. (1.4)

2
T a=5-Jo

If also g € Li1(Ry; 2 cosh %Fdx) one can pass to the limit in (1.4) under the integral sign
and we get (1.3) in Lebesgue integrable sense.
The modified Bessel function has the following asymptotic behaviour

K (2) = (%)”2 4 0(1/2)], 2 oo, (1.5)

and near the origin
2Rl | (2) = 207 () + o(1), 2 — 0, u# 0, (1.6)
Ky(z) = —logz+O(1), z— 0. (1.7)

Meanwhile, when z is restricted to any compact subset of R, and 7 tends to infinity we
have the following asymptotic [16, p. 20]

2

Ko = (2

T

1/2 s 2T
) e ™% sin (Z—l—ﬂog— —7') 1+0(1/7)], 7—00.  (18)
T

The modified Bessel function can be represented by the integrals of the Fourier and Mellin
types (3], [10], Vol. T, [12], [15], [16

K,(z) = / e~ N cosh pu du, (1.9)
0
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1 o 22
K, (1) = = (f)“/ e~ =F 14t (1.10)
2\2/) J,
o TT R :
sinh TKZ- (x) :/ sin(z sinh u) sin Tudu, (1.11)
0
T > ,
cosh 7[(1- (x) :/ cos(z sinh u) cos Tudu. (1.12)
0

The main aim of the paper is to establish the so-called uncertainty principles for the
operator (1.1), which say that a nonzero original and its image under transformation (1.1)
cannot be simultaneously too small in the pointwise or integrable decay. This comes as
a generalization of the classical Heisenberg uncertainty principle. It was extended to the
Fourier transform in [1], [4], [5], [7]. The corresponding principles have been proved also
for the Y-transform [9], the Dunkl transform [11] and recently for the Hankel transform
[14].

The structure of the paper is as follows: in Section 2 we will prove Hardy’s type
theorem for the Kontorovich-Lebedev transformation, which will drives us at the Hardy
uncertainty principle. Section 3 of the paper will be devoted to the Beurling, Cowling-
Price and Gelfand-Shilov theorems. Finally in Section 4 we will prove the Donoho-Stark
theorem.

2 Hardy uncertainty principle

Hardy’s classical theorem for the Fourier transform [5], [13] says that if | f(y)| < Ce~®’

12 . . . .
and |(F.f)(x)| < Ce %, a > 0, then f(y) is a multiple of e=%". Here C' > 0 is a universal
constant, which is different in distinct places and

@) =2 [ seos avay 2.)

is the cosine Fourier transform.
Let us suppose that transformation (1.1) admits the following series expansion with
respect to an index of the modified Bessel functions

a

g(x) = m ian [KZ-(%M) <2> + Ki(z—n) (%)} , a>0, (2.2)

where Y7 |a,| < co. We have
/U2 . .
Theorem 1. Let g(x) satisfy (2.2) and |f(y)] < Ce1a. Then f(y) is a multiple of
2

_Yy
e da,
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Proof. Taking (1.9) we find
Ki(z 4n) <g> = /0 e~ 3 oshu cog <§ + n) u du. (2.3)

Hence ‘Ki(%Jrn) (%)‘ < Ky (%) and clearly series (2.2) is uniformly convergent on R,.

Moreover, one can calculate the cosine Fourier transform of the function cosh(mz/2)g(x)
by changing the order of integration and summation. Indeed, invoking (2.3) we obtain

F.(cosh(7t/2)g C’Zan/ Kz 1n) ) + Kiz—n) (g)} cos(xt)dt

- > a za: -5 X ZJTTL
—cY an / Kiggn () et = Cem 32 zan 2 (2.4)
n=0 o0

Therefore | F.(cosh(mt/2)g(t))(z)| < Ce 22 = O (e“’smh $) Further, it is easily seen

under conditions of the theorem and asymptotic behaviour of the modified Bessel function
(1.5), (1.6), (1.7) that f € Li(Ry; Ko(y)dy). Moreover, by virtue of the asymptotic for-
mula with respect to an index (1.8) we verify that g € Li(R,; z cosh %Fdw). Consequently,
calling (1.3), (1.4) we arrive at the representation

4 o0
yfly) = —2/ zsinh - cosh EKm(y)g(yg)clyg. (2.5)

7 Jo 2 2
However, since sinh %F K, (y) is bounded for any y > 0 (see (1.8)) we take the represen-
tation (1.11) and substitute it in (2.5). As a result we obtain

4 N T > , _
yf(y) = = lim x cosh Tg(a:) sin(y sinh ) sin zududx
0

2
7TN%OOO

N

4 T dvdzx
=— 1 cosh — s s log(v + v v2
% Jm [ cosh T g(a) [ sinfye) sinfalog(o + Vo D)t

Via Abel’s test we observe that the latter integral is uniformly convergent with respect
to « € [0, N]. Thus inverting the order of integration we come out with

[e.o]

fly) = 4 lim M N:Ucoshw— (x)sin(zlog(v + Vo2 + 1))dzdv.  (2.6)

Moreover, the integrability condition g € Li(Ry ;2 cosh %dx) and the Abel test allow us

to pass to the limit under the integra sign in (2.6). Hence returning to the old variables

we get
4 [ . °° U :
yfly) = = sin(y sinh u) x cosh 79(:13) sin(uz)dzdu
0 0

™
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S [ sintysinb e [ cosh ZEg(e) cos(un)drd (2.7
=—— sin(y sinh u)— cosh —g(x) cos(ux)dzdu. .
2 /o Y du J, 27
We note that the differentiation under the integral sign in (2.7) is motivated by the
uniform convergence by u € R of the latter integral with respect to x. Hence integrating
by parts in (2.7) and eliminating the outer terms owing to the Riemann-Lebesgue lemma

we take into account (2.1) to derive the representation

23
/7 Jo

Hence invoking the above estimates and the value of an elementary integral we find for
any complex variable z, |z| =17,

fly) = h cos(y sinh u) cosh uF,(cosh(mt/2)g(t))(u)du. (2.8)

1f(2)] < C’/OOO cosh(r sinh u) cosh u|F,.(cosh(wt/2)g(t))(u)|du

2

< C’/ cosh(r sinh u) cosh ue™ @S Uy — C/ cosh(rt)e ™ dt = Ce'a .
0 0

Thus f(4/z) is an entire function, which is O(e %) forall z € C and (V) = O(e i),y €

)
R, . Therefore according to [13], Theorem 128 f(y) = Ce % Theorem 1 is proved.
Corollary 1. Under conditions of Theorem 1

g(z) = C sech(rx/2) Ky /o (g

) = O(e_%ﬂx), x — +o00.

Proof. Indeed, substituting the value f(y) = Ce’g into (1.1) we just call the relation
2.16.8.3 from [10], Vol. 2 to get the result. The required asymptotic behavior at infinity
immediately follows from (1.8). Corollary 1 is proved.

Remark 1. As we see g(z) from the corollary admits the representation (2.2) with
a0 #0, a, =0, n=1,2....

As a consequence we are ready to state an analog of the Hardy uncertainty principle
for the Kontorovich-Lebedev transformation (1.1).

Corollary 2. Let |f(y)] < Ce ™, b> L. Then f(y) =

This principle can be formulated in terms of the composition F.(cosh(nt/2)g(t)). Pre-
cisely, we have

Corollary 3. One cannot have both |f(y)| < Ce™®", a > 0 and |F,(cosh(wt/2)g(t))(z)| <
Ce tsmh* s > 0, where ab > }l and g is the Kontorovich-Lebedev transform (1.1) unless

f(y) =0.

As a consequence of Theorem 1 and Corollary 1 we get
Corollary 4. Let |f(y)| < Ce™", a > 0 and |F, (cosh(mf/Q)g( ))( )| < Cebsinh®z p >
0, whereO<ab§}L. If |g(x)| < Ce®, x> 0,c> 3T then f(y) =
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3 Beurling, Cowling-Price and Gelfand-Shilov theo-
rems

The Beurling condition related to the cosine Fourier transform (2.1) says (cf. [7]), that if

/ / (x)|e™drdy < oo, (3.1)
R; JRy
then f = 0.

Here we will prove an analog of the Beurling theorem for the Kontorovich-Lebedev
transformation (1.1).
Theorem 2. Let

A&@vwwmm@mw<m. (3.2)
Then f = 0.

Proof. In fact, representation (1.9) for the modified Bessel function yields the in-
equality K,(y) > Ko(y). Consequently, condition (3.2) implies

0 >/R+ 4+\f(y)g(x)|Km(y)dxdyz /IR+ |f(y)|K0(y)dy/R+ ()| de.

Therefore, f € L1(Ry; Ko(y)dy), g(x) € Li(R,;dzx). The latter condition guarantees the
existence of the cosine Fourier transform of g. We will show that

:vglmaWMV@My (33)

Indeed, denoting by A(\) the right-hand side of (3.3) we find

|d)\<\/7//ey“’s“|f |dyd)\_\/7/
Ry JR, R4

So h € LI(R+; d\) and (F.h)(x) can be now easily calculated by using (1.9) and Fubini’s
theorem. Thus we obtain

wwmw=AmmwAAmame@MWAzAWmeﬂwwzg@»

KO dy<OO

Since g € Ly (R ; dx) the inversion theorem for the cosine Fourier transform gives (F.g)(\) =
h(A) and we establish equality (3.3).
Let us verify the Beurling condition (3.1) for g, F.g. We have

// F.g)(\) e dzd) < V2 //|g(aj)|coshx)\
Ry JR; R,
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y /0 P () e = Vo | + / Vgt ey < oo

Thus g = 0. Combining with (3.3) the latter condition yields

/ e VeshAf()dy =0, A € Ry (3.4)
0

for any f € Li(Ry; Ko(y)dy). We will show that in this case f = 0. In fact, choosing any
Ao > 1 we treat the left-hand side of equality (3.4) as the Laplace integral (Lf)(cosh \),
where

(Lf)(z) = / e (y)dy,

which is zero via (3.4) at least at the countable set of points satisfying the condition
cosh A, = Ao+ jn, j>0,n=0,1,2,... . Moreover, since (see (1.5), (1.7))

/ e_yCOSh)\"|f(y)|dy<ooa n:071,2,... ,
0

then by virtue of [2], Chapter I we get that f(y) = 0 almost for all y € R, ,i.e. f=01in
the Lebesgue sense.

Theorem 2 is proved.

Let us prove an analog of the Gelfand-Shilov uncertainty principle for the transforma-
tion (1.1). Indeed, it was shown in [4] that if

/U@WWW@<w, |(Fef)()|e"" 1z < oo, (3.5)
Ry Ry

with 1 < p,g <oo, p'+¢ ' =1and ab > 1/4, then f = 0.
We have accordingly
Theorem 3. Let 1 < p,q<oo, p~' +q¢ ' =1, [q] be an integer part of q and

oy, Ual1)! o)
[f(y)le »* dy < oo, lg(x)[e” Pdx < oco. (3.6)
R

Ry

Then f = 0.
Proof. By using the Young inequality zy < %p + % and representation (1.9) for the
modified Bessel function we derive

o o0
K.(y) = / eYsh oosh ru du < / eycoshutzu gy,
0 0

0o 1 °
< emp/p/ e—ycoshu-i-% du = e:cp/p (/ _|_/ > e_yCOShu-i_% du. (37)
0 0 1
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Meanwhile,

1 ud !
/ e_yCOShu+Tdu < 6/ e—ycoshUdu < eKO(y)v
0 0

oo wd oo
/ e*ycoshqu?du < ([Q] + 1) / e—ycoshu—i-u[q]ﬂu[‘ﬂdu‘
1 1

Therefore an elementary inequality coshu > % gives the following estimation of
the latter integral

/ e—ycoshu—i—%du < ([Q] + 1)/ 6—ycoshu+u[q]+1u[q]du
1 1

&0 2([q]+1) 0 )

_yuw o lq]+1 g

= ([Q] " 1)/ e Gl e U[q]du = / e CUd+D) +”dv
! 1

< O eumrnya

VY

Combining with (3.7) and taking into account the asymptotic formulas (1.5), (1.7) we
obtain the estimate

C C
eI (y) < eKo(y) + —=e@@H0)/ ) o & a0y

VY VY

Consequently, with conditions (3.2), (3.6) it yields

P dy
/ / F)g(@) Ko (y)dady < C / 9()|e™/Pda / | () let2iar 0/
Ry JR, R, R, \/?7
) (lg)+D)!
=C Ig($)|€x/pd”3/ FP)le b2 dy < .
Ry Ry

Applying Theorem 2 we get the result. Theorem 3 is proved.

Finally in this section we establish the Cowling -Price theorem for the Kontorovich-
Lebedev transform (1.1). This will be an analog of the following result for the Fourier
transform (2.1) (cf. [1]): if 1 <p,q < oo and

2 2
e f(x + Heb’\ F.f)(\ ‘ < 0
‘ A )’ Lp(Ry) (FeHX) Lq(Ry)
with ab > 1/4, then f = 0.
We have
Theorem 4. If
e g(x < 00, eSOV £ (42 < 00, 3.8
9@, o 16, (3.8)
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where p € [1,00) and ab > 1/4, then f = 0.
Proof. Indeed, choosing ag, by such that 0 < ag < a 0 < by < b, agby > 1/4 we easily
find that agz? + boy? > 2v/agbozy > zy. Furthermore, with the Holder inequality it gives

a $2
/ 9(a)]e®
R4

where p’ is the conjugate exponent (p~! + p'~' = 1). Taking (3.2) we deduce similar to
(3.7)

/R+ /]R+ |f(v)g(2)| K (y)dedy < /R+| (z )|e“°w2d:p/ |/ emveoshutbou g 0y

g(x)‘

‘6—((1—(10):52

< 00,

Lp(Ry) Lp/ (R4)

<ol e, f ([ [ )7
But . . .
(/O +/1 )6—ycoshu+b0u2du<CKO(y)+2/1 e y4- +bu?, 1
= CKo(y) + / T evingy < o il
1 VU
Hence
2 801y
[ ek @), DI
x>) Lpy(Ry) ’eﬁb ") L1 (Ry) = oo

Thus Theorem 2 gives the result. Theorem 4 is proved.

4 Donoho-Stark theorem

As it is known in [17], when f € Ly(R;ydy), then g € Ly(R,; x sinh maxdx) and vice versa.
Moreover, by virtue of (1.2) ||g||z,(®, 2 sinh rzds) = %||f||L2(R+;ydy) and the Kontorovich-
Lebedev integrals (1.1), (1.3) can be interpreted accordingly in the mean convergence
sense with respect to the related norm

g(z) = Lim.y—oo / el Sy (4.1)



10 Semyon B. YAKUBOVICH

2 N Kz:p
e (42
m 0

Let X = [0, X], Y = [1/Y, Y] the Lebesgue measurable sets and |X|, |Y| be their Lebesgue
measures. Denoting by Px the operator

(Pxg)(z) = {9(95)7 if r €X,

0, if v ¢ X,
we have
Hg - PXQ”LQ(R+;xSinhﬂxd:p) < ex,
and this means that ¢ is ex-concentrated on the set X. Plainly ||Px|| = 1. Another

auxiliary operator is given by the formula

QYg / Km: dy:

where f is the reciprocal inverse Kontorovich-Lebedev transform (4.2). If h = Qyg the
transform (4.2) h(y) is equal to

hy) = {0, ifydY.

Meanwhile by Parseval’s equality (1.2) we find

V2

Hf h) N 7 ||g - QYg||L2(R+;xsinhmcdx) ) (43>

Lo (Ry3ydy)

and f is e-concentrated on Y if, and only if, ||g — Qvgl| Lo(R wsinh rwdz) = € Moreover, one
can show that ||Qy|| = 1.

Now we are ready to prove the following analog of the Donoho-Stark uncertainty
principle (cf. [6])

Theorem 5. Let g is ex-concentrated on X = [0, X]| and its Kontorovich-Lebedev
reciprocity f is ey-concentrated on' Y = [1/Y,Y]. Then

7T.7/4\/ﬂ
YA

Proof. Without loss of generality one can suppose that Y > 1. Since g is ex-
concentrated on X integral (1.3) exists as a Lebesgue integral and is uniformly conver-
gent with respect to y € Y. Hence we calculate the following composition of operators
(PxQyg)(z). Indeed, we derive

X2 Y| > ex +ev)'?)% (4.4)

K;
(PxQyg)(x) = —PX/ in{ / tsinh mt Ky (y)g(t)dtdy
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2 [o¢]
= 5% / tsinh mtg(t) / Km(y)Kit(y)d—ydt
T 0 Y )

= /000 K(z,t)g(t)dt,

where

K B ﬂ—%tsinhwt fY Km(y)Kit(y)%’ if v < X,
(z,t) = 0 P
) I T =~ .

Further,
| |PXQY9| |L2(]R+;z sinh Tzdx) S | |PXQY| | | |g| |L2(R+;az sinh rzdz)

and the norm of composition PxQy does not exceed its Hilbert-Schmidt norm, which is

equal to

1/2

/ / 2 x sinh zsinhnz .
t sinh 7t

Therefore,

, T sinh

| |PXQY| |L2 (R4;z sinh rezdz) = / / tsinh 7t T einh g Crde
o T sinh
S T dtda. 4.
/ / tsinh 7t o (45)

But the inner integral with respect to ¢ in (4.5) can be calculated by the Parseval equality

(1.2) regarding t’;gﬁltzt as the Kontorovich-Lebedev transform (1.1) of

= , yeyY
e(y) = v
0, ifyeyY
Consequently,
> dt 2 dy
| keop S = 5 [ K
0 sinhnwt 7% Jy Y
and we come out with
2 dy
HPXQY| ‘LQ (R xsmhﬂxdx) ) ﬂf sinh W‘IK );d&? (46>

Let us estimate the right-hand side of (4.6). Applying twice the Schwarz inequality we
obtain

9 1\ 12 1/2
xsmh T K2 ( )dydac < =Y -= x sinh mx K} (y)dy dx
2 Y ix
T X Y
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9 1/2
< —IXP2{/|Y] (/ / sinh? Wfoz(y)dyda:) :
723 xJy

On the other hand by relation 2.16.52.17 from [10], Vol. 2 and the Parseval equality for
the sine Fourier transform we find

00 3 o'}
/ sinh® ra K (y)de = %/ J3 (2y sinh(u/2)) du
0 0

where Jy(z) is the Bessel function of the first kind. Consequently, invoking relation
2.12.31.2 from [10], Vol. 2 and the Holder inequality we get

1/2
32, /Y] 2 1
2\/_\X| VY| (//smh mrK; )dydx)

< \/%Dil‘”’/?\/W(/Y /OOO J2 (QySinh(u/2))dudy>l/2 ) \/%|X|3/2m
</ |50 g )1/2 PR ([ [T w0 )

-l ([ )" bl ([ )"
_T(1/4)

2 7/4\/_

Thus combining with (4.5) we derive finally the inequality

X2 Y.

I'i1/4
||PXQY||L2(]R+;J;sinh7m:da:) S ( / ) |§§|3/4|Y|1/2
MW”S

Assuming that [X[3/4|Y[1/2 < —Vzlf?g/ we have || PxQv||ry(R, .z sinh nzdz) < 1, and therefore,

I — PxQy is invertible in Ly(R; z sinh maxdx). Moreover,

I P (;) -1 < P (:2 " < _— X 3/4 Y 1/2
||< X Y || § || X YH E /—\/6 7/8| | | |

/2\/67]_7/8

2v/6m7/5 — D(1/4)|X[*/4¥ |1/

However,
I'=Px+ Pr\x = PxQy + PxQr\v + Pr\x
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and the orthogonality Px and Pg,\x gives
| |PXQR+ \Yg| |%2 (R4 ;z sinh rzdz) + | |PR+\X9| |%2 (R4 ;2 sinh razdz)

= ||PXQR+\Y9 + P]R+\X9| |%2(R+;z sinh rzdz)
Taking into account that ||Px|| = 1 we find

’lgl‘%g(R+;xsinhﬂxdx) < H(I - PXQY)71H2||(I - PXQY)g‘|%2(R+;msinh7rmdz)

( 2\/67'(7/8

<

2
P 2
2y/677/8 _F(1/4)|X|3/4|Y|1/2> Il QR A\YI|Lo (R 50 5inh modo)

+| |P]R+\Xg| |%2(R+;m sinh Trmdm)} =

2
2\/67r7/8
267/ — T(1/4) X[/ [1/2
X [||QR+\Y9||%2(R+;xsinh7ra:da:) + ||PR+\X9||%2(R+;LE sinhmvd:v)} :

Now since g is ex-concentrated then || Pr,\xd||L,(®, 2 sinh r2de) < €x. Furthermore, since f is
ey-concentrated then owing to (4.3) ||Qr \v9|| L.(®, o sinhrzdz) < €v. Therefore considering
g of unit norm we arrive at the inequality

2
276 7/8
1< Vo (e% + £3),
21/6m7/8 — T'(1/4)|X[3/4]Y|/2

which is equivalent to (4.4). Theorem 5 is proved.
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