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1 Introduction

As it is known [6], [7], [9], [12], [13], classical Kontorovich-Lebedev transforms are of the
form

g(τ) =

∫ ∞

0

Kiτ (x)f(x)dx, τ ≥ 0, (1.1)

g(s) =

∫ ∞

0

Is(x)f(x)dx, Re s > 0, (1.2)

g(x) =

∫ ∞

0

Kiτ (x)f(τ)dτ, x > 0. (1.3)

Here Ks(x), Is(x), Kiτ (x) are modified Bessel functions [3, Vol. II] of the complex index
and i is the imaginary unit. We note that the modified Bessel functions Kµ(z), Iµ(z) are
linear independent solutions of the Bessel differential equation

z2d2u

dz2
+ z

du

dz
− (z2 + µ2)u = 0. (1.4)
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They can be given by the formulas

Iµ(z) =
∞∑

k=0

(z/2)µ+2k

Γ(µ + k + 1)k!
, (1.5)

Kµ(z) =
π

2 sin πµ
[I−µ(z)− Iµ(z)] , (1.6)

when µ 6= 0,±1,±2, . . . , and Kn(z) = limµ→n Kµ(z), n = 0,±1,±2, . . . . The function
Kµ(z) is called also the Macdonald function and has the following integral representations
(cf., in [3, Vol. II], [13])

Kµ(z) =

∫ ∞

0

e−z cosh t cosh µtdt =
1

2

∫ ∞

−∞
e−z cosh t+µtdt =

1

2

∫ ∞

0

e−z(t+t−1)/2tµ−1dt. (1.7)

Useful relations are [3, Vol. II], [12]

2µKµ(z) = z [Kµ+1(z)−Kµ−1(z)] , (1.8)∫ ∞

0

Iξ(x)Kµ(x)
dx

x
=

1

ξ2 − µ2
, Re ξ > |Re µ|, (1.9)∫ ∞

0

xα−1Kµ(x)dx = 2α−2Γ

(
α + µ

2

)
Γ

(
α− µ

2

)
, Re α > |Re µ| , (1.10)

where Γ(z) is Euler’s gamma-function [3, Vol. I],∫ ∞

0

τ sinh πτΓ

(
α + iτ

2

)
Γ

(
α− iτ

2

)
Kiτ (x)dτ = 21−απ2xα, 0 ≤ Re α <

1

2
. (1.11)

These functions have the asymptotic behaviour [3, Vol. II]

Kµ(z) =
( π

2z

)1/2

e−z[1 + O(1/z)], z →∞, (1.12)

Iµ(z) =
ez

√
2πz

[1 + O(1/z)], z →∞, (1.13)

and near the origin
Kµ(z) = O

(
z−|Reµ|) , z → 0, (1.14)

K0(z) = − log z + O(1), z → 0, (1.15)

Iµ(z) = O(zReµ), µ 6= 0, z → 0. (1.16)

We will use in the sequel the properties of the multidimensional Mellin transform [2].
In fact, let s1 =

∏n
j=1 sj for s = (s1, s2, . . . , sn) ∈ Cn, σj =

{
sj ∈ C, Re sj = 1

2

}
, σ =
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σ1 × σ2 × · · · × σn. Then the Mellin transform of a function f : Rn
+ → C is called the

function f ∗(s) defined by

f ∗(s) =

∫
Rn

+

xs−1f(x) dx, (1.17)

where the latter integral by virtue of Fubini’s theorem and under some conditions on f
(see [2]) is understood as a product of simple integrals

f ∗(s) =

∫ ∞

0

xs1−1
1

∫ ∞

0

xs2−1
2 . . .

∫ ∞

0

xsn−1
n f(x)dx1 . . . dxn. (1.18)

Its inversion is given accordingly [2]

f(x) =
1

(2πi)n

∫
σ

f ∗(s)x−s ds (1.19)

as well as the generalized Parseval equality for two functions f, g and their Mellin trans-
forms f ∗, g∗ ∫

Rn
+

f(x)g(x) dx =
1

(2πi)n

∫
σ

f ∗(s)g∗(1− s)ds, (1.20)

where 1− s = (1− s1, 1− s2, . . . , 1− sn).
Basing on formulas (1.18), (1.19) we will also treat under certain conditions from [2]

the multidimensional Laplace transform

L[f ](x) =

∫
Rn

+

e−〈x,t〉f(t) dt, (1.21)

where 〈x, t〉 = x1t1 + · · · + xntn and its inverse in terms of the Mellin transform (1.19)
F = L[f ]

f(t) =
1

(2πi)n

∫
σ

F ∗(1− s)

Γ(1− s)
t−s ds, (1.22)

where Γ(1− s) =
∏n

j=1 Γ(1− sj).
We will use in the sequel the following modification of the Laplace transformation [2]

(Λf)(x) =

∫
Rn

+

exp (−max(x1t1, . . . , xntn)) f(t)dt. (1.23)

The Mellin transform (1.17) of the modified Laplace kernel exp(−max(x1, . . . , xn)) is
given by the integral (see [2], [5])∫

Rn
+

xs−1 exp(−max(x1, . . . , xn))dx =
Γ (1 + s1 + · · ·+ sn)

s1 . . . sn

. (1.24)
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Furthermore, via (1.19) and the Mellin transform theory in L2(Rn
+) equality (1.24) imme-

diately implies the reciprocal relation for almost all x ∈ Rn
+

exp(−max(x1, . . . , xn)) =
1

(2πi)n
D1

x

∫
(σ1)

. . .

∫
(σn)

Γ (1 + s1 + · · ·+ sn)

s1(1− s)1
x1−sds, (1.25)

where we denoted by D1
x =

(
∂
x1

, . . . , ∂
xn

)
. Moreover, by using definition (1.17) of the

Mellin transform, it can be generalized on an arbitrary kernel k(x) (cf. [5], [11]) for a
maximum and a sum of its arguments. In particular, we have the equalities∫

Rn
+

xs−1k(max(x1, . . . , xn))dx =
(s1 + · · ·+ sn)

s1 . . . sn

k∗ (s1 + · · ·+ sn) , (1.26)

∫
Rn

+

xs−1k(x1 + · · ·+ xn)dx =

∏n
j=1 Γ(sj)

Γ (s1 + · · ·+ sn)
k∗ (s1 + · · ·+ sn) . (1.27)

2 A direct product Kontorovich-Lebedev transform

In this section we will expand formula (1.1) on a n-dimensional case introducing a direct
product Kontorovich-Lebedev transform

(KLf)(τ) =

∫
Rn

+

f(x)
n∏

j=1

Kiτj
(xj)dxj, τ = (τ1, τ2, . . . , τn) ∈ Rn

+ (2.1)

as the operator KL : Lα
p (Rn

+) → C0

(
Rn

+

)
, α = (α1, α2, . . . , αn), 0 < αi ≤ 1, i =

1, . . . , n, p > 1. Here Lα
p (Rn

+) denotes the weighted Lebesgue space normed by

||f ||Lα
p (Rn

+) =

(∫
Rn

+

|f(x)|p
n∏

j=1

K0(αjxj)dx

)1/p

, p > 1

with respect to the measure
∏n

j=1 K0(αjxj)dxj and C0

(
Rn

+

)
as usual is the space of

bounded continuous functions vanishing at infinity.
Theorem 1. The Kontorovich-Lebedev transform (2.1) is well-defined continuous,

linear map
KL : Lα

p (Rn
+) → C0

(
Rn

+

)
,

with the norm at most
∏n

j=1

(
2αj

π

) 1−p
p

, i.e.

||KL|| ≤
n∏

j=1

(
2αj

π

) 1−p
p

.
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When αi = 1, i = 1, . . . , n it has the exact value
(

π
2

)n(p−1)/p
.

Proof. We will appeal to the following inequality for the modified Bessel function [13]

|Kiλ(βt)| ≤ e−|λ| arccos βK0(βt), x ∈ R, 0 < β ≤ 1. (2.2)

Hence with the Hölder inequality for multiple integrals and relation (2.16.2.2) in [8], Vol.
2 we derive

||KL f ||C0(Rn
+) ≤

(∫
Rn

+

n∏
j=1

K0(αjxj)dxj

) p−1
p

||f ||Lα
p (Rn

+) =
n∏

j=1

(∫ ∞

0

K0(αj t)dt

) p−1
p

×||f ||Lα
p (Rn

+) =
n∏

j=1

(
2αj

π

) 1−p
p

||f ||Lα
p (Rn

+). (2.3)

So the norm of the Kontorovich-Lebedev operator is at most
∏n

j=1

(
2αj

π

) 1−p
p

. Moreover,

using representations (1.7) for the modified Bessel function we find that the product
f(x)e−〈x, cosh u〉, cosh u = (cosh u1, cosh u2, . . . , cosh un) is summable over Rn

+×Rn and via
Fubini’s theorem we obtain the composition representation of the Kontorovich-Lebedev
transform (2.1)

(KL f)(τ) =
(π

2

)n/2

F [L[f ](cosh u)](τ) (2.4)

in terms of the Laplace transform (1.21) in the point cosh u and the Fourier transform

F [f ](τ) =
1

(2π)n/2

∫
Rn

f(t)ei〈τ,t〉dt. (2.5)

Therefore (KL f)(τ) is continuous and it vanishes at infinity via the Riemann-Lebesgue
lemma if we show that L[f ](cosh u) ∈ L1(Rn). But the latter fact follows from (1.7) and
the estimate ∫

Rn

|L[f ](cosh u)| du ≤
∫

Rn
+

|f(x)|
n∏

j=1

K0(xj)dxj

≤
(π

2

)n(p−1)/p

||f ||Lα
p (Rn

+) < ∞.

Finally, taking f(x) ≡ 1, which belongs to Lα
p (Rn

+) and calculating its Kontorovich-

Lebedev transform (2.1), which gives the value
(

π
2

)n∏n
j=1 [cosh(πτj/2)]−1 we easily find

that the norm of the KL-operator attains its least value
(

π
2

)n(p−1)/p
. Theorem 1 is proved.

Now we are going to prove the inversion theorem for the Kontorovich-Lebedev trans-
form (2.1) in Lα

p (Rn
+), p > 1. To do this we will employ the inversion L1- theorem [1] for
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the Fourier transform (2.5) and Sneddon’s operational method, which was used formally
in [9], Chapter 6 to establish an inversion formula for the ordinary Kontorovich-Lebedev
transform (1.1). We have

Theorem 2. Let f ∈ Lα
p (Rn

+), p > 1 and (KL f)(τ) τ 1 exp
(

π
2

∑n
j=1 τj

)
∈ L1(Rn

+).

Then for almost all x ∈ Rn
+

f(x) = lim
ε→0+

(
2

π2

)n ∫
Rn

+

e−ε|τ |2(KL f)(τ)
n∏

j=1

τj sinh πτj

Kiτj
(xj)

xj

dτj. (2.6)

Proof. Indeed, we take composition representation (2.4) and use the continuity of the
function L[f ](cosh u) ∈ L1(Rn) in order to apply the inversion theorem for the Fourier
transform and for all u ∈ Rn, cosh u = (cosh u1, . . . , cosh un) to get the equality

L[f ](cosh u) = lim
ε→0+

1

πn

∫
Rn

e−ε|τ |2+i〈τ, u〉(KL f)(τ)dτ. (2.7)

The mentioned continuity of L[f ](cosh u) can be established, in turn, by the uniform con-
vergence of the Laplace integral (1.21). In fact, by the Hölder inequality and asymptotic
formulas (1.12), (1.15) for the modified Bessel functions we deduce the estimate

|L[f ](cosh u)| ≤
∫

Rn
+

e−〈cosh u,t〉|f(t)| dt ≤

(∫
Rn

+

e−q
∑n

j=1 tj∏n
j=1 K

q/p
0 (αjtj)

dt

)1/q

||f ||Lα
p (Rn

+)

≤

(∫ ∞

0

e−qt

K
q/p
0 (t)

dt

)n/q

||f ||Lα
p (Rn

+) < ∞, q =
p

p− 1
, (2.8)

which implies the uniform convergence of the corresponding Laplace integral for all u ∈ Rn

and the continuity of L[f ](cosh u). Returning to (2.7) we rewrite its right-hand side by
using the evenness of the integrand with respect to τ and u. Therefore we obtain

L[f ](cosh u) = lim
ε→0+

(
2

π

)n ∫
Rn

+

e−ε|τ |2(KL f)(τ)
n∏

j=1

cos τjujdτj, u ∈ Rn
+. (2.9)

Now we are going to differentiate by uj > 0, j = 1, . . . , n both sides of (2.9). The
left-hand side becomes

∂n

∂u1 . . . ∂un

L[f ](cosh u) = (−1)n

n∏
j=1

sinh uj

∫
Rn

+

e−〈cosh u,t〉f(t) t1dt

and similarly to (2.8) we show that the latter integral is uniformly convergent by u on
any compact set of Rn

+. On the other hand, the differentiation by u in the right-hand side
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of (2.9) under the limit sign can be motivated considering the uniform convergence by u
of the integral ∫

Rn
+

e−ε|τ |2(KL f)(τ)
n∏

j=1

sin τjuj τjdτj

when ε → 0+. But this follows via Cauchy’s criterium because (see (2.2), (2.3)) |KL f)(τ)| ≤
Ae−

∑n
j=1 cjτj , A > 0, 0 < cj < π

2
, j = 1, . . . , n and (ε1 < ε2)∣∣∣∣∣

∫
Rn

+

[
e−ε1|τ |2 − e−ε2|τ |2

]
(KL f)(τ)

n∏
j=1

sin τjuj τjdτj

∣∣∣∣∣
≤ A

∫
Rn

+

e−ε1|τ |2
[
1− e−(ε2−ε1)|τ |2

] n∏
j=1

e−cjτj τjdτj

≤ A(ε2 − ε1)

∫
Rn

+

|τ |2
n∏

j=1

e−cjτj τjdτj → 0, ε2 → 0 + .

Consequently, (2.9) leads to the equality∫
Rn

+

e−〈cosh u,t〉f(t) t1dt = lim
ε→0+

(
2

π

)n ∫
Rn

+

e−ε|τ |2(KL f)(τ)
n∏

j=1

τj sin τjuj

sinh uj

dτj. (2.10)

Meanwhile, relation (2.16.6.1) in [8], Vol. 2 gives

sin τjuj

sinh uj

= π−1 sinh πτj

∫ ∞

0

e−t cosh ujKiτj
(t)dt.

Substituting this value into (2.10) and changing the order of integration in its right-hand
side via Fubini’s theorem, (2.10) becomes∫

Rn
+

e−〈cosh u,t〉f(t) t1dt = lim
ε→0+

∫
Rn

+

e−〈cosh u,t〉Fε(t)dt, (2.11)

where

Fε(t) =

(
2

π2

)n ∫
Rn

+

e−ε|τ |2(KL f)(τ)
n∏

j=1

τj sinh πτj Kiτj
(tj)dτj. (2.12)

So the theorem will be proved by virtue of the uniqueness and boundedness properties
of the Laplace operator L[f ] : L1(Rn

+; e−αtdt) ⊂ Lα
p (Rn

+) → C(Rn
+) (see (2.8)). In fact,

appealing to the Schwarz inequality, conditions of the theorem (see also (2.2)) and relation
(2.16.33.2) in [8], Vol. 2, we get

||Fε1 − Fε2||L1(Rn
+;e−αtdt) ≤

(
2

π2

)n ∫
Rn

+

e−ε1|τ |2
[
1− e−(ε2−ε1)|τ |2

]
|(KL f)(τ)|
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×
n∏

j=1

τj sinh πτj

(∫ ∞

0

e−2αjtjdtj

)1/2(∫ ∞

0

|Kiτj
(tj)|2dtj

)1/2

dτj

≤ 1√
2nα1

∫
Rn

+

[
1− e−(ε2−ε1)|τ |2

]
|(KL f)(τ)| τ 1 exp

(
π

2

n∑
j=1

τj

)
dτ → 0,

when 0 < ε1 < ε2 → 0+ due to the Lebesgue dominated convergence theorem. Therefore
Fε has a limit in the space L1(Rn

+; e−αtdt), which we denote by h(t). Hence we pass to the
limit under the Laplace operator in the right-hand side of (2.11) and by the uniqueness
property immediately obtain h(t) = t1f(t) for almost all t ∈ Rn

+. This implies the
inversion formula (2.6) and completes the proof of Theorem 2.

3 Plancherel theorem

In this section we will prove an analog of the Plancherel theorem [10] for the multidimen-
sional Kontorovich-Lebedev transform (2.1), which was established for the classical case
in [9], [12], [13]. But first we will need the multidimensional analog of the Kontorovich-
Lebedev convolution [12], [13] for the transformation (2.1).

Definition 1. Let f, g be functions from Rn
+ into C. Then the function f ∗ g defined

on Rn
+

(f ∗ g)(x) =
1

2nx1

∫
R2n

+

f(u)g(y) exp

(
−1

2

n∑
j=1

(
xj

u2
j + y2

j

ujyj

+
yjuj

xj

))
dudy (3.1)

is called the (Kontorovich-Lebedev) convolution of f and g (provided that it exists).
Appealing to Fubini’s theorem we immediately establish a multidimensional analog of

Theorem 2.1 in [14].
Theorem 3. Let f, g ∈ Lα

1 (Rn
+). Then the convolution f ∗ g exists for almost all

x ∈ Rn
+ and it belongs to Lα

1 (Rn
+). The convolution is commutative, associative and

||f ∗ g||Lα
1 (Rn

+) ≤ ||f ||Lα
1 (Rn

+)||g||Lα
1 (Rn

+). (3.2)

For the Kontorovich-Lebedev transform (2.1) it has the factorization equality

KL[f ∗ g] = KL[f ]KL[g]. (3.3)

Finally, if 0 < αj < 1
2
, j = 1, . . . , n then the following Parseval type equality holds true

(f ∗ g)(x) =

(
2

π2

)n
1

x1

∫
Rn

+

KL[f ](τ)KL[g]
n∏

j=1

τj sinh πτj Kiτj
(xj)dτj. (3.4)
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Now putting g = f̄ in (3.4) we assume that f belongs to the space of C∞-functions

with compact support on Rn
+. Multiplying both sides of (3.4) by xλ−1 exp

(∑n
j=1 xj

)
, 0 <

λ < 1
2

and inverting the order of integration by Fubini’s theorem, we calculate the corre-
sponding Mellin transforms (1.17) using relations (2.3.16.1) in [8], Vol. 1 and (2.16.6.5)
in [8], Vol. 2. Hence we arrive at the equality

1

Γn
(

1
2
− λ
) ∫

R2n
+

f(u)f(y)
n∏

j=1

(
ujyj

|uj − yj|

)λ

Kλ(|uj − yj|) dujdyj

=

(
2−λ

π2
√

π

)n ∫
Rn

+

|KL[f ](τ)|2
n∏

j=1

τj sinh(2πτj) |Γ(λ + iτ)|2dτj. (3.5)

But the left-hand side of (3.5) can be treated with the use of Theorem 65 in [10] for the
Fourier convolution. Indeed, invoking with relation (2.16.6.6) in [8], Vol. 2 it becomes

1

Γn
(

1
2
− λ
) ∫

R2n
+

f(u)f(y)
n∏

j=1

(
ujyj

|uj − yj|

)λ

Kλ(|uj − yj|) dujdyj

= (2−2λπ)n/2

∫
Rn

|F [f(u)uλ] (ξ)|2∏n
j=1(1 + ξ2

j )
1/2−λ

dξ,

where F [f(u)uλ] (ξ) is the Fourier transform (2.5) of f(u)uλ. Hence combining with (3.5),
we obtain ∫

Rn

|F [f(u)uλ] (ξ)|2∏n
j=1(1 + ξ2

j )
1/2−λ

dξ =
1

π3n

∫
Rn

+

|KL[f ](τ)|2

×
n∏

j=1

τj sinh(2πτj) |Γ(λ + iτ)|2dτj. (3.6)

Since for any smooth f with compact support F [f(u)uλ] (ξ) ∈ L2(Rn) and continuous
with respect to λ ∈

(
0, 1

2

]
we can pass to the limit under the integral sign when λ → 1

2

and apply the Parseval identity for the Fourier transform [10]. Therefore we have

lim
λ→1/2−

∫
Rn

|F [f(u)uλ] (ξ)|2∏n
j=1(1 + ξ2

j )
1/2−λ

dξ =

∫
Rn

+

|f(u)|2u1 du.

On the other hand, similarly to [13], Chapter 2 we find that

KL[f ](τ) = O

(
(τ 1)−3n/2 exp

(
−π

2

n∑
j=1

τj

))
, τ →∞
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Moreover, as a consequence of the Stirling formula for gamma-functions [3], Vol. 1

cosh πv |Γ(λ + iv)|2 ≤
√

2πv2λ−1e1/(3λ).

Hence one can pass to the limit when λ → 1
2
− under the integral sign in the right-hand

side of (3.6). Consequently, by straightforward calculations we establish the Parseval
identity for the Kontorovich-Lebedev transform (2.1) of smooth functions with compact
support ∫

Rn
+

|f(u)|2u1 du =

(
2

π2

)n ∫
Rn

+

|KL[f ](τ)|2
n∏

j=1

τj sinh πτj dτj, (3.7)

which coincides with the classical case (cf. [9], [13]) when n = 1. Now taking an arbi-
trary function f(x) ∈ L2(Rn

+; x1dx) we will approximate it by a sequence {fk} of smooth
functions with compact support in QN =

[
1
N

, N
]n

, N > 0, i.e.

lim
k→∞

||fk − f ||L2(QN ;x1dx) = 0. (3.8)

Furthermore, it follows that f ∈ Lα
p (QN), p > 1 and denoting by

gN(τ) =

∫
QN

f(x)
n∏

j=1

Kiτj
(xj)dxj, gN,k(τ) =

∫
QN

fk(x)
n∏

j=1

Kiτj
(xj)dxj

it gives by Theorem 1, estimates (2.3), (3.8) the inequality

|gN,k(τ)− gN(τ)| ≤
(

2

π

)n(1−p)
p

||fk − f ||Lα
p (QN ) → 0, k →∞. (3.9)

Thus the sequence {gN,k}(τ) converges uniformly to gN(x)(τ) with respect to τ . Mean-
while, from (3.7) we know that

||fk||2L2(QN ;x1dx) =

(
2

π2

)n

||gN,k||2L2(Rn
+;

∏n
j=1 τj sinh πτjdτj)

.

Therefore(
2

π2

)n

||gN,k − gN,m||2L2(Rn
+;

∏n
j=1 τj sinh πτjdτj)

= ||fk − fm||2L2(QN ;x1dx)

and making use of (3.9) we get as m →∞(
2

π2

)n

||gN,k − gN ||2L2(Rn
+;

∏n
j=1 τj sinh πτjdτj)

= ||fk − f ||2L2(QN ;x1dx) .
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Hence with the aid of (3.8) we have(
2

π2

)n

||gN ||2L2(Rn
+;

∏n
j=1 τj sinh πτjdτj) = ||f ||2L2(QN ;x1dx) .

Analogously,(
2

π2

)n

||gN − gN1||
2
L2(Rn

+;
∏n

j=1 τj sinh πτjdτj)
= ||f ||2L2(QN\QN1

;x1dx) , N > N1,

i.e {gN} is a Cauchy sequence of L2(Rn
+;
∏n

j=1 τj sinh πτjdτj) and there exists a function
G(τ) = KL[f ](τ) ∈ L2(Rn

+;
∏n

j=1 τj sinh πτjdτj), G(τ) = l.i.m.N→∞gN(τ) and the Parseval
equality (

2

π2

)n

||G||2
L2(Rn

+;
∏n

j=1 τj sinh πτjdτj) = ||f ||2L2(Rn
+;x1dx)

holds. Further, from (3.7) we easily deduce∫
Rn

+

f(u)h(u)u1 du =

(
2

π2

)n ∫
Rn

+

G(τ)H(τ)
n∏

j=1

τj sinh πτj dτj (3.10)

for any two L2(Rn
+; x1dx)- functions f, h and their Kontorovich-Lebedev transforms G, H ∈

L2

(
Rn

+;
∏n

j=1 τj sinh πτjdτj

)
. In particular, taking h(u) =

∏n
j=1 hj(uj), where

hj(uj) =

{
1, if uj ∈ [0, xj],

0, if uj ∈ (xj,∞), j = 1, . . . , n,

we substitute it in (3.10) and we arrive after differentiation at the reciprocal inversion
formula, which is valid for almost all x ∈ Rn

+, namely

f(x) =

(
2

π2

)n
1

x1
D1

x

∫
Rn

+

G(τ)
n∏

j=1

τj sinh πτj

∫ xj

0

Kiτj
(t)dt dτj. (3.11)

On the other hand, taking

GN(τ) =

{
G(τ), if τ ∈ QN ,

0, otherwise,

we prove similarly that the sequence {fN}, where

fN(x) =

(
2

π2

)n
1

x1

∫
QN

G(τ)
n∏

j=1

τj sinh πτjKiτj
(xj) dτj, (3.12)
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which is obtained from (3.11) by differentiation under the integral sign is approximating
the function f , i.e. f(x) = l.i.m.N→∞fN(x) with respect to the norm in L2(Rn

+; x1dx). So
we have proved the following Plancherel theorem for the multidimensional Kontorovich-
Lebedev transform.

Theorem 4. The Kontorovich-Lebedev transform (2.1) written in the form

(KLf)(τ) ≡ G(τ) = l.i.m.N→∞

∫
QN

f(x)
n∏

j=1

Kiτj
(xj)dxj

forms an isometric isomorphism

KL : L2(Rn
+; x1dx) → L2(Rn

+;
n∏

j=1

τj sinh πτjdτj)

and the Plancherel identity (3.7) and the Parseval equality (3.10) for two functions f, h ∈
L2(Rn

+; x1dx) hold. Furthermore, the inverse operator has the form

(KL−1 G)(x) ≡ f(x) = l.i.m.N→∞

(
2

π2

)n
1

x1

∫
QN

G(τ)
n∏

j=1

τj sinh πτjKiτj
(xj) dτj,

which is equivalent to formula (3.11) for almost all x ∈ Rn
+.

4 Essentially multidimensional transforms

In this section we will consider an analog of the essentially multidimensional Kontorovich-
Lebedev transform, which was announced formally in [13], basing on the modified Laplace
transform (1.23). We note, that an analog of the multidimensional Watson transforms
was investigated in [11].

Let us consider the following kernel function

Kmax(x, τ) =
1

2n

∫
Rn

exp (−max(x1 cosh u1, . . . , xn cosh un) + i〈τ, u〉) du, (4.1)

where x ∈ Rn
+, τ ∈ Rn

+. Letting n = 1 we easily arrive at the integral representation (1.7)
of the modified Bessel function, which is, in turn, the kernel of the Kontorovich-Lebedev
transforms (1.1), (1.3). From (4.1) and the estimate

|Kmax(x, τ)| ≤
∫

Rn
+

exp (−max(x1 cosh u1, . . . , xn cosh un)) du (4.2)

it follows that this kernel is continuous by τ for a fixed x ∈ Rn
+ if the integral (4.2) is

finite. However, the latter fact will be verified via Fubini’s theorem and from the formula
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for the Mellin transform (1.17) of Kmax(x, τ), which can be calculated making use (1.24)
and the relation (2.5.46.6) in [8], Vol. 1. Precisely we obtain

K∗
max(s, τ) =

∫
Rn

+

Kmax(x, τ)xs−1dx = Γ (1 + s1 + · · ·+ sn)

×
n∏

j=1

2sj−2

Γ(sj + 1)
Γ

(
sj + iτj

2

)
Γ

(
sj − iτj

2

)
, (4.3)

where sj ∈ C, Resj = νj > 0, j = 1, . . . , n and the corresponding change of the order of
integration is possible due to the estimate (see [2], Chapter 4)∫

Rn
+

∣∣Kmax(x, τ)xs−1dx
∣∣ ≤ ∫

Rn
+

exp (−max(t1, . . . , tn)) tν−1dt

×
n∏

j=1

∫ ∞

0

du

coshνj u
< ∞.

Hence ∫
Rn

+

dx

∫
Rn

+

exp (−max(x1 cosh u1, . . . , xn cosh un)) du

=

∫
Rn

+

exp (−max(t1, . . . , tn)) dt

(∫ ∞

0

du

cosh u

)n

= n!
(π

2

)n

and therefore the integral in the right-hand side of (4.2) is finite for almost all x ∈ Rn
+.

Moreover, if it is convergent for some a = (a1, . . . , an), aj > 0, j = 1, . . . , n then it is
evidently convergent for all x = (x1, . . . , xn), xj ≥ aj, j = 1, . . . , n. Thus the kernel (4.1)
is continuous by x = (x1, . . . , xn), xj ≥ aj > 0, j = 1, . . . , n and τ ∈ Rn

+ and tends to
zero when |τ | → ∞. Returning to (4.3) we observe with the use of the Stirling asymptotic
formula for gamma-functions [3], Vol. I that its right-hand side is summable by s for a
fixed τ . Consequently, owing to (1.19) it leads to the representation

Kmax(x, τ) =
4−n

(2πi)n

∫
(ν1)

. . .

∫
(νn)

Γ (1 + s1 + · · ·+ sn)

Γ(s1 + 1) . . . Γ(sn + 1)

×
n∏

j=1

Γ

(
sj + iτj

2

)
Γ

(
sj − iτj

2

)(xj

2

)−sj

dsj, (4.4)

which can be written in terms of the multiple hypergeometric functions [4]. However, in
the meantime we can express the kernel (4.1) as a one-dimensional integral containing a
product of the associated Legendre functions [3], Vol. I of different arguments and indices.
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In fact, appealing to relation (8.4.41.4) in [8], Vol. 3 and making use Euler’s integral and
duplication formula for gamma-function we derive the equality

Kmax(x, τ) =

(√
π

2

)n
1

x1

∫ ∞

max(x1,...,xn)

e−y yn/2

×
n∏

j=1

(
y2 − x2

j

)1/4
P
−1/2
−(1−iτj)/2

(
2y2

x2
j

− 1

)
dy. (4.5)

Again, letting n = 1 in (4.5) by straightforward calculations it gives the value Kiτ (x),
which coincides with the kernel of the Kontorovich-Lebedev transforms (1.1), (1.3).

Our goal is to study the mapping properties and prove the inversion formula of the
following transformation

Kmax[f ](x) =

∫
Rn

+

Kmax(x, τ)f(τ)dτ. (4.6)

Let f ∈ Lp

(
Rn

+

)
, 1 < p ≤ 2. Then making use the Hölder inequality and the Hausdorff-

Young inequality for the cosine Fourier transform [10] we will show that integral (4.6)
exists in the Lebesgue sense. In fact, we have

|Kmax[f ](x)| ≤

(∫
Rn

+

|Kmax(x, τ)|q dτ

)1/q(∫
Rn

+

|f(τ)|p dτ

)1/p

≤
(

2

π

)−n/q

||f ||Lp(Rn)

(∫
Rn

+

exp (−p max(x1 cosh u1, . . . , xn cosh un)) du

)1/p

< ∞. (4.7)

In order to estimate the latter integral in (4.7) we will employ representation (4.4). In
particular, with the duplication formula for gamma-functions [3], Vol. 1 we obtain(∫

Rn
+

exp (−p max(x1 cosh u1, . . . , xn cosh un)) du

)1/p

= K1/p
max(px, 0)

≤ Γ (1 +
∑

νj)

(8
√

π)n/p

n∏
j=1

(∫
(νj)

∣∣∣∣ Γ (sj/2)

sjΓ ((sj + 1)/2)

∣∣∣∣ x−νj

j |dsj|

)1/p

.

Let f belong to the space of C∞-functions with compact support on Rn
+. Substituting

(4.4) in (4.6) and changing the order of integration by Fubini’s theorem we derive (see
(1.18), (1.19))

Kmax[f ](x) =
1

(2πi)n

∫
(ν1)

. . .

∫
(νn)

Γ (1 + s1 + · · ·+ sn) Θf (s)x
−sds, (4.8)
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where

Θf (s) = 4−n

∫
Rn

+

n∏
j=1

2sj
Γ ((sj + iτj)/2) Γ ((sj − iτj)/2)

Γ(sj + 1)
f(τ)dτ.

However, calling again the relation (2.5.46.6) in [8], Vol. 1 we integrate by parts in the
corresponding integral (see [15]). Hence the function Θf (s) can be easily rewritten in the
form

Θf (s) =

(
2

π

)−n/2 ∫
Rn

+

Fs

[
f

τ 1

]
(u)

n∏
j=1

tanh uj duj

coshsj uj

, (4.9)

where

Fs[h](x) =

(
2

π

)n/2 ∫
Rn

+

h(y)
n∏

j=1

sin xjyjdyj

is the sine Fourier transform. Therefore (4.6) becomes

Kmax[f ](x) =
1

(2πi)n

(
2

π

)−n/2 ∫
(ν1)

. . .

∫
(νn)

Γ (1 + s1 + · · ·+ sn) x−s

×
∫

Rn
+

Fs

[
f

τ 1

]
(u)

n∏
j=1

tanh uj

coshsj uj

dujds. (4.10)

Then making the substitution eξj = cosh uj, j = 1, . . . , n in the latter integral with respect
to u we appeal to the Parseval equalities for the Mellin and the Fourier transforms [10]
to represent the L2-norm of the operator Kmax as

||Kmax[f ]||2
L2(Rn

+;x2ν−1dx) =

∫
Rn

+

|Kmax[f ](x)|2x2ν−1dx

= 2−2n

∫
Rn

∣∣∣∣∣Γ
(

1 +
n∑

j=1

(νj + itj)

)∣∣∣∣∣
2 ∣∣∣∣∣
∫

Rn
+

e−〈ν+it,ξ〉
(

Fs

[
f

τ 1

])
(arccosh eξ)dξ

∣∣∣∣∣
2

dt

≤ 2−2n

[
Γ

(
1 +

n∑
j=1

νj

)]2 ∫
Rn

∣∣∣∣∣
∫

Rn
+

e−〈ν+it,ξ〉
(

Fs

[
f

τ 1

])
(arccosh eξ)dξ

∣∣∣∣∣
2

dt

=
(π

2

)n
[
Γ

(
1 +

n∑
j=1

νj

)]2 ∫
Rn

+

e−2〈ν,ξ〉
∣∣∣∣(Fs

[
f

τ 1

])
(arccosh eξ)

∣∣∣∣2 dξ

≤
(π

2

)n

∣∣∣∣∣Γ
(

1 +
n∑

j=1

νj

)∣∣∣∣∣
2 ∫

Rn
+

∣∣∣∣(Fs

[
f

τ 1

])
(arccosh eξ)

∣∣∣∣2 dξ
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=
(π

2

)n
[
Γ

(
1 +

n∑
j=1

νj

)]2 ∫
Rn

+

∣∣∣∣(Fs

[
f

τ 1

])
(u)

∣∣∣∣2 n∏
j=1

tanh ujduj

≤
(π

2

)n

∣∣∣∣∣Γ
(

1 +
n∑

j=1

νj

)∣∣∣∣∣
2 ∫

Rn
+

∣∣∣∣(Fs

[
f

τ 1

])
(u)

∣∣∣∣2 du

=
(π

2

)n
[
Γ

(
1 +

n∑
j=1

νj

)]2 ∫
Rn

+

|f(τ)|2 dτ

(τ 1)2

=
(π

2

)n
[
Γ

(
1 +

n∑
j=1

νj

)]2

||f ||2
L2(Rn

+; (τ1)−2dτ). (4.11)

Now via Fatou’s lemma we observe that when ν → 0 + (νj → 0+, j = 1, . . . , n) we arrive
at the following norm inequality

||Kmax[f ]||L2(Rn
+;x−1dx) ≤

(π

2

)n/2

||f ||L2(Rn
+; (τ1)−2dτ), (4.12)

which is valid for any C∞-function with compact support on Rn
+. Taking an arbitrary

function f ∈ L2

(
Rn

+; (τ 1)−2dτ
)

we approximate it by a sequence {fN} of C∞-function
with compact support. From (4.12) it follows that {Kmax[fN ]} is a Cauchy sequence in
L2

(
Rn

+; x−1dx
)
, which converges to a limit, say, Kmax[f ]. But from (4.6)

Kmax[fN ](x) =

∫
Rn

+

Kmax(x, τ)fN(τ)dτ

and∫
∏n

j=1[0,xj ]

(x− t)1Kmax[fN ](t)dt =

∫
Rn

+

∫
∏n

j=1[0,xj ]

(x− t)1Kmax(t, τ)fN(τ) dtdτ. (4.13)

Appealing to the Schwarz inequality by straightforward estimation we can pass to the
limit under the integral sign in the left-hand side of (4.13). The same can be done in the
right-hand side since (see (4.4))∫

Rn
+

(τ 1)2

∣∣∣∣∣
∫

∏n
j=1[0,xj ]

(x− t)1Kmax(t, τ)dt

∣∣∣∣∣
2

dτ

1/2

=

(∫
Rn

+

(τ 1)2

∣∣∣∣ 1

(2πi)n

∫
(ν1)

. . .

∫
(νn)

Γ (1 + s1 + · · ·+ sn)

(1− s)1(2− s)1
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×
n∏

j=1

2sj−2

Γ(sj + 1)
Γ

(
sj + iτj

2

)
Γ

(
sj − iτj

2

)
x

2−sj

j dsj

∣∣∣∣∣
2

dτ

1/2

≤ (x/2)2−ν

(2π)n

∫
(ν1)

. . .

∫
(νn)

|Γ (1 + s1 + · · ·+ sn) |
|(1− s)1(2− s)1|

×

∫
Rn

+

(τ 1)2

∣∣∣∣∣
n∏

j=1

Γ ((sj + iτj)/2) Γ ((sj − iτj)/2)

Γ(sj + 1)

∣∣∣∣∣
2

dτ

1/2

|ds|, 0 < νj < 1, j = 1, . . . , n.

The inner integral with respect to τ can be calculated employing again relation (2.5.46.6)
in [8], Vol. 1 (see also [15]). Therefore it gives∫

Rn
+

(τ 1)2

∣∣∣∣∣
∫

∏n
j=1[0,xj ]

(x− t)1Kmax(t, τ)dt

∣∣∣∣∣
2

dτ

1/2

≤ x2−ν

(2
√

2π)n

∫
(ν1)

. . .

∫
(νn)

|Γ (1 + s1 + · · ·+ sn) |
|(1− s)1(2− s)1|

|ds|
n∏

j=1

(∫ ∞

0

du

cosh2νj u

)1/2

< ∞.

Thus passing to the limit through equality (4.13) and differentiating then twice with
respect to x we obtain that for any f ∈ L2

(
Rn

+; (τ 1)−2dτ
)

and for almost all x ∈ Rn
+

transformation (4.6) takes the form

Kmax[f ](x) =
(
D1

x

)2 ∫
Rn

+

∫
∏n

j=1[0,xj ]

(x− t)1Kmax(t, τ)f(τ) dtdτ. (4.14)

So we arrive at
Theorem 5. Integral operator Kmax : L2

(
Rn

+; (τ 1)−2dτ
)
→ L2

(
Rn

+; x−1dx
)

is bounded

and its norm ||Kmax|| ≤
(

π
2

)n/2
, n ∈ N by inequality (4.12). Moreover, for almost all

x ∈ Rn
+ representation (4.14) holds true.

Remark 1. It is not difficult to verify that for the one-dimensional case (n = 1)
one can differentiate twice in (4.14) under the integral sign and derive the classical
Kontorovich-Lebedev transform (1.3).

In order to derive an inversion formula for the transformation (4.6) let us consider the
following one-parametric family of auxiliary operators

Kδ[f ](x) =

∫
Rn

+

Kδ(x, τ)f(τ)dτ, δ > 0, x ∈ Rn
+, (4.15)

where

Kδ(x, τ) =
1

(2πi)n

∫
(ν1)

. . .

∫
(νn)

Γ(1 + s1) . . . Γ(1 + sn)

Γ (1 + s1 + · · ·+ sn)
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×
n∏

j=1

2δ−sj−2Γ

(
δ − sj + iτj

2

)
Γ

(
δ − sj − iτj

2

)
x

sj

j dsj, 0 < νj < δ, j = 1, . . . , n. (4.16)

Hence for smooth functions with compact support f, g taking into account the Mellin -
Parseval equality (1.20), representation (1.10) and a direct product analog of the Kontorovich-
Lebedev transformation (1.3) we come out with the equalities∫

Rn
+

Kmax[f ](x) Kδ[g](x)
dx

x1
=

∫
R2n

+

f(τ)g(u)

×2n(δ−4)

(2πi)n

∫
(ν1)

. . .

∫
(νn)

n∏
j=1

Γ

(
sj + iτj

2

)
Γ

(
sj − iτj

2

)

×Γ

(
δ − sj + iuj

2

)
Γ

(
δ − sj − iuj

2

)
dsj dτ du

=

∫
Rn

+

(KLf)(x) (KLg)(x) xδ−1dx, (4.17)

where

(KLf)(x) =

∫
Rn

+

n∏
j=1

Kiτj
(xj) f(τ) dτ. (4.18)

Meanwhile the kernel (4.16) can be expressed in terms of the modified Bessel functions
by using (1.20), (1.27). Therefore we find

Kδ(x, τ) = x1D1
x (x1)δ

∫
y1≥0, ..., yn≥0,

y1+···+yn≤1

n∏
j=1

Kiτj
(xjyj) yδ−1dy. (4.19)

Further, similarly, as in (4.10), (4.11) we deduce

||Kδ[f ]||2
L2(Rn

+;x2ν−1dx) = 2−2n

∫
Rn

∣∣∣∣∣∣
∏n

j=1 Γ(1− νj − itj)Γ(1 + δ + νj + itj)

Γ
(
1−

∑n
j=1(νj + itj)

)
∣∣∣∣∣∣
2

×

∣∣∣∣∣
∫

Rn
+

e−〈δ+ν+it,ξ〉
(

Fs

[
f

τ 1

])
(arccosh eξ)dξ

∣∣∣∣∣
2

dt

≤ 2−2n

 ∏n
j=1 Γ(1− νj)Γ(1 + δ + νj)

Γ
(
n−

∑n
j=1 νj

)
Γ
(
n(1 + δ) +

∑n
j=1 νj

)
2
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×
∫

Rn

∣∣∣∣∣∣
Γ
(
n−

∑n
j=1(νj + itj)

)
Γ
(
n(1 + δ) +

∑n
j=1(νj + itj)

)
Γ
(
1−

∑n
j=1(νj + itj)

)
∣∣∣∣∣∣
2

×

∣∣∣∣∣
∫

Rn
+

e−〈δ+ν+it,ξ〉
(

Fs

[
f

τ 1

])
(arccosh eξ)dξ

∣∣∣∣∣
2

dt. (4.20)

But the gamma-ratio under the integral sign in (4.20) is uniformly bounded with respect
to tj > 0, j = 1, . . . , n owing to the Mellin transform of the Kummer function 1F1(a; c; x)
and its asymptotic behavior (see in [3], Vol. I). Precisely, we have∣∣∣∣∣∣

Γ
(
n−

∑n
j=1(νj + itj)

)
Γ
(
n(1 + δ) +

∑n
j=1(νj + itj)

)
Γ
(
1−

∑n
j=1(νj + itj)

)
∣∣∣∣∣∣ =

Γ(n(2 + δ))

Γ
(
n + 1− 2

∑n
j=1 νj

)
×

∣∣∣∣∣
∫ ∞

0

e−x
1F1

(
1− n(1 + δ)− 2

n∑
j=1

νj; n + 1− 2
n∑

j=1

νj; x

)
xn−1−

∑n
j=1(νj+itj)dx

∣∣∣∣∣
≤ Γ(n(2 + δ))

Γ
(
n + 1− 2

∑n
j=1 νj

) ∫ ∞

0

e−x

∣∣∣∣∣1F1

(
1− n(1 + δ)− 2

n∑
j=1

νj; n + 1− 2
n∑

j=1

νj; x

)∣∣∣∣∣
×xn−1−

∑n
j=1 νjdx = Cn,ν,δ < ∞.

Hence combining with (4.20) and passing νj, j = 1, . . . , n to zero, we obtain as in (4.12)
the final estimate for each δ > 0

||Kδ[f ]||L2(Rn
+;x−1dx) ≤ An,δ||f ||L2(Rn

+; (τ1)−2dτ), (4.21)

where

An,δ =
(π

2

)n Γn(1 + δ)(n(1 + δ))n

n!(n− 1)!

∫ ∞

0

e−x |1F1 (1− n(1 + δ); n + 1; x)|xn−1dx,

(a)n is the Pochhammer symbol [3], Vol. I and the latter constant is uniformly bounded by
a small positive δ. Similarly as above we extend (4.21) for an arbitrary f ∈ L2

(
Rn

+; (τ 1)−2dτ
)
.

Further, returning to (4.17) and using the Plancherel theorem for the one-dimensional
Kontorovich-Lebedev transform (4.18) (cf. [15]), we can pass to the limit when δ → 0 to
get the equality

lim
δ→0+

∫
Rn

+

Kmax[f ](x) Kδ[g](x)
dx

x1
=

(
π2

2

)n ∫
Rn

+

f(τ)g(τ)
n∏

j=1

dτj

τj sinh πτj

(4.22)
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and the latter integral in (4.22) with respect to τ is absolutely convergent since f, g ∈
L2

(
Rn

+; (τ 1)−2dτ
)
. On the other hand the Mellin-Parseval equality [10] and estimates

(4.20), (4.21) say

||Kδ[f ]||L2(Rn
+;x2ν−1dx) =

1

(2π)n/2
||K∗

δ [f ]||L2(
∏n

j=1(νj); dt) < M (4.23)

when M > 0 is an absolute constant. Furthermore, using (4.15), (4.16) we show that the
Mellin transform

K∗
δ [f ](s) =

Γ(1− s1) . . . Γ(1− sn)

Γ (1− s1 − · · · − sn)

×
∫

Rn
+

n∏
j=1

2δ+sj−2Γ

(
δ + sj + iτj

2

)
Γ

(
δ + sj − iτj

2

)
f(τ)dτ, δ > 0, (4.24)

is analytic in the domain s ∈ Cn, −δ < Re sj < 1, j = 1, . . . , n and via (4.23) attains
its limit when δ → 0, Re sj = νj = 0, j = 1, . . . , n in the mean square sense and almost
everywhere (see in [10]). Hence equality (4.23) guarantees the existence of the limit in
mean of Kδ[f ](x) when δ → 0, which we call K̂[f ](x). Therefore (4.22) implies∫

Rn
+

Kmax[f ](x) K̂[g](x)
dx

x1
=

(
π2

2

)n ∫
Rn

+

f(τ)g(τ)
n∏

j=1

dτj

τj sinh πτj

(4.25)

for any f, g ∈ L2

(
Rn

+; (τ 1)−2dτ
)
. Let, in particular,

g(u) =

{
u1, if uj ∈ [0, τj],

0, if uj ∈ (τj,∞), j = 1, . . . , n.

Then it belongs to L2

(
Rn

+; (τ 1)−2dτ
)

and from (4.25) after differentiation of its both
sides with respect to τ we get an inversion formula of the transformation (4.6) ((4.14))
for almost all τ ∈ Rn

+

f(τ) =

(
2

π2

)n n∏
j=1

sinh πτj D1
τ

∫
Rn

+

Kmax[f ](x) K̂τ (x)
dx

x1
. (4.26)

Here K̂τ (x) is the corresponding kernel, which can be represented due to (4.24) and
Fubini’s theorem (see also (4.9)) in the form

K̂τ (x) =

∫
Rn

+

n∏
j=1

tanh vj
1− cos τjvj

vj
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× 1

(2πi)n

∫
(ν1)

. . .

∫
(νn)

∏n
j=1 Γ(1− sj)Γ(1 + sj) (xj cosh vj)

−sj

Γ (1− s1 − · · · − sn)
ds dv, (4.27)

where 0 < νj < 1, j = 1, . . . , n. Hence choosing 0 < νj < 1
n
, j = 1, . . . , n the inner

integral with respect to s will be treated by using again the Mellin transform of the
Kummer function. We have

1

(2πi)n

∫
(ν1)

. . .

∫
(νn)

∏n
j=1 Γ(1− sj)Γ(1 + sj) (xj cosh vj)

−sj

Γ (1− s1 − · · · − sn)
ds

=
1

(2πi)n

∫
(ν1)

. . .

∫
(νn)

∏n
j=1 Γ

(
1
n
− sj

)
Γ (2− s1 − · · · − sn)

×
n∏

j=1

Γ(1− sj)Γ(1 + sj)

Γ
(

1
n
− sj

) (xj cosh vj)
−sj (1− s1 − · · · − sn) ds

=

[
Γ

(
1

n
+ 1

)]−1
(

I +
n∑

m=1

xm
∂

∂xm

)
x1

∫
y1≥0, ..., yn≥0,

y1+···+yn≤1

y
1
n exp

(
−

n∑
j=1

xj yj cosh vj

)

×
n∏

j=1

1F1

(
−1 +

1

n
; 1 +

1

n
; xj yj cosh vj

)
cosh vj dy,

where I is the identity operator. Substituting this expression into (4.27) and changing
the order of integration and differentiation owing to the uniform convergence by x from
any compact set of Rn

+, we get the formula for the kernel K̂τ (x) of the inverse transform
(4.26), namely

K̂τ (x) =

[
Γ

(
1

n
+ 1

)]−1
(

I +
n∑

m=1

xm
∂

∂xm

)
x1

∫
Rn

+

n∏
j=1

sinh vj
1− cos τjvj

vj

×
∫

y1≥0, ..., yn≥0,
y1+···+yn≤1

exp

(
−

n∑
j=1

xj yj cosh vj

)

×
n∏

j=1

1F1

(
−1 +

1

n
; 1 +

1

n
; xj yj cosh vj

)
y

1
n
j dyj dvj. (4.28)

It is not difficult to derive from (4.28) that the case n = 1 corresponds to the kernel
K̂τ (x) =

∫ τ

0
vKiv(x)dv, which is related to the classical Kontorovich-Lebedev transform.

We summarize these results by
Theorem 6. Let L2

(
Rn

+; (τ 1)−2dτ
)
. Then for almost all τ ∈ Rn

+ the essentially
multidimensional Kontorovich-Lebedev transformation (4.6) can be inverted by formula
(4.26) with the kernel (4.28).
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3. A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher Transcendental
Functions, Vols. I, II, McGraw-Hill: New York, London and Toronto (1953).

4. H. Exton, Multiple hypergeometric functions and applications. Mathematics and Its
Applications, Ellis Horwood: Chichester, Halsted Press, a division of John Wiley &
Sons: New York, London, Sydney and Toronto (1976).

5. N.T. Hai and S.B. Yakubovich, The Double Mellin-Barnes Type Integrals and Their
Applications to Convolution Theory, World Scientific: Singapore (1992).

6. N.N. Lebedev, 1946, Sur une formule d´inversion. C.R. (Dokl.) Acad. Sci. URSS,
52, 655-658.

7. N.N. Lebedev, 1947, On the representation of an arbitrary function through the
integral involving the Macdonald functions with the complex index, Dokl. AN SSSR,
58, 6, 1007-1010 (in Russian).

8. A.P. Prudnikov, Yu. A. Brychkov and O. I. Marichev, Integrals and Series: Vol. I:
Elementary Functions; Vol. 2: Special Functions, Gordon and Breach, New York
(1986); Vol. 3: More Special Functions, Gordon and Breach, New York (1989).

9. I.N. Sneddon, The Use of Integral Transforms, McGray Hill: New York (1972).

10. E.C. Titchmarsh, Introduction to the Theory of Fourier Integrals , Clarendon Press,
Oxford (1937).

11. N.T. Hai, S.B. Yakubovich and J. Wimp, 1992, Multidimensional Watson trans-
forms. Internat. J. Math. Statist. Sci. 1, 105–119.

12. S.B. Yakubovich and Yu.F. Luchko, The Hypergeometric Approach to Integral Trans-
forms and Convolutions (Kluwers Ser. Math. and Appl.: Vol. 287): Dordrecht,
Boston, London (1994).

13. S.B. Yakubovich, Index Transforms, World Scientific Publishing Company: Singa-
pore, New Jersey, London and Hong Kong (1996).

14. S.B. Yakubovich, 2003, Convolution Hilbert spaces associated with the Kontorovich-
Lebedev transformation. Thai J. Math. 1, N 2, 9–16.

15. S.B. Yakubovich, 2005, Lp - Boundedness of general index transforms. Lithuanian
Mathematical Journal, 45, N 1, 102-122.


