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ABSTRACT

Let T be an inverse subsemigroup of an inverse semigroup S, and suppose
that the complement of T" in S is finite. We show that T is finitely presented
if and only if S is finitely presented (both in the sense of inverse semigroup
presentations). In the case where T' is an ideal we obtain a particularly
simple, effectively computable presentation for it.

1 Introduction

Let S be a semigroup, and let T" be a subsemigroup of S. The index of T in S is
defined to be the size |S\ T'| of its complement in S.

This definition seems strange at a first glance: it certainly does not generalise
the familiar notion of index for groups. Nevertheless, it turns out to share various
properties with its group-theoretic counterpart. For example, Jura [7] proved the
following result:



Theorem 1.1 Let S be a semigroup, and let T be a subsemigroup of finite index in
S. Then T is finitely generated if and only if S is finitely generated.

Building on this, Ruskuc [11] (see also [2, 3]) proved:

Theorem 1.2 Let S be a semigroup, and let T be a subsemigroup of finite index in
S. Then T is finitely presented if and only if S is finitely presented.

These two results may be considered as analogues of the classical results of Rei-
demeister and Schreier from combinatorial group theory; see [8].

Of course the question arises of an overarching notion of index, which would in-
clude both of the above as special cases. An initial study in this direction is attempted
in [12], but many interesting open questions remain.

In this paper we will be concerned with inverse semigroups and their subsemi-
groups of finite index. Recall that a semigroup S is said to be inverse if every
s € S has a unique (semigroup-theoretic) inverse s~ (satisfying ss™'s = s and
s7lss™l = s71); or, equivalently, if S is regular and its idempotents commute. In-
verse semigroups, considered as algebraic structures with one binary operation -
and one unary operation ~!, form a variety (with defining identities (z7!)~! = z,
vl =x, zx lyy~! = yy~lza~'). Therefore, free inverse semigroups exist, and one
can use them to define arbitrary inverse semigroups by means of presentations (gen-
erators and defining relations). It turns out that inverse semigroup presentations (or
i-presentations for short) are somewhat different in nature from both semigroup and
group presentations. This is perhaps best illustrated by the fact that the free inverse
semigroup on one generator is not finitely presented as an (ordinary) semigroup; see
[13].

The purpose of this paper is to prove the analogue of Theorem 1.2 for inverse
semigroups:

Main Theorem Let S be an inverse semigroup, and let T be an inverse subsemigroup
of finite index in S. Then T is finitely i-presented if and only if S is finitely i-
presented.

Of course, the analogue of Theorem 1.1 (finite generation) also holds. In fact,
unlike the Main Theorem, it follows directly from Theorem 1.1, because an inverse
semigroup S is finitely generated as an inverse semigroup if and only if it is finitely
generated as an (ordinary) semigroup. Indeed, if A is a (finite) inverse semigroup
generating set for S, then the set AU A~! generates S as a semigroup.

The paper is organised as follows. Sections 2 and 3 introduce basic definitions
and notation: the former on inverse semigroups and their presentations; the latter on
automata and Stephen’s procedure for inverse semigroup presentations. In Section
4 we prove two useful lemmas involving Green’s relations. Section 5 contains the
proof of the Main Theorem. Finally, in Section 6 we give another proof of the Main
Theorem in the case where T is an ideal; this prof establishes a natural, constructive
presentation for 7.



2 Preliminaries: inverse semigroups and presenta-
tions

For notation and basic results on semigroups see [6]. For an introduction to inverse
semigroups see [10].
The natural partial order on an inverse semigroup S is defined by

a<b<=dec E(S): a=eb,

where E(S) denotes the set of idempotents of S. Green’s equivalence relations also
play an important role in the study of inverse semigroups. We recall their definition
on an inverse semigroup S. Thus, for a,b € S, we have

alb<= Sa = Sb;

aRb <= aS = bS;

aJb<= SaS = SbS;
aDb<=dc € S : aRc and cLb;
aHb <= aLlb and aRb.

We denote by L, Ra, Ja, Do and H, the £, R, J, D and H-class of a € S5, respectively.

Let X be a set. The set X is the set X U X! where X! is a set in one-one
correspondence with X, disjoint from X. The formal inverse ™" is defined for every
u € X T according to

=2 (zeX),
(z1...2p) =2t 2yt (1€ X).
An i-presentation is a formal expression of the form Inv(X | R), where X is a set and
R is a binary relation on X . The i-presentation is said to be finite if both X and
R are finite. The inverse semigroup defined by the i-presentation Inv(X | R) is the
quotient B
X*/(pURY,

where p is the relation on X* given by

{(wv " u,u) | we X} U {(uu o™ oo uu™) | u,v € XY

We usually write 7 = (p U R)%. An element (r,s) € RU p is often written as r = s.
Furthermore, if ur = vT we say that u = v holds in )?4_/7 or that u = v is a
consequence of relations in p U R. This is equivalent to the existence of a sequence of
words

U= T, 21, ...,Tn =1,

where z; is obtained from x;_; by application of one relation from RUpU (RU p)~,
where we use the notation R~ = {(u,v) | (v,u) € R}. It is easy to see that any
inverse semigroup may be defined by an i-presentation.
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We say that S is finitely i-presented if it can be defined by a finite i-presentation.
It is well known (see, for example, [10]) that p is not a finitely generated congruence
on X+. Thus, the concepts of finite presentability and finite i-presentability do not
coincide in general. That is, there exist finitely i-presented inverse semigroups which
are not finitely presented as semigroups. On the other hand it is clear that the
concepts of finite generation as an inverse semigroup and as a semigroup coincide.

3 Preliminaries: automata

Let X be a set. An X -automaton is a triple A = - (I,T', F) such that I is a graph with
vertex set V(A) and edge set E(A) C V(A) x X x V(A) and I, F C V(A). The set
I is called the set of initial vertices and the set F' is called the set of final vertices of
A. For an introduction on automata see [4] or [5].

An X-automaton is dual if its graph is connected and

(p.7,q) € E(A) < (¢,27 ", p) € E(A)

for all p,q € A and z € X. Edges (p,z,q) and (q,x~!, p) are said to be dual. When
dealing with dual automata we usually represent only one edge for each pair of dual
edges. An X-automaton is deterministic if there is only one initial vertex and

(p,z,q), (p,x,¢) € E(A) = q=¢

for all p,q,¢' € V(A) and x € X. An X-automaton is said to be inverse if it is dual
and deterministic.
A path on A is a sequence

x] xr2 Tn
o —>q1 ——  — (Qn

where n > 0 and (¢j_1,2;,q;) € E(A) for all j € {1,...,n}. The word z; - - - z,, is the
label of the path. A word u € X* is said to be accepted by A if there is a path on A
whose label is u, whose initial vertex is in I and whose final vertex is in F'. The set
of all words accepted by A is L(A) C X*.

Let A and A’ be X-automata. An X-automaton morphism ¢ : A — A’ is a map
¢:V(A) — V(A') such that

(p,a,q) € E(A) = (po,a,q9) € E(A)

and the initial and final vertices are preserved. If ¢ is injective we say that A embeds
in A’. If ¢ is bijective and ¢~ is also a morphism we say that A and A’ are isomorphic
and we write A = A’

From now on we will consider X - automata with only one initial vertex. We present
a process to transform a finite dual X-automaton into a finite i inverse X-automaton.
Thus we consider a finite dual X-automaton A and we build a new X-automaton by
identifying certain vertices of A. Indeed, if in A we have two edges (p, z,q), (p, z,q’)
we obtain a finite dual X-automaton A’ by identifying respectively:
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e the vertices ¢ and ¢/;
e all pairs of edges of the form (q,y,7), (¢, y,r), with y € X,re V(A);
e all pairs of edges of the form (r,y,q), (r,y,q¢'), with y € X,re V(A).

We say that A’ is obtained from A by an elementary reduction. It should be clear
that an X-automaton is deterministic if and only if it does not admit any reductions.
If a deterministic X-automaton A’ is obtained from an X-automaton A by a finite
number of elementary reductions we call the process a complete reduction. If an
X-automaton A" is obtained from an X-automaton A4 by a sequence of elementary
reductions we say that A’ is a quotient of A.

For the remainder of the section we let S be an inverse semigroup and Inv(X | R)
be a presentation for S. B

The linear automaton Lin(u) of u = x129-- -2, € X is given by

T T2 Tn
=g — G —  — qy — .

The inverse X-automaton obtained by complete reduction of Lin(u) is called the
Munn tree of u and it is denoted by MT(u). These automata were introduced by
Munn in [9] to solve the word problem for the free inverse monoid. Indeed, up = vp
if and only if MT(u) =2 MT(v).

For u € X* the Schiitzenberger automaton of u relative to Inv(X | R) is the
X-automaton

Ar(u) = ((vu™ N7, T(u), ut),

where I'(u) is the graph whose set of vertices is R, and whose set of edges is
{(vr,z,wT) € Ryr X X X Ryr | wr = (vx)T}.
Given u,v € X+, we have
ve L(Ag(u)) & vr > ur (1)
(see [14]). In particular,
v =ut < (v € L(Ag(u)) ANu € L(Ag(v))). (2)

Let A be a finite dual X-automaton and suppose that there are (r,s) € RU R}
and p,q € V(A) such that

(i) there is a path p — ¢ in A; and

(ii) there is no path p —— ¢ in A.



We define a finite dual X-automaton A’ by adding to A new vertices and edges to
obtain a path
—p=ty bt — I, =q—,

where s = x129 -+ - x,. We say that A’ is obtained from A by a simple R-expansion.
Consider now simultaneously all (r,s) € RUR™!, and p, ¢ € V(A) such that (i) and
(ii) are satisfied. If we add to A, for each such case, a path according to the single
expansion rules, we obtain a finite dual X-automaton B which is said to be obtained
from A by a complete R-expansion. B

The Schiitzenberger automaton of u € X can be obtained as the limit of a
sequence of finite inverse X-automata (Ag(u))r>1 which we will now define. We
will simultaneously define a sequence (Bj(u))r>1 of finite dual X-automata. Both
sequences are defined as follows:

1. Ai(u) = MT(u);
2. B, is obtained from Ay by a complete R-expansion;

3. A1 is obtained from By by a complete reduction.

The sequence (Ag(u))g>1 is usually referred to as the Stephen’s sequence of u relative
to Inv(X | R) (see [14]).

4 Green’s classes of inverse semigroups

We present in this section some lemmas on Green’s classes of inverse semigroups that
will prove useful in forthcoming sections.

Lemma 4.1 Let D be a finite D-class of an inverse semigroup S. Then D is a
J-class.

PROOF Let a € D and consider b7 a. Then there exist x,y € S such that b = zay.
Let v/ = by~ L. It follows easily that
VY~ =27 bb e and b laa b = b1

Hence YRx~'0Lb and bDV . Moreover

1 1

V=atby™ =2 'zayy™' < a.

Since O'DbJ a we have b’ Ja and so a = ub'v for some u,v € S. Let Inv(S | R) be the
i-presentation of S induced by its multiplication table. By (1), Ag(a) admits paths

N a /
4o Po
U v
/
q1 D1



Clearly, Ag (V') maps (homomorphically) into Ag(a) at vertex ¢;. Since b’ < a, we
have a € L(Ag(V')) and so we also have ¢, — p;. Thus, in Ag(a), we have

b,a
q1 P
U v
bl
q2 D2

and we can continue indefinitely. Since Ag(a) is finite, we eventually obtain a repe-
tition on the g; sequence. Thus

u u u u
do AR > 4 e > Qn = q;

and Ag(a) deterministic implies that ¢ = 0, otherwise ¢,,—1 = ¢;—;. Thus we have a
path

do = 4n — Pn
and a path gy = ¢, — p,. Since Ag(a) is deterministic, we have p, = po, yielding

/

% LN po.- Thus &' > a by (1) and so &/ = a. Therefore bDb' = a and the J-class of a
is exactly D. |

The above result no longer holds if either of the conditions that D be finite or
that S be inverse is omitted, as the following two examples show. In the first one
we present a (non-inverse) semigroup with a finite D-class contained in an infinite

J-class.

Example 4.2 Let X = {a,b,c,d,e, f} and let S be the semigroup defined by the
semigroup presentation (X | R), with

R={a®>=a,b=cad,a = ebf,adc = dca,bfe = feb}.

Let 0 = R*. Then Dy,= {bc} but Ty is infinite.

For every n € N, we have

aoc = a"c = (ebf)"o = (e(bfe)" 'bf)o = (eb"(fe)" ' f)o

and b"o = (0" cad)o, hence "o J ao for every n € N.
For all w € Xt and 2 € X, we denote by |ul, the number of occurrences of z in
u. Next we remark that

wov = fuly + |ule = Jule = [y + [v]c = [v]e. (3)

Indeed, we may assume without loss of generality that (u,v) € R and the claim
follows from direct verification.

We can conclude from (3) that b"c # ™o whenever n # m, thus bo, b, b0, . ..
represent infinitely many distinct elements of 7y, .
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To prove that Dy,= {bo}, we define a homomorphism ¢ : X* — Z by wy =
|w|. + |w|e — |w|a — |w|s. We show that, for every prefix v of u € bo,

vp >0and (vp =0 <= v e {l,u}). (4)

The claim holds trivially for u = b. Assume now that the claim holds for prq € bo
and (r,s) € RU R™!. We must show that the claim holds for psq as well. This
can be done systematically in two steps: proving that r¢o = sp (we omit the direct
verification) and (ps’)e > 0 for every nonempty proper prefix s of s, all other cases
following from the hypothesis on prq. It is therefore enough to consider all the different
cases for |s| > 1:

Case I: (r,s) = (a,a?).

Since ac = a0 and bo # b*c, we must have pg # 1. Since p = 1 would imply
ap = 0 for the proper prefix a of prq, contradicting our assumption on prq, we may
assume that p # 1 and so pp > 0. Since (pa)e = pp, the claim now follows from the
hypothesis on prq.

Case II: (r, s) = (b, cad).

We only need to observe that (pc)e, (pca)p > pp > 0.

Case I1I: (r,s) = (adc, dca).

Since pad is a proper prefix of prq, we have (pad)y > 0 and so pp > 2. Thus
(pd)p, (pdc)p > 0 and the claim follows.

Case 1V: (r, s) = (dca, adc).

Since pd is a proper prefix of prq, we have (pd)p > 0 and so pp > 2. Thus
(pa)p, (pad)p > 0 and the claim follows.

The cases (r,s) = (a,ebf), (r,s) = (bfe, feb) and (r,s) = (feb,bfe) are analogous
to cases II, III and IV, respectively.

Therefore (4) holds. Suppose now that bo R wo. Then bo = (wy)o and wo =
(bz)o for some y, z € X*. It follows that bo = (bzy)o and so b is a nonempty prefix
of bzy € bo satisfying by = 0. By (4), we must have bzy = b, hence z = y = 1 and
w =b. Thus Ry,= {bo}.

Suppose now that bo Lwo. Then bo = (yw)o and wo = (zb)o for some y, z € X*.
It follows that bo = (yzb)o and so yz is a proper prefix of yzb € bo satisfying
(yz)p = (yzb)p = bp = 0. By (4), we must have z = y = 1 and so w = b. Thus
Ly, = {bo} and so Dy,= {bo} as claimed.

The next example exhibits an inverse monoid with a J-class containing infinitely
many D-classes. We remark that in a monoid i-presentation Invm(X | R) the binary
relation R is taken on X* and the inverse monoid is defined by the quotient X+ /(pU
R)*.

Example 4.3 Let X = {a,b} and let M be the inverse monoid defined by the i-
presentation Invm (X | R), with

R={aa' =1,b> = b,ba = bab}.
8



Let 0 = R*. Then Jy is the union of infinitely many D-classes.

It is a simple exercise to construct the Schiitzenberger graph for the word a”b,
obtaining the following:

b b b
a™ Qa@a@a.“

Clearly, these graphs are non-isomorphic for different values of n, and so Dy,
Davyo> Diazpyo, ---are all distinct D-classes (D-equivalent elements have the same
Schiitzenberger graphs [14]). However, since they clearly embed in each other, their
representatives must all belong to the same J-class: indeed, if Ag(u) embeds in
Ag(v), then wuw' € L(Ag(v)) for some w,w' € X* and so (wuw')r > vr by (1),
yielding v7 € M (ur)M. Therefore Jy, is the union of infinitely many D-classes.

o}

Lemma 4.4 Let T be a finite index inverse subsemigroup of an inverse semigroup S

and let D be a D-class of S such that D N (S\T') # 0. Then
(i) D is finite;
(ii) S\T intersects every R-class and every L-class of D; and

(iii) for each x € DNT there exist s € S\T and d € D such that xs € S\T, sd € T
and xsd = x.

PROOF (i) We start by proving that any H-class of D is finite. It is of course enough
to prove that, for some s € D N (S\T), the H-class of s is finite. Suppose first that
there exists s € DN (S\T') such that H, is a group H-class. We have that H,N(S\T)
is certainly finite and for all » € T'NH, we have

sr € Hs N (S\T)

for otherwise s = srr=t € T. So H, N (S\T) is a union of cosets of T'NH, and
therefore T'N ‘H, must be finite. Therefore we conclude that a group H-class which
contains elements of S\T is finite.

Suppose now that no group H-class of D contains elements of S\T. Let s €
DN (S\T) and let ‘H, be its H-class. If T N'Hy # (0, and r € T N'H,, then from
st 'Hss™! we obtain that sr~! € T and thus

s=sstls=srlreT

which is a contradiction. Hence H, C S\T' and therefore it is finite.

We now prove that D has only finitely many R-classes and L-classes. Suppose
there are infinitely many R-classes in D. Let s € DN (S\T). Then there exists r € D
such that rRs, £, C T and R,-1, CT. Hence s = ru, for some u € S, and thus

s=ru=rr ru=rrlseT

9



since 7~'sRr~'r. We therefore conclude that D has a finite number of R and £-
classes.
(ii) Suppose that there exists a € D such that R, € 7. Let b € D and take
c€R,NLy. Then

b=0bb"1b=bc"te.

Since ¢ € R, we have that ¢ € T. On the other hand
(b Db P =cb et =cclec =cct = aa™?

so that cb™' € R, CT andsobc™! = (cb™')t €T. Thusb= (bc')c€ Tand D CT
which is a contradiction. If, on the other hand, £, C T then R,-1 = (£,)" ' C T.
(iii) Let « € D NT. By (ii), S\T intersects R, and hence there exist s,y € S\T,
u € S such that zs = y € S\T and yu = z. Since x = zsu we may assume that
s = x txs, hence suJxr and so su € J, = D by Lemma 4.1. Since x = z(su)" for
every n, and D is finite by (i), we have x = x(su)" for some n such that (su)" is
idempotent. Thus we may assume that su is an idempotent, replacing s by (su)" s
if necessary. Since x = xsu we have that su >, x. Since suDx and D is finite, we
obtain sulz (see, for example, [1, Ex. 5.1.3]) and so z 'z = (su)~!(su) = su (since
su is idempotent). Thus su € T.

Write d = uz~'x. Clearly, x = xsu yields x = xsd and z, su € T together imply
sd € T. Since d = ux~'z and x = zsd imply d € L, C D, the lemma holds. a

5 Inverse subsemigroups of finite index

In this section we prove our main theorem:

Theorem 5.1 Let T be a finite index inverse subsemigroup of an inverse semigroup
S. Then T is finitely i-presented if and only if S is finitely i-presented.

PROOF Assume first that Inv(A4 | R) is a finite i-presentation for S, and let 7 : At —
S be the associated canonical morphism. Without loss of generality we may assume
that S\T C D, where D is a finite D-class (hence also a J-class by Lemma 4.1) of S:
indeed, every D-class of S intersecting S \ 7" is a finite J-class by Lemmas 4.4 and
4.1. If D is > 7-maximal among those classes, then T"U (S \ D) is a proper inverse
subsemigroup of S. Iteration of this argument produces a finite chain

T=Ty<Th<..<T,=8

where T; \ T;_1 is contained in a finite D-class of Tj.

We may assume that there is a generator in A for each d € D and we denote that
unique generator by d. If w € A% is such that u represents an element of D then
we also write w to represent uw. We also write € = ¢ for the empty word €. The
generators in A corresponding to elements of S\T' C D form the set Y. Using [11,
Theorem 1.1, we take as generating set for T" the set X7, where

X ={yay |y, ¥ €Y' a € A; ya,yay’ € Tn '},
10



where Y! =Y U {¢}. Now we introduce an alphabet
B={[y.a,y]|yay € X}

in one-one correspondence with the set X, and a homomorphism 1 : BT — At
defined by

[y, .y = (yay')™,
for [y,a,y’] € B and m € {1,—1}. Thus ¥ “interprets” each word in B* as a word
from T7~! C AT representing the same element of 7. On the other hand, it is clear
that any element of 7" may be represented by a word in BT. Thus, we define a

mapping ¢ : Tn—! — B* as follows: given w € T'r~" write w = aa/3, where aa is the
shortest prefix of w in Tn~! (o, 3 € A*, a € A). Then

we = {[ﬁ,a,s](ﬁgb) if 3 € T7r—1'

(@, a, f] otherwise

Note that woyr = wr for every w € Tr~1. Tt follows from [2, Theorem 2.1] that a
presentation for T is given by

IIlV<B | R1 U R2>
where

Ri={ly,a.yI0o=[y,a.y] | v,y €Y', a €A, ya,yay € Tr '}
U{ (w1 wy)¢ = (w19) (wag) | wy,wy € T '} (5)
U{(ws uwy)p = (wzvwy)e | (u,v) € R, ws, wy € ﬁ*, wsuwy € Tr '}

and
Ry = {(wzuwy)o = (wgvwy)o | (u,v) € p, w3, wy € ﬁ*, W3 U Wy € T7r_1}

Moreover, straightforward checking allows us to conclude, from the proof of [11,
Theorem 6.1], that there exists a finite set of relations R} on BT such that

R = R}

and

(aB7)¢ R (aB7)¢ (6)

/

whenever o 3y € Tn~" and 3 ¢ Tw—'. In particular if y € Y is such that y=1 = ¢/,
with ' € Y, then
(ay ' N B (ay' 7)o, (7)

foray 'y e Tn L.

It remains to show that there is a finite subset R/, of R, such that the relations of
Ry are consequences of Ry (and hence of R} as well), R, and pp, where pp is the set
of inverse semigroup relations of Inv(B | Ry U Ry).

We start by proving the following
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Claim The relations B
Bo = po,

where 3 € Tn~1 N Dr—! is such that at least one letter from Y occurs in 3, are a
consequence of finitely many relations from Ry U Ry U pp.

PROOF[of Claim] Let 8 € Tw~' N Dr~! be such that at least one letter from Y
occurs in (3. By Lemma 4.4 (iii), there exist a € Y and ¢ € A such that 8a ¢ Trn !,
ac € Tr~1 and Br = (Bac)w. Now, using (5) and (6), we have that (Sac)d = B¢ (ac)p
and (Bac)¢ = (Bac)¢ are consequences of R}. Thus

(Bac)p = B¢ (ac)d

is also a consequence of R}. Therefore it is enough to prove that the relations

(Bac)p = B¢ and B¢ (ac)p = B¢

are consequences of finitely many relations from Ry U Ry U pg. Since there are just
finitely many choices for a and ¢, we may assume them fixed.
The first part is easy: since (fac)m = 7 € T, we have

(Bac)pypm = (Bac)m = B = Beym

and so ((Bac)p, Bo) € (Ry U Ry U pp)*. Thus each relation (Bac)p = B¢ may be
derived from finitely many relations in Ry U Ry U pg. Since there are finitely many
relations of the form (Bac)¢ = B¢ to consider, we are done.

For the second type write

B = 01a102az - - - 0k k041,
where q; € ﬁ, 0; € A* are such that:
e §;a; is the shortest prefix of 6;a;0;41 - - - OpapOpyq in T
e 1no nonempty prefix of d;,1 belongs to T 1.

Then B L B L

ﬂqs = [517 aq, 6] o [5k—17 Ap—1, 5] [6k7 ag, 5k+1]
and o L B L

B (ac)e = [01,a1,¢€] -+ [Op—1, ap—1, €] [0, ar, Or41] [a, c, €].

If_ﬁa@ € D7~ ! then, since (8xayd1)m =, B and D is finite, we have as before
(OraxOgy1)mLBm. Since (ac)m is a right identity for 57, it follows that (drardri1ac)m =
(0rardg.1)m. Thus, in this case, S¢ = (¢ (ac)¢ is a consequence of relations of the
form

[y, byl = [y, b,y][a, ¢, €]
12



where [y,b,y'] € B. Notice that these relations hold in S and that there are finitely
many of them. Hence ¢ = (fac)¢ is a consequence of finitely many relations from
R1 U RQ U PB-

If on the other hand (8,axdx41)m ¢ D then 7 € D implies (6rax0441)m >7 D and
SO Ok, Opr1 = € and ay, ¢ Y. Hence B¢ ends by

[5_2'7 a;, 5] [57 Ait1, 5] e [57 ag, 5]

where ¢ is the smallest subscript such that d; # €. Note that such subscript exists
because of our assu_mption that at least one letter of Y occurs in 3. Now, (0;a;a;41)m €
D for otherwise (0;a;a;11)m is strictly J-above D and therefore it could not have
letters from Y. Thus, by Lemma 4.4 (ii), there exists z € Y such that

(Eaiaiﬂ)”ﬁzm
that is, there is u € A* such that (8;a;a;11)7 = (uz)w. We then have

(uz)¢ = w[d,d, &'
where w € B* and 6dd’ € A*Y A*. Hence, we may consider the set of relations of the
form

[y, a,y1[e, b,e] = wlys, d, 3],

where [y, a,y1],[€,b,¢] € B and w, [ys,d, ys] are fixed as in the previous paragraph,
with yayy, yodys € A*Y A*. Note that these relations hold in S. Moreover, this is a
finite set. Using these relations we are able to rewrite B¢ obtaining a word of the
form z[y,d,y'] (with z € B* and ydy' € A*YA*) Now, (ydy')m € D and therefore,

using the first case, we may conclude that relations f¢ = B¢ (ac)$ are a consequence
of finitely many relations from Ry U Ry U pp. O

Let R), be the subset of Ry which is the union of the relations of Ry used in the
claim with the set

{(ww'w)p =we | we Tr !, Jw| < 3}U

U{(yy'22)p = (22'yy ) |y, 2 €Yoy =yl 2" = 27T yy'22’ € T '}
Let A = R} U R}, U pp and notice that R} U Rj, is finite.

We show that the relations in Ry are consequences of relations in A. We start
with the relations w¢ = (ww ' w)e, for w € Tr~'. We use induction on |w|. For
|w| < 3 the relations of the form w¢ = (ww ™ w)¢ are all in Ry. Now let |w| > 4. We
may assume that the only factors of w in (S\T)7 ! are letters from Y, for otherwise
we may write w = a 8, with a,y € A*, B € (S\T)=~1, |8 > 2, and

(ww™! w)cb = (afyy '8 o By

A (afpyy=' 5 10f afy)¢  (by (6))

A (aByy B e taB)e  (by (7))
A (afBy)o (by induction hypothesis)
A*(afy)¢ (by (6))
= wo.

13



Since |w| > 4, we can split w = uv with |u|, |v] > 2. Thus u,v € Tw~!. Moreover

(0™ (v~ 1) AF (v v)¢ (v “'¢)  (using (5))
A (vg) (v719) (by induction hypothesis)
AF (oo™ 1) (using (5))

and thus (vv=!)¢ is an idempotent modulo A*. Similarly, so is (u~u)¢. Thus

1 1

(ww™w)e = (vvv™u"uv)e since w = uw)

(
Nug (00™) (i Mu)dvg (using (5)
A ug (uu)g (vvHpve  (commuting idempotents)
AF (uu™tu)g (vo~ )¢ (using (5))
AN udve (by induction hypothesis)
AF (uv)g = wo.

We now consider the relations (uutvv™)¢ = (v luu™)¢ with vu=tvv™t €
Tr~!. Notice that for each w € T7~!, (ww™1)¢ is an idempotent modulo A¥, since
(ww™lw)p A*we. We consider the following cases:

(1) u,veTr !
(1) w,v ¢ T,
(ITI) we Trtand v ¢ Tw '

Case (I): u,v € Tw~!. In this case we have

(uu=tvv ™) A (uu=1) ¢ (vo?) (using (5))
A (vo ™ Yg (uut)¢  (commuting idempotents)
A (vo~tuut) ¢ (using (5)).

<

Case IT: u,v ¢ Tw~'. In this case we have, applying (6),
(uu o) AF (uu—lvv )qband (vv un ) AP (vv—luu 1)¢

Since in R, we have relations of the form (yy'zz )gb = (z2'yy")o, for y,z € Y, we
conclude that also in this case (uu=tvv=1)¢ Af (vo~tuu1)g.

Case III: w € T and v ¢ T. We may assume (by using relations (6) to replace
v by T and v! by v=1) that v = y € Y. If uu"'yy" € Dr~' then of course
yy tuut € Dr~! and wulyy~! = yyluu—!. Hence

(uutyy ) A* (uuTyyT) ¢ (by the Claim)

A (yyTuu1) ¢ (since uu—lyy=—t = yyluu?)
A (yy~uu™)¢  (by the Claim).
14



So let us suppose that uu~lyy~! <7 y. From (uu=tu)¢ A* up we have that (uu=')¢ is
an idempotent modulo Af. Furthermore (uu~lyy~')¢ is also an idempotent modulo
Af. Indeed, since for every w € Tr~! we have (ww™w)¢ A*w¢ and v lyy~t € Tn~?
(because u'yy~! < y) we obtain

(uutyy~ )¢ Aﬁ

-1

uu"tyy l(uu yy 1)

.~ Yyy™He
uuwtyy T yy luu uuyy )

(

AP (

A (uu~ 1yy vu tuulyy ™o (see (+) below)

AF (wu™tyy )¢ (wu™ U)¢(U Yy~ (using (5))

AF (uu~ lyy Do ud (U yy~ ') (since (uu~'u)¢ = ug)
AF (wu™tyy )¢ (wu yy ™) (using (5))

( (+) since yy~lyy=t =yy tif yy=' ¢ T or using (6) if yy~' € T'). Therefore

(uu™tyy ) AP ug (utyy ™) (
N () (w0
A (uu")p (uu'yy™")o  (using (5))
A (uutyy o (uut)¢  (commuting idempotents)
(using (5))
(

and so (yyuu )¢ > (wutyy )¢ in BY/A! (with respect to the natural partial
order on an inverse semigroup). Similarly we obtain (yy'uu™')¢ < (vu"lyy~1)¢
and so (yy~tuut)pA*(uutyy )¢ holds.

To conclude the proof that T is finitely i-presented, we only have to show that

(wsuwy) o A* (wauu ™ uwy) ¢
whenever wsuw, € Tr~! and

(wsuu ™ vo ™ wy) o AF (wsvv ™ uu " wy) @

whenever wsuutvv~tw, € Tw~t. In order to do this we will prove that if ws, w4, u, v

are such that ur = vm, wsuw, € Tw~! and either up A*vg or u ¢ Tn~' then
(wsuwy)p AF (wzvwy)e. N

First suppose that wsuw, € Dr~!. If there are occurrences of letters of Y in both
wsuw, and wsvw, (in particular, if uw ¢ Tr~!) then

(wsuwg)p A* (wzuwy)d  (by Claim)
= (wzvwy)¢ (since um = vm also (wzuwy)m = (Wzvwy)T)

A* (wzvwy) (by Claim).

On the other hand, if no letter of Y appears in wsuw, then ws, u, w, € T~ ! and
hence also v € Tw~!. Using (5), we obtain

(wsuwa) ¢ A (w39) (ud) (wig) A (w30) (v9) (wd) A* (w3vwa)o.
15



Assume now that wsuw, ¢ Dr! (hence also wsvw, ¢ Dr~'). We may assume
that (wsuwy)m is J-below D, otherwise we are done by (5). If u ¢ Tw~! then (6)
yields

(wsuwy)p A* (wstiwy) ¢ = (wsTwy)p A* (wsvwy) .

On the other hand, if u € Tw~!, then we may write

(w3uwy) A (wsuwawy u~ wy fwsuwgw) T wy M wsuwy) é.

1 1

Since all wsuwqw; 'u " wy tws, u, waw; v wy Mwsuw, € TrL, we have

(wguwg)p A* (wsuwywy v wy ws)d ud (wawy u wg wsuwy)¢ (using (5))
A (wauwgwy v tws ws) g v (wawy uTtws fwsuwy)g (since ug Af vg)
AF (wzuwgwy vt ws fwsvwaw; ety T wsuw,) ¢ (using (5))
1 1

AF (wyuwgwy u™ wy ) (wavwa) ¢ (wy v~ ws  wauws)d (using (5)).
Since (wzuw,w; 'u"lwy )¢ and (w; 'u~tw; 'wsuw, )¢ are idempotents we have that
(wsvwy)¢ > (wsuwy)¢ in BY /A By symmetry we obtain (wsvwy)¢ < (wsuwy)o.
Therefore (wsuw,)e A* (wsvw,)¢ and T is finitely i-presented.

Conversely, we assume now that 7T is finitely i-presented. Given a finite presenta-
tion
Inv(X | R)
for T, we add a generator y for every element in S\T, and the following relations
(where Y denotes the set of all y):
R = {(yz,u,,) |y €Y,z e X}U{(zy,v.,) |y €Y,z € X}U

H{(wy', zyy) |,y €YIU{(y " py) |y €Y}

where 1, 4,0, € Xt UY, z,, € XTUY and p, € Y are chosen so that all the
relations of R’ hold in S.
We show that
(XUY | RUR))
is a (finite) presentation for S. If we map the elements of X to the corresponding
elements of 7', and each y to the element it represents in S\T', it is immediate that the
relations RU R’ are satisfied by the corresponding images in S (indeed, u, ,, v, , and
2y were chosen to make sure this happens). Thus we have an onto homomorphism

¢ (XUY)"/(RUR) — S.

It follows from the definition of R’ that every word in (m )T is (R')*-equivalent
to either a word in X+ or some element of Y. Since the restrictions
X*/(RUR) —T
Y — S\T
are clearly one-one, we conclude that ¢ is one-one and thus (X UY | RUR) is a

finite presentation for S. g
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6 Ideals of finite index

In this section we consider Main Theorem for ideals of inverse semigroups. Though
this is undoubtedly a particular case, its proof is of independent interest, since the
relations are efficiently computed.

Theorem 6.1 Let S be an inverse semigroup and let T be a finite index ideal of S.
Then T is finitely i-presented if and only if S is finitely i-presented.

We start by proving the converse part of the theorem. Thus suppose that S is
finitely i-presented. Since, by [11, Theorem 1.1, T" is a finitely generated subsemi-
group of S and S\T is finite, S is defined by a finite presentation Inv(X UY | R)
where X generates T, the elements of Y represent the elements of S\T, and Y is in
one-one correspondence with S\7'.

Given z € X and y, 3/ € Y we fix Words ty o, Vg y, Wy yy € X+ and z,, € XTUY
such that

yrR*u, ., vyR*v,,, (8)
yy,RﬁZy,y/ 9)
and ~
/ ] / +
Wayy = L2yy %f Zyy € ‘X;, ‘ (10)
i Vpyr if 2y =y" €Y

Indeed, notice that there exist words uy 5, vy, € X+ satisfying (8) since T is an ideal
of S and X generates T'. It is also clear that there exists z,, satisfying (9). Finally
notice that it is clear, from (10), that

wx,y,y/Rﬁx'zy,y“

We start by proving the following
Lemma 6.2 The semigroup S can be defined by a finite presentation of the form

Iv(X UY | Rx UNUQ)
where
(i) X generates T;

(ii) the elements of Y represent the elements of S\T and Y is in one-one corre-
spondence with S\T';

(iii) Ry C XT x X*;
(iv) N = {yz = tyq0, 7y = oy, ¥y =2y | v,y €Y,z € Xt};
(1) Q@ ={(Vaytty 2, ey ') | y,y €Y, 2,2' € X},

17



PROOF The presentation (X UY | R) for S satisfies (i) and (ii). We shall now modify
it in order to satisfy the remaining conditions as well.

From the definition of w, ,, v, and z,,/ it is clear that Inv(XUY | RUN), where
N={yr=uyy, 2y =101y, Y9 =2,y |y, ¥y €Y, x € )Z'}, is still a finite presentation
for S.

Notice that, for every y € Y, we have

y ' RY/,

1

for some ' € Y. Moreover, the relation y~' = ¢’ can be derived from relations in N

since L
1 pt yy'y N*y
Ry <=
Yy Y { y/yy/ Nﬁ y/
and o
Ny
N {yy 7
YyynNTy < y"y Ny
for some y” € Y. N
We now replace each relation in R involving letters from Y by some relation on X+
as follows: given (a,b) € R, we replace every occurrence of some letter y~! (y € Y)
by 1 such that y~' R¥y/. Notice that in order to do this we only need relations from
N. Hence (a,b) is equivalent, modulo N, to some relation on (X UY)". Also, by
using relations from N, we can reduce any word in (X UY')" to either a word on X
or some letter in Y. Thus (a,b) must reduce to some relation of the form

u=v, y=uory=vy (u,ve X",y y €Y).

The second case is impossible since y does not represent an element of 7. The third
case is either trivial (if y and y’ are the same generator) or impossible. Thus, any
relation in R is equivalent, modulo N, to some relation on X+,

Therefore, S is defined by the presentation

Inv(XUY | Rx UN)

which satisfies (i), (ii), (iii) and (iv).
_ Our_next step is to extend Ry U N by adding the finitely many relations @ C
X+t x XT. These relations will substitute the relations of the form (yy’, z,,/) in the
computation of the Schiitzenberger automata for words in X+,

In order to prove that @ is contained in (RxUN ) we prove that the right hand side
of each relation is recognized by the Schiitzenberger automaton (relative to Rx U N)
of the left hand side and vice versa. It follows easily from the diagrams that, starting
from any side of the relation, we need at most three expansions in the Stephen’s
sequence to recognize the other word:

18



Uz,y Uy ! Wz,y,y' T

AN 7 AN 7 r
\\\ //\\\y, /,/ (NN T // ! /
v Y AN T N sz oy /
\ e ~ 7 \ N~ 7YY ,y Ayt ot
\ ~_Fyy -7 \ ST Wy
\ - \ Y~ ~L 7
N\ w , 7 \ ) e
Wayy' \Vzy -
Therefore (X UY | Rx UN UQ) is a presentation for S which satisfies the stated
conditions. O

Let Inv(XUY | Rx UN UQ) be the presentation for S given in the above lemma.
Let R = Rx UNUQ and let R" = R'\{(yv', 2y.,/) | v, ¥’ € Y}. We then have:

Lemma 6.3 For R’ and R" as above,
.AR/ (U) = .AR// (U)

for allu e X+,

PRrROOF Since Ap/(u) and Agv(u) are inverse and therefore minimal automata, to
prove that A (u) = Agv(u) is the same as showing that

L(Ap () = L(Ags(u)).

Since R” C R', we have L(Ag+(u)) C L(Ag/(u)) trivially. It remains to show that
L(Ag/(u)) C L(Agv(u)). Let (An(u))nen denote the Stephen’s sequence of u relative
to R'. We show, by induction on n, that L(A,(u)) C L(A%(u)) for all n. Since
L(Ap (u)) = U, >; L(An(u)), this implies that L(Ag(u)) € L(Agv(u)). Since R
is finite, we may ‘assume that each iteration of the sequence is obtained by a single
expansion followed by complete reduction.

The case n = 1 is trivial since A;(u) is the Munn tree of u, hence L(A;(u)) C
L(Agv(u)). Assume now that L(A,(u)) € L(Ag+(u)) and that A, 41(u) is obtained
from A, (u) by applying the expansion

(where (r1,72) € R'U(R')™) to A,(u) followed by complete reduction. Since A, (u),
Apgr(u) are inverse, L(A,(u)) C L(Ags(u)) is equivalent to saying that there is an
automaton morphism ¢ : A, (u) — Ags(u) (see [14]). Thus we have a path

po q¢
‘\Tl/v'

in Agv(u). It suffices to show that there is a path

T2

po

q¢ (11)
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in Agv(u): in fact, this will imply at once that L(B,(u)) C L(Ags(u)), where B, (u)
denotes the dual automaton obtained after performing the expansion on A, (u). Now,
every v € L(Ap41(u)) is such that v > ¢/, in the free inverse semigroup on X, for
some v' € L(B,(u)): indeed, due to the nature of reduction, every path in A, ;(u)
can be lifted to a path in B, (u) by successively inserting words of the form aa™'.
Since Ag(u) is inverse, idempotents of the free inverse semigroup must always label
closed paths and so

(v € L(Agri (1)) Avp* > 'p") = v € L(Agn(u)).

We will then conclude that L(A,;1(u)) € L(Agv(u)) as required.

Let us now show the existence of the path (11). Since R” contains all the relations
of R’ except those of the form (yy/, z,,), for y,y" € Y, we only have to consider the
following two cases:

(a) ™ = yy/’ To = Zy 4y
(b) = Zyy, T2 = yy'.

We claim that all vertices in Ag»(u) can be connected through X -edges proving
that the claim holds for all the iterations of the Stephen’s sequence. This is certainly
true for the first iteration (the Munn tree of u) since u € X . For the induction step,
we note that in any relation from R” there is at most one occurrence of a letter y
not in X. Using such a relation for an expansion in the Stephen’s iterative procedure
preserves our property, as the unique occurrence of y (if there is one) can be “bridged”
by using the rest of the relation. Reductions clearly preserve our property, and hence
the claim holds. In particular, every vertex is adjacent to some X-edge.

So, suppose we are in case (a). Using the preceding remark, we have in Ag/(u) a
situation of the form

/p¢\/Q¢\
Vgg ——— - ﬂy/z/

for some x, 2’ € X. Because of the relation (v, yuy o/, Wy y,y2') € R”, we have a path

/p¢\/q¢

Wayy ==~ -

and since (rzyy, Wy yy) € R (if 2,y € Y) or 2y, = wyy,y (if 2,, € XT), we
obtain

po &%’ q¢
Zyy'
as required.
Suppose now that we are in case (b). Once again, we may write
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Wy .y
with z, 2’ € X. So
Lpp g qp T
{Jﬂc\,y\\\\ﬂ//,//u/y//,x/

finally obtaining

Therefore L(A,11(u)) € L(Ags(u)) which concludes the proof. O

Consider the presentation
(XUY | R").

This finite presentation is no longer a presentation for S. For our purposes, however,
it is enough to have the property proved in Lemma 6.3. We may write RS = R" N
(Xt x X*) and thus

R' = R% U{(yx,uy.) |y €Y, z € X}
U{(zy,v.,) |y €Y, v € X}.

We now give a finite presentation for 7.
Lemma 6.4 With the above notation, T is defined by the finite i-presentation

Inv(X | R")
where
R" = R U{(u, yuy o, x” xuyxuyxﬂyGY,xe)?}
U{(Vayyvpy, w2 0 yv, ) |y €Y,z € X}
{(xuyx,vz ya:) lyeY,z,2' € X}
U {(uy Yy pa a2 ) |y e Y,z 2’ € X}
U{(z~ xx' 11):,; 5@ e ) |y e Y2 € XY
U {(uye /uywx o uywuy_;uyw’x/_l) |y eY,x,2’ € X}
U{(v, vLyv x,vzyvx,yv )\yGY,x,a:'E)Z}.

PROOF Clearly R” is a finite relation on X . We show that R” C (R")* by proving
that the right hand side of each relation in R"” is recognized by the Schiitzenberger
automaton (relative to R’) of the left hand side and vice versa.
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Uy, Vz,y
o T
N /
/ u v
T Y Y7 L .T\\ //y v z

Thus R” C (R')*.
Since X generates T in the presentation (X UY | R') of S, and R” C (R')*, the
canonical homomorphism
0:Xt/(R")!— T
u(}g///)ﬁ s U(R,)u

is well defined and onto. It remains to show that it is injective. Let u,v € X+

and suppose that u(R')*. Then Ag/(u) = Ag(v). Since, by Lemma 6.3, Ar/(w) =
Apy(w), whenever w € X+, we conclude that Ags(u) = Ags(v). Thus L(Ags(u)) =
L(Apg:(v)). N

Let (A,(w)), denote the Stephen’s sequence of w € X relative to R”. We prove
the following
Claim For all n, there exists an X-automaton morphism ¢ : A, (w) — Ap»(w).

PRroOF[of Claim| Notice that we can view A4, (w) as an X-automaton by ignoring

the Y-edges. In fact, A, (w), viewed as an X-automaton, is inverse: it is obviously
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dual and connectedness follows from the fact that any expansion performed in an X-
connected inverse (X UY')-automaton using a relation in R” produces an X-connected
automaton.

We prove the claim by induction on n. The case n = 1 being trivial (A;(w) is the
Munn tree of w), we assume that

¢ An(w) = Apm(w)

is an X-automaton morphism. Since R” is finite, we may assume that A4, ;(w)
is obtained from A, (w) by performing a single expansion (leading to intermediate
automaton B,(w)) followed by complete reduction. Assume that our expansion is

(where (rq,72) € R" U (R")™1).

We extend ¢ to B,,(w) considering different cases:

Case 11,79 € X~ In this case (r1,79) € R”U(R")~!. Since we have by hypothesis
a path p¢ — q¢ in Agw(w), then we have also a path p¢ — q¢ and so we have an
extension ¢ : B,(w) — Agw(w) as required.

Caseri =uy,, ro=yx (y €Y,z € )7) We have a path pp —5 ¢¢ in Apm(w).

(
Since (u;éuyvxlx_lxu;iuy,z) € R”, we have an edge ' —— q¢ in Agw(w). Now,
B,(w), as an X-automaton, is obtained from A, (w) by adding an edge

Defining r¢ = r’, we have the required extension ¢ : B,(w) — Agn(w).

Case r1 = Uy y, 1o = xy (y €Y,z € X). This case is similar to the previous case,
o BT U ) € R
Case i =yz, o =uy, (YEY, x € Y) We have a path

p\yg%q
in A,(w). Notice that the existence of the edge p - g in A,(w) follows from the

performance (at some previous moment in the sequence) of some expansion relative
to some relation in R”. This relation is not the relation (yz,w, ), otherwise there

using the relation (v, ,v

would be a path p —=5 ¢ in A, (w).
Therefore we must have in A, (w) one of the following situations:

!/
m-Top Y g T g p-Y g T g
\—/ Uy, ‘x/
Vy! y or q1
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Therefore we have in Apw»(w)

po-—"—pp  gp—"—qo pd  gd
\/

Vot
x’y or q1¢
1,001

Applying the relations ('t ., vy y@) or (uy w2’ zz~ " uy 2 2'e’ ") in R”, respec-
tively, we conclude that we have a path pg —=5 ¢¢ in A% (w). Thus we may map
the path p —25 ¢ in B, (w) onto the path p¢ Bt g in Agm (w) and extend ¢ to a
morphism ¢ : B, (w) — Agw(w).

Case iy =2y, o=y (YEY, v € }7) Similarly to the previous case, we have
in A, (w) either

/
p- T g Y g T g p-T g Y g
\_/ ’x’ /
Uy,a/ or ¢ ety

Therefore we have in Apm(w)
/
pé—"-g90  qp—"ap  pd——gd 49

/
x
(9
u ! ‘ ',y
Y,T or Q1

. . _ 1 -1 _ .
Applying the relations (zuy ., v, @) or (x7 za’ vy, 2’ 2’z tv,,) in R”, respec-

tively, we conclude that there is a path pp —% ¢¢ in A, (w). Thus we may map
the path p =% ¢ in B, (w) onto the path p¢ 2% g in Agm (w) and extend ¢ to a
morphism ¢ : B, (w) — Agw(w).

We will now extend ¢ : B, (w) — Agn(w) to A,+1(w). Let B be a quotient of
B, (w). 1t suffices to show that if ¢ : B — Agw(w) is an X-automaton morphism then
we can define an X-automaton morphism ¢ : B/ — Agw(w), where B’ is obtained
from B by an elementary reduction. Indeed, since A, 1(w) is obtained from B, (w)
by performing finitely many elementary reductions, the claim will follow.

Suppose first that B’ is obtained from B by performing the elementary reduction
induced by

(z € X).
% .
Since we have

i’ yw
p
-
in Agw(w), and Agw (w) is deterministic, we have g¢ = r¢ and so ¢ induces naturally
a quotient morphism ¢ : B — Apw(w).

Suppose now that B’ is obtained from B by performing the elementary reduction
induced by
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=)

%’
P (yeY
=
Since B is a quotient of B,(w), each edge labeled y appeared as the result of an
expansion of some relation in R”. Thus we must have in B one of the following four
situations:

U | (1

~—

<

p< /p
Yy z Yy ur
Uy ! V! y

o, V) o,
p& pﬁ
Ap oyt I oy

$7’ z $7’
\x'\ql p?\/
uy’xl U:c’,y

This implies that we have in Ag»(w) one of the following situations:

(D (I1)

p ypaﬁ )
rox’ T
uyj\fhfb p 1¢\v;/y/
(III) Ve (IV) Vay
¢ ¢
plg\ ” plx/\ ”
22 ) . po )
r x T
Uy,x/\q1¢ p 2925\1)/

Considering the following relations of R":
-1 -1 -1 /=1 / /
(uy,x’uy,x'uy,xx y Uy 2y Uy 0/ T )5 (U o, Vo ), (TUy o1, Ve y '),

—

_ 7—1 1 _
(2722’ vy, @ 2T ,,),
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respectively, we end up in every case by concluding that ¢q¢ = r¢ and so ¢ : B —
Aprn(w) factors to a quotient morphism ¢ : B' — Agrm(w).

Finally, we suppose that B’ is obtained from B by performing the elementary
reduction induced by

Py
T (yey).

Once again, we may consider the different possibilities for the origin of these edges
and we obtain four different cases in the inverse automaton A gm(w):

1y (1)

Vg y Vg ,y
P1O PO
%p(é %p(ﬁ
ro ro~_g
z -qo q¢ \7”1¢
Q1¢/ \u/
(111) e (IV) ’

Uy .z Uy,
5 The s he
1 € 1
rgb% T¢/

2 -qo q9
q1¢/ \/

Vg y
Considering the following relations of R"

-1 -1 -1 -1 ./ / /
(Uz’,yvayvx,yx7 Uz,yvxyyvz’,yx )? (xuy,x’> Uz,y )? (ZE Uy,z) vx@yx),

1 _ 1
(Uy w2’z uy x 2T,

respectively, we conclude in every case that pp = q¢. Hence ¢ : B — Apim(w) factors
to a quotient morphism ¢ : B’ — Agw(w) also in this last case, which completes the
proof of the claim. O

Since A, (w) is inverse as an X-automaton, we have
L(An(w)) N X* C L(Agn(w))
by the claim. Thus B
L(Agr(w)) N X" C L(Agw(w)).

Since L(Agi(u)) = L(Ags(v)), we have that u € L(Agv(v)) and v € L(Agr(u)).
Since u,v € X7, it follows that u € L(Ap~(v)) and v € L(Agn(u)). Thus u(R")%
by (2) and so 6 is injective. This shows that (X | R"”) is a finite presentation for 7'

The direct part of the Theorem follows of course from Theorem 5.1. O
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