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Iteration functions for pth roots of complex numbers
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Abstract A novel way of generating higher—order iteration functions for the computation of pth roots of
complex numbers is the main contribution of the present work. The behavior of some of these iteration functions
will be analyzed and the conditions on the starting values that guarantee the convergence will be stated. The
illustration of the basins of attractions of the pth roots will be carried out by some computer generated plots.
In order to compare the performance of the iterations some numerical examples will be considered.
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1 Introduction

Let p > 2 be a positive integer. Given a complex number w which do not belong to the closed negative real axis,
there is a unique complex z such that z7 = w and —n/p < arg(z) < 7/p, where arg(z) denotes the argument of
z. This unique z is called the principal pth root of the complex w and will be denoted by w!/P_ All the pth roots

of w can be related with w'/? by
2Umi

Yw=er w/r,
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with £ =0,1,...,p— 1. The pth roots of w are exactly the real or complex roots of the polynomial equation
£ —w=0. (1

Recently, the iterative methods for computing the principal pth root of a complex number have received
particular interest. This has been motivated, in part, by the relevance of this topic in the computation of pth
roots of matrices [9, 10,12, 13, 16], which involves the pth roots of their complex or real eigenvalues. Moreover,
the scalar iteration functions can be extended to matrices in a natural way.

The Newton’s and Halley’s iterative methods are the ones most widely used for solving nonlinear equations
and, in particular, polynomial equations, whose orders of local convergence are, respectively, 2 and 3. For more
details we refer the reader to [6,23,4,19, 1] and the references therein. The Newton iteration function associated
to the polynomial equation (1) is given by

(p—D)z+wzl=r

N(z) = »

2

whereas the Halley iteration function is

(p—1DZZ+(p+1)w

@) :Z(p+ DzP+(p—1)w’

3

Since both iteration functions are rational, their dynamical behavior can be analyzed using results from the
classical theory developed by Fatou and Julia [8, 14,3].

Let A be a fixed point of a rational iteration function y/(z), that is, y(41) = A. The set of initial values
for which the sequence generated by z;+1 = W(zx) converge to A is called the basin of attraction of A, while
the connected component of this set that contains A is the immediate basin of attraction. It is well known that
the boundaries of the basins of attraction are Julia sets and so exhibit a fractal behavior. In general, when the
initial guess is close to such sets, the iterative methods are particularly sensitive, which means that the sequence
{zk}7_, can converge to a complex number distinct from A4 or not converge at all.

A fixed point A is called attracting, repelling or indifferent whether |y'(A)| is less than, greater than or
equal to 1, respectively. If y/(1) = 0 then A is called superattracting. In the case of Newton iteration N(z) the
only existing fixed points are the pth roots of w, which are superattracting. For Halley iteration H(z), the pth
roots of w are also superattracting fixed points, but it has the extra fixed point A = 0, which is repelling.

A rational iteration function y(z) converges to A with order of convergence j if there exist a complex
constant ¢ > 0 and an integer k > 0 sufficiently large such that |z — A| < c|zx — A}/, with 71 = W(z). A
classical convergence result for fixed point iterations is stated below.

Theorem 1 [11,22] Ler y(z) be an analytic function in a neighborhood of A such that

y(A) =4, W) =...=yU D) =0, yU(A) £0.

Then there is z sufficiently close to A such that the sequence {z};_, generated by zi1 = W(zx) converges to
A with order j.

In this paper we present a novel way of generating infinitely many iteration functions for computing pth
roots of complex numbers, with prefixed orders of convergence. Many known iteration functions, including
Newton and Halley as well as the Schroder iteration functions, will appear as particular cases. As pointed out
in [23], higher-order iteration functions may have additional fixed points that are not pth roots of w. Although in
general these extraneous fixed points are repelling, they may complicate the structure of the basins of attractions
of the pth roots by inserting new sets of “petals”. This phenomenon will be analyzed for some higher-order
iterations and will be illustrated by computer generated plots of the basins of attractions of the pth roots.



One important issue of our work is the computation of the principal pth root of a complex number by an
iterative method. It is widely known that the success of these kind of methods depends on the choice of the
initial guess. In [12,13,9,10] the authors derived practical conditions for choosing an appropriate initial guess
that guarantees the convergence of Newton’s and Halley’s method to the principal pth root. We extend their
results to other iteration functions, by proving that if the initial approximation satisfy a certain condition then
the sequence generated by the iterations converges toward the right pth root with the expected order.

This paper is organized as follows. In Section 2 an important result (Theorem 2), which can be used to
generate several families of iterative methods with higher—order convergence, is derived and a definition for
the residual of the terms of a sequence converging to a pth root is proposed. We also give examples of some
families of iteration functions and find connections with families already existing in the literature. Sections 3,
4 and 5 are devoted to the study of particular families of iterations, where some convergence results are stated
and, in particular, conditions for choosing an initial guess in terms of the residuals are derived. The results
we bring into discussion are illustrated by computer generated basins of attraction. Numerical examples that
permit to compare the performance of several iteration functions are given in Section 6. Finally, in the last
section, after presenting a brief conclusion, we point out some issues that need further research.

Unless otherwise stated, throughout the text we will systematically consider p > 2 and j > 1 as integer
numbers and w as a complex number not belonging to the closed negative real axis.

2 Generation of iteration functions

The following theorem allows the generation of infinitely many families of higher—order iteration functions
that converge to the pth roots of a complex number.

Theorem 2 Consider the complex function f defined by f(z) = [a(z)]l/ P where o(-) represents an analytic,
one-to-one complex-valued function defined in an open set containing zero. If Tj(z) denotes the Taylor poly-
nomial of degree j of f(z) at zero, then the principal pth root wl/p of w is a superattracting fixed point of the
function

F(@) = 2Ty (@ (we ).

with a~1(-) representing the inverse function of o: (™' o @) (r) =t. Moreover, the iteration functions Fj(z)

are of orders at least j.

Proof. Consider R(z) := o~ ! (wzP). The k-th order derivative of the composite function ( f oR) (z) at the

point z = w!/P can be easily computed and is given by

da" [ _p} 1/p
= —|(wz
z=wl/p dz"

L(roR)@

As we are dealing with derivatives of the composite function, this latter may also be computed based on the
Faa di Bruno’s formula [7,5, pp. 137-138], and, in this case we have:

—1)* k!
:% ) k:152535-~'7j_1,... 4)

7=wl/p

d* ( koarf(r)
< foR)z - Beg(riorase o reepst) » k=123,..j—1,... (5
dzF () " #2::1 v | _, u( u+1)
where By, (r1,72,...,"k—u+1) denotes the Bell polynomials [5, pp. 133-136], [18, Chapter 5] and
GR (e2
ro= TR ::d—(a*(wzfl’)) . foro=1,... k—p+land k=12,... . (6)
dz° 7=wl/p dz® =wl/p




Likewise, the formula of Faa di Bruno permits to obtain an expression for the k-th order derivative of the

composite function (Tj, ] OR) (z) at the point z = w'/? and we have:

k

%(T,,loze)(z) _y @)

P Ve B L

t=0

where rg (with o =1,...,k— L+ 1) are given by (6). Since

Jj—1 de(t) Pl
- (S0 )5
v=0 t=0 :
we then have H )
dt f(t
AT _ ) Tam ZZO,Oéuérl
dth —0 0 .

consequently (7) becomes

dk
dzk

(7-10R) @

dat* |,

= =

7=wl/p

The comparison between (5) and (8) ensures the equality

k

L (110R)Q) :

d
L= eR)E forany k=1.2,....j~1
z=w'/P

z=wl/p

which, after (4), provides

d* (=D)F k!
< (1. R) B ? R k=172, j—1
dz"( j-1°9R)(2) o e forany J
implying .
d
—F; =0 foran k=1,2,...,j—1,
de J(Z) /P y J

inasmuch as, according to the Leibniz formula for the product derivation, it holds

dk
Fi(2) dz* ¢ dzk1

dz’

—wl/p
7=w =wl/p

Finally, Theorem 1 allows to complete the proof. B

Bk7“(r1,r’2,...,rk_”+]) N k= 1,2,3,...,j—1,...

Bk#(rl,rz,...,l’k,!H,l) 5 k=1,2,3,...,j—1,..

. ()

Using similar arguments, it is straightforward that Theorem 2 can be extended to the non principal pth roots

of w. One important consequence of the previous result is that for any function o/(z) satisfying the required

conditions, the sequence {z;};>, defined by

Z+1 =2 Tjm1 [a_](WZ/:p)] )

converges, with order at least j, to a pth root of w, provided that an initial guess zo sufficiently close to that root

is taken. Note that there are an infinity of possibilities for choosing o(z). For instance, for each a,b,c € C, the

Mobius transformation
_az+b

*(z) = cz+b




(with ab — bc # 0) provides an important source of iteration functions. Some particular Mébius transformations
will be analyzed throughout the text. A list of illustrating examples of iteration functions thus generated is
discussed below, but first it shall be recalled that for any two complex numbers a and x the function (a+z)~™*
has a formal (binomial) series [5, p.37]:

(a+2)™ =} (1" @), —, ©)

where the symbol (x), denotes the Pochhammer symbol (also known as rising factorial) which is defined by
n—1

(x)o=1land (x),:= [] (x+Vv)=x(x+1)...(x+n—1) for any integer n > 1.

Example 1 Let f(z) = (1 —z)"/7 and T;(z) be the Taylor polynomial of order j associated to f at z= 0. Since
o(z) = 1 — z satisfies the conditions required in Theorem 2, one has the following family of iteration functions
of order j:
Nj(z) = 2Tj-1(1=wz™") (10)
=z(ao+ai(1—wz )+ +aj_i(1 fwzfp)jfl) ,

n!

where j=2,3,...and a, = (7%) ,forany n=0,..., j— 1. For the particular cases j = 2,3,
n

Na(z) =z (1 — 1(1 _szp)>

p

and

1 _ 1_]7 —p\2
— 14 P
N3(z) —z<1 (1—wz P)+ 2192 (1—wz™P) >7

which have orders 2 and 3, respectively. It is to check that N»(z) = N(z) given in (2), that is, N, is exactly the
Newton iteration for the pth root of w. Moreover, as it will be seen in Section 3, N; coincides with the Schréder
iteration of order j applied to the polynomial equation (1). B

Example 2 Tf f(z) = 1/(1—z)"/? then

Li(z) = zTj_1(1—w'2P) 0
= Z(ao +a(l —W_lzp)+~-~+aj,1(1 _W—lzp)]‘_l) ’

where a, = % (%) ,forn=0,1,...,j— 1. This iteration function is similar to the one addressed firstly in [21],
° n

and later on in [15] and [9]. The only difference is that our sequence zz4; = L;(zx) converges toward a pth root
of w instead a pth root of w—!. W

Example 3 We can also find non rational iteration functions for computing the principal pth root w'/?. One
example is F(z) =z (1 + % log(wz™? )) where log stands for the principal logarithm, which is generated by

f(z) = (¢%)"/P = &¥/P with j = 2. This iteration has the drawback of involving the computation of logarithms.
For this reason, it does not provide an effective method for pth roots. B

For a given /(z) as in Theorem 2, the complex valued function

R(z) = a Y(wzP)



will play an important role in our analysis. When dealing with the sequence defined by
syt =2 i1 (afl(WZ;:pD 7
R(zx) can be seen as a residual, in the sense that it controls the error of the approximation
Pl

WZ]< ~

Indeed, assuming that, for a sufficiently large k, R(z;) = a~! (wz,:‘” ) = 0, the continuity of a~! ensures that

Residuals of iteration functions for pth roots have already appeared in the literature; see, for instance, [21], [15]
and [10]. Nevertheless, they have been treated separately as being associated to a particular iteration function.
Our approach here is new in the sense that we can give an unified definition that includes those residuals as
particular cases. The same holds for the recurrence relationship stated in the next lemma.

Lemma 1 Under the same assumptions and notations of Theorem 2 and for each k € IN, the residual
R(zx) = o (wz, ?) fulfills
R(zee) = @~ (@(R(z0)) (71 (RG] ).

Proof. The result follows from the identities

R(zis1) = ' (wg )

! (oo (e ' m)] )
—a! (wzk_p 7 (@ )| 7P)

= o (a(R(@)) [Tj-1(R(z)] 7). m

3 The iteration functions N;

In this section we focus our attention on the iteration functions N; defined in (10). We start by proving that N;
is a Schroder iteration function associated to the polynomial equation z” —w = 0 (Lemma 2) and for j =2,3
we define conditions over the initial guesses that guarantee the convergence to the right pth root.

In [20] Schroder constructed a family of prescribed order iteration functions for finding the simple roots of
a nonlinear equation g(z) = 0. These functions are defined by the expression

i—1
§,(2) = z+’zlcn<z>[g<zn"7
where

11 d]"" 1
0= ] 7 @

1 dl* 1 4 1 d*!
d L= = forany k=1,2,....
. L”(Z) dZ] g'(z) dz ([g’(Z) dz} ) TS




Lemma 2 Let N; be defined as in (10) and let S; be the Schroder iteration function associated to the polyno-
mial equation (1). Then

forall z € C\{0}.

Proof. Let R(z) denote the residual associated to N;(z), that is,
R(z)=o! (wz ) =1-wz P
If g(z) =z’ —w, then R(z) = g(z)/z. In this case N;(z) becomes

asz
(zr)?

aj—1z

[s@F +-+ [g(z)]’”) (13)

M) =2 T (R(2) = (anz + ete) +

with a, = % (—%) ,forany n=0,..., j— 1. On the other hand, proceeding by finite induction, one has
. n

c,,(z)z(*l)n( 1) L a=01,.., -1

n \ p),@)r

The comparison between (13) and the expression of S; yields the equalities

n_nZ
()

cn(z) = (=1)

n=0,1,....5—1,
whence the result.

Theorem 2 (and also Lemma 2) confirms that, for each j, the iteration function N;(z) converges locally to a
root of the polynomial equation (1) with order j. Now, we analyze the residuals of the sequence generated by
N;

Zr1 = Nj(zk)- (14)

For each k =0,1,2,..., the residuals of (14) are given by
R(zx) =1—wz "

By Lemma 1,
R(zig1) = 1— (1= R(z)) [Tj-1(R(z1))] 7

In order to find a condition on the residual R(z) that ensures the convergence of (14) to a pth root of w, we seek
an upper bound of |R(zx+1)]| in terms of |R(zx)|, which allows us to relate the absolute values of the residuals
of the successive terms of the sequence. This has been already done for the particular case of Newton’s method
(j = 2). We recall the result in the next theorem.

Theorem 3 [10,16] Consider the Newton sequence zj1 = N2(zx) and the corresponding residuals R(zi). If
IR(z0)] = [1—wzy " <1, (15)

then, for each k,
k
IR(zk1)| < IR(zi)]* < [R(20)]* -



Our goal is to extend this result for j > 3. A proof for the case j = 3 is based on Theorem 4 and will be
presented in Corollary 1, however unfortunately we did not succeed to reach a proof for j > 4. The main reason
for this is connected with the requirement of the computation of the coefficients of the Taylor series expansion
for the residual function

Rj(zp):=1-(1-2)[Tj-1(2)] 7,

whose expressions become more complicate as j increases. For j = 2 there is a nice and simple expression for
the Taylor coefficients of R, (see [10,16]), while the case j = 3 requires more laborious arguments, as it can
be followed in Theorem 4.

Consider the 2-degree Taylor polynomial

1 p—1,

h(z)=1——z— z (16)
(2) T
associated to the function f(z) = (1 —z)!/? and the residual function
“p
Rs(zp)=1-(1-2)(B() - an

Let us consider the power series expansion of the two rational functions (7>(-))? and R3(+; p), denoted by

oo o

(BE@)7=Y 2 R@p)=Yd
v=0 fyr
The roots of T>(z; p) are
p—1 ’ p—1

which are real and lie outside the unit circle. Consequently, the two rational functions (7>(z)) " and R3(z; p)
are analytic inside the unit circle (i.e., for any z such that |z] < 1).

Theorem 4 The following statements hold:

(i) The coefficients d&m = 0 whenever v =0,1,2, and ds,p) >0foranyv=34,...

(ii) The series Z cg,p ) is convergent.
v=0

(iii) Z d‘(,m is convergent and Z d&m =1
v=0

v=0

(iv) The series Z cs,p )zv is absolutely convergent for any z such that |z| < 1.
v=0

(v) The series Z d‘(,p)zv is absolutely convergent for any z such that |z| < 1.
v=0

Proof. We begin by deriving explicit expressions for cg,p ) and d\(/p ), v € IN, in order to prove statements (i) and
(ii). At last we will show that (ii) provides (iii). The statements (iv) and (v) are a direct consequence of (ii) and
(iii), on the basis of Abel’s convergence theorem for formal power series.



From its definition, the polynomial 7> (z; p) may be written as 75 (z; p) = Ti (z; p) + by 2> with by = (1’ 1) ,
and on account of (9), we successively have

According to (9), it follows

(Tl (Z))*p*n = (1 — lz) o = Z M(—l/p)vzv _ (P'."nv)v 2

p v=0 v! v=0 v! p
whence
P (p—1)"(p)n (p+n)y V42
I(z ) = ARG 18
( (2) ’;) ni2n p2n \go vl pY (18)

Now, based on the equality,
Lv/2]
ZZA(n,v):ZZ n,v) Z (n,v—2n),
n>0v=0 v=0n>0 V=0 n=0

with | x| denoting the floor function of x, that is, the highest integer lower than or equal to x, the relation (18)
becomes like

_ [v/2] ) [v/2]
4 n (P+n)y o (p— -n"
B) " = NGISTGES
(ne vg‘o,; n‘v 2n)! vzn vg)n; (v— 2n pron©
yielding
Y e =1 19)
Yo Anl(v—2n)lpY2r
Clearly, we have cép ) — cgp ) — c<2p ) — 1. Inasmuch as d(()‘” ) — 0 and
dP =P - vz (20)

it subsequently follows that d%p ) = dép ) = 0. With a few more computations, we derive the expression for df,p )

whenever v > 3:

2} Jr =y (r1)
v A T Z V+l —n
= n:oﬂ V- 2n V2" = V+1—2n) Vi o
LLH
22: Pvii—n (p=1"  ((v=2n+1)p—(p+Vv—n))
=0 n‘ v+1—2n) v+l on (p+v—n)

whence

Pysin (p—1)" ((V—Zn)(p—l)—n)
(v+1—2n) pvtlon (p+v—n)

. v>2. 21

i M""*

V+|
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From (21) and on account of the fact that p > 2, we successively have

<
[

1L
P E
_ b > <v—n> (v—1-3n)
S p =\ n )2 (p+v+1-—n)
N 1 2l (v—1-3n)
Tty g

1

= loy—8427F 7v+3k+7}
pY (p+v+l)[ ( )

(Dy=n v—1-3n
nl(v—=2n)!12"p+v+1—n

) >

hS]
3 — 3
_ol\’l
i

v
2

1)
whence (ii) holds.
On the other hand, and again based on the fact that p > 2, we are able to establish the inequality

(P)v—n(Pl)”:< H p+u>< > H; <1+ ) (VJ;];")

pY i=o P
and from the definition of (19), it follows

) _ (v+2)(v+4)
0<Cvp § T

because

B LI sy AT g 12
<y Wl =2—VZ< )(n+1)<272<n+1>-

= nl(v—2n)!2v =\ nt1 =

Consequently, the series of nonnegative terms Z cs,p Vis convergent because of the convergence of the series
v=0
= (V+2)(v+4)
A
v=|
The statement (ii) provides statement (iii), as we show below. Indeed from (20), the sequence of the partial

(p)

sums of the series Y dy
v=3

is given by

o0
Since Y} cs/P ) is a convergent series, necessarily, we have

v=0
lim ¢ =0
N—o0 N ’
yielding (iii).
On account of the well known Abel’s theorem on power series - if the series ) a, converges, then the

n=0

power series Y a, Z" converges absolutely for |z| < 1 - the statements (iv) and (v) come as consequence of
n=0
statements (ii) and (iii), respectively. B
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Corollary 1 Consider the residual function R(z) = 1 —wz P and let 7 be defined by

Zir1 = N3(zx).

If|R(ZO)| = |1 —Wzap| < 1, then

k
R(zx1)| < IRz < [R(z0)[*
forallk=1,2,....

Proof. From Theorem 4 we have

RGan] = |11 Rizo) (B (RGa)

Y d? (Rz))”
v=0

< IR(zo)P Y d)y IR(zo0)[¥
v=0

< [R(zo)]* ¥ 47,
v=0

= |R(20)|*.

Now the result follows by induction. B

From Theorem 2 we know that if zg is sufficiently close to a pth root of w, then the sequence (14) converges
to that pth root with order j. The following result states a stronger convergence result for j = 2,3, because it
gives a specific condition on the initial guess.

Lemma 3 Let R(z) = 1 —wz P. If 29 is such that |R(z0)| = |1 —wz, | < 1, then, for j =2,3, the sequence (14)
converges to a pth root of w with order of convergence j.

Proof. Let s be a pth root of w and assume that the sequence (14) converges to s. We know that R(zz) — R(s) =
R(zx) because R(s) = 0. The derivative of the residual at s can be written as

R(zx)—R
W :=R(s) = lim M
k—yoo Zk—S
Thus for each € > 0 there exists a positive integer ko such that for any k > ko,

’R(Zk) —R(s)

u’<e
% —S

and then
[R(ze) = R(s)| — |1 (zk — )| < [R(zk) = R(s) — (2 — 5)| < €|z —s].
Hence the following inequality holds:
[R(zk) = R(s)| < (& +[u]) |z —sl,

or equivalently
IR(zx) = R(s)| < milz =], (22)
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with 117 = €+ |u|. Since
1 . k— S

Rl) 4™ Riz) —R(s)’

a similar argument lead us to conclude that for k > &, for some ., there is 17, > 0 such that

Malzk —s| < [R(zx) = R(s)] - (23)

From (22), (23) and Corollary 1 it follows that

1
|zk+1 — 5| < — |R(zx+1) — R(s)|
2

1
— — IR
772‘ (zxs1)]

1 .
— R J
772‘ (z1)]
L (g —sl)?
m M |2k

IN

IA

o
= — Zk — 5
Up) | |
which shows that (14), with j = 2,3 is of order j. ®

Lemma4 Let 0 =arg(w) €] —m, nlandlet /' ={z€ C: |l —wz P| < 1}. Then
yzykolUn-pr,l (24)

where, for eachn =0,1,...,p—1,

m+6

yn:{zey: (2n—
p

< arg(z) < M}

p
is a connected set and S, N\ .Sy = @, for { # n.

Proof. Firstly we prove that, for each n, the points of the ray emerging from the origin

(2n—;)7r+6}

Ry, = {z €C: arg(z) = (25)

are not in .. If z € %, then
(2n—])7r+9i
z=pre * )

for some nonnegative p;. Let w = pe®’ be the polar decomposition of w. Since

. @2n—1)z+6 .\ P
1—pe¥ (ple z l)

= |1+pp,”|
> 1,

[—wz™P| =

it follows that z ¢ ., which shows that (24) holds. The sets .#, are disjoint by definition. Now we show that
each .7, is a connected set. Let P,(z) be the complex valued function which assigns to each z € C\ IR; the
unique pth root of z that satisfies

2n—1)m 2n+1)m

<arg(z) <
2(z) »
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By definition, we have [P,(z)]? = z. Consider the function

which is continuous in C\ R, . If
C={zeC: |l-7 <1},

it is not hard to show that, for each n, g,(C\ {0}) = .#,.. Therefore .7, is a connected set because it is the image
of the connected set C \ {0} by a continuous function. B

Theorem 5 Let .7, be as in Lemma 4. If zo € ./, then for j = 2,3 the sequence (14) converges with order j to
the unique pth root of w which lies on the wedge

2n—1)z+6
—<a

rg(z) < (26)

%:{Zec: M}

p

Proof. Let j =2,3. By Theorem 3 and Corollary 1, N; takes . into .. Moreover N;(.#;,) C -, for some Z,
because all the sets in the decomposition (24) are disjoint and each ., is connected. Let w, be the pth root
of w which belongs to ;. It is easy to see that w, € .7,. Since N;j(w,,) = w, € .7}, the set N;(#,) must lie
entirely in ., for all n, and consequently, for zg € .4, zx € .4, for all n. By Corollary 1, z; converges to w,.
Thanks to Theorem 3 and Lemma 3, the convergence is of order j. ®

Corollary 2 Let ) be the connected component of ./ as in (24). If zo € S for j = 2,3 the sequence (14)
converges to the principal pth root of w, wl/P, with order J-

Proof. According to Theorem 5, one needs to show that w'/? lies in .. We know that that |1 — w(w!/?)~7| =
0 < 1 and that the argument of the principal pth root of w is 6 /p which satisfies

n 06 =«
—— =<
p P p

From these inequalities we conclude that

-n+6 —=wx+6 6 =w+6 7w+6O
< << — < —

p 2p p 2p p

)

which shows that w'/? € .%. m

If one is interested in taking real numbers as starting values, next corollary states the conditions that need
to be satisfied.

Corollary 3 Assume that w is such that R(w) > 0, where R(w) denotes the real part of w and let zo be a
positive real number such that

Then for j = 2,3 the sequence (14) converges with order j to the principal pth root of w.
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The convergence region for Nj

2
-2 -1 0 1 2

Fig. 1 Regions of convergence defined by the residuals of N; (top left) and basins of attraction of the 5-roots of w = 14-i for Ny,
N3 and N4.

Proof. The condition |1 —wz,”| < 1 can be rewritten in the form
|2 —w| < 2.

This means that the positive real number zg must lie on the open half plane that contains w and which is defined
by the perpendicular bisector of the segment joining w with the origin. Since R(w) > 0, some calculations lead
us to conclude that this half plane contains the part of real axis corresponding to real numbers greater than
lw|?
W(W) . Thus
2
P [wl
> s
07 2R (w)

1/p
{Z()€|RZ 0 > (21)2)(';)) }

is entirely contained in .# defined in (24). &

and so the set

In Figure 1, the top-left plot displays the sets .%%, ..., with different colors together with the rays %,
defined in (25), for w = 1+i and p = 5. For each n, .#, corresponds to a specific 5th root of w and the previous
results guarantee that, at least for j = 2,3, it is contained in the basin of attraction of that pth root. This latter
fact is illustrated in the remaining plots, where the basins of attraction of each 5th root of w were determined
experimentally in Matlab. More precisely, a point zg in the rectangle is marked with the same color of the
5th root /w of w, whenever |z5o — /w| < 10~*. We have also overlapped the boundaries of the regions of
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convergence on the basins of attraction for N>, N3 and N4. Black color is assigned to points that are not in .%,
(top-left) or that do not belong to the basins of attraction of the pth roots of w (remaining plots).

While the only fixed points of N, are the pth roots of w, the iterations N3 and N4 have fixed points other
than the pth roots of w. Since these extra fixed points are in general repelling, they do belong to the Julia sets
of N; and so contribute to change the shape of the boundaries. In the plots for N3 and N4, we can see new sets
of petals which are typical in iteration functions of orders greater than 2. We refer the reader to [23] for more
details about the Julia sets of N;.

The plot corresponding to N4 (bottom right) suggests that the condition

IR(zi)| = [1=wzy"| <1
also guarantees the convergence of the sequence

Z1 = Na(z)

to a pth root of w. So assuming that results similar to the ones in Theorem 3 and Corollary 1 are stated for
Jj =>4, it is easy to conclude that lemmas 3 and 4, Theorem 5 and corollaries 2 and 3 also hold for j > 4.

4 The iteration functions L;

The analysis of the iterations functions L; defined in (11) is the topic of this section. We proceed as in the
previous section. For the particular cases j = 2,3,4, L; is defined by

Ly(z) =z <1+é(1 _W—lzp))

Ls(z) =z <1+§(1 —wflzf’)+l+7p(1 _Wflzp)2>

21p?
1 -1 I+p Sy, (UHp)(1+2p) —1_py3
- (11— P _ P _ P
L4(z)—z<1+p(1 w Z)+2!p2(1 w )"+ 310 (L—w'2P) ).
The residuals associated to the sequence
Zir1 = Lj(zk) 27

are given by R(z;) =1 — w’lz,’j . By Lemma 1 these residuals satisfy the following relationship:

R(zi1) = 1= (1= R(z)) [Tj-1(R(zx)]” s

where T;_ is given as in Example 2. An important convergence result involving the sequence (27) and its
residuals is stated in the following theorem. The proof can be found in [21,15].

Lemma 5 Let R(zy) denotes the residual of zy defined in (27). If |R(z0)| = |1 —w™125| < 1, then
. -k
[R(zx1)] < [R(z)” < [R(20)],
for all k and j. Moreover, the sequence (27) converges to a pth root of w.

There are two important issues not addressed in [21,15]. The first one is to show that (27) has order of
convergence j (according to the definition stated in the Introduction) and the second one is to determine for
which pth root the sequence converges. These and other issues will be analyzed in the following results. The
proofs will be omitted because they are similar to the ones derived in Section 3 for N;.
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Lemma 6 If 7y is such that |R(zo)| = |1 — w’lzg\ < 1, then the sequence (27) converges to a pth root of w with
order of convergence j.

Lemma7 Let 6 =arg(w) €] — 7, wlandlet 7 = {z€ C: |1 —w™ 2P| < 1}. Then
T =RHUTU---UTp (28)

where, for eachn=0,1,...,p—1,

,7,,:{16,7: M<arg(z)<w}

is a connected set and T, N\ T = @, for € # n.

Theorem 6 Let 9, be as in Lemma 7. If 7o € I, then the sequence (27) converges with order j to the unique
pth root of w which lies on the wedge

2n—1)w+6
—<

%Z{ZEC:( arg(z) <

2n+1)n+6
p }

Corollary 4 Let 9 be the connected component of 7 as in (28). If zo € Jp then zi converges with order j to
the principal pth root of w, w'/?.

Corollary 5 Assume that w is such that R(w) > 0 and let zo be a positive real number such that
20 < QR (w)"/7.

Then zj. converges with order j to the principal pth root of w.

Figure 2 displays Matlab generated plots to compare the domains of convergence defined by the sets .7,
in (28) with the basins of attractions of the 5th roots of w = 1 +i. The top-left plot shows the sets .7, together
with the rays %, defined in (25). The remaining plots include the basins of attraction of the 5th roots of w with
respect to the iteration functions L,, L3 and L4 combined with the boundaries of the sets 7. We can observe
that the iteration functions L; have much smaller domains of convergence than N;. Although this can be seen
as a disadvantage, it turns out that iterations L; have been implemented successfully for computing matrix pth
roots [15,9]. The main reason lies on the fact that each iterate of (27) does not involve the computation of the
inverse of z;. When working with matrices this contributes to reduce the computational cost of the method and
eventually to improve the accuracy.

Similarly to the iteration functions N;, it happens that for j > 3, L; has extra fixed points that are not pth
roots of w. In general these fixed points are repelling and are responsible for the complicated structure of the
Julia sets of L;, by inserting new sets of petals.
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The convergence region for Lj L,

Fig. 2 Regions of convergence defined by the residuals of L; (top left) and basins of attraction of the 5th roots of w = 1+ for Ly,
Lj and Ly.
5 More iteration functions

In this section we consider more iteration functions generated by the functions of the form

az+b 1/[7
o= (55) 9

with ab — bc # 0. Let T; denotes the j-degree Taylor polynomial of f. For each j the iteration function

b(wz P — 1))

a—cwz P

Fi(z) =zTj_1 <
has order j. The 2-degree Taylor polynomial of f is

a—c_ (a—c)+p(c—d®) ,
h(z) =1+ + .
2(2) bp ¢ 2% p?

If a and c are related by
1
a_l+p 30)
c 1-p
and b # 0, then the coefficient of Z2 in T5 vanishes. This means that we have an iteration of order 3 defined
upon a 1-degree Taylor polynomial, which has a simpler expression. Thus assuming thata =1+ p, b =1 and

¢ =1 — p, the function
hz)=[(1+(p+ 1)2)/(1+ (1= p)2)]'?,
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gives rise to the following 3-order iteration function

Ha(2) = 2T, ( W= )

(p+ 1Dz’ +(p—w
(p—DZ+(p+1)w
(p+ Dz +(p—1)w

_. 31)
which is exactly the Halley iteration H(z) mentioned in (3). We note that other choices for a, b and ¢ satisfy-
ing (30) lead to the same iteration function. This optimal property of Halley iteration is not shared by other
iterations generated by functions of the form (29), because the coefficient of z? in the corresponding Taylor
polynomial does not vanish. However, several tests we carried out showed that the corresponding iteration
functions perform better as the numerator of the coefficient of z2 becomes close to zero, that is, when

1
aitp (32)
c 1—p
Another function of the form (29) that will be analyzed is
1 +z 1/p
m(z) = <17_Z) )
which satisfies (32) for p sufficiently large. The corresponding iteration functions are
w—2z¥
M;(z) =zTj <W+Zp) (33)
For j =2, we have
—2)P 4 (p+2
M() =2 ((p )22+ (p )W) .
pzP + pw
Consider also the iteration functions generated by A,
pw—2")
Hi(z) =zT;- . 34
0= l((lﬂrl)Z”Jr(p*l)W) .
and the sequences generated by the recursions
My = M; (my), 35)
and
hi1 = Hj(hy). (36)
According to Lemma 1 the following residual recurrences hold:
14+R(my))— (1 —R(m, Ti1 (R(my)))?
R 1) — (1 ROm)) = (1= ROm) 751 (R ) -
(14 R(mi)) + (1 = ROmi)) [Tj-1 (R(me))]
and
(14 =+ DROw) = (1= p)ROR) + 1) [Ty-1 (RO
R(h1) = (38)

(p=1)(1+ (p+ RO ) + (p+ 1) (1 (1 = pIRO) ) [T (RO

Consider the following regions defined by the residuals of the sequences (35) and (36):

0

p
w—ni,

= {m € Rmo) —]

P
w+my,
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and
w— hg

(p—Dw+ (p+1)hf

<1},

A question that arises now is to know if .# (resp. .7) defines a region of convergence for (35) (resp. (36)),
that is, if my € .# (resp., hy € ) do the sequence (35) (resp. (36)) converge to a pth root of w with order
J? This seems to be a very hard issue because of the complicated expressions of the residuals recurrences (37)
and (38). This means that we cannot expect to state nice convergence results like the ones in Corollary 1 and
Lemma 5. However, we proved the following convergence result which concerns to the weaker case when (35)

H = {ho € C:|R(hy)| =

is restricted to real numbers and j = 2.

Theorem 7 Consider the real version of the iterative formula (35), with j =2,

_my <(p2>m£+(p+2)a)
M1 = — 12 )
p my +a

where a is a positive real number. If mg is a positive real number then the sequence {m}7_, converges to a'lv
with order of convergence at least 2.

Proof. Firstly, we define the real function of real variable (see (37))

(14+x)—(1—x)(1+2/p)?

s = T (=0 (1 +2/p)

and show that

g(x)| < 7,
for all 0 < x < 1, which is equivalent to
glx) < (39)
and
—x* < g(x). (40)

Let 0 <x < 1. Since
(1+2/p)f = ap+arx+a® +---+apx?,

n
where a, = (pf n) %) , performing some calculations it is straightforward to conclude that the following

equivalences hold:
g(1) < & (1427~ (1+2)(1+2/p) <0

P
P (Z (an +an2)x”) —ap,lpo —ctpx"’Jr2 <0. (41)

n=3
We can easily observe that (41) holds and so (39) follows. To prove (40), we note that
P <glx) e 1+ —(1-x)*142/p) >0
P
< (2a; — @) x> + (—a3 +2a; — al)x3 + (Z (—an+2a,_1 — a,lg)x”> +

n=4
+(2ap —ap-1)xP T —a,xP > 0. (42)
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Let b, denote the coefficient of x" (n =2,3,..., p+2) in (42). It is easy to show that b, and b3 are nonnegative,
that is, by = 2a; —ap > 0 and b3 = —a3 + 2a; —a; > 0. Next we show that the remaining coefficients are
negative. Indeed, for n =4, ..., p, we have that

bn —an+ 2“1171 —an-2

2\" 2 (p=1)...(p—n+3)
(E) pun—T)n—2)1
x ((5n—n*—4)p* + (—4n* +16n— 12)p+ (—4n* + 12n—8)) <0,

bp+1 = 2ap —ap—1 < 0

bp+2 = —ap < 0.

Since
b2+b3+"'+bp+] +bp+2 =a; >0,

it follows that

by+b3 > —b4—...—bp+1 —bp+2.
Thus
b2x2 +b3x3 > b2x3 +b3x3
> —b4x3 —...— bp+1x3 — bp+2x3
> —b4x4 — .. bp+1xp+l — bp+2xp+2
and so

box® + b3 +bax* 4. A by T by x>0,

which proves (42) and consequently (40). Since |[R(mo)| = |(a —mb)/(a+m})| < 1 for each positive my,
proceeding as in the proof of Corollary 1 the result follows. B

We have compared experimentally the region .#Z (resp. .7’) with the basins of attraction of the 5th roots
of w =1+ corresponding to the iteration function M, (resp., H3). The pictures are displayed in Figure 3.
Comparing top-left and top-right plots we can observe that the region .# apparently defines a convergence
region for M,, where starting values belonging to a given sector lead to convergence for the Sth root lying
exactly on that sector. However, this does not seem to happen with the region J# for Hz, which suggests that
the residuals considered for H; may not be the most appropriate. We recall that in [10] (and also in [17]) a
different residual was proposed to study the convergence of Halley’s method.

Another interesting fact we can see in Figure 3 is the similarity between the patterns exhibited by the basins
of attraction for the iterations M> and H3. Contrarily to the basins of attraction for N; and L;, there are no black
regions and so it may happen that both M, and H3 always converge to a root of w, for any nonzero starting
value. We note that both iteration functions have 0 and the pth roots of w as fixed points, though O is a repelling
fixed point.

6 Numerical examples
We have implemented the iterations functions N,, Ly, M», with order of convergence 2, and N3, L3 and H3 with

order of convergence 3 to illustrate the computation of the pth roots of some particular complex numbers. For
any k, the error |z — wl/ P| is displayed in each entry of the tables. All the tests were performed in Matlab using
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Regions defined by residuals of m,
2

-2 0 2

Regions defined by residuals of h, H,
2

2
-2 0 2 -2 0 2

Fig. 3 Region . (top-left), basins of attractions of the 5th roots of w = 1+ for M, (top-right), region .7 (bottom-left) and basins
of attractions of the Sth roots of w for H3 (bottom-right).

variable precision arithmetic with 1000 significant decimal digits. Table 1 reports on the principal 5th root of
w = 1+1, taking zo = 1 as starting value. The residuals of zg are

I1—wzy°| =1

for iterations N, and N3 and
I1—wlg| ~0.7

for L, and L3. Although the residuals of N, and N3 do not satisfy the requirements of Corollary 2, the conver-
gence to the principal 5-th root of w occurs. Residuals of the starting value for M, and H3 are respectively

~0.4

5

woz
W+ZO

and

625 + 4w

Table 2 illustrates the computation of a non principal 8th root of w = —1 +2i. We have taken zop = —1+0.4i as
the initial guess and computed the 8th root of w, —0.9535... 4+ 0.5600...i, that lie on the wedge #4 defined in
(26). The residuals of zg have absolute values less than 1 for the iterations M, and H,, and between 1 and 2 for
the other iterations. Finally, Table 3 shows the application of the iterations to the particular case of the real pth
root of a positive real number, with p = 11, w = 29 and zp = 1.3. All the residuals of zo have absolute values
less than 1.
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error N, error L, error M, error Nj error L3 error Hj
0.669... x 107! 0.793... x 107! 0.227... x 107! 0.387...x 107! 0.421...x 107! 0.114...x 1071
0.923... x 1072 0.182... x 107! 0.221...x 1073 0.272...x 1073 0.800... x 1073 0.255... x 1073

0.158...x 1073 0.952...x 1073 0.229... x 1077 0.106... x 107° 0.491...x 1078 0.290... x 1016
0.469... x 1077 0.253...x 1073 0.245..x 107 0.628...x107%  0.113..x 1072 0.426...x 10~*
0.411...x 107 0.180...x 1071 0.280... x 103" 0.129...x 1078  0.140... x 1077 0.134...x 107147

[V R S ks

Table 1 Values of the error |zx — (1+4)"/3|, with zo = 1

error N, error L, error M, error N3 error Lj error Hj
0.220... x 10° 0.240... x 10° 0.144... x 10° 0.250... x 10° 0.260... x 10° 0.133... x 10°
0.306... x 10° 0.309... x 10° 0.646... x 1072 0.885... x 10° 0.129... x 10! 0.100... x 107!
0.171... x 10° 0.650... x 10° 0.199... x 107* 0.531... x 10° 0.729... x 102 0.434...x 1073
0.755...x 107" 0.236...x 10" 0.180...x 107 0.254... x 10° 0.676...x 10*  0.353...x 10~1°
0.196... x 107! 0.184... x 103 0.147...x 107" 0.684... x 107! inf 0.189... x 107%

[ NN S

Table 2 Values of the error |z — (—0.9535... 4 0.5600...J)|, with p =8, w=1—2iand zg = —1 + 0.4i

k error N, error L, error M, error N3 error L3 error Hj

1 0.149..x 1077 0.129... x 107" 0.233...x 102 0.561... x 102 0.358... x 102 0.111...x 102
2 0.784..x 1073 0.722... x 1073 0.207... x 107> 0.348... x 107> 0.112... x 107> 0.745... x 1078
3 0225.x107° 0.230... x 1073 0.159...x 10~'"  0.803...x 1071 0.359... x 10710 0.224...x 1073
4 0.187..x10710  0.234..x1071°  0933...x107%*  0.985...x 10~% 0.115... x 10747 0.616... x 10770
5 0.29..x107%  0.242..x1072°  0.320...x107%  0.181..x 1073  0.384...x107'*2  0.126... x 1072%

Table 3 Values of the error |z —29'/'!|, with zy = 1.3

One important conclusion we can extract from the tables is that, among the iteration functions of order
2, M, performs much better than N, and L. It is less sensitive to the choice of the starting values and the
convergence is faster. Our tests also confirm that Halley’s method is a very good choice for computing pth
roots.

7 Conclusion

We have presented a new method to generate higher—order iteration functions for computing the pth roots of
a complex number. Among the infinitely many iteration functions that can be derived by this method, we can
find well known iteration functions such as Newton, Halley and Schroder iterations. Some iteration functions
not addressed previously in the literature can also be derived. Important convergence results that shed light
on the problem of choosing an appropriated initial guess were proved as well. Our work raises a considerable
number of questions that still need to be answered. For example, one needs to investigate if Corollary 1 can
be extended to any j and to study the convergence behavior of the sequences (35). The complexity of the
associated calculations compelled us to leave such study for a future work.
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