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ABSTRACT. We work out the Chern—Weil theory for abelian n-gerbes and consider
the problem of classifying n-gerbes with (flat) connections up to gauge equivalence.

1. INTRODUCTION

An abelian gerbe on a manifold M can be viewed as a geometrical realization of a
cohomology class in H?(M,C*), in the same way as a complex line bundle on M is a
geometrical realization of a cohomology class in H'(M,C*) (here C* denotes the sheaf
of smooth C*-valued functions). The notion of a gerbe first arose in the context of
non-abelian cohomology theory in Giraud’s work [3]. Later, the subject gained renewed
interest through the work of Brylinski [1] which focused on abelian gerbes and their
differential geometry, introducing analogues of the notions of connections and curvature
on line bundles. Among other things he worked out the analogue of Chern—Weil theory
for line bundles, and also interpreted Dirac’s magnetic monopole on the 3-sphere as a
gerbe.

Since then, there has been an explosion of interest on this subject, not only from the
point of view of geometry but also from that of theoretical physics, and we shall not
attempt to give any comprehensive overview. We do, however, mention the work by
Chatterjee and Hitchin [2, 4], which is particularly relevant to us. They introduced a
very concrete point of view on abelian gerbes and their differential geometry, through
the systematic use of Cech cohomology.

The theory of abelian gerbes generalizes to a theory of abelian n-gerbes, providing
geometrical realizations of cohomology classes in H "t1(M,C*) (in particular, what has
above been called a gerbe is a 1-gerbe and a line bundle is a 0-gerbe). It was pointed
out by Chatterjee that the Cech approach is particularly well suited for this purpose
and for treating the corresponding differential geometry (i.e., the theory of connections
and curvature), even though he did not carry out the details of this programme. In [5]
Picken worked out in detail the Cech representation of an n-gerbe with connection and
its curvature.

Here we adopt the Cech cohomological point of view on gerbes of Hitchin and Chatter-
jee. Our purpose is to work out the details of the Chern—Weil theory of n-gerbes and
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to describe as concretely as possible the set of gauge equivalence classes of gerbes with
(flat) connections in cohomological terms.

The contents of this paper is as follows. In Section 2 we recall the basics of the theory
of connnections on line bundles and in Section 3 its generalization to n-gerbes, following
Chatterjee and Picken. Then, in Section 4, we construct a non-trivial n-gerbe on the
(n + 2)-sphere, generalizing an example given in Picken [5] (cf. also Brylinski [1]). In
Section 5 we work out the details of the Chern—Weil theory for n-gerbes. Finally, in
Section 6 we consider the classification problem for n-gerbes with connection: we prove
that the set of isomorphism classes of flat n-gerbes on a manifold M can be identified
with the cohomology group H"+!(M, C*) and we also consider the problem of classifying
all connections on a given gerbe, up to gauge equivalence.

2. LINE BUNDLES WITH CONNECTION

We start by recalling some well-known facts about smooth complex line bundles. A
smooth complex line bundle ¢ over a smooth manifold M is given by a projection map
7 : E — M, where 7~ !(z) ~ C is the fibre over z € M, E is a smooth manifold called
the total space of &, such that for each x € M there is an open neighborhood U, of x
together with a local trivialization, i.e., a diffeomorfism h, : 7= 1(U,) — U, x C.

Consider an open cover 4 = {U;};c; of M for which there is a system of local trivi-
alizations

{pi: 77 (U;) — Ui X Clier.
Given two open sets which intersect, we can define a transition function
gij:UiﬂUj — C*
by
g”(a:) = ((Pz o (10;1)’”—1(36), Yo € Uz N Uj.

The functions g;;, for any ¢, j € I, are smooth, non-vanishing and satisfy:

9ii9ji =1

9ij9ikgri = 1

Using this characterization of line bundles we can also introduce connections in local

terms. Consider a line bundle ¢ over M and a system of transition functions

{gij: i,j eI}

with respect to a cover & = {U;};c;r. A connection over ¢ is a collection A = {A;};c; of
1-forms in Q(U;, C) such that on the overlap U; N U,

A= Aj+ g, dgy, Vi, jel
Note that, on U; N U, we have dA; = dA; so we can define a 2-form B € Q?(M, C) by
B=dA

and this global 2-form is called the curvature of £ associated to the connection A.
If we consider a different system of local trivializations

{90; : Wﬁl(Ui) — U; x Cligs
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we get that they are related to the first ones through a set of funcions
{fi: Ui — C*ie 1}

by having ¢} = ¢, f;. Furthermore, we get new transition functions {ggj}m-e 7 and con-
nection 1-forms {A’},c; given by

9; = gz'jfz‘ffl
Aé = A+ fi_ldfi
which are said to be gauge equivalent to the original ones.
This information can be summarized in terms of Cech cochains: a line bundle with
connection is given by an ordered pair (g, A) such that g € C*(4,C*) and A € C°(U, Q1)
such that

{(59)z‘jk =1
(5A)ij = dloggij

where C* represents the sheaf of smooth non-vanishing complex functions, Q! represents
the sheaf of differential 1-forms with values on C and dlog is the logarithmic derivative.
Two line bundles with connection (g, A) and (¢’, A") are gauge equivalent if they differ
by (8h, dlog h) where h € C°(U, C*). We do not need to mention the curvature as it is
fixed by the choice of connection.

3. THE LOCAL EQUATIONS FOR n-GERBES WITH CONNECTION

Hitchin and Chatterjee’s approach to gerbes (or 1-gerbes) consists in taking Cech
theory quite literally, guided by the principle that gerbes are to line bundles what line
bundles are to functions. Everything about gerbes is one step up, in number of data,
number of open sets in an overlap or in form degree. Thus, 1-gerbes with connection have
four data item: given a smooth manifold M with a cover & = {U;};cr of M, a gerbe with
connection over M is given by a 4-tuple (g, A, B, C) where g = {giji }ijrer € C*(U, C")
is the cochain of “transition functions”, A = {4;;}ijer € CHU,QY) is the cochain
of “connection 1-forms”, and B = {B;}ic; € C°(,Q?) is the cochain of “connection
2-forms”. These cochains must satisfy:

(09)ijm = 1
(0A)ijr = —dloggijk

Since B; — B; = —dA;; we get that dB; = dB;, so we can define the curvature as the
global 3-form

C =dB e Q*M,C).

The notion of gauge equivalence is also a step higher: two gerbes with connection
(9,A,B,C) and (¢', A’, B',C") they said to be gauge equivalent if there exists a pair
(f,7), such that f = {fi;}ijer € CH(&h,C°) and v = {7, }ier € CO(UU, Q), which satisfies
the following conditions
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Jige = ik = (01)sj
Al — Ay = —dloghg; + (67)is
B, —B; = dBb;.

Now we come to the systematic definition of n-gerbs (in Cech terms), following Picken
[5]. Consider the “logarithmic” de Rham complex of sheaves

0—C" — Q' — Q02— ...

The associated Cech-de Rham double complex with respect to a cover 4 = {U;}ier of
the manifold M is given by taking C™(Q?) (with n > 0 and p > 1) to be the group of
p-form valued Cech n-cochains on (n 4 1)-fold overlaps Uiji... (for p =0, take C*-valued
cochains). Now extend this by defining C~'({2?) to be the global complex p-forms on
M and C~(C*) to be the global non-vanishing complex functions over M.

Writing cochains in the form «;jj, . where ijk ... ranges over the n-fold overlaps (or
a without index if n = 0), we have the exterior derivative

d: CMQP) — C™(WPT), . — dagjy,..  Vp=>1

(for p = 0 take the logarithmic derivative) and the Cech coboundary operator

n+1
6:C" (W) — CnH(Qp)v (5a>io..-in+1 = Z(_ly%l...mnﬂ Vn >0
r=0
(for n = —1 we take the inclusion maps). The extended Cech-de Rham double complex

is the following diagram with anti-commuting squares

cHOYH) ——
CHY) —— D) ——

d —d

CTHQ) —— CUP) —— (@) —

d —d d T

CHQ) —— Q) —— Q) —— CHQ) —

dlog —dlog dlog —dlog T

cH(CY) —— C(C) - CYCY) —— CA(CY) 1 CHCH) — ...

The associated total complex (A®, D) is given by
Ak — Ck(@*) D Ckfl(Ql) DD Cfl(QkJrl)
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where the operator D : A¥ — A¥*1 is defined by
D=6+ (-1)"d.
In this setup, a line bundle with connection may be defined to be an element B € A!
given by
B = Gij + Az — B
satisfying DB = 0, and a gerbe with connection may be defined as an element
gzgijk—l—Aij—i—Bi—C'

in A2 such that DG = 0.
Having written the equations in this handy way, they can be extended to elements in
A® of any degree. Thus, an n-gerbe with connection is defined to be an element

G, € ker D : A"t — A"F2

S0, in these terms, a gerbe is a 1-gerbe, and a line bundle is a 0-gerbe. For n > 1, an
n-gerbe with connection can be written

Gn=g+A + A2+ A"+ A" — 0O

where the “bare” m-gerbe (without connection) is the C"*1(C*) part g, the multilay-
ered connection consists of the C™(2!) to C°(Q" ) parts A',... A" of G,, and the
curvature is minus the globally defined (n + 2)-form part © of G,,.

Note that a —1-gerbe is an element

F=fi—-AeA, DF=0

that is, the —1-gerbe is a global function, there are no connections, and the curvature
is a global 1-form given by A; = dlog f; on each open set U; of the covering of M.

The notion of gauge equivalence between line bundles and 1-gerbes with connection
can also be expressed in this setup. For two line bundles B and B’, equivalence can be
expressed as

B' ~ B <= B —B= Dh, h e C°(CY),
and for two gerbes G and G’ equivalence means that

G ~G<—= G —G=D(fi; +v), fij +7 € CHC) @ CH(Q°).

Thus, as pointed out by Picken [5], it is natural to define gauge equivalence for n-gerbes
H and ‘H' € A" as follows

H' ~H<—H —H=DF, F e,

where A? represents A" without the C~*(Q*) part, that is to say, we disregard the first
column.

This definition says that the set of gauge equivalence classes of n-gerbes with con-
nection is

ker(D: A" — A™2)/Im(D: AJ — A" .

and thus this set projects onto the cohomology of the double complex (A®, D). Indeed,
as noted by Picken, this cohomology classifies gerbes with connection in a coarser way
than the standard gauge equivalence, considering them as equivalent if their curvature
agrees in de Rham cohomology.
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One might also consider the effect of leaving out altogether the first column of the
double complex, in other words, considering the hypercohomology of the complex of
sheaves
d

dlog d

Ke:0 — C” Ot 0?2
As one easily sees, this amounts to demanding that the curvature © vanishes. Hence
the hypercohomology H"*1(K*®) classifies flat n-gerbes with connection (this was already
pointed out in [2]).

4. AN EXAMPLE

In [5], Picken has made a generalization of the standard monopole bundle on the 2-
sphere to a gerbe on the 3-sphere (and, as noted in the Introduction, a similar construc-
tion was already made by Brylinski [1]). In this section, we see how Picken’s construction
easily generalizes to a constructing an monopole like n-gerbe on the (n + 2)-sphere.

We start by recalling the monopole bundle on S? as described by Picken. Consider a
cover 4 = {Uy, Us} of S? such that U; N U, is a band around the equator, diffeomorphic
to S1x]0, 1[. Take the transition function g5 to be

g2 2 S'x]0,1] — C*
(0,1) — 0

Define the connection 1-form to be A; = 0 on U; and on U; let A be equal to dlog g12
on the overlap Uy, and extend it in some way to Us. Then the equation for a line bundle
with connection

Ay — Ay = dlog gio

is satisfied U;s. The curvature B is given by B = dA and its support is contained in Us.
Using Stokes’ Theorem and the winding number of a loop around a point, one calculates

that

B
— =1
g2 2t

We shall now describe an analogous construction of an n-gerbe over the (n+2)-sphere
S™2 (or “n-gerbopole” in the language of Picken). We use induction on n. The case
n = 0 has already been done. Suppose that for some k we have defined the (k — 1)-
gerbopole over S ie., we have a cover 4 = {U,Us,...,Upi1} of S¥*1 such that
there is a k-multilayered connection (A;, A, A? ..., AF) and a (k + 1)-curvature

11l
form B = dA* such that

/ S
Sk+1 27TZ

We now define the k-gerbopole over S*™2. Consider the cover &' = {Uy,U},..., Ui}
as follows: the open set U, covers one half of Sk+2 and the equator, U, ..., Upir
together cover the other half of S¥*2 and the equator in a way that

e = Uix|0 1], i=1,..  k+1
{...k+2 = Slx]ojl[kﬂ
Ul,N (U U---UU},,) =~ SF1x]0,1]
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and we require that U, N (U] U---UU;,,) be a spherical shell (not too wide). We
take the transition function

Gro ot STx]O, 1Y — C*
(eatla"'7tk+l> — 0

and the connection 1-forms, defined on (k + 1)-fold overlaps, to be:

Ai;..kﬂ =0 )
Ail.,.ik,k+2 = _Ail...ik
for all indexes i; ...1; ranging in {1,2,... k + 1}. The other “auxiliary” connection

r-forms, where 2 <r < k, on the (k 4+ 2 — r)-fold overlaps, are defined likewise:

AY =0, i k+2¢ {i ... i}
Azl...ik+1_r,k+2 = _Agl...ik+1_r
taking, as before, the r-forms constant along transversal directions. As for the “true”
connection (k 4 1)-forms defined on the open patches U/, i = 1,... 4 2, consider
AR =0, ifi#£ k42
At = B ifi=k+2
where B means that it is equal to B on Ul jroU- - -UU; j1, constant along transversal
directions and extended to U], in some way. The curvature of the k-gerbopole is, of
course, B’ = dA*!. Tt is not difficult to check that this data is a k-gerbe in the terms

of the definition and that
k B
(-1)'—=1.
Gk+2 271

5. THE CHERN CLASS OF AN n-GERBE AND ITS RELATION TO CURVATURE

We will be considering n-gerbes without differential structure for a while. The abelian
groups of equivalence classes of “bare” n-gerbes for a fixed cover U of a given manifold
M, are the Cech cohomology groups H nFl, C*). If we do not want to mention the
cover, we take the direct limit of all covers of M, and get the group of equivalence
classes of n-gerbes to be H™'(M,C*).

Let Z denote the constant sheaf of integers and C denote the sheaf of complex smooth
functions. We have the exponential sequence

0—Z—C—C"—0
and the co-boundary isomorphisms
& : HP(M,C") — H""'(M, Z),

for every p > 1. Given an n-gerbe G, over the manifold M, the Chern class of G,,
denoted by ¢(G,), is defined to be 9?71([G,]), where [G,] is the equivalence class of G,,.
Abusing notation, we shall write

c(Gn) € Hiz*(M.C)
for the image of ¢(G,) under the natural homomorphism
H"(M,7Z) — H""*(M,C) ,
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identifying H"+2(M,C) with H7+*(M,C) via de Rham’s Theorem.

It is a classical result that for a line bundle with connection, we have that its Chern
class is identified with its curvature form in de Rham cohomology. Chatterjee [2] proved
a similar result for 1-gerbes. The strategy of both proofs is, to follow the sheaf theoretic
proof of de Rham’s Theorem. We now use the same method to make the generalization
for n-gerbes. We assume that 8 = {U; },cs is a good cover of the manifold M (so that
we can use Leray’s Theorem).

Proposition 5.1. Let G, be a n-gerbe with connection over a manifold M and © its
curvature form. Then © is a closed (n + 2)-form, its de Rham cohomology class is
independent of choice of the multilayered connection, and

c(G,) = [(—1)"@] € HiH(M,C).

2mi
Proof. Suppose that G, is given by the following data:
g+A1+"'+An+1—@.

Since © is the global (n + 2)-form d(A™*!), where A"*! = {A"*!1},; is the “last”
connection, clearly © is a closed form.
The sequence

0—C—0 Lo 4
is an acyclic resolution of the constant sheaf C which splits into the short exact sequences
0—C—Q° -4 2 0

02—t L z2 .

0 —s Zn+1 _ Qn—i—l L> Zn+2 —0

where Z° is the sheaf of closed forms, producing the following co-boundary isomorphisms
oL - ﬁn+1(M7 Zl) _ f{n—i—Q(M? C)
0?: H"(M, Z2?) — H"Y (M, Z1)

nt2 . HO(M,Z"+2 ' i n
3 +2 . W — HI(M,Z +1).

Note that the composite 9! 0 9% o --- 0 9! 0 9"*2 is the de Rham’s isomorphism. We
get that
810820"'08n+2(@) — 610820_._oan+2(dAn+1)
— 81082o~--08”+1(5A”+1)
— 810820“.0871—}—1(_(11471)
= 0'00%0---00"(—5A")

= 0'((—1)"dlogg)

= (=1)"dlogy,
where, in the last line, we use the principal branch of the logarithm (this makes sense
because we are working with a good cover). Now observe that {dlogg}
2mi{a} where o, ., is an integer, so

Nod*o---0 a”“(@) = (=1)"2mi a.

il.‘.’in+2 -

1100419
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1
It remains to show that & = —dlog g is a representative of the Chern class ¢(G,,).
vl
But it is obvious that the pre-image of a under the co-boundary isomorphism

o: H""\(M,C*) — H""*(M,7)
represents the equivalnce class of G,,. O
Poincaré duality tells us that Hj2(S"2, C) is canonically identified with C under the

correspondence [p] — / ©. So the curvature class of the n-gerbopole constructed in

Sp
Section 4 is identified with 1 € C and by means of the above Proposition the equivalence
class of the “bare” n-gerbopole is 1 € Z, that is to say, a generator of the set of
equivalence classes of bare gerbes H""1(S"+2 C*).

6. CLASSIFICATION OF n-GERBES WITH CONNECTION

In this Section, we consider the classification problem for n-gerbes with connection.
We begin by considering flat gerbes.

As explained at the end of Section 3, the group of gauge equivalence classes of n-
gerbes with flat connections can be identified with the hypercohomology H"™(K*®) of
the complex of sheaves

Koo —cr s 4,02 4,

We shall show that these hypercohomology groups can be calculated as ordinary Cech
cohomology groups with values in the constant sheaf C*.

Proposition 6.1. With the above notation there is an isomorphism
HP(M,K*) = HP(M,C*) .
Proof. Let L*® be the complex of sheaves:
L:0—C —0—0...

and consider the inclusion map ¢ : L* — K°.
Let ‘H*® denote the cohomology of a complex of sheaves. Clearly,

C* ifg=20
q(re\ __ 9
H(ﬁ)_{o, ifg>0
It is also clear that H°(K®) = C* and, by the Poincaré lemma, that if, p > 1, HP(K*®) =
0. As for p = 1, the pre-sheaf associated with H!(K*) is given by

ker d'|y
Im dlog|y’

and taking a co-final system of simply-connected open neighborhoods of x € M, we
get that if £ € kerd!, then £ = d(f) = dlog(exp f), for some f € C. Thus, the stalk
(H'Y(K*)), = 0 and H*(K*) = 0. Hence, H*(L*) = H*(K*) and so ¢ : £L* — K°® is
a quasi-isomorphism, then the induced map on hypercohomology ¢, : H*(M, L*) —
H*(M, K*) is an isomorphism. It is easy to check that HP(M,L®) = HP(M,C*), so
HP(M, K*) = HP(M,C*). O
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Finally we turn our attention to the problem of describing the set of isomorphism
classes of all gerbes with connection (not just flat ones).

We start by the simplest case, describing the set of equivalence classes of —1-gerbes.
We fix the cover U = {U, };c; of the manifold M. A —1-gerbe is given by the data

G =f—0¢el'LC)®Q (M)

Using the gerbe equations, we get that a —1-gerbe is fully determined by a global

function f : M — C* and that if two —1-gerbes are gauge equivalent then their

global functions differ by a non-zero constant. Hence, the set of equivalence classes of
C'(M)

C(M)

Now, we consider O-gerbes, i.e., line bundles. Suppose that we fix the line bundle itself,
in other words, we fix the transition functions. We may ask how many connections such
a line bundle admits up to gauge equivalence. Two line bundles G, = (g, A4,0) and
Gy = (¢, A’,©’) are equivalent if they differ by (§f,dlog f,0), where f € C°(U,C*).
As g = ¢’ then 0f = 0, so f is a global function. It is a well-known fact that two
connections on the same line bundle differ by a 1-form. Thus, two connections are
equivalent is they differ by dlog f, where f € C*. Therefore, we get that the set we are

(M)
d1og(C*(M))

—1-gerbes is given by

. If a line bundle admits flat connections then the set of flat

ZH(M)
dlog(C"(M))

looking for is

connections up to gauge equivalence is
Now let
Go=g+ A + A2+ A"+ A" -0

be a n-gerbe, where ¢ gives the transition functions, A!,..., A" is the multilayered
connection and © is the curvature. Consider that the “bare” gerbe is fixed and that
the only gauge transformation allowed on this level is identity. Suppose also that all
connections are fixed except for the last one. Then, the result analogous to the one just
given for line bundles is the following:

Proposition 6.2. The set of gauge equivalence classes of n-gerbes with connection,
such that the lower order data g + A' + A% + - + A" is fized, can be identified with

QM)
d(Q(M))
Proof. Let G/, be another n-gerbe given by the following data:
Gh=g+A"+ A%+ A"+ A @
If G, and G/ are equivalent and obey the imposed restrictions then they differ by
04 dat + [(=1)" tdat +6a*] + -+ [(—=1)"Tda" " + 6a™] + da" + 0
and

dat =0
(~1)"'da’ + §a® = 0

(—=1)"1da"~! + §a™ = 0
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Since the sheaves Q°(M) are all fine and therefore acyclic we have that da' = 0 implies
that o' = 6¢'. Substituting in the next equation, (—1)""'dé¢! + da? = 6((—1)""1d€ +
da?) = 0, so (—1)""1d¢ + da? = §€2. With similar reasoning, we finally conclude that
S((=1)"1d¢" 1 +a™) = 0. Take f to be (—1)""1d¢""'+a™. By the previous calculations
0f = 0, which means that f is a global n-form. Also

A/nJrl - AnJrl = da™ = d((_l)nfldénfl + Oén),

so two connections in these terms differ by an exact n-form on M. Note that, by the
gerbe equations, as J A"t = A" = A", any two connections compatible with the
previous ones differ by a global n-form. Hence, we get the desired result. 0

To conclude, we remark that if the bare n-gerbe admits flat connections then the
corresponding set of gauge equivalence classes of flat (n + 1)-connections is Hji'(M).
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