A class of polynomials and discrete transformations

associated with the Kontorovich- Lebedev operators

Semyon B. YAKUBOVICH*
September 20, 2008

Abstract

We consider a class of polynomials related to the kernel K, (z) of the Kontorovich-
Lebedev transformation. Algebraic and differential properties are investigated and
integral representations are derived. We draw a parallel and establish a relationship
with Bernoulli’s and Euler’s numbers and polynomials. Finally, as an application
we invert a discrete transformation with the introduced polynomials as the kernel,
basing on a decomposition of Taylor’s series in terms of the Kontorovich-Lebedev
operator.
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1 Introduction

As it is known (see [1, Vol. II]), the modified Bessel function of the second kind K, (x)
of the argument > 0 and the pure imaginary subscript 7 can be defined by the cosine
Fourier transform

K (xz) = / e~ cos Ty du, x> 0, (1.1)
0
and reciprocally by the inversion formula we immediately obtain

2 o0
emreoshu — —/ K (x) cosTu dr. (1.2)
T Jo
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This function is real-valued and represents a kernel of the Kontorovich-Lebedev integral
expansion [2], [5], [6]

KiT (I)

T

2 [e.e]
— Z ginh
() sin 71'7'/0

T2

| vk @)@y (13)
0
which generates the reciprocal Kontorovich-Lebedev operators
Gla)= [ vy (o)),
0

Ki ()

f(r)= % sinh 77 /000 G(z)dx.

Moreover, it is an eigenfunction for the differential operator

d d
p— 2 —_— R R
A=z T T (1.4)
i.e. we have
AK; (z) = 72 K (x). (1.5)

Denoting by A", n € N, A% = I the n-th iteration of the operator (1.4) we find from
(1.5)
A"Ki,(z) = 7" Kir(7), n € N. (1.6)

The modified Bessel function has the asymptotic behaviour with respect to x [1, Vol. 1,
[6]

Ko = (5) " nrousml oo 1)
K,(z) =0 (27 ®) | 2 —0, (1.8)
Ko(x) = O(=logx), z — 0 (1.9)

and with respect to the index v =it

>, T — +00. (1.10)

It has the following inequality

5 <2e K (xcosd), >0, 7>0, m=0,1,... (1.11)
xm

for each 0 € [O; %)
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Returning to (1.2) let us differentiate the integral 2n times with respect to u. Hence
via the absolute and uniform convergence by v > 0 we come out with the formula

aQn —x coshu
o / K (x)t7" costu dr, x > 0. (1.12)
u n
Therefore it yields
a2n —x coshu
lim ———— 5 / Ki(2)*" dr. (1.13)
u—> Uu n

Multiplying (1.13) by e” it gives

HPne—2z sinh?(u/2) 2 00
lim Z° = (—1)"—6””/ K (x)7*" dr. (1.14)
T Jo

u—0 ou?n

We denote the right-hand side of (1.14) by p,(x) and we will show in the next section,
that it represents a polynomial of degree n € Ny. It is not difficult to see from (1.2) and
(1.14) that, for instance,

po(z) =1, pi(z) = —2.
We will study various algebraic and differential properties of this class of polynomials and

will find its relationship with the Bernoulli and Euler numbers and polynomials [1, Vol. 1],
[3]. As an application of these results we will invert the following discrete transformation

=e 7 chpn(x), x>0, (1.15)

n=1

i.e. we will prove an inversion formula for coefficients ¢, from the weighted [;-space of
sequences. To do this, we will use an expansion of the corresponding class of Taylor’s
series in terms of the Kontorovich-Lebedev operator.

2 Algebraic and differential properties of polynomi-
als p, ()
We begin, proving the representation of p,(x) in the form
po(x) = (—1)"e* A" e, n € Ny. (2.1)

To do this, we appeal to (1.2), (1.6) and use the absolute and uniform convergence of the

integral

O K,

/ Jﬂ” dr, m=0,1,2,..., (2.2)
0 ox™
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with respect to x > zy > 0, which is easy to verify taking into account the inequality

(1.11) with (0;%) and continuity of all derivatives in (2.2) as functions of two variables.

Hence we motivate an interchange of the order of the integral and operator A™ in (1.14)
2 oo
pn(x) = (_1)ne:v_/ AnKzT(I) dr
™ Jo
2 > _
= (—1)”63”—./4"/ K (x) dr = (=1)"e" A" 7%,
™ 0

which leads to (2.1). Furthermore, with the Schwarz inequality, integral representation of
Bernoulli numbers By,,n = 1,2,... [1, Vol. I], relation (2.16.51.8) [4, Vol. II] we derive
the estimate

2 > 2 > T 12
Ipn ()] < —€° |Kir () |72 dr < Ze” rsinh ( — ) K2 (x) dr
T 0 0 2 1T

™

e 4n—1 1/2
% / : T dr _ 22n—3/4(24n _ 1)1/2 | =B
o sinh(7w7/2) ™m

xe” ([BKl([L’\/E)) 1/2, x> 0. (2.3)

A direct consequence of the relation (1.14) is a definition of the generating function
for polynomials p,(x). Precisely we have the series expansion

—2z sinh?(¢/2) _ = pn(x) t2n 2.4
e > Gyt (2.4)
n=0
Hence letting = 0 in (2.4) we get
Pa(0) =0, n=1,2,.... (2.5)

Further, taking (2.1) and definition (1.4) of the operator A we easily derive the following
differential recurrence relation for this system of polynomials

Prs1(z) = 22p(z) + 2(1 — 22)p,(z) — 2pu(x), n=10,1,2,... . (2.6)

Hence it shows by the method of mathematical induction that p, is indeed a polynomial
of degree < n. In particular, we have

po(r) = 32% —x, p3(x) = —152° + 152% — 2.

But denoting by a,, the leading coefficient of

po(x) = Zakxk, n €Ny
k=0
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we find its value appealing to equation (2.6). We obtain
a, = (—1)"2n -1, n=1,2,... . (2.7)

So we get that p, is in fact a polynomial of degree n. As we could see above, ag = 0 for
all p,(z),n € N. From (2.1) we conclude that all coefficients of p,(x) are real numbers.
Therefore if zy is a zero of p,, then z; is a zero as well.

According to [3] the generalized Bernoulli polynomials are defined by the following

generating function
ta xt

ZB k,, t] < 2.

The generalized Bernoulli numbers are defined as B{"”) = B\ (0). When a = 1 we arrive
at the classical Bernoulli numbers and polynomials [1, Vol. 1], [3]. We appeal to the
following relation for the Bernoulli numbers [1, Vol. I

2(4n)!

_B4n = (271’)4" §(4TL),

where ((z) denotes the Riemann zeta-function in order to estimate the behaviour of the
sequence in the right-hand side of inequality (2.3) when n — oo. So with the use of
Stirling’s formula for factorials [1, Vol. I] we find

(@ 23/ — V2 ——
“2251)?' : (275)! o VB CEE)

_0 (<%>2n> (mKl(x\/_)>l/2 oo

and series (2.4) converges absolutely and uniformly on any compact set of « € [z¢, Xo] C
R, and ¢ from the interval [t| <ty < §. Let us differentiate series (2.4) with respect to
x. The motivation comes via the absolute and uniform convergence of the series with a
derivative of p,(z) because (see (1.11), (1.14))

" d’7‘:|

P ¢ L+ 2o [ |t
[Ko(zcosd) + Ki(xcosd)], § € (0, g) :

1/2

(2n)! — (2n)! oz
4 xT

< 7-[-52n+1

Consequently, series » >~ (271),) 2" converges absolutely and uniformly on any compact

set of v € [x9, Xo] C Ry and ¢ such that [t| < ¢y < § < 7. Therefore the differentiation
through in (2.4) with respect to x drives us at the equality

[e's) /
—2x sinh? pn(z) n
(]_ — COSht) e 2z sinh(t/2) = - W t2 . (28)
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Hence decomposing the left-hand side of (2.8) as a product of series and equating coeffi-
cients in front of 2" we obtain the following recurrence relation

) (gz)pk@), neN. (2.9)

Putting x = 0 in (2.9) and using values py(0) = 1, pr(0) = 0, & € N we obtain p,(0) =
—1, n € N. Analogously, a differentiation with respect to ¢ in (2.4) gives the equality

—zsinh ¢ e 2 (/2) — Z 2n — 1 nt (2.10)

n=1

By the same manipulations we arrive at the relation

2 1
P (T :UZ( n ) (x), n € No. (2.11)

Differentiating through in (2.11), employing (2.9) and using simple relations for binomial
coefficients we come out with the identity

SUZ <2n + 1) () = ; @Z i Dpk(x). (2.12)
Returning to (2.1) we have

Pnin(z) = (1) AT €7 m,n € N,.
On the other hand, with (1.6) and (1.14) we deduce

Prmin(@) = (—1)"" A" (e "pm(x)) = (=1)"e" A™ (e "pu(2))

and therefore

A" (e pp(z)) = (=1)"T"A™ (e *p,(2)) . (2.13)
Taking m > n we obtain from (2.13)

Pm(z) = (=1)™ e A" (e pu(z)) -
In particular, it gives the relations
pan(z) = (=1)"e" A" (e™"pa()),

Poni1(z) = (—1)" et A (e_xpn(a:)) ) (2.14)
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Now we will write the expression for p,(z) in an explicit form. Taking the generating
function (2.4) we decompose it into the series to have the equality

= (—2x smh2 t/2)) f: pn(T) 5
E = <",

Let us introduce the sequence of functions ¢ (t), k € Ny

or(t) = {t_% sinh%(t/2), if t # 0,

na if t = 0.

It is clear, that ¢ (t) is entire for each k and be represented by the Maclaurin series

00 (2m)
on(t) = Z P (O)t2m_

= (2m)!

Substituting into (2.14), its left-hand side becomes

(=22t & go,(fm)(O)tzm:i (—22t?)kF & ¢;2(n_k))(0)t2(nfk)
k! (2m)! k! (2(n — k))!

k=0 m=0 k=0 n=~k

= Zt% ZAM )), Apg = o2 )(0),
n=0

Hence equating with the rlght—hand side of (2.14) and invoking simple relations for bino-
mial coefficients, we come out with the representation for p,(x)

pali) = % ; An @Z)F (’f + %) (—8a)",

where I'(z) is Euler’s gamma-function [1, Vol. IJ.

3 A relationship with Bernoulli’s and Euler’s num-
bers and polynomials

We call again integral (1.14) and the Kontorovich-Lebedev integral expansion (1.3). It
is not difficult to verify the validity conditions of this expansion for the function f(7) =
7271 n e N (see [2], [5], [6]). Therefore we find the equality

7_2n—1 (_1>n

-EL M om0 nen (3.)

sinh 77 T
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Hence letting 7 — 0 in (3.1), we obtain

> d
/ e’xKo(x)pn(:U)—x =0, n=23,....
0 T

Integrating through in (3.1) with respect to 7 over R, we change the order of integration
in its right-hand side by Fubini’s theorem via the absolute and uniform convergence of
the iterated integral (use (1.11)). Then after calculation of the inner integral via (1.2),
we invoke the relation (see (2.3)) [1, Vol. ]

00 2n—1 22n — 1B
(/ T dT:(—1w+4————l¥@ (3.2)
0

sinh 77 2n

to get the following representation for even Bernoulli numbers Bs,

_ n > —2x d_ZL‘
B,,, = = 22n/0 e “p,(x) — c N. (3.3)

On the other hand, making use the Parseval equality for the Kontorovich-Lebedev trans-
form [6] we find from (3.1)

o d o] 4n—1
/ e_2mpi(x)—x = 2/ T dr. (3.4)
0 0

T sinh 71

Consequently, combining with (3.2) we establish the following integral representation of
Bernoulli numbers By,

2n ° dx
Byn = 22 (z)—. 3.5
o R (35
Moreover, a comparison with (3.3) gives us a surprising equality
° d o0 d
/ e*2xp,21(:z;)—x :/ 672mp2n(l‘)—x, n € N. (3.6)
0 2 0 2

But we will prove something more. Namely, we will show that

> —2z dx m-+n > —2x dr
| emm@pa@ 5 = Com [ et @
0 0 X

Xz

, n,m € Ny, n® +m? #0. (3.7)

In order to proceed this, we suppose that for instance, m € N, n € Ny. Taking (2.1) we
substitute it in the left-hand side of (3.7). Thus

| e m@m@ = v [ et are = (5:5)

X
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Since p,,(0) =0, m € N, A* (e p,(z)) = (—1) e prim(x), k € Ny (see (2.5), (2.13)),
we appeal to the definition (1.4) of the operator A to apply it successively in the right-
hand side of (3.8), that presumes to involve also an integration by parts and an elimination
of the outintegrated terms. Hence we rewrite (3.8) as a chain of equalities

> —2x dl‘ n > —x n— —zdm
| @@ = o [ e @ arte
0 Z 0 Z
o d o d
= (_1>n+2/ e_mpm+2($)v4n_2€_$—x == <_1)m+n/ 6_2xpm+n($)—x;
0 x 0 x
which yields finally (3.7). Moreover, it guarantees immediately
= —2x dx > —2 dx
| @@ = [ e @@ (39)
0 Z 0 x
for any k£ =0,1,..., n. Furthermore, with (3.3) we derive
(=)™ (m+n) [* da
Bamin) =" —gpmrar |, € Porl@)pmisla) (3.10)

A connection between Bernoulli’s polynomials Bs, . 1(x) and polynomials p,(x) can be
established on the following way. We use integral representation of Bs,1(—2x/2) in [I,
Vol. 1]

x -1)"2n+1) .
Bont1 <—§> _ )22(71“ >sm T
00 ,7_2n
x/ dr, =2 <Rexz <0, n e Ny (3.11)
o coshmr —cosmzx
and relation (2.16.33.2) in [4, Vol. II] to find
1 2/OOK()K (y)dy, —2 < Re z < 0 (3.12)
= 5 iT x T € : '
coshmr —cosme 72 J, Y2t \y)ey v

Substituting (3.12) into (3.11), we invert the order of integration easily motivating this by
inequality (1.11). Then we make use (1.14) and come out with the following representation

T 2n+1) . > -
Bont1 <—§) = ﬁsmﬁx /0 Ko (y)e  paly)dy. (3.13)

Considering pure imaginary subscripts = + 1 = ¢7 we rewrite (3.13) in the form

1—ir 2n+1 | > _
Bans (F577) = st s [ Ko i
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Reciprocally, by the Kontorovich-Lebedev integral (1.3) we establish the representation of
the polynomials p, () as the Kontorovich-Lebedev transform of the Bernoulli polynomials,

namely
22(n+1) gz o0 | (1) 1—ir
n(2) = ——— —"~ By, dr, No. 3.14

Pa(®) (2n+1)7rl/0 T2 2+1< 2 ) T & Bo (3.14)

Hence applying again the Parseval equality for the Kontorovich-Lebedev transform [5],
[6] we deduce the identity

o 1—1r
Bo,
[ [ (57)

Moreover, with representation (3.5) we get the value of the integral in the left-hand side
of (3.15). Indeed, we have the formula

o 1—ir\|?
By,
e (557)

Let us establish a connection between p,(z) and Euler’s numbers, which are defined
as usual by the series [1, Vol. ]

2

sinh 7 4n+3 "

2 1 2 o)
T gr = (2n+1) / e_2xp2(:p)d$—x, n € N. (3.15)
0

2 1)2(274 — 1
.T dT:(n+)( )B4n,n€N.
sinh 71 16n

! —iE oy (3.16)
cosht_n:0 (2n) 2 '

To do this, the estimate from Section 2

bl < (3 o, oo

where A > 0 is an absolute constant, applies to motivate the convergence of the following
integral for [t| <o < %

[ f pa()

< Anf; (@)% /Ooo(xKl(xﬁ))l/2dx < o0,

since the latter series and integral are convergent (see (1.7), (1.8)). Therefore, we can
integrate through in the equality (2.4) with respect to z over Ry at least for |t| <ty < 7,
multiplying first both of its sides by e™®. Consequently, we obtain

e B () [

[es)
t2n

1 o T
= “Iop(x)dr, |t <th < —.
cosh ¢ ;(Qn)!/o ¢ pn(@)de, Jt < to 4
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Combining with (3.16) we find the representation of Euler’s numbers in terms of polyno-
mials p, ()
Ea, :/ e “pp(x)dz, n € Np. (3.17)
0

Hence taking (2.11), we divide it by z and integrate through with respect to z over R,

to deduce the relation
e dz " on+1
— o, — = E FEop.
/0 ep +1(95) I ( ok > 2k

k=0

Further, the basic relation for binomial coefficients

2n+1\  (2n i 2n
2k ) \2k 2k — 1
and recurrence formula for Euler’s numbers [1, Vol. I
" [2n
> (o) Fu=0
k=0
yield the equality
o dx a 2n
P —=— Esy.
/() e p +1<x) T kz_; <2]{7— 1) 2k
Analogously, from identity (2.12) with the use of the integration by parts we derive
“~ (2n+1\ By “~ (2n+1
1 — = S,
(n+ >;< 2%k )n—k—i—l ;( 2% ) b
where

Sk :/ e “rpg(x) de.
0

Further, we introduce some kind of Euler’s type polynomials basing on the equality, which
can be obtained from (2.4) by multiplication on e~* and integration with respect to x
over (z,00). Precisely, we get

1

00 2n
—2zsinh?(¢/2) _ § : t_ t <ty < il 3.18
cosht © nzoqn<x>(2n)!’ 1= to 4’ (3.18)

where

qn(z) = €" /:O e "pp(v)dr = (—1)"e" /:O Ae™ d. (3.19)

11
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Evidently from (3.17) we have ¢,,(0) = Es,. Moreover, integrating by parts in (3.19), we
find the representation of polynomials ¢,

gn(z) =Y P (x), n € Ny, (3.20)
k=0

where p%k)(x) is the k -th derivative of p,(x). For instance,

w()=1, qz)=—(r+1),
¢@(r) =322 + 52+ 5, q3(v) = —152° — 302 — 61z — 61.

Making a product of series (3.16) and (2.4) in the left-hand side of (3.18), we equate
coefficients in front of £ to obtain another representation of polynomials g, ()

n(z) = ; B (3:) Pni(T). (3.21)

From (3.20) we derive
g () =Y _p (@) = piF(x) = gu(x) — palz).
k=0 k=1

Thus, p,(z) = gn(x) — ¢, (z) and since p,(0) = 0,n € N, we find ¢/,(0) = Ey,. Further,
differentiating again, we obtain
(@) = 4, (7) — ¢, ()
and the value p/,(0) = —1,n =1,2,... (see above) implies
¢, (0) = B, + 1.

Finally we note that the leading coefficients of polynomials p,,, ¢, are the same.

4 A discrete transformation and relations with the
Kontorovich- Lebedev operators

Let us consider the discrete transformation (1.15). We will prove that this series converges
absolutely and uniformly for all z > 0, if

5 el (1) <= @)
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Therefore f(x) will be bounded continuous on [0, +00) and f(0) = 0 since p,(0) =0, n €
N.

In fact, from the asymptotic properties and integral representation of the modified
Bessel function K;(z) it is not difficult to establish the inequality 2K (z) <1, z > 0. In
the limit case + — 0+ we have xK;(x) — 1. Therefore (see the previous section) for all
x>0

e lpa(2)] < A (20)! (%)

where A > 0 is an absolute constant, and since series (4.1) is convergent we establish
the absolute and uniform convergence of series (1.15) for all x > 0. Thus its sum is
a bounded continuous function on [0, +00) vanishing in zero. Applying the operator of
the Kontorovich-Lebedev transform to a partial sum fy(z) of (1.15) and using (2.1) we
deduce

sinh 7TT/ KlT(x)fN(a:)—x = sinh 7TT/ K (x)e™® ch pn(x)—x
0 x 0 n=1 v

N o0
= sinh 77 Z(—l)"cn / Kir(z) (A" e77) d?x’ 7> 0. (4.2)
n=1 0

Since A e™* = ze~* and due to relation (2.16.6.4) in [4, Vol. 1I]

T

/ K (x) e *dx =
0

sinh 77’

the right-hand side of (4.2) can be written in the form

N oo
sinh 77 Z(—l)"cn/ Kir(z) (A" ™) dg = —7TCy
n=1 0

+sinh 71 Z(—l)”cn /000 Kir(z) (A" e77) df (4.3)

But employing (1.4), (1.5) we take successfully the operator A to write the latter integral
as follows

/ K, (x) (.A" 6_“) d_w = / AK;, (x) (A”_l e‘m) d_:z:
0 oy 0 T
o0 dz o0 gr2n—l
- = n—17g- —z\ 7 2(n—1) ) —x _
/0 A" K (z) (A e™) — =T /0 K (x)e "dx o

13
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for any n = 2,3,... . This is because via (2.13), (2.1) A" e™* = (=1)" ' A (e “pp_1(z))
and

/ KZT(x)A (6_$pn_1(:t)) d_x = 7_2/ Ki7<x)€_mpn—1(x>d_xa n=23,...
0 z 0 r

since terms, which are out of integration, are vanished owing to the property p,(0) =
0,n=1,2,... and asymptotic behavior of the modified Bessel functions (see (1.7), (1.8),
(1.9)). Consequently, returning to (4.3), (4.2) we have

N
dz
h Ki (v § n Pn(2)— = § 1", 771, 7 >0. 4.4
sin 7T7'/ c p(x)x 7rn:1( Ve, T T (4.4)

We will motivate now the passage to the limit when N — oo through equality (4.4). To
do this, we will use (2.11) to write

n—1

— (2n —1
Z(n ) (x), neN, > 0.

k=0

Hence substituting the latter equality into (4.4), we estimate the following integral (see

above)
N n—1

L IZ\can( Dol ao
<A/ Ko(s dxim nz( ) v(%)%
_ Algm g (Q(ﬁ ;)131 5 (%)% < Agi en] (2n)! (g)% <oo,  (45)

n=1

where A, A1, Ay > 0 are constants. Therefore the passage to the limit when N — oo
is possible by virtue of the Lebesgue dominated convergence theorem, and taking into
account (1.15) we obtain the equality

d (o)
Slnhﬂ'T/ K (z - WZ ' (4.6)

where the Taylor series in the left-hand side of (4.6) is convergent for all 7 > 0. Hence

1 d2n71

n : : * dx
m(—=1)"¢c, = on = 1)!l1£)1% T [smhm'/o KZT(x)f(x)?}




A CLASS OF POLYNOMIALS 15

d2 (n—k)

2k—1 < dx
mpqﬂ§:(%F4) ' E%az:a/xk%@ﬁw%—~ (4.7)

T

Meanwhile, from (1.1) we find
de m OO —xcoshu, 2m
—— K (x) = (—1) e u™™ cosTu du, m € Ny.
dem 0
Furthermore, since (see (4.5))
oo d [e.9]
J T
0 x 0

0o 00 [e'e) u2m
< B/ / e T eoshuy 2m gy dy = B/ du < 0o, m € Ny,
o Jo 0

coshu

d2m

de
dTszr(x)f(x)

dr?m

K (x)|dx

where B > 0 is a constant, one can differentiate and pass to the limit under the integral
sign in (4.7). As a result we obtain

¢, = Zn: o (__1 / / —a coshu, 2(n— k)f( >dx

Thus denoting by p,(z) the following even polynomial

n—1 n k 2(n k—1)
L2
0 2(n — k) — 1)1(2k)!
we have the final formula for coefficients ¢,
ee dx
%:/‘&@ﬁ@yﬂneN (4.8)
0 T

where

Sn(x):/o e~veoshup (w)du, x> 0.

We summarize our results by the following

Theorem 1. Let condition (4.1) take place. Then discrete transformation (1.15) f(z)
represents a bounded continuous function on [0,+00), f(0) =0, where the corresponding
series converges absolutely and uniformly and coefficients c,, n € N are given by formula
(4.8). Besides, the Kontorovich-Lebedev operator of this function can be expanded by
Taylor’s series (4.6), which is convergent for all T > 0.

Corollary 1. If f(x) is decomposed by series (1.15), where its coefficients satisfy
condition (4.1), then this expansion is unique.
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Proof. In fact, if it admits also the representation

f(l‘) =e "’ Zanpn(x),

then

o0

0=¢e " Z(Cn — an)pn(l‘)7

n=1

and evidently, ¢, — a, satisfies condition (4.1). Therefore, ¢, = a,, n € N via (4.8).
Corollary 1 is proved.
Corollary 2. Under condition (4.1) series (1.15) converges in the mean square sense
with respect to the norm of the space Loy (]R+; df) to the same function f € Lo (R+; df)
Proof. Indeed, let us estimate the norm of the partial sums of series (1.15). Applying
the Minkowski inequality, equality (3.5) and the representation of Bernoulli’s numbers
(see Section 2) we derive

- N 2d:[; 1/2 N . o 1/
ety = [ et &) <o (o)
’ 0 n=1 r n=1 0 r

N N 2n
1 — 24n 2
= Zl |Cn|m < const. Zl |Cn|(2n)! <;>

< const. i e (2n)! (%)Zn (4.9)

Thus {fn} is a Cauchy sequence in the space Ly (Ry; %) because

N 2n
4
15 = fatllpy (g, ae) < comst. > eal(2n)! (—) —0, N>M, M — .

m
n=M+1

Since this sequence admits a pointwise convergence too, it asserts the same limit f(x).
Corollary 2 is proved.
Further, from (4.9) taking into account (3.3), (3.7) we have

I
—
]
3
3
o
S
F
3
+
&

1M1,
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Passing here to the limit when N — oo, we obtain the Parseval type identity for discrete
transformation (1.15)

> dr i 1 —22n4m)
/ |f($>|2? = Z (=) entn M——mB2("+m)’ (4.10)
0

n,m=1
where its right-hand side is evidently positive.
Denoting by Fy(7) the odd polynomial in the right-hand side of (4.4), we see that it
represents the Kontorovich-Lebedev transform of a partial sum fx of series (1.15). From
(1.14), (2.1) and (1.3) it follows the reciprocal formula for this partial sum

fN(ZE) = %/ TKiT(ZU)FN(T)dT, N = 1,2,... . (411)
0

The reciprocity (4.11) follows from the uniqueness theorem for the Kontorovich-Lebedev
transform [6], since fy € L1 (Ry; Ko(z)%) N Ly (Ry; <) for each N € N. Now we will
find sufficient conditions for the mean-square convergence with respect to the norm of the

space Lo (R+; %) of a partial sum fy to a given function f when N — oo. We have
Theorem 2. Let f(x) be a bounded continuous function on [0,00) such that f(x)/x
is bounded for all x > 0. Let a sequence of polynomials {Fn(7)} with coefficients (4.7)
converge pointwisely for all 7 > 0 to a function F(1). If {Fn(T)} is a Cauchy sequence in
the space Lo (R+; Tdr ), then the sequence of partial sums { fx} of series (1.15) converges

sinh 77

to f in the mean square sense with respect to the norm of the space Lo (R+; df), i.€.

1 = fwllp, g, a2y — 0, N — oo (4.12)
Finally, f € Lo (R+; df) and

V2
111zt = S NFl et ) (413

Proof. Since the sequence of Taylor polynomials {Fy(7)} converges for every 7 > 0,
we get that its limit F(7) is equal to (see (4.4), (4.6), (4.7))

> dx
F(r) = sinhm'/o K”(x)f(x)?, T > 0.

On the other hand, this sequence is a Cauchy one in the space Lo (R+; i). Thus

sinh w7

it converges to the same function F', which belongs to Lo (R+; Si;ﬁ:ﬁ). Moreover, the

Parseval identity for the Kontorovich-Lebedev transform yields (see (4.11))

V2
||fN_fM||L2(R+;dac) = 7||FN—FM||L2(R+ TdT ) —)07 M,N—)OO (414)

T ?sinh w7

17
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Consequently, { fn} converges in the mean square sense with respect to the norm of the
space Lo (R+, ) to some function g(z) € Ly (R+, ) Our goal is to prove that g = f
for almost all x > 0. Indeed, (4.14) implies

V2

||g||L2(R+%%) - 7“FHL2(R+?S£}?;T)'

Moreover, the Plancherel theorem for the Kontorovich-Lebedev operator [5], [6] says that
for all x > 0

v 2 d

/ g(z)dr = — TSlIlh 7TT/ K (x dx/ Ki:(y ydT (4.15)
0 T

where the integral with respect to 7 in the right-hand side of (4.15) converges absolutely.

Hence owing to Lebesgue’s monotone convergence theorem we find

T2 e—0+

* 2
/ g(x)dx = = lim Tsmh (m—e)7 / K (x dx/ K (y y d (4.16)
0

Now Fubini’s theorem and conditions on f of the present theorem allow to change the
order of integration in the right-hand side of (4.16) and calculate the inner integral by 7
employing relation (2.16.51.8) in [4, Vol. II]. Thus after simple substitutions we arrive at
the representation

/ K1 x81n5\/t2+1)
rsine
—cote

VE2+1
xf(x (coss + tsine)) dtdz. (4.17)

But f(z) is bounded continuous for x € [0, 00) and

rsineVit? + 1K, (xsinevt2 + 1) <1, z,t >0,e € (0,7)

v 1
/ g(x)dr = — lim
0

T e—0+

(see above the inequality yK;(y) < 1, y > 0). Therefore the estimate

. /°° K (zsinevt? +1)
xsine
—cote t2 + 1
< dt
< const. 5 — const.
o 1

and the dominated convergence theorem permit the passage to the limit under the integral
with respect to x. Further, appealing to results in [7] we prove that for all z > 0

|f (z (cose + tsing)) |dt

f(x(cose+tsine))dt = f(x).

— lim zsine
T e—0+ —cote t2 + 1

1 . /°° Ky (zsineVe® + 1)
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/Oxg(:v)d:v = /Ox f(z)dz

and by differentiation we conclude g = f for almost all > 0. This gives (4.12), (4.13)
and concludes the proof of Theorem 2.

Thus from (4.16)
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