DETERMINISTIC WALKS IN RANDOM ENVIRONMENT

ROMAIN AIMINO AND CARLANGELO LIVERANI

ABSTRACT. Motivated by the random Lorentz gas, we study deterministic
walks in random environment and show that (in simple, yet relevant, cases)
they can be reduced to a class of random walks in random environment where
the jump probability depends (weakly) on the past. In addition, we prove few
basic results (hopefully the germ of a general theory) on the latter, purely
probabilistic, model.

1. INTRODUCTION

The motion of a point particle among periodically distributed elastically reflect-
ing convex bodies has been intensively studied from many years. Both in the case
of diluted obstacles, that can be treated with kinetic theory ideas (Boltzmann-Grad
limit, see [20] and related work), and in the opposite case of high density (finite
horizon) starting with the seminal work of Bunimovich, Sinai, Chernov [2] till the
recent and much more precise results obtained in [7] using to the new standard pairs
and martingale problem techniques introduced in the field by Dolgopyat (see [6] for
an elementary introduction to such ideas and reference to the original works).

We are interested in the latter case, in particular to the statistical properties of
the infinite system (recurrence, ergodicity, mixing, C.L.T. etc.).

While all the above results deal with the purely periodic case, in real situation any
material is expected to have defects. It would hence be of paramount importance to
obtain similar results for a situation in which the obstacles are distributed according
to some random, translation invariant, stationary process. This encompasses a
wide range of possibilities from small perturbations of a periodic array to obstacles
distributed according to a Poisson process. The present work is motivated by
variants of the former possibility, see section 2 for a more detailed description of a
concrete example.
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Naively one could expect that the extra randomness coming from the distribution
of the obstacles would simplify, rather than complicate, the problem. Unfortunately
this seems not to be the case. Indeed, essentially no results are available in the non
periodic case with the notable exception of [10, 11], where it is proven recurrence
for special examples, and [8], where it is proven the CLT, for the situation in which
the periodicity is broken only in a fixed finite region (hence translation invariance
is violated). Note however that some results holds in full generality: [3, 23] estab-
lish criteria for recurrence and [10] shows that recurrent systems are ergodic. For
example, the problems of recurrence and ergodicity are reduced, in the two dimen-
sional case, to establishing a Central Limit Theorem, see [11] for details. Also, to
establish recurrence for the case of a one dimensional arrays of obstacles (tubes) is
substantially simpler and has been obtained in [25, 5, 4, 25, 13]. Nevertheless, even
in the simpler one dimensional situation the study of rate of mixing and C.L.T. are
wide open.

Part of the difficulties in studying the above problems stems from the fact that,
on the one hand, one needs non trivial results in dynamical systems concerning the
decay of correlations in order to show that the deterministic dynamics enjoy some
type of memory loss, hence it is akin, in some precise technical sense, to a random
process. On the other hand, one has to overcome the same type of hard obstacles
that exists in analysing the problems of random walks in random environment (see
[27] for a review on the subject).

In this article we aim at separating the above two difficulties, so they can be
(hopefully) solved independently. To this end we investigate more general, and
hence more flexible, models. First we describe a (purely deterministic) class of
models for a deterministic random walk in random environments (see section 3),
then a (purely probabilistic) class of models of random walks (with memory) in
random environment (see section 4). The former includes, as special examples,
many relevant cases of random Lorentz gases, in particular the ones discussed in
section 2; while the latter contains, as a simple case, persistent random walks and,
more in general, allows the transition probabilities to depend on all the past history
of the particle, although in a precisely controlled way.

The introduction of these two class of models is motivated by the following con-
jecture: many relevant deterministic walks in random environment are equivalent
to the above mentioned probabilistic models. Hence establishing, e.g., the CLT for
the probabilistic model implies the CLT for the deterministic walk.

Of course, stated as above, the conjecture is rather vague. The rest of the paper
is devoted to making it precise and proving it in some cases. We first illustrate
explicitly such an equivalence in some unrealistically simple examples (see section
5) and then we prove the above mentioned equivalence for a much less trivial class
of systems in Sections 6 and 7. In such systems the dynamics has properties sim-
ilar to the billiard dynamics, yet, it is much simpler. This substantially reduces
the technical difficulties, hence allowing to flash out the proposed strategy in a
more transparent form. So, while the problem of proving the equivalence with a
purely random model for the random Lorentz gas remains open, we believe we have
convincingly shown that it is a very reasonable possibility.

Notation. In the following we will use Cy to designate a generic constant that
depends only on the parameters of the considered model. The actual value of Cy is
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immaterial. In particular, the value of Cy can change from one occurrence to the
next.

1.1. Results and structure of the paper. The paper is organised as follows: in
the next section we recall briefly what is meant for Lorentz gases and we describe a
subclass of examples that, although not fully general, provide a good starting point
for the study of the general situation. In Section 3 we describe a general class of
deterministic walks in random environment which encompass both the Lorentz gas
and the example with a simpler dynamics that we will consider later.

In Section 4 we describe the class of random systems to which we hope to reduce
the deterministic ones. We state precisely a set of properties for the random systems
under which one can prove ergodicity of the process as seen from the particle. This
show, in particular, that if one would succeed in reducing the Lorentz gas to such
probabilistic model, then one would automatically recover all the known results.
Of course, we believe that much more follows form such a reduction. For example,
we do not make any use of an important property of the Lorentz gas: reversibility.
Clearly, more work is needed to determine if our strategy can yield the hoped results
(e.g. CLT of for some examples of the Lorentz gas), yet we believe that the present
results justify pursuing further this line of thought.

In Section 5 we show that if one restricts the dynamics to a Markov one dimen-
sional expanding map, admittedly an unreasonably excessive simplification, then
the dynamical part of the problem can be completely obliterated and one is easily
lead to a purely probabilistic problem, although not a trivial one.

Next, we explore the possibility of obliterating the deterministic dynamics in
more realistic models. This is the content of Section 6 in which we illustrate pre-
cisely our simplified (but not absurdly so) model and we state precisely our results
(stating exactly in which sense the deterministic dynamics can be disposed of and
which kind of purely probabilistic model one can reduce to).

As the results stated in Section 6 holds under some technical condition, in Sec-
tion 7 we show that such conditions are satisfied for a large set of one dimensional
non-Markov expanding maps, whereby showing the they are not unreasonable. The
following sections contains the proof of the statements in Section 6, they use dy-
namical systems techniques to show that the dynamics can be forgotten and the
problem reduced to a purely probabilistic one.

2. THE RANDOM LORENTZ GAS

The random Lorentz gas consists of a distribution of convex, non overlapping,
obstacles in R%, d > 2 and independent point particles that move of free motion
and collides elastically with the obstacles. If one describes the particle density by a
distribution, then the problem is reduced to studying the motion of one particle with
an initial distribution given by a measure. If the obstacle distribution is described
by some probability measure, then the goal is to study the dynamics of the particle
for almost all obstacle distributions.

Of course, the problem of studying this situation depends rather heavily by the
the type of measure describing the obstacle distribution. Two reasonable assump-
tions are that the distribution enjoys some type of stationarity and ergodicity with
respect to some subgroup of the space translations. Also a key properties is the
existence or not of trajectories that can spend a unboundedly long time without
experiencing any collision (the presence of such trajectories adds an extra layer of
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complexity to the problem). Given the many possibilities, let us consider an explicit
example that, while not being the most general case, is already very interesting: a
small perturbation of a periodic array of discs on Z2. Note however that similar
examples can be considered for d = 1 (Lorentz tubes [5, 4, 25]) and d > 2 .

We start with an exactly periodic distribution on a square lattice, such a periodic
array divides naturally R? in cells. In each of these cells we assume that there is
another disc which position is random in a small neighborhood of the center of the
cell and the radius is large enough to prevent trajectory that can enter and leave
the cell without experiencing a collision. The location of the central obstacle in
different cell is independent and identically distributed. See figure 1 for a pictorial
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FIGURE 1. A random obstacle configuration for the random
Lorentz gas

illustration of a region of such an obstacle distribution.

The above is a reasonable model for a material with a periodic structure and
random impurities. The presence of the periodic structure makes a bit easier to
describe the model as a simple dynamical systems. Indeed, we can partition R? in
cells, each one containing only one random obstacle. See Figure 2 for the picture
of such a single cell. Then we can observe the system only when the point particle
either hits one of the periodic obstacles or crosses from one cell to another. This
is pictorially illustrated by the bold line (solid around the obstacle and dashed in
the corridors among different cells) in Figure 2. Technically, this corresponds to
defining a Poincaré section.

More precisely, one can suppose, without loss of generality, that the obstacles
disposed periodically have centers at the points (2k + 1,25 + 1), (k,j) € Z?. While
the random obstacles have as center the points 2z + w(z), where z € Z? and w(z)
being a random variable on Z? with values in R?, identically distributed, such that
lw(z)]] < ¢ for some ¢ small enough. The obstacle distribution is then described
by a product measure P, over Q = {w € R? : |jw| < 6}%°. On Q are naturally
defined the translations: for each z € Z2, 7, : Q — Q is defined

Tz (@)w = ((D)w—&-z ,

for all w € Q ad w € Z2.
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Ficure 2. Billiard Cell. Poincaré section in bold

Next, let us consider the particle that moves among such an obstacle config-
uration. Note that, since the energy is conserved we can assume, without loss of
generality that the particle moves with velocity one. Hence we can consider a parti-
cle at the position ¢ € R? and with velocity p, ||p|| = 1. Note that the billiard has a
natural invariant measure, Lebesgue. Then, given an obstacle configuration w € €,
and an initial condition (g, p), we have that the position and velocity of the particle
at time ¢ are given by (q(t), p(t)) = ¢w (¢, p), for some flow ¢,, ; which depends on
the obstacle configuration. We are interested in the long time behaviour of such a
system. For example, if it has an asymptotic velocity (Law of large numbers), i.e.
for almost all w and initial conditions there exists
(2.1) V= lim ¢~'[q(t) — q(0)]

t—o0

and if the CLT holds, i.e. when the initial conditions are distributed according to
a measure absolutely continuous w.r.t. Lebesgue, then

1
—lq(t) —q(0) = Vit
\/E[q() q(0) — V]
converges in law to a Gaussian Random Variable for almost all w (quenched Cen-
tral Limit Theorem). Before discussing further such questions it is convenient to
describe some alternative descriptions of the system.

(2.2)

2.1. Poincaré section. We can then consider a single cell centered around zero
(see Figure 2) and the set B = U{_,C; U B; where C; = C; x [-7/2,7/2], C;
being one of the arcs centered at the corners of the box and [—7/2,7/2] being
the angle that the post-collisional velocity forms with the external normal. While
B; = B; x [-7/2,7/2], B; being one of the segments constituting the boundary
of the box not contained in the obstacles and [—7/2, 7/2] being the angle that the
velocity forms with the external normal to the box boundary. We can then consider
the phase space B = B x Z? and, for each obstacle configuration @, the dynamics

(2.3) Fg(w, z) = (fdzz+e(a,z,m) (.%‘), Z+ e(&;z, .Z'))
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The coordinate z specifies in which cell is the particle, x specifies where the particle
is on B, and @, specifies the position of the central obstacle in the cell of coordinate
z. Given a particle with coordinates (z,z), one can follow its motion till it hits
B again, this defines the map f;_ (z). Note that, by convention, z and f;_(x)
denote the pre-collisional position of the particle in B x {z} and B x {z + e(®,, )}
respectively. For future use let W = {(0,0),(£1,0),(0,4+1)}. Next, we divide
Ut ,C; U B, into five parts (which we call gates): G0 = Ut C;, G(1,0) is the
element of U}_;B; on the right, G(—1,0) is the element on the left, G 1) is the
element on top and G o, 1) is the element at the bottom (always referring to Figure
2), we define then
e(w,,x) = Z 1g, (2)w,
weWw

where 1 is the characteristic function of the set B.

A moment thought shows that F is the Poincaré map associated to the the billiard
flow. Namely, given a point (z, z), F is obtained by first crossing the Poincaré
section and updating the cell to which the particle belongs if it has crossed a gate,
then following the particle till it gets to the Poincaré section again.

2.2. The random process. If we want to make a connection to the random walk
problem, then we need to have some stochasticity in the system. Since the dy-
namics is deterministic, the stochasticity can be only in the initial conditions, this
agrees with our previous discussion that the initial condition should be given by a
probability measure. We can assume, w.l.o.g. that the particle starts from the zero
cell with probability one, on the contrary we need to assume some regularity on the
2 distribution in order to hope for reasonable results. More precisely we assume

B(p) = [ ¢(0,2)ho(x)ds
B
were hg is some smooth distribution on B. Accordingly, we can consider
(z(@,n), 2(@,n)) = F(z, 2)
as random variables.’
We can then consider the path space M = {(2(n)) € (Z*)N : 2(0) =0, 2(n +

1) — z(n) € W} and the random process on Q, = Q x M defined, for each @ € Q
by the probabilities,

n—1
Bu(=0), 2} 1) = [ T] L, (0(@ k) ho(e)da
k=0
where w(k) = z(k + 1) — z(k), while @ is distributed according to P.
We can write the above expression in a style more dynamical systems prone by
introducing the transfer operators?

Lozwel@)= > |detdyfo.,, )] e, )e(y).
{v: faon (0)=0}

1Using; the probabilistic usage we will often suppress the @ dependency, when this does not
create confusion.

2 Note that in the present case the set on which we take the sum consists of only one element
and the determinant of the Jacobian of the f,, is always one. Yet, it is convenient to define it like
this, also for consistency with our subsequent examples.
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Then, changing variable repeatedly, yields

24)  Pu({z(1),...,2(n)} | @) = /B Loty () -+ Lorn(@) o)

The above formula reduces the problem of understanding the measure P, to the
problem of studying products of transfer operators. Of course, the process P is, in
general, not Markov, however we expect it to exhibit a very strong loss of memory.
More precisely, we conjecture:

Conjecture. Under some appropriate technical conditions on P and the initial
density h, there exist v € (0,1) and Cy > 0 such that for all w €

[Pu(z(n) | 2™, @) = Pu(Zm(n —m) | 2", Tymy@)| < Cypr™ ™™,

where 2% = z(1),...,2(k—1), 2* = 2,,(1),...,2m(k—1) and Z,, is the path starting
at 0 defined by zm (k) = z(m + k) — z(m).

If the above were true, then one could reduce the study of the dynamical system
to a purely probabilistic problem (see section 4), albeit non necessarily an easy one.
See however Section 4 for a beginning of a theory in some important cases.

In the rest of the paper we will try to convince the reader that this is a reasonable
and fruitful point of view by first putting the described Lorentz gas models in a
larger context and then working out simpler, but non trivial, classes of examples.
In particular, we will prove the above conjecture for such examples, giving an idea
of what some appropriate technical conditions might mean (see Theorem 6.1).

Remark 2.1. Remark that the results obtained in section 4 do not apply in an

obvious manner to the general determinist model discussed in section 6 due to the

difficulty to verify condition (Abs) stated in section /.2 (which may, in fact, be too

strong). This is due to the fact that the models we analyse, due to their simplicity,

typically cannot enjoy two important properties that hold for a vast class of Lorentz

gasses (see however section 7.2 where we present a class of models that satisfy

property (a)):

a) all the maps f,, share the same invariant measures and, at the same time, can
have deterministic gates;

b) the dynamics is reversible (i.e., W is symmetric and there exists an involution
i, i%(z,2) = (x,2), such that i o Fyy = F5t 04).

Indeed, we believe that the above two properties can play a major role in the study

of the associated probabilist model making it more tractable than the general case.

We conclude the section with a brief discussion of the above properties and
of their probabilistic meaning. In the case of Billiards the involution is given by
(¢,p) — (q,—p), which, at the level of the Poincaré map, writing € Uyew G, as
r = (w,s,0)% reads i(w, s,0, 2) = (—w, s, 0, z+w).* Also, let 7(w, s,0, z) = (w, 5,0)
and i1 (w, s,0) = (—w, s,0) so that i; o™ = moi. Thus, choosing as initial measure

3 The curvilinear coordinate s is chosen such that the segments s — (w,s) and s — (—w, s),
w # 0 go in the same direction.

4Recall that we are considering the case of deterministic gates, although the following consid-
eration easily extend to the general case. In particular, e is a function of x only, and we have
e(w,s,0) = w.
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the common invariant measure of the Poincaré maps hg (hence hg o iy = hg), we
have

n—1

P, ({z(1), .., 2( /BHﬂGw(k) o o FE (2, 0)ho () der
k=0
/H]lg k) omoFE oi(iy(x), e(x))ho(zx)dz
B k=0
/HnG oy 0T OFZE (2, —e(a))ho(x)da
B k=0

/B T[ oo (oL, 0--v0 f51. (@) hofa)de,

k=0

where, in the third line, we have used the invariance of the measure with respect
to 41 and the relation e(i1(z)) = —e(z). Next, using the invariance of the measure
with respect to the maps f,,

n—1

]P)*({Z(l)’ SERE) Z(Tl)} | @) = H I]'wa(k) (f®z<k+1) 00 f@z(n,l) (x))hO('x)dm
B
k=0

Then, setting w(k) = —w(n — 1 — k), 2(k) = Zf;é W(j) and & = T, (W,

PL({2(1), .. ( /B TT L (Fan, 00 fon, (o)

k=0
= ]P*({Z(n - 1)7 sy 2(0)} | Tz(n)w)'
Note that Z(k) = z(n — k) — z(n).
The above is just the reversibility of the random process and has important
consequences (see Lemma 4.6 for a concrete example).

(2.5)

3. DETERMINISTIC WALKS IN RANDOM ENVIRONMENT

As already mentioned there is an extreme scarcity of results pertaining the ran-
dom Lorentz Gas (apart from the low density regime, see [19] for a review of the
Lorentz gas in the Boltzmann-Grad limit). It is then sensible to consider simpler
models in which one can start to solve some of the outstanding difficulties. To this
end, following Lenci [11], it is convenient to see the Lorentz gas as a special case of a
more general class of models: deterministic walks in random environment. Even for
such models very few results exist. Exceptions are [14] in which a zero-one law for
systems with local dynamics which are markovian, but deterministic, is established
and [26] which considers statistical properties for a related (simplified) model with
local dynamics consisting of expanding linear maps of the circle or hyperbolic toral
automorphisms.

The model can be stated in rather general terms, for simplicity let us restrict
to the case of the Z? lattice with bounded jumps W C Z%, #W < 00,” and local
dynamics which live all on the same phase space M.

Consider the set A = {(fa, M, Po)}taca, where A is a finite index set, f, : M —
M are maps, and P, = {Gq.w}wew are partitions of M. The environment is

5 That is only jumps w € W are allowed.
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described by the probability space 2 = Az equipped with a translation invariant
probability P. Also we assume that all the maps f, : M — M are nonsingular
with respect to some reference measure m on M. Then, for each realisation w € )
we can define the dynamics F(+,-) : M x Z¢ — M x Z< by

Fo(w,2) = (f®z+e(wz,rc) (33)’ Z+ e(‘DZv LL‘))
e(a,z) = Z 1g, , (z)w.

weWw

Finally, the randomness at fixed environment comes from the assumption that the
initial condition is described by some probability measure u absolutely continuous
with respect to m.

In other words z(0) = zy while z(0) is distributed according to p. We will
assume, w.l.o.g., 2(0) = 0. Then the path (2(n))pen is a random process in M =
{(zn) € (ZHY : 29 = 0,2p41 — 2 € W}, which we call the space of admissible
paths. Let P, be the law of the resulting process on 2, = € x M.

Each map f, admits a transfer operator L¢, : L'(m) — L'(m) defined by

/waa S)pdm = /M b0 fadm

for all ¢ € L*(m) and ¢ € L (m).
Let hg be the density of the initial condition (du = hodm). Then, setting
w(n) = z(n + 1) — z(n), repeated changes of variables yield

(31) P*(Z(l)v ceey Z(TL) | (:)) = /_A/[ Laz,z(n—l),w(n—l) o ﬁw,z(O),w(O)hOdm
for each @ € Q and each admissible path (z(n)) € M, and with

(32) ‘Cw,z,w((b) = £f@z+w (]lez,w (b)

3.1. The point of view of the particle. An important process associated to our
deterministic walk is the process of the environment as seen from the particle. This
is the dynamical system defined on Q x M by

‘F(C‘_ja 'T) = (Te(wo,w)wa f@e(g,o,m) (I’))

This is known to be a fruitful point of view, in particular if one knows the invariant
measure. As noted by Lenci [10, 11], in an important subclass of deterministic
random walks the invariant measure can be trivially computed.

Lemma 3.1. If all the maps f, have the same invariant measure A and the set
Po is deterministic (i.e., it does not depend on «), then the probability measure
P, =P x X is invariant for the map F.

Proof. Let E, be the expectation with respect to P,. Since the set P, is deter-
ministic, we can write e(a, z) = e(z) for all @ € A and z € M. For each bounded
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measurable function ¢ we have
Bulpo F) = [ ot fo (0PN )
= / P(Te(@) @, [, y@)0 (@) P(d0) A(d)
— [ 6@ fun @) P(de)N @)
— [ v(@. 0PN E) = E.(0),

where we have used first the invariance of P with respect to the translations and
then the invariance of A\ with respect to the maps f,. O

Hence now we have a dynamical system with a finite measure.

Lemma 3.2. In the hypotheses of Lemma 5.1 the limit

exists P, almost surely. Moreover, if (@ x M, F,P,) is ergodic, then V = A(e).

Proof. Note that, by setting (@(n),z(n)) = F"(@,x), we have

Hence the existence of the limit follows from Birkhoff ergodic theorem for the dy-
namical system (Q x M, F,P,) applied to p(@, z) = e(@y, z) = e(x). By ergodicity,
the limit equals the average of ¢ with respected to P, which is equal to E,(e). O

Just to emphasize that the above Lemmata are not devoid of applications, let
us recall the following,

Lemma 3.3. For the random Lorentz gas described in section 2 we have V = 0.

Proof. In [11] is proven that (F,P,) is ergodic. Then Lemma 3.2 implies that
V =3 ew WA(Gy) which average is zero due to the fact that A is invariant for
the change p — —p. O

4. GIBBS RANDOM WALKS IN RANDOM ENVIRONMENT

We do not expect the process described by P, to be Markov, yet we expect
that the jump rates have a weak dependence of the past. To be more precise, we
conjecture that the process is a random walk in random environment with weak
memory. In the probabilistic literature random walks with a finite memory are
called persistent, here we expect the memory to be infinite although depending
weakly on the far past, exactly like a potential of a Gibbs measure. Let us specify
exactly what we mean by this.

Let A be a finite set and W C Z¢, 2 < W < oo. Consider the measurable
space 2 = A% and a translation invariant, ergodic, probability distribution P
that describes the distribution of the environments @ € Q. For each n € N and



DETERMINISTIC WALKS IN RANDOM ENVIRONMENT 11

(wo, ..., wp—1) € W™, assume that are given compatible probabilities p(@,n, ) on
Wwn, ie.

Z p(w,nywo ... wp—1) =1,

(W0 ,eeeyWpn—1) EWT

and
p(w,n,wp ... Wp—1) = Z p(w,n+ 1,wp ... wy_1w)
wew
for all @ € Q, n > 0 and (wp, ..., w,—1) € W". Assume also that all the maps

@ p(w,n,wp ... wy—_1) are measurable. We have then for each @ € Q a probability
measure P on the space W by Kolmogorov extension theorem. By the monotone
class theorem, the map G — P*(G) is measurable for any measurable set G C WY,
and we can thus define a probability measure P, on Q x WY by

P, (dw, dw) = P(dw)P* (dw).

Remark 4.1. The measure P, can be naturally identified with a measure on the
space Q, = Q x M, where M = {(2,,) € (ZHN : 20 = 0, 241 — 2, € W, ¥n} is
the space of admissible paths starting at 0, since there is a 1-to-1 correspondance
between elements of W™ and admissible paths of length n, via the relations wy =

Zk+1 — Rk-

4.1. The weak memory requirement. We find convenient, although not strictly
necessary, to require the following assumption that ensures that all admissible paths
have positive probability:

(Pos): for P-a.e. w € , for all n > 0 and all w € WN

p(@,n,u?o .. .wn,1) > 0.

We write P (0, | W . .. W,_1) for the conditional probability p%gjgﬁg;:ﬁ?") )

The requirement of weak memory is made precise by the following:

(Exp): there exist Cx > 0 and v € (0,1) such that for P-a.e. @ € Q, all
n>m>0and all ® € WY

(4.1) |Py(Wp | Wo . .. Wm—1Wpn - - - Wp—1) — Py o(Wn | Wiy . .. Wpe1)| < Cpr™ ™™,

-1
where z,, = > Wk

Remark 4.2. This is the property we have conjectured to be true for the random
Lorentz gas at the end of Section 2.

Note that the above condition implies loss of memory:
Lemma 4.3. If P, satisfies (4.1), then (using the notation of Remark 4.1),
IPu(2nt1 | Znematty s 20 @) — Pu(Zng1 | 21, -0y 20, @) < Cpv™.

Proof. Let p(zn—m+1) be the set of admissible paths (wo, ..., w,—,) that arrive in
. n—m .
Zn—m+1, 1-€. Zi:o W; = Zp—m+1, and set w; = 2,41 —z; fori=n—m-+1,...,n.
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Then we have, using (Exp):

@) = Z p(w,n+ 1,wg ... wy,)

P _ ..
*(Zn+1 ‘ Z” m+1, ]P)*<Zn—m+17 MR ZTL | (D)

wEP(Zn—m+1)

p(@,n,wo ... Wp—1)

= Z Po(wy |wo ... wp—1)
WEP(2Zn—m+1)

G)(wn | Wn—m~+1 -+ - wn—l) + O(Vm)7

Tzp—m+1

and
Pi(znt1 | 215y 20, @) = Po(wy | wo - . wp—1)

=P (Wp, | Wp—mi1 - Wp—1) + O(™).

Tzp—m+41%

O

4.2. The point of view of the particle and three further assumptions.
One can define the process of the environment as seen from the particle also in this
context. It is given by the dynamical system on the space Q, = Q x WY defined by

]:*((Dyw) = (Twoa),’r*ﬂ)),

where 7, : WN — WY is the unilateral shift. Note that, in general, P, is not
invariant for F,. Next, in the attempt to convince the reader that the present class
of systems is not completely unreasonable, let us show that some easy properties of
the Markov case persists in the present context, under reasonable extra conditions.

Remark 4.4. Note that in the probabilistic literature, see for instance [27], it is
more usual to consider the random process W(n) = Ty mw on Q=Y and its law
P when &(0) is distributed according to P (as we did in Section 3.1). When the set
of periodic environments has probability 0, these two points of view are equivalent,
since the map which associates to each (0,w) € , the corresponding sequence
(@(n)) € Q is invertible almost everywhere and realizes a conjugacy between the
two dynamical systems (., Fy,P,) and (Q,7,P), where T is the shift on Q. The
same comments holds also for the definition given in Section 3.1. See also Remark
4.24 for further comments.

We are interested in the asymptotic properties for z,. Note that if we define
(W, ) = wo, then we have z, = ZZ;S o Fk.

The following assumption is useful to prove the existence of an interesting in-
variant measure for F,:

(Abs): There exists Cx > 0 such that for P-a.e. @ € Q, alln >0,all k> 1
and all @ € WN,

o1 < Z P(T— (w14 w) @5+ Ky wy L wpWg Wy —1)
*o- p(LD)nva-“wn—l)

<Oy
(W1,...,wE)EWE

To legitimate this assumption, we prove two relevant facts.

Lemma 4.5. If there exists a probability measure Q, equivalent to Py, invariant
for F, and such that its density satisfies c=! < ‘fi%* < ¢ for some ¢ > 0, then (Abs)
holds. In particular, (Abs) holds if P, is F,-invariant.

P*(Zn_m_;’_l, N ) | J})
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Proof. For all measurable set A C © and all cylinder [wy...w,_1] € WY, the
preimage F*(A x [wo, ..., w,_1]) is equal to the disjoint union

U T,(w1+__'+wk)(z4) X [wl...wkwo...wn,l].

Let B= A x [@Wg...Wy—1]. By definition of P,, we have

and

P.(F,"B) = Z / pl@,n+kw . wPwg .. w,_1)P(dw)
(wh,..,wk)eWE 7 T—(wl 4. wk)A
= / Z p(Twl_,_.___‘_wk(I),nJrk,wl owRwg .., )P(d)
Al wk)ewr

thanks to the translation invariance of P.
Since P, (B) < cQ,(B) = cQ,(F*B) < ?P,(F*B), we have

< 02/ Z P(Twis. twr@, 1+ kywh . wdg .. D, )P(dD),
A
(wl,...,wk)eWwk

and similarly,

/ Z P(Twis. @, + k' . wFig . .10, )P(dw)
Lwk)ewk

< 62/ p(@,n, Wy . .. Wp—1)P(d).
A

Since it holds for all measurable sets A C 2, and that the set of cylinders is
countable, this proves the lemma. O

We say thay the process is reversible if (see also (2.5) for the definition) W is
symmetric (i.e. —w € W for all w € W) and, for P-a.e. @ € ©, all n > 0 and all
w e WH:

(@0, n,wo ... Wn—1) = P(T(wottwn 1)@ Ty =W 1, - -, —Wp).

Lemma 4.6. If the process is reversible, then P, is Fi-invariant. In particular,
(Abs) is verified, by Lemma /.5.
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Proof. Tt suffices to consider a measurable set B of the form B = AX[wo, . .., Wy—_1].
We have:
P, (F'B) =P, ( U mw(4) x [w,wo,...,wn1]>
wew
= Z / p(@,n+ 1, w, 1w, ..., W0, 1)P(dw)
wew J T-w(4)
- Z / P(T_w@,n + 1, w, W, - . ., Wy _1)P(d0)
wew A
= Z / p(T(mo_;'_'”_;'_wn_l)a)’ n + ].7 _/an717 ceey _'LDO, _w)P(d(D)
weWw A
= /Ap(T(ﬂ/(,—i-...-‘r'LDn_l)wv n, _wnflv sy _’lDO)P(da})

= /Ap((IJ7 n,wo - - . ’Lf)nfl)IP(d(I}) = IP*(B)
U

Remark 4.7. Lemma /.5 suggest that (Abs) is too strong. Yet, there are simple
models (e.g. Sinai walk, see Example 1 in Section 5.1) for which there does not exist
an invariant probability measure absolutely continuous with respect to P,. Hence
some condition is necessary.

As common for random walks, we require an ellipticity assumption:

(ELl): There exist 79 > 0 and n, > 0 such that for Py-a.e. @ € Q, all n > n,
and all w € WN,

Py (w0 | @o ... Wp-1) > Y0

We finally formulate an assumption on the probability measure P that governs
the environment distribution:
(Pro): Let GOW) = {2 € Z? : z=wo+ - +wp_1,n € NJw; € W} We
assume that G = G(W) is an additive group and that P is ergodic with
respect to the action of G.

Remark 4.8. It might not be necessary to assume that G(W) is a group, but
we will not pursue in this direction, as the main example we have in mind, the
Lorentz gas described in Section 2, satisfies the above assumption: indeed, G(W)
is an additive group whenever W is symmetric. We leave to the interested reader
possible weakening of property (Pro). We nevertheless mention that a closer look at
its proof reveals that Theorem 4.9 remains valid if P is ergodic for each translation
T., 2 € Z4, z # 0 (for instance if P is miving when d = 1, or if P is i.i.d. when
d > 1), without any extra assumption on W.

4.3. A few basic results.
The above assumptions are justified by the following Theorem. The rest of the
section is devoted to its proof.

Theorem 4.9. Suppose that the conditions (Pos), (Exp), (Abs), (El) and
(Pro) hold. Then there exists a unique Fy-invariant probability measure Q, equiv-
alent to P, and the dynamical system (Q, Fx,Qy) is ergodic. In particular, we
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have
Zn

(4.2) lim =% =V,

n—oo N

P,-a.s., with V = fﬂ* ©dQ, € R%.
Remark 4.10. If P, is invariant, then

V:/Q*gpdﬂj’*: > w/Qp(@,Lw)P(d@).

wew
As an immediate but important consequence, we deduce the recurrence in 1-d:

Corollary 4.11. Under the conditions of the above theorem, if d =1 and V =0,
then the process (zp) is recurrent: z, = 0 infinitely often, Py-a.s..

Proof of Corollary 4.11. We refer to [24] for a nice survey on the recurrence
of cocycles. Since (£, Fy, Q) is ergodic by Theorem 4.9, part (1), when d = 1,
the walk is recurrent if V' = 0, see [1] or [24, Theorem 3]. Note that this result

for recurrence of cocycles is stated for invertible dynamical systems, but it can be
extended to non-invertible systems using the natural extension, see for instance [12,
Appendix A.2]. O

Remark 4.12. When d = 2 and V = 0, if (z,) satisfied an annealed central
limit theorem, i.e. if \Z/% converges in law to a Gaussian distribution under the

probability measure Q, then the process (zn) is recurrent by the results of Conze
[3] and Schmidt [23].

From now on and till the end of the section we will assume conditions (Pos),
(Exp), (Abs), (Ell) and (Pro) if not explicitly stated otherwise.

To prove Theorem 4.9, we will analyze the properties of the transfer operator £,
associated to F, with respect to P,. More precisely, we will show that the operator
L, enjoys some regularization properties on a space of Holder functions. We first
define the usual separation time on WY by

s(w,w") =inf{n >0 : w, # w)},

and for 0 < # < 1, the metric dg(w,w') = 5@ on WV,
For a measurable function f: Q x WN — C, we set:

| flloo = esssup sup |f(w,w)],
weQ wewN

|flo = esssup sup |f(@,w) — f(w,a")|
weQ wHw’ de(@,ﬂ)/) )

and define
’Hoo:{f:QxWN%(C 1 flloe < 00},
Ho={f: Qx W' = C: |fllo:= | flloo + |flo < 00}
The space Hy is Banach algebra. The following result about density of H, is based

on very classical ideas, but we include it here for completeness:

Lemma 4.13. For any function ¢ € L'(P,), there exists (pc)e C H, such that
0e — @ in LY(P,). Moreover, if ¢ is bounded, (pc). can be chosen such that

SUP, [|pelloc < 00
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Proof. We first consider the case where ¢ = 14 is the indicator function of a
measurable set A C Q.. We endow 2, with the metric d.((w,w), (&', @")) =
do(@,@") + d,(w, "), where dg is any metric defining the product topology on
Q. The metric d, defines the product topology on €2,. For any open set O C €1,
we define

vr,0(@,w) = inf{kd,.((@,o), 2\ O),1}.

We clearly have 0 < ¢ 0 < vry1,0 < 1o <1, and limy, ¢y 0 (@, w) = 1o(@,w) for
all (0, w) € Q. The function ¢y o is clearly lipschitzian with respect to the metric
d,, which also implies that ¢ o € H,. Since P, is a probability measure on the
compact metric space €y, it is outer regular, see [22, Theorem 2.17]: for any Borel
set A C Q, and any € > 0, there exists an open set O, C €0, such that A C O, and
P, (O, \ A) < e. By the dominated convergence theorem

lim |90k705 - ]105| dP* =0.
Q*

k—o0

We choose k. > 0 such that fﬂ* lok,0. — Lo, | dP, < € and set . = ¢ 0,.. By the
above arguments, we have ¢, € H,, [|¢ellooc < 1, and

loe =Nallzie,) < llee — Lo, 1@,y +Pe(Oc \ A) < 2,

which proves the convergence in L!(P,). Next, assume ¢ € L*. Without loss of
generality we can assume ¢ > 0 and [|¢|lcc = 2. Let 41 ={{ € Q. : ¢(§) > 1}
and

k—1

Ap=0€€, o) >27F+) 1,270
§=0

By construction ||¢ — 25;3 14,2770 < 27, hence we can use the above approx-
imations of the characteristic functions to approximate ¢ in L' with a sequence
with norm bounded by 2. The case ¢ € L! can be obtained by approximation by
bounded functions. O

Next, we state a useful technical lemma.

Lemma 4.14. Under assumptions (Pos), (Exp) and (Ell) there exists v. €
L>(,P), v, > 0 such that, for all n > n, and w € W~, we have

p((:), n, wg ... lf)n_l)

< w -1
P(Tge,m — 1,0y ... Wp—1) — 7 (w)

’y*(w) <
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Proof. For all n > n,, we have

p(c‘u,n,ﬁ)o...wn_l) - p((z),n,’lz)o...'(f)n_l) p(@,nfl,’lﬂo...’lﬂn_g)

P(Tgew,n — 1, Wy ... Wp—1) pl@w,n—1,0g...0n—2) p(Tg,@,n — 1,1 ... 0p—1)
p(d}, n — 1, wg . . . ’ui}nfg)

=Ps(Wn—_1 | wo ... WH—2 - 7 5
w( n 1‘ n )p(mow,n—LwL“w”—l)

p(@,n - 1,1170 cee QI)7L_2)

= [PT'woa(w"—l | @1 Wp—2) — Cyp"] P(Tgew,m — 1,01 ... Wp_1)
p(T@()UE)vn - 1,1{)1 e 1?”71) _ C#VTL:|
p(T’lDowan - 27'(1}1 SN wn72>

— |:1_C¢ Vnp(Twow,n—2,’LD1...7I}n_2):| p(az,n— l,wo...@n_z)
T p(Twe@yn — L, @1 - 1) | P(Tag@,n — 2,1 ... Dn—z)

p((D,n — 1,@0 . .’U_}n,Q)

P(Twe@sm — 1,1 ... Wp—1)

p(a),n - 1,11)0 N wn_g)

Y

(1-— C#'yalz/")

I a-cCuw')

J=n.+1

p(Tmo(D,TL — 2,’@1 e ’II)n_Q)
p(0,ny + 1,@q ... Wy,)

D(Two@s Mo, W1 - - . W, )

Y

)

where we have used (Exp) at the third line and (E1l) at the last line. The lower
bound follows then by (Pos), provided that Cyvyy lyms < 1, which we can always
ensure by eventually redefining n,. The upper bound can be established similarly.®

O

Remark 4.15. Note that a slight strengthening of (Pos) would imply that v, can
be chosen to be constant.” Then Lemma 4.1/ would imply: for each k € N, there
exists Cj, > 0 such that for P-a.e. @ € Q, alln >0 and all w € WY,

Z p(T_(wl_km{_wk)(I),n—%-k,wl...wkwo.‘.wn,l)

cpl < —
k p(@,m, Wo ... Wp—1)

< Cy.

(w1,...,wg ) EWE
Hence the all point of assumption (Abs) rests in the uniformity with respect to k.
We can now define what will turn out to be the potential associated to Ly:

Lemma 4.16. There exists a measurable function J : Q x WN — R* such that for
for alln >0

p(@,n, W ... Wp_1) -
4.3 esssup su — J(@,w)| < Cyuv”.
(43) wegpweyr\)m P(Tgew,m — 1,01 ... Wp—1) ( ) #
Moreover, J belongs to Hg for allv <0 < 1, and J(©,w) > 0 for P-a.e @ € Q and
all w € WN,

6 Note however that (Ell) is not needed to prove the upper bound.
7 That is, one could ask, for all n > ny, inf,eq p(@,n,@Wo . .. Wn_1) > 0, which holds in all the
example we have in mind.
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Proof. Let p, (0, w) = p(@,n, B Dn—1) 5- Using (Exp), we have

P(Twg@,n—1,01...Wn 1

p(&,n, W ... Wp—1)
D(Tgew, M, W1 - . . Wy,)
P(Tgy@,n, W1 ... W) p(@,m+1,Wp ... 0y)

P(Tgew,n — 1, ... Wp—_1) p(w,n, W ... Wp_1)

[P (@0, @) = ppya (@, @) =

X

o p(a’v?%IDo wn 1 ‘P
p(Tﬁ)ng n, 'lU1 .

T @ wn | w1 - ’lI}n_l) — Pg(ﬂjn | wo - ..’lI)n_l)}

n p(@amwo .- ~wn—1)
P(Tg@, Ny Wy ... W)

< Cyuv

From (Abs), substituting 75,& to @, we have
(44) p(a), n, 71)0 - ’U_]n_l) § C#p(’rujo(:), n — 1, 11)1 e ’U_Jn_l),
from which it follows, using (EL), for all n > n,,

p(@,m, Wo - .. Wp—1) P(Tgew,m — 1,01 ... Wp—1)

P(Twe@, M, W1 - . . Wy) < Oy P(Twe@, M, W1 - . . Wy) = C'#'yo_l
We thus get for all n > n,
[Pr41(@0, @) — pp (@, w)] < Cyr™,
and so for any m > 0,
m—1
(4.5) [Prtm (@, @) = pa(@, )| < Cp Y 1" < Oy,
k=0

It follows that (p,(@,w)), is a Cauchy sequence for P-a.e. @ € 2 and all w € WV,
and has thus a limit J(@,w). Taking the limit m — oo in (4.5), we obtain (4.3)
for all n > n,. From (4.4), it follows that ||J||s < oo, which also allows to deduce
(4.3) for all n > 0. The fact that |J|p < oo for all v < 0 < 1 is a direct consequence
of (4.3).

The positivity of J follows then by Lemma 4.14. O

Accordingly, log J is Holder with respect to the usual metric on the shift. Hence
it can be seen as a potential of a Gibbs measure. Of course, such a Gibbs mea-
sure is random, depending on @, and non translation invariant, but it is a natural
generalisation of the usual random walk in random environment situation in which
one has a random Markov chain on WY,

The transfer operator £, has the following expression:

Lemma 4.17. For any f € L*(P,), we have

(4.6) L, f(w,o) Z J(T— @, WD) f (T @, WD).
weWw
Proof. We have to prove that, for all f € L'(P,) and g € L*(P,),
(4.7) fooF.dp.= [ L.fgar.
Q.

Q,
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where L, f is given by (4.6). We first assume that both f and g are bounded, and
depend only on (@, Wy, ..., wi—_1) for some k > 1. For any n > k, we have

/ fgo]:*dP*Z/ f(@,@o,. .., 05-1) g(Tw,@, W1, ..., W) P (dw)P(dw)
Q

_/ Z p(@,n+1,@o ... 0y) f(@, @0, - - - W—1)g(Tipg@, W1, - - - , g )P(d@D)

— Z / P(T_@o@,n + 1,0 . .. W) f(T_ w0, @, Wo, - - -, W—1)g(@, W1, . . ., Wx)P(d)

W0 ..., Wn EW

/Q <Z P(T—ww,n+ 1, wig . .. Wy 1)f(7ww,w,wo,...)> g(@, )P, (dw, dw),

S p(w,n,Wo . .. Wy 1)

where we have used the translation invariance of P at the third line. Taking the
limit as n — oo and using Lemma 4.16, we obtain (4.7). The result for general f
and g is obtained by approximation. O

Define for each k£ > 1,

k—1

o P . p(w,m,wWo ... Wp—1)
J (o, w) = J(F(@w,w)) = lim — — — .
k( ) E) (7l ) 100 P(Twg+.. iy @y T — Ky W . . Wp—1)

It is immediate to verify that, for any f € LY(P,),

f(,w) Z T (T k@, WD) f(7_ k@, whD)
wkewk
where, for w¥ = (wg, ..., Wg_1), T_yr = T (wot-+wp_1)-
We introduce, for w* = (wy,...,wx_1) € W*, the map
Yook (@, ) = (T_ 1@, wFd),
so that
LEf= )" Jeotuef oty

wkeWwk

Lemma 4.18. J;, belong to He, v <0 < 1, for all k > 1.

Proof. Recall the notation p, (&, w) = p(i(agr:f‘i';f":;) ., and set
oW s e Wn —

p(@,n,wo...ﬂ)n 1

Pk, W) 1= — — P w0, w)).
n ( ) ) p(Two-i-...wk,lW,n—k,wk wn 1 H n— z ))

By Lemma 4.16, we have

|J(]‘Z((D7’LD)) _pnfi(]:i(a%w)” < C#Vn_i,

and, consequently, using the inequality

k—1 k-1 k-1
[ e 16 < X o bl [t
i=0 i=0 i=0

J#i
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valid for all non-negative sequences (a;), (b;), we obtain

k—1
| (@, @) = ppi (@, @) < Cer™ > v [ [ max{||]loo, Ipn—illoo}
=0 j#i
= Ckl/n.
where C}, depends only on k, since ||.J||oo < 00 by Lemma 4.16 and sup,, ||pn||co < 00
by (Abs). The lemma follows immediately. O

Lemma 4.19. There exists Cyx > 0 such that C?;l < C’f]l(o?),w) < Cy for all
k>0, P-a.e. @€ Q and all w € WY,

Proof. This is a simple reformulation of (Abs), as

Lh (@, w) = 3 T (T (o 4t ) 5 W - - - W1 D)
(wo,...,wp—1)EWF

— lim Z p(@,n,@o...wn,l)

oo p(Tw0+--<wkf1w7n_kvwk~-~wn—1)

(wo,...,wk,l)ewk
|
Lemma 4.20. There exist Cy > 0 and & € (0,1) such that for alln > 0 and all

feH.,
L% Fllso < Cll flloos

1€ Fllw < Cx™ 11l + Coll flloo-
Proof. For f € ‘H,, we have
L1 < Y Tnotun|flothun < [[fleolil < Cyllflloos
wreWwn
by Lemma 4.19. This proves that ||[£]fllcc < C|flleoc. We also have, setting
1 = Yyn (@, 0) and ' = Yy (0, w")

L3 f (@, @) = LEf@a) < Y0 Jamlf ) = FOOI+ D0 1aln) = Ja()l1£ ()]

wneWwn wnrEWn
< < Z In(mflv + Z |Jn|l/||f||00> dy (w"w, w"w’)
wreWwn wreWn

< (L30(@, @) fly + EV)" [Talull flloc) V" dy (0, 0).
By Lemma 4.19, this shows that, for alln > 0 and f € H,,
ILLf Nl < Cpv[fl + (L + EV)" V" [ Tnlo)] fll
< Cupr™ [ fllv + Cull flloo-

In particular, £, : H, — H, is a continuous operator.
Take k > 0 such that the term 7 := Cxr* in front of || f||, is strictly less than

1 and set £ = U, Writing n = gk + r, with 0 < r < k, we have, by iterating the
previous inequality,

12 flly < PULLf Il + CCr(1 = 7)) flloo
< Visup L5, 2 111 4 Cell flloo
r<

S Cy"IFlly + Cll oo
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d

Lemma 4.21. There exists a continuous projection I1 : L*(P,) — L'(P,) with
H(LY(P,)) = ker(id — L,) such that

1 n—1
k
- Z Ly =11
k=0
in the strong operator topology.

Proof. For h € H,, Lemma 4.20 implies that the sequence {% Z;é C’fh} is
n>1

bounded in L*°(P,). By the Banach-Alaoglu theorem, since L>°(P,) is the dual of
LY(P,), the set {% Z;é E’jh} . is weakly relatively compact in L'(P,). This
holds for all h € H,,, which is dense in L'(P,) by Lemma 4.13, and so by the

Kakutani-Yosida theorem [9, VIIL.5.2, 5.3], the operators %22;3 Lk converge in
the strong operator topology to the projection II with range the set of fixed points

of £, in L'(P,) and kernel the closure of (id — £,)(L(P,)). O
Define
1 n—1
_ — 1 - k
he =11 = lim_~ ’;L*n,

in L'(P,). By Lemma 4.21,we have L, h, = h,. We clearly have fQ* hdP, =1,
and the fact that C;l < hy < Cy, Pi-ace., is an immediate consequence of Lemma
4.19. Consequently, the probability measure Q, defined by

(48) d@* - h*dp*

is Fy-invariant and equivalent to P,.
Next, we show that II(L!(P,)) is the one-dimensional subspace generated by
h, Firstly, we prove that it is included in H,.

Lemma 4.22. If f € L>®(P,) and L. f = f, then f € H,.5
Proof. Let (¢c)e C Hy such that ||f — cl|pie,) = O(e) and [¢cl|c = O(1) by
Lemma 4.13. We have
f=L0f =L+ LY(f—oc)
=: @M ™.
This decomposition satisfies
Ve = 1£2(f = el < NIf = ¢ellre.) = Oe),
and
||@£n)||u = [[L3¢elly < Cx&"[[@cllv + Cllpellos = OE™ l@ellv + 1),

using Lemma 4.20. If we choose n. such that £"<||¢.||, = O(1) and set . = @2”6)
and v, = 10", we then have f = 3+, with [ |16, = O(€) and ]l = O(1).

For § > 0, we define

Bes =A{|f = @e| > 0} = {lrel > 0},

which satisfies P, (Bes) < 677 £1(p,) by Markov’s inequality.

8 Of course, it means that there exists an element in the equivalence class of f that belongs to
Ho.
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For P-a.e. @ € Q and all w,w’ € WY such that both (©,w) and (@, w’) do not
belong to B, s, we have
|f(@, @) = f(@,0")] < [Pe(@, @) = Ge(@,0")| + |7e(@, @) — ve(@,0")|
< |@E|le,(ﬁ),u7/) + [e(w, w)| + |’7€(77w/ |
< Cd, (w,w") + 26.
We set Bs = nkzo szk Bs-; s, which satisfies P, (Bs) = 0, since

P, U BQ—j’(s =0 Z H"}/Q—jHLl(]p*) =0 ZQ_j = 0(1).

Jj>k Jj>k i>k
Thus, B = UpenBi/y is also of zero measure and, eventually changing f on the
zero measure set B, we have f € H,. a

We can now prove the main theorem:

Proof of Theorem /.9. The probability measure Q, defined by (4.8) is Fy-invariant
and equivalent to P,. If A C €, is a F.-invariant set, we have

E*(]]-Ah*) = L*((]]-A o ]:*)h*) = ]]-AL*(h*) = ]]-Ah*7

and so 1 4h, is a fixed point of £, in L>°(P,). By Lemma 4.22, we have 1 4h, € H,,
and so 14 = h;'(h,14) € H, °. This implies that there exists N4 > 0 such that
]]-A(‘Da 'ID) = ]]-A(C‘_Ja W, -« - wNA—l)‘

By the invariance of A it follows, for each m > N4,

(4.9) La(@,wo,...,wn,—1) =140 F (@, wg,...,wN,—1)
’ :]1,4(7w0+...+wm71w,wm,...,wNA+m_1).

By (Pro) we can choose m and wy,,...,Wn—1 such that wy + -+ wpy—1 = 0. Tt
follows that 1 4(@w,w) = 1 4(@). But then equation (4.9) implies Tyt 4w, ;A C A
for all (wg, ..., wmn—1) € W™. Accordingly, A is invariant for the group generated
by W and, by (Pro) again, it is either of zero or full measure due to ergodicity of
P, which concludes the proof. [

Lemma 4.23. For all f € L'(P,), we have

If = (/Q*fdl}”*> By

Proof. For each ¢ € L* we have
1n—1 1n—1
Ifdll, = lim — LEfdP, = lim — FF. fdP
/Q*wf ngrgon];/g*w*f nggonléé*wo*f*

_ [ / * goh*dﬂn} { /| * fdzm]

where, in the second inequality, we have used Lebesgue dominated convergence The-
orem and, in the second line, we have used the Birkhoff theorem and the ergodicity
of Q, (and hence of fP,) established in Theorem 4.9. O

gh* belongs to H, by Lemma 4.22 and so does h:l since inf hyx > 0.
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4.4. Application to deterministic walks in random environment. Deter-
ministic walks in random environment, as presented in Section 3, naturally de-
fine random processes as described in the previous subsections. Indeed, if A =
{(fars M, Pa)}aca is a deterministic walk in random environment, where all maps
fa are non-singular with respect to some reference measure m on M, and the ini-
tial condition is given by an absolutely continuous probability measure du = hodm,
then the probabilities p(@, n,wp . ..w,_1) are given by

(4.10) p(@,n,wp ... Wp_1) = / Loz viwn_y - Lo zo.we Podm,

M
as we have seen in Section 3. Recall that w, = e(®,,,z,), where (x,,z,) =
]Fg(.ro,ZO).

Remark 4.24. Note that we have a priori defined two different notions of envi-
ronment as seen from the particle, in subsections 3.1 and 4.2, but the map P :
Ax M = Qx WN defined by ®(w,x) = (@, w) with w = (wp)n, is a semi-conjugacy
between (2 x M, F) and (Q x WN, F,), and if the maps f, are expansive, it is
invertible a.e.

If we are able to check the assumptions (Pos), (Exp), (Abs), (Ell) and (Pro),
then Theorem 4.9 applies, and we deduce the existence of a deterministic drift V.

An particular situation, which we have already encountered in Lemma 3.1, occurs
when all maps f, preserve the same invariant measure d\A = hodm, and the set P, is
deterministic, i.e. Gow = Gy does not depend on @ € A. In this case, the measure
P, on Q x WY is invariant under F,, since it is the push-forward of P, = P x ),
which is F-invariant and the condition (Abs) is automatically satisfied by Lemma
4.5.

Remark 4.25. In this situation, Lemma 3.2 and Remark 4.10 are in agreement,

since
S w / P, wPds) = 3 w / / Loowho dm P(do)
wew /O wew J2IM
= Z w// ﬁf@wﬂgwho dmP(dw)
wew Q2JIM
= Z w hodm
wew Y Guw
and

Il
S~
\

2

I

e
&
>
[e=}
B
2
U
B
pacs
&

hodm.
Z’w/Gwom

wew

5. EXAMPLES

It is an easy exercise to verify that the Random Lorentz gas presented in Section
2 is a special example of a deterministic walk in random environment. Note however
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that the Random Lorentz gas has several special features that could make much
easier its study:

(1) the maps f, have all the same invariant measure A, the Lebesgue measure;
(2) the set P, is non random, i.e. it does not depend from «;
(3) the dynamics is reversible, in particular A(e) = 0.

On the other hand it has a rather complex dynamics that is very hard to study. It is
then reasonable to consider models where some of such properties do not hold, but
the local dynamics is much simpler. It seems likely that if one is able to develop a
sensible approach for such simpler models, then a similar line of attack could work
also for billiards.

Interestingly, even super simple models yield a very rich set of probabilistic walks.

5.1. Markovian models. To try to get a better feeling for the difficulties involved
in studying the above questions, let us try to invent a model stripped of all the tech-
nical difficulties present in the Lorentz gas dynamics. For simplicity let us discuss
the case d = 1, although similar considerations hold in any higher dimensional lat-
tice. To simplify the dynamics f in (2.3) let us suppose that it is a map from [0, 1]
to itself. Hence the map Fy acts on [0, 1] X Z. Also, we assume that the environment

is a random variable distributed according to a Bernoulli product measure over the
space ) = AZ = {-1,1}Z.

Example 1. The dynamics is defined by the map f,(z) = 4z mod 1 for a € A,
with G—l,—l = [O, 1/4], G_17+1 = [1/47 1] and G+1,_1 = [073/4], G+17+1 = [3/4, 1]

Remark 5.1. Here we are considering a more general situation than the one de-
scribed for the Lorentz gas insofar also the gates are random. This is indeed the
general case also for the Lorentz gas. We considered the case of deterministic gates
only to simplify the exposition.
Also, we consider the initial distribution hg = 1. Then an elementary computa-
tion shows that
_ 1 w
Pu(2(n+1) = 2(n) = £1] @, 2(n), .., 2(0)) = |Gary 1| = 5 F

This is an example of Sinai’s walk, hence we do not have the classical CLT.

Exzample 2. Assume that G, _1 = G_1 =1[0,1/2] and G441 = G41 = (1/2,1] for
any « and the maps are defined by

{293 z€[0,1/4]

Joil@) = 4z mod1 z>1/4

_ )4z mod 1 x € [0,3/4]
Faal )_{295—1 x> 3/4.

Again let us consider the initial distribution hy = 1. Denote by L, ., the oper-
ator Lo w(¢) = L5, (1g,¢). The two dimensional vector space V = {a_11g_, +
apileg,, @ a_1,a41 € R} is left invariant by the operators {Lq,w}aw. Since
ho € V, this allows to compute the transition probabilities by using formula (3.1).
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If ¢ =a_11g_,+ay1lg,,, adirect computation shows that Lo, (¢) = @wLla,w(l),
and thus Lo/ w Law (@) = awlar wLa w]l For any @ and z(1),...,z(n), z(n + 1),
denote by ai = @, (k)4wk) and wg = w( =z(k+1) — z(k). We have

Pi(2(1),...,2 /Ea” vwn_1 - Lagwe 1L

Set ¢ = Lo, _swn_s - Laguwl =a_1lg_, +apilg,, € V. We have

Bue(1)ses2(0) [0) = [ Lo 0= au,y [ Lo 1
and
P, (z(1),...,2(n),z(n+1) | @) = @, _, /Lamwnﬁ%_lywn_l]l.
It follows that
f‘canwwnﬁan,—lvwn—l]l
f‘can—hwn—lﬂ

which is a function of z(n—1), z(n) and z(n+1) only. We have obtained a persistent
random walk, that is a walk where the transition probability depends not only on
the current position of the particle but also on its previous position.

P.(z(n+1) ] 2(1),...,2(n),&) =

Initial conditions. A natural question that arises at this point is what happens
if one starts by a different initial measure. A moment thought shows that this is a
non trivial issue. For instance, in the first example, there exists a Cantor set C' (of
zero Lebesgue measure) that corresponds to the coordinates z:(n) never belonging to
(1/4,3/4). For such points x € C, the set {x(n) € G4} does not depend on «, and
so the process (z(n)) is completely unaffected by the environment. If we identify
naturally the Cantor set C with {—1,+1}" (in such a way that z € C is identified
with the sequence (i,,) such that z(n) € I;, for all n > 0, where I_; = [0,1/4] and
I, =[3/4,1]), then the initial distribution of x can be identified with a probability
measure on {—1,+1}" and this measure will be the distribution law of the random
process (w(n)). In particular, if we consider the Bernoulli measure with equal
probabilities on such a Cantor set as the initial distribution of x, then we obtain a
standard random walk which has a very different behaviour than the Sinai’s walk.

Without going to such extremes, one can (perhaps more naturally) start from a
measure absolutely continuous with respect to Lebesgue and wonder which kind of
process this will yield. We do not discuss this issue at present because is it part of
the more general discussion that we will start in the next chapter.

Remark 5.2. The above examples (among other obvious limitations) are unreason-
able in one key aspect: their Markov structure. It is inevitable to ask what happens
when the Markov structure is absent (as for billiards). The next section is devoted
to investigating such a situation.

6. NON-MARKOVIAN EXAMPLES: GENERAL DISCUSSION

We now consider a model of d-dimensional deterministic random walk in random
environment A = {(fo, M, Ps)}aca for a finite set A, where M = [0, 1], all maps
fa :[0,1] — [0,1] are piecewise C? and uniformly expanding (i.e. |fi] > A > 1),
and the partitions Py = {Gu,wfwew are made of subintervals of [0, 1], for a given
bounded subset W C Z4.
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Let P be a translation invariant probability on the set 2 = AL, For a given
environment @ € €, we have the dynamics F(-,-) : M x Z% — M x Z% given by
Fo(r,2) = (fo. e, . (@), 2 + e(@s, ), where e(a, ) =3, oy La,, ., (T)w.

We are interested in the quenched evolution, (z,,z,) = F2(xq,2q), of such a
system when the initial condition z¢ is distributed according to the measure

() = / o(z, 0)ho(x) da

for some hy € BV, with inf hg > 0.

Recall the definition of the probability measure P, and the dynamical system
(Q, Fy) of the point of view of the particle, from Section 4.

Our goal is to reduce the study of this model to a situation as similar as possible
to a conventional r.w.r.e. situation, as exposed in the previous sections. To this end
we will need some technical conditions. We state them in the following subsection,
and then we state the results.

6.1. Conditions (C1), (C2), (C3).
Let T = {fa}taca be the (finite) set of all the possible maps on [0, 1], and H be the
(finite) set of all the possible intervals of the partitions, i.e. H = {Gaw}wew,acAa-

Notation. The set T x H is canonically isomorphic to A x (A x W), p((o, B)) =
(fo, Hg) being the correspondence.

From now on we will write (Ty, Hy) = (fr,0p-1(0)> Hryop—1(s))s T1(, B) = v and
T2 (Oé, 6) = 6 .

Set ¥ =7 x H and let 7 : ¥ — XN be the unilateral shift. For o € XN, we
write o = (01,02, ...) with o, = (Tp,, Hy,). We denote T =T, o...0T,, and

n .
HO' = ﬂ?:o (Tg) 1(H0'j+1)'

Let £,, be the transfer operator of the map 7,, with respect to the Lebesgue
measure, i.e.

fy)
Lo f(x) = AT
* Ta%:_gc T3, ()l
We set Ly, f = Lo (fly,, ) and LM =L, o...0L, . Wecan write L"f(z) =
Prpy=a 95 ()] (y), where g5 = go, X ... X go, 0 Ty™", with go, = Ly, 7777 Let
D >0and 0 < © < 1 be such that ||g"||. < DO" for all n and o € XN. Note that

we can choose D =1 and ©~! = infreyinf, [T7(z)).
We will only consider systems that satisfy

(C1): There exists 6 > 0 such that for all o1 € T x H, inf 201]1 > 6.

Observe that this condition is satisfied if, for any choice of T and H, T admits
at least one full branch inside H. By iteration, we also have inf 2211 > §" for any
ceXNandn> 1.

Next, we define the functionals

o Lnf
As(f) = lim inf =Z-.
(1) = i int 222

This limit is well defined as the limit of an increasing and bounded sequence. Indeed,
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~ nq Lo
VLY ﬁvnﬂ(ﬁo“mﬁ)
inf =2 >inf ——— 77—
Eg-i-l]l E”+1]].
n o Ln]]_ n
> inf = f ”“(1 ) = inf EA”f;
.cnn | Lnl
and —||f]| oo < inf An;{ < 1f oo
The above functional satisfies the following properties:
A,(1) =1;
[Ac (] < (1 flloos

f > g implies A, (f) > As(g) (monotonicity);

As(Nf) = M, (f), for A > 0 (positive homogeneity);

Ao(f +9) 2 Ao (f) + Ao(g) (super-additivity);
Ac(f+b)=As(f)+bforallbeR.

All the above follows immediately from the definition. Note that it is not clear at

the moment if A, is linear or not.

‘We set

(6.1) _ATU(’CUI ); p= inf p,.
oexlN

Let Z7 be the partition of smoothness intervals of T, and 2]; be the coarsest
partition which is finer than Z7 and enjoying the property that the elements of the
partition are either disjoint or contained in H.

Let us define the collections of intervals

zy, ={ZeZ}|Zc H}},
(6.2) 20, = {Z € 22, | A,(12) = 0}

Zy, =12 € 2}, A, (1z) > 0}.
Definition 1. We will call contiguous two elements of Z7, that are either con-
tiguous in the usual sense, or separated by a connected component of (H?)°

1 .
Uiz (T~ H(Hs,,,)-
‘We can now introduce the other conditions needed to state our results.

(C2): there exist constants K > 0 and ¢ > 1 such that for any n and o € XN,
at most K" elements of Z7, are contiguous. In addition, 6 :=£0© < p. In
particular, p > 0.

(C3(N,N’)): there exists €, > 0 such that mf > ¢, for alln < N and
Z € 27 ,, and for any sequence o € YN In partlcular A,(Lz) > €.

6.2. The results.
We are finally able to state our main result.

Theorem 6.1. There exists an integer no > 1 depending on the classes T and H,
explicitly computable (see Remark 9.10), such that if (C1), (C2) and (C3(nz2,n3))
hold for some n3 > ng, then the condition (Exp) holds. In particular, the property
of loss memory from Lemma /.3 is verified.
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As we already pointed out in Section 5, the choice of the initial condition might
play an important role. The following result states that if we restrict ourselves to
initial conditions absolutely continuous to Lebesgue, with density in BV bounded
uniformly away from 0, this difference is not so important in the sense that for large
times, the transition probabilities are exponentially close. For two different initial
densities hg, h, € BV with inf hg > 0 and inf b, > 0, we denote by P, and P, the
probability measures corresponding to hg and hy, respectively.

Theorem 6.2. Under the assumptions of Theorem 6.1, we have for all realisation
of the environment @ € Q, n > 0 and all densities ho, h as above:

IPe(z(n) | 2(1),...,2(n —1),0) =P\ (2(n) ]| 2(1),...,2(n—1),0)| < Cho,h’OVn’
where Chm% > 0 depends only on the densities ho and hy.

Next, we consider the situation where all maps f, preserve a common density
ho € BV such that inf hy > 0, and when the partitions P, are deterministic, i.e.
Gaw = Gy does not depend on a € A. In this situation, the dynamical system
(Q4, Fi, P,) is measure-preserving, and so condition (Abs) holds by Lemma 4.5.

Theorem 6.3. Under the assumptions of Theorem 6.1, if the maps f, preserve a
common density, the partitions P, are deterministic, and if furthermore condition
(Pro) of Section 4.2 holds, then the dynamical system (Qy, Fy,Py) is ergodic. In
particular, for P-a.e. @ € Q and Lebesgue-almost every x,

1
nl;rrgo Ez(n) = Z w/G hodm.
weWw w
Remark 6.4. The assumption that the maps all preserve a common measure and
that the partitions are deterministic is only used to check the validity of condition
(Abs) thanks to Lemma 4.5, and to have an explicit formula for the drift. If for
a concrete example, one is able to check (Abs) by any other mean, then Theorem
4.9 applies and there exists V € R% such that lim,,_ %z(n) =V for P-a.e. e
and Lebesgue-almost every xg.

The proofs of Theorems 6.1, 6.2 and 6.3 will be provided in Section 8.

7. EXISTENCE OF NON-MARKOVIAN EXAMPLES: (3-MAPS

The conditions under which Theorem 6.1 holds look rather convoluted, so the
reader might wonder if examples that satisfy them exist at all. We acknowledge
that the conditions are a bit contrived, yet they are checkable: they pertain only the
properties of a finite set of maps and gates. Of course, to check them in a specific
situation might be laborious, nevertheless to ensure that they are not empty it
suffices to verify them in some limiting regime, for example when the dynamics
has a lot of expansion. This is the aim of the present section. To further simplify
things we will limit ourselves to 5 maps, a rather popular class of maps in the field
of dynamical systems.

7.1. General pg-maps. More precisely, we consider the situation where the class
of maps is T = {Tp,,T3,} for B2 > B1 > 1, with Tg(x) = B mod 1 and the
partitions P, are such that H = {[0, 3], (3,1]}. Note that W is not specified, and
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P, can be random '’. For o € 2N = (T x H)N, we denote by 3,, the value of 3
such that T,, = T, . For simplicity, we will fix @ > 1 and assume that §; = and
P2 = wph. We will show that assumptions (C1), (C2) and (C3) are verified for a
large set of 8. When needed, we will denote by Z2(8) the partition of smoothness
intervals of T, to emphazise the dependence on g, and similarly for the objects
defined in equation (6.2). We will do the same with the subsets of this partition
introduced in Section 6.

Proposition 7.1. There exists a set B C (1,00), with Leb(BN(1,t)) = O(logt) as
t — oo, such that the model described above satisfies the assumptions of Theorem
6.1 when 8 ¢ B.

The rest of the section is devoted to the proof of Proposition 7.1. If suffices to
check conditions (C1), (C2) and (C3).

7.1.1. Condition (C1). This condition is satisfied if every map T € T admits at
least one full branch inside any interval H € H. This is the case whenever 5 > 3.

7.1.2. Condition (C2). We first give a general criterion to check this condition.
Let Z ; be the collection of elements Z in Z7, such that 777 = [0,1], and let
Z;l,u = Zg,* \ Z;l,f'

We will say the system is £-full branched, with € > 0, if there exists K > 0 such
that for all o € ¥ and all n, the number of contiguous elements in Z7, does not
exceed KE™.

Clearly, a system &-full branched satisfies the condition (C2) with the same £ > 0.

Lemma 7.2. Calling C7' the maximal number of contiguous elements in Z7*,, holds

o,u’

n—1
Cr<2) (cW42)ich,
i=0
where C(1) is the supremum over all o of C1.

Proof. The proof is by induction on n. Clearly it is true for n = 1. Let us suppose
it true for n. The elements of the partition Z2t! are formed by {T ;' ZN Z,} where
Z e 2y, and Z € 2,,. Now, if Z; € Z] ;, the elements maintain the same

TO, %
nature, i.e. if Z € 22, (resp. Z& ) then T,'Z N Zy € ZJh (resp. ZJ11).
So we have in Z; at most C7, contiguous elements of Z?7'. The only problem
can arise when a block of contiguous elements ends at the boundary of Z; since
in such a case it can still be contiguous to others elements of Zgjjl. Yet, if the
contiguous elements of Z; are in Z(; ¢, then there can be at most a block of length
2C7T .. One must then analyze what can happen if Z; € Z;yu. In this case, a set
of contiguous elements can either have only partial preimage in Z;, hence we get a
shorter group of contiguous elements, or all the group can have preimage. In this
last case, the worst case scenario is when the elements contiguous to the groups
(that must belong to Z7' ;) are cut while taking preimages. This means that at
most two new contiguous elements can be generated, but in this case the group
must end at the boundary of Z;. Since there are at most C} contiguous elements
in Z}, in this way we can generate at most C(CZ, +2) contiguous elements that,

10For instance, W = {—1,+1} and whether [0, %] and (%, 1] correspond to —1,+1 or +1,—1
respectively is random.
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again in the worst case scenario, can be contiguous to two blocks belonging to the
neighboring elements in Z;, f- Accordingly,

CoHl < CH(CF, +2) +2C7, = (Ch +2)CF, +2C5 <2 (D) +2)'cM),
=0

where we have used the induction hypothesis. O

This lemma implies that any system is &-full branched with &€ = C(M) + 2. We
can also set K = 0257)(:1 in condition (C2).
In order to check condition (C2) one has also to estimate p. We can first remark

that p, > inf Ealll. Letting N to be the minimal number of onto branches of T’
inside H for any T € T and H € H, the following holds:

~ 1 N
Lol@)= 3 L, Wy 2 37
with M = supy [T'(z)|. Thus, we have p > 4%, and condition (C2) is satisfied if
(W +2)0 < &

For our example with 3 transformations, we have C!) = 2 and thus ¢ = 4 and
K = 3. Wealso have ® = 87!, M = wf and N > ng —1. Condition (C2) is then
satisfied if 4wf < G( ng — 1), which is the case if 8 > 8w + 4.

Ty y=2

7.1.3. Condition (C3). We need the following:

Lemma 7.3. For each m > 1, there exists a set By, C (1,00) with Leb(B,, N
(1,t)) = O(logt) as t — o0, such that for any 8 > 1 with 8 ¢ B,

(7.1) Vn <m, Vo € SV, VZ € Z2' (B), TSt (ZNH} ) =[0,1] or T2 Z C H

On41°

This lemma establishes a strong dichotomy between good and bad elements of
Zp . (B) when 8 ¢ B,y,: either T'Z N H,, ., is large enough to cover [0, 1] after one
more iteration if Z is good, or it is empty if Z is bad.

Lemma 7.3 implies that if 5 ¢ J,.,, Bx then (C3(n,n + 1)) is satisfied with
en = Gmper- Indeed, for Z € 25 (8), k < n, we have T71(Z N HYM) =

Thh (TEY(Z N HEY N HES ) = [0,1] and then

= Lz(y)Lynta(y) 1 1
Lty (z) = CaRt g > ,
A Tn%x (T3 ()] sup [(Tg )| — (wpB)m*!

and L0+ (z) < L2410 (x) < 27 since L7, 1(z) < 2.
The above facts suffice to prove Proposition 7.1:

Proof of Proposition 7.1. We can choose B = (1, y) U, _, Bi for 8y > 1 and
n > 1 large enough. From our analysis of conditions (C1) and (C2), we must choose
Bo > 8w + 4. We use Remark 9.10 to determine the value of ny given in Theorem
6.1.

We first show that when [ is large enough, we can choose ng = 1. By Remark
9.4, the constant C, can be chosen so that D(3C 4 5) + (3C 4+ 2)2K&™) < C,&™ for
all n. In our situation, all maps are piecewise linear, and then C' = 0. Since D =1,
K = % and ¢ = 4, we thus need (5 + 1—3?4”) < C,4™. This is verified for C, = %
To have ng = 1, by Remark 9.10, we have to be able to choose 7 € (0p~1,1) so that
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1
Crép~' <nand Cip" < i for all n > 1. Since Cy > 1 and n < 1, it is sufficient
to check it for n = 1, i.e. we need

(7.2) Clp~ <n< ic.
and 0p~! < n < 1. Since = €O = 437! and, by the analysis in subsection 7.1.2,
p~t < ﬁ‘il = O(1) as B — oo, we have C,fp~t = O(B71). Since ﬁ is a
constant independent of 8, the set of 7 satisfying (7.2) is non empty for all 8 large
enough.

Now, if ng = 1 and 8 ¢ B; then condition (C3(1,2)) is satisfied with ¢, =
m and then C; = 2(2K¢' +1)0%¢; ! = O(B) by Remark 9.4. Consequently,
agp = 8C1p~t + C%l = 0(B?), a = O(B?) and B = 1 + 2aC, = O(3?). We have
51 =4aB(1+2C1p~ 1) = O(B®). Since D =1, p=t = O(f71) and 51 = O(3°),
we see by Remark 9.10 that ny = n41(8) = 6 is sufficient for 8 large enough, say for
B > Bo. We can then set B = (1, 5) U U2:1 By to conclude the proof, as for each

B ¢ B, we have ny = 6 and C(ng,n2 + 1) is satisfied. O

The rest of the section is devoted to the proof of Lemma 7.3. Due to the form
of the elements of Z*(3), we have to discard § when the n-th iterates of elements

of 82};(6) come too close to {0, %, 1} as it will be made precise later. We have:

Lemma 7.4. For all o0 € N and n > 1, one has T™(0Z"(B)) C Qu(f) :=
{0, 1} U{TL (1), T () /i=1,...,n, 0 € N}

Proof. We proceed by induction, the result being clearly true for n = 1. Note that
0, (B) UTL(Qn(B)) C Qns1(B). Since every Z € Z21(f) is of the form Z =
Z' 0 (T~ (2" for Z' € ZM(B) and 2" € 2L, (B), if a € DZPT1(B), then either
a € 0Z"(B) or T"a € ZL. (B). In the first case, T"*'a € TL. (T7(Z™(B))) C

Q,41(8), and in the second case, T 'a € TL (0Z2..(8)) C Q1(8) C Qns1(B).
U

We thus see that we need to control all the possible orbits of 1 and % For this
purpose, for x € (0,1]'! and o € ¥V, we introduce the map ¢%“ : (1,00) — [0,1]
defined by ¢%7(8) = T2 (x). For non negative integers i1,...,%,, we define the
intervals

127 o ={Be1,00)| B, ¢y (B)] =ir, k=1,...,n}.
Note that I}>7 = [2, 8ty if B, = By, I77 = [L- 2Ly if 3, = By, and that in

wr’ wx

both cases, Ifl’g C [ %) The family {szla

— vinsinss Yins1>0 forms a partition

into finitely many (at most |@®F | + 1) intervals of I’ 7 4, From the relation

G171 (B) = Bo,, #5°(8) mod 1, we deduce easily by induction:

Lemma 7.5. The map ¢=° is C1 and stricly increasing on each interval Ifl’o

and verifies (¢%7) (8) > " 1a.

Lemma 7.6. For each x € (0,1] and n > 1, there exists a set By, , C (1,00), with
Leb(B,, N (1,t)) = O(logt) as t — oo, such that, if B ¢ By 4,

vo e BV, d(¢77(8),{0,1/2,1}) > 357

1

HNote that we will only consider z = 3

and z = 1 in the following.
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Proof. Fixn >1and ¢ € ¥, and consider 8 € I[7? . We have ! < wzi; ' and
thus d(¢%°(8),{0,1/2,1}) > 337! whenever

(7.3) d(¢77(8),{0,1/2,1}) > 3eowiy .
Define B,'7 to be the set of 8 in I}” which do not satisfy (7.3). By Lemma 7.5,
the Lebesgue measure of B'7 NI . s less than'”

7,71 Hin
-1
3 <ﬁ,ipf‘ (¢i"’)’|> 3waiy ! < Copniy ™
i

As {I}77 ; }iy,...i, forms a partition of I into at most Cw zni} ™! elements, the

T1yeenyln
z,0 —1 s T,j z,0
set B,,’;, has a measure less than Cg ; iy . Forj = 1,2, set Bn,il = U{U | Boy =B;} Bn’il.

For n fixed, the condition (7.3) depends on o only through its n first terms, and
thus B,/ is of measure less than Cg yniy - The set Buo = Uy 5 Ui »1 B,
then satisfies the conclusion of the lemma. O

We can now conclude the proof:

Proof of Lemma 7.3. We set B, = Ui<n<mBn,1/2 U By 1 and we proceed by
induction over n < m. Note that if Z € Z7,(8), then ZNH} = Z for all k < n.

If Z € Z] ,(B), then either Z is a full interval of Z} ,(8) and so TZ(Z N HZ) =
T,,([0,1] N H,,) = [0,1], or one of the endpoints of Z is 1 or 1. In the latter
case, the other endpoint of Z must be sent after one iteration to 0 or 1 and so if
T1Z N HY, is not empty, then |T2Z N HL, | > 337! by Lemma 7.6. The interval
TyZ N H}, therefore contains at least one full interval of Z}, (8), which implies
T2(Z N HZ2) =[0,1].

Now, we suppose that (7.1) holds for n and we will prove it still holds for n + 1,
ifn+1<m.

Any Z € ZJ1H(B) is of the form Z = Z' N (T7})~'(Z2") with Z' € Z!',(B)
and Z" € ZL.,,(8). If both endpoints of Z belong to the interior of Z’, then
7 =27"¢€ 2., ,(8) and we have

T 2(ZNHY?) =T, (TP ZNH,) =T% (2" 0 H2.,) = [0,1],

or

TPz =1 (TrZ) =T

T T

Uz// C HC

On+1’
according to whether Z” is a good a or bad element of Z},., , (3) respectively.

If one endpoint of Z is also an endpoint of Z’, then T7Z = [T7a,b]'® with
a € 02} (B) and b € 0ZL., (B). By Lemma 7.4, T?a = Tix, with o/ € X,

0<i<nandx € {%,1}.14 We consider two subcases: either b ¢ {%,1} or

be {11,
In the first subcase, we have y := T, b € {0,1}. Therefore, T/ T'Z =
[T5,, . Tha,y]l. Sincei+1 < n+1<m, ¢ Buy1,y and one of the endpoints

of T Z belongs to {0,1}, it follows that T"**Z N H,,,, if it is non empty, is

1211 the following, C'w,z,n Will denote a constant, the value of which may change from one line
to another, depending on w,  and n, but not on ;.

13We write [x,y] to denote the interval joining = and y, disregarding whether z < y or z > y.
MNote that if T7a = 0, then we are reduced to the previous situation.
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an interval of length strictly larger than 33~! by Lemma 7.6 and thus contains at
least one full interval of Z1,,,  (B3). Consequently, T/ "*(Z N H?*2) = [0, 1].

In the second subcase, T"Z = [T}, x,b] has one endpoint belonging to {0, %, 1},
and so, as above, we obtain that T))Z N H,, , if it is non empty, is of length striclty
larger than 33! by Lemma 7.6. We deduce that T"Z N H,, contains at least one
full interval of Z1., ,(8), which implies that T;*2(Z N H}*"?) = [0,1].

Finally, if both endpoints of Z are also endpoints of Z’, then Z = Z' € Z7 . (B).
Since Z € Z'11(B), we have T?'Z C H,, ., and so by our induction hypothesis, we
can only have T/ Z = TP (Z'nH2 M) = [0, 1]. This implies 772 (ZNHT?) =
[0,1] and concludes the induction. O

7.2. Markov maps with non-Markov gates. The reader might wonder if it is
possible to produce an example more similar to the Lorenz gas. In particular, one
in which the invariant measures of the maps is always the same and the gates are
deterministic, so that one knows explicitly the invariant measure of the process of
the environment as seen from the particle.

This is indeed possible, as we discuss briefly. We consider now the situation where
the class of maps is T = {T3,,1p,}, B2 > (1 are both integers, and the partitions
P, = P are deterministic with W = {-1,0,+1} and G_; = [0,y], Go = (y,1 — 9]
and G4 = (1 —y, 1], for 0 <y < % Proceeding similarly to the previous section,
but considering this time y as a parameter, instead of 3, for fixed $; and (B2, we
can show the following:

Proposition 7.7. Let w > 1. Then for each 1 < 1 < P < wfi integers, there
exists a measurable set Bg, g, C (0,3), with Leb(Bg, g,) = OB as B1 — oo,
such that the model described above, with y & Bg, g,, satisfies the assumptions of
Theorems 6.1.

In particular, this class of models is non-empty when f; is large enough. Since all
maps in 7 preserves the Lebesgue measure and all gates are deterministic, Theorem
6.3 also applies'® and we therefore have %z(n) — 0 a.e., since the drift is equal to

V= Zw/ hodm = Z w|Gy| = 0.
Guw

weW we{—1,0,41}

By corollary 4.11, the walk (z,,) is then recurrent.

8. EQUIVALENCE WITH A GIBBS RANDOM WALK

In this section, we prove Theorem 6.1. The proof will rely on a property of
exponential loss of memory for compositions of the operators Eg. More precisely,
we will investigate the properties of compositions of the form ZZ f, in order to
understand better the asymptotics of the probabilities p(@,n,wq...wp—1). For
convenience, we will consider bi-infinite sequences o € X% = (T x H)Z, with 7 :
¥Z — Y% the bilateral shift. We can extend the definitions of EA’UL, Po, C& and A,
to the case o € X% in a straightforward way. We will prove that for n large, EZ f
is exponentially close in the L*°-norm to pg ... prn-150s(f)hme, where {h,} is a
family of positive functions in BV satisfying E}; hos = pohro. This is summarized in
the following result, whose proof is contained in Section 9.

15Condition (Pro) is satisfied here, since W is symmetric.



34 ROMAIN AIMINO AND CARLANGELO LIVERANI

Proposition 8.1. There exists an integer ny > 1 depending on the classes T and
H, explicitely computable, such that if (C1), (C2) and (C3(ng,ng)) hold for some
n3 > na, then there exist v € (0,1), a family of positive numbers {ps },exz and
a family of positive functions {hs}sexz in BV such that Ay(hy) = 1 and for all
UGZZ,fEBV andn > 0:

Lyt "
(8.1) ————— = Ao (f)hrno|| < Cpr"[|flBY-
Po = Prn-ig oo
Remark 8.2. The statement of the above result is similar to the one in [21]. Note
however that here the setting is very different insofar in [21] only small holes and

near by maps are considered. The upgrade of the result to large holes and arbitrary
maps (as we inescapably need) turns out to be highly non trivial.

To prove Proposition 8.1, we will adapt the strategy of [17]. More precisely, we
will show that the family of cones

Ca={heBV|h#0,h>0\/h<ah,(h)}

is stricly invariant under compositions of large enough length of transfer operators
(i.e. E”C’“ C Ca/2 for all n > ng) for a suitable a > 0, see Lemma 9.6. From this,
we will deduce that [I”C“ has uniform finite diameter in C%,, for the corresponding
Hilbert metric (Lemma 9.13), which will imply that Eg is a strict contraction for
the Hilbert metric, and then enjoys exponential loss of memory.

Remark 8.3. To deduce Theorem 6.1 from Proposition 8.1, we will need some
technical facts which will be proved throughout Section 9 and that we list below:
(1) for alln >0 and o € £V, inf £21 > o AT,LG(Z”]I) (Remark 9.12);
(2) for allm >0 and o € XN, ||£"]l\|Oo < BAno (L21) (proof of Lemma 9.7);
(3) for alln>0 and o € £V, Apny (L) = py ... prn-1, (Lemma 9.16);
(4) for all o € X2, infh, > 0 and ||hy||eo <1+ a (Lemma 9.14).
We also note that, since T x H is finite, ||£1]l||oo < 0o and inf 131]1 > 0, there exist
0 >0 and M < oo such that ||£"]l||oo < M"™ and me"]l > 6" for allm > 0 and
o €SN, Also, py < LMo < M, and so sup, py < 0.

Recall from Section 4 that the transition probabilities are given by (4.10). For
(w, ) € Q, we define 0 = o(w,w) € ¥V such that L,, = Ls ., ,.w,_,, S0 that

p((z), n,wgq. .. ”uf}nfl) = /Zghodm

We will still denote by o € % an arbitrary element of % which coincides with o
for future components (for instance, given an arbitrary o, € %, we identify o € XV
with the element & € ¥% defined by o; = o; if i > 1 and 7; = (0,); if i <0).

We are now ready to prove the announced results.

Proof of Theorem 6.1. We have

p(@,n+1,@...0,)  [L2 hodm
p(wvnawo-“wn—l) ffghodm

(8.2) P, (w, | Wy ... Wp—1) =



DETERMINISTIC WALKS IN RANDOM ENVIRONMENT 35

and
L 0, T — 1, Wy, ... 10,
P,. o(n | G- Gps) = (T mwin m+7 W : Wp)
m (T2, @y — My Wy .« . Wy 1)
(8‘3) fE?;n:Llhodm
[ L2 hodm
We can then write
[ L2 hodm [ Lot dodm py ... pro-iy
fﬁghodm e Po - Prno ffghodm .
Using Proposition 8.1, we have
L7 hodm
(84) pfpol - Aa(hO)/hT"a'dm S C#Vn”hOHBV’

which also implies

—1
P Pro-lo | hollBv
8.5 Po “Prnle (A (h /th[,dm) < Oy AOIBY
(8:5) [ Lrhodm < (o) #Y (inf ho)?
since
L7 hod inf £71 'Apny (L0710
S L5hodm > (inf ho)% > (mfho)gimf) = ofinf ho),
Po " Prn—1g Po " Prn—1g Po - Prn—1g
and Ay (ho) [ hrngdm > oinf hy.
Note that we also have
Lyhodm I£51|o
/ < ol < Bilhol«.
Po " Prr-ig Po Prr-1g
Consequently, using (8.4) with n replaced by n+1, (8.5) and the above inequalities:
Lt hod J— L+ hyd o Prng
JEghodm [ hevisgdm| | ] £ hodm Ag(ho)/hdem PoProc
J Lrhodm J henodm Po " Prrg | Lrhodm

+Ao—(h0) / h7n+1o-dm

|

—1
Po” Prrto (Ag(ho) / th[,dm>
fﬁghodm

n (lhollsv | [1hollfy
< .
- C#V ( inf hg + (mf h0)2

Hence, for all n > 0,

J L hodm [ hewrigdm
[Lohodm 7" [henedm

where C}, depends only on the density hg, and, by (8.2) and (8.3), this implies
(Exp). O

Proof of Theorem 6.2. By (8.6), we have

J L3+ hodm [ L2+ hydm
[ Lrhodm [ Lrhydm

for all n > 0, and the theorem follows with C, s = Chy + Chy . O

(86) S Choyn,

oEX

o

oEX

< (Chy + Cry V™,
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Proof of Theorem 6.3. According to Theorem 4.9 and the discussion in Section
4.4, and since condition (Exp) already holds by Theorem 6.1, it is enough to show
that assumptions (Pos) and (Ell) are satisfied for the probabilities defined by
(4.10).

Verification of (Pos). We have, by Proposition 8.1

[ Lrhodm

o Prr-lg

p(@, n,wgq . .. ’lI)n_l) = /Eghodm = pPo - Prr-lg
>p" <Aa(h0)/h7"0 - C#Vn|ho||Bv)
> p" (oinf hg — Cpv™||hollBV) -
Consequently, p(w,n, @y ... wW,—1) > 0 for all n large enough, and since this quan-
tity is non-increasing, this proves the positivity for all n > 0.
Verification of (Ell). By (8.6), we have for all n > 0,

En+1h dm
Pw(w" | wn—l . .wo) = ffz\nhfhn
o't0

which proves (Ell). O

9. Loss oF MEMORY

To prove Proposition 8.1, we will adapt the strategy of [17] to our non-stationary
case, and employ the theory of Hilbert metrics, that we recall below.

Definition 2. Let V be a vector space. We will call convex cone a subset C C V
which enjoys the following properties:
(i) CN—-C=0.
(ii) YA >0, A\C =C.
(ii) C is a convex set.
(iv) Vf,geC, Vo, ER ap, > a, g—a,f €C=g—af € CU{0}.

We now define the Hilbert metric on C:
Definition 3. The distance d¢(f,g) between two points f,g in C is given by
alf,g) =sup{A>0|g—Af eC},
B(f.9) =inf{p>0|unf—-geC}

delf.) =los 21,

where we take a = 0 or B = oo when the corresponding sets are empty.

The next theorem shows that every positive linear operator is a contraction,
provided that the diameter of the image is finite.
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Theorem 9.1 ([15, Theorem 1.1]). Let Vy and Vo be two vector spaces, C; C Vq
and Co C Vs two convexr cones and L : Vi — Vs a positive linear operator (which
implies L(C1) C Cq). If we denote

A= sup de,(f,9),
fageL(Cl)

then A
dey(L1.Lg) < anh () de,(1.9) ¥F.9 € Cr.

The following lemma links the Hilbert metric to suitable norms on V:
Lemma 9.2 ([18, Lemma 2.2]). Let || - || be a norm on V such that
VigeVg—fg+feC=|fl<lgl

and let £ : C — R™ be a homogeneous and order preserving function, i.e.
VfecC,VAeRt L) = M),
Vf,9,€C g—feC=Lf) <),

then

Vf,g € CU(f) =Lg) > 0= [If —gll < (9 — 1)min(|£], |g]).

From now on, we will always assume that conditions (C1) and (C2) hold. Our
main tool will be the following Lasota-Yorke type inequality:

Lemma 9.3. If condition (C3(N, N')) holds, then for any n < N, for any o € XN
and h € BV, we have

\/ Lzh < Cu(€0)" \[ h+ CnAs(|h),
where Cy and Cn do not depend on h and o.
Proof. First notice that Eg(h]lz) =0if Z ¢ Z\;‘ \ 27 ,. We can then write
Lih= " Li(zh)= > (Lzgph)o(I25) 7",
ZezZn, Zezg,

where (T ,)~" is the inverse branch of T} restricted to Z.
Accordingly,

\ Zih< ST \/Lrpz(gih) o (T )~

ZEZp,
We estimate each term of the sum separately.

\ Lrpz(ghh) o (T3 )" < \/ hay + 2sup |hg}|
Z
<3\/ hgy + 2inf |hg?|
7 Z
< 3|lg2lloe \/ b+ 3sup|h| \/ g2 + 2inf |hgy|
Z z A

<5)grllee \/ B+ 3Csup 2lllg5 lloo + 2ll95 llo 10t [R]
Z

< (3C +5)llgzlloe \/ B+ (3C +2) g7 | inf |R],
Z
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where we have used the fact there exists a constant C' such that \/, g7 < C|| g%~
for all n, 0 and Z € Z7, by bounded distortion.

By assumption (C3(N, N')), we have for each z € [0, 1],

P
1
i Effiz(x) > €
Zezy, LN'1(x)
Accordingly, for each z € [0,1], h € BV and Z € 2], holds
LY (h1z)(2) > inf |h|LY 1z (x) > inf [hley L) ().

To deal with elements in Z7;, we use condition (C2). Note that elements of Z;
can be separated by at most K¢&" elements of Zyy Foreach Z € Z7, let I.(2)
be the union of the contiguous elements of Z7, on the left and on the right of Z
respectively. Clearly, for each Z' C I.(Z), holds

12lf |h] < 1%f|h| + \/ h.
1+(2)

Accordingly,

> inf |B] < 2K¢" > irzlf|h\+\/h

Zezr, Zezr,
For all z, we thus have

3 < n 3 n
> inf [h] < (2K€" +1) > inf [h] + 2K¢ \/ h

ZezZn, Zezr,

w1l LY (|h1z) () .
1 LY (k) (=)

= R )

+2KE"\/ h.

We can then conclude

\/ Lih <((3C +5) + (3C + 2)2K€)|| g2l \/ b

n n 1 EN h
+ (30 +2)(2KE" + 1) gl - M),
L3 (z)
Taking the inf over x in the previous expression and recalling that [|g7||. < DO™
and inf, Lo (D) o Ao (|h]), we obtain the result. O

LN 1(z) —

Remark 9.4. The constants C, and Cy in the Lasota-Yorke inequality can be
chosen so that D((3C'+5)+(3C+2)2K&™) < Cu&™ and (3C+2)(2KE" +1)0" - L <
Cn for alln < N, where C is such that \/ , g7 < C||g2 /oo for alln,o and Z € Z

Note that if all the maps in T are piecewise linear, we can take C =0.
We will show that the family of cones
Cr={heBV|h#0,h>0,\/h<ah,(h)}

is strictly invariant under the transfer operators defined above.
Recall that, under assumption (C2), § = £O < p.
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Lemma 9.5. For all o and all g € BV, g > 0, we have AW(Eglg) > pelo(g). In
particular, Arny(LYg) > p"As(g) and Apng(L21) > p™.

Proof. We just need to prove the first part of the statement, the second part follows
by iteration, since p, > p for all o. For each g € BV, g > 0 and z € [0, 1], holds

~ L3g An
Bt fngle) Lo [BAEA) @) 23,2010 Zg
Lr @) Ly, 1(x) I 165 Lp1
and taking the inf on z and the limit n — oo, we get the result. O

Lemma 9.6. There exist ng € N and ag > 0 such that if C3(ng, N') holds, then
for all a > ag and o, we have

LrCt c CM2 Yn>ng and LPCE C CXC+ Wn > 0.

Proof. Let ng € N which will be chosen later. Let h € C¢, then we can write each
n as n = kng +m, m < ng, and by Lemma 9.3, we have

1)
\/ Lo < €00 \J LEIm0F™h 4+ Crug A e tymg b (LF D0 ™ )
k—1
< CEOFON/ Lh 4+ Crg (CL™) A L tymg b o (LSF Dm0 ™)
=0

<o \/h+ Z Cog (CLO™ YA _tmi—1yngm , (LE= Dot p)

+ Cm(C*G”O)’“AU(h).

Using Lemma 9.5, we obtain

Cw \ CEFIO" | Cpy = (C’ 9n>
a+ * + =2 -
< C’*gnL ) pn pno Z p"o

1=0

\/ Lzh <
If k=0, for ap > max;<n, %, we have

\/ L2h < 200 Mg (L2R).

When k£ > 0 instead

Cm — A
n < - no . n
\/ Lzh L( aem) +2C,,p }AT o(Lh)
C

provided ng is such that

1 for all n > ng. This can be achieved by

1/n

choosing first n € (9 1) and n§ such that C'"0p~! < p for all n > nf. If we

k+1pn
choose ng > n§ such that C,n™ < l for all n > ng, then we have C*p,,LG

/n
C(%) < Cop* < L for all n > np.

Hence, for all n > ng and a > ag = 8Cy,p~"° + max;<n, %,

\/ Lok < gATnG(EZh).
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d

Lemma 9.7. If (C3(no, N')) holds, there exists B > 0 such that for each h € BV,
hZO,nGNandUGEN,

Arng (L2 Ao (h) < Arng(L3R) < BArng (L21)Aq(h).
Proof. For x € [0, 1], we have

~ ~ ~n L3h 7m ~ ~ ~
£, (Lph)(w)  E7mo Eile] @ L LB, (Ea)(@)  Exh
Lo )~ Lp @) Lm,l)  Lpd

where we have used twice the fact that E;”UEAQ =L UE;”. Taking the inf on x

T
and the limit m — oo, we get the first inequality.
For the second, for € [0, 1], we have

L7 (Lyh) (@) _ L, (Lyh) (@) L7, (Lp1)(x) _ Lyt™h(z)
Ln e L (Lol)(x) L A(z) LyTi(a)
which, by taking the inf on z and the limit m — oo, yields

Arno(Lph) < IL31 oo Ao (R).

1250 oo,

(e

By applying Lemma 9.6 to 1 € C2, we obtain \/ EZ]I < 2aC*ATnU(Eg]1). Thus

I£20 o0 < Apno(£20) + \/ L21 < (14 20C,)Arno (L21),
from which the result follows with B = 1 + 2aC,.. O

Lemma 9.8. For each d > 0, there exists ny = ny1(0) such that for each n > ny,
the partition Z} has the property that

sup A, (1z) <6.
ZeZn

Proof. Choose ny € N such that for all n > ny, D8%p~™ < §, which is possible due
to condition (C2). Then, for Z € Z7,

Lriz(x)= > grWlz(y) < llghll < DO™.

Try=x

Accordingly, for each z € [0, 1],

LioLils (@) pgn 1
L, £31(x) inf Lona(C2D)
Lm 1

Taking the inf on  and the limit m — oo, this yields
1
Ac(lz) < DO"—F— < DO"p™" <§
AT“a(ﬁgn)

where we have used Lemma 9.5. O
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Lemma 9.9. If (C3(ng, N')) holds, then for each a > ag, there exists ng € N such
that for each n > ny and h € Cg there exists Z € Z; , with

1
: S 1 .
IIZlfh_ 4Aa(h)

Proof. For each n,m with n < m, we can write

Lrh(z)= Y Lr(hz)(x)= Y LI (hz)(

ZEZZ,’ ZEZY

Suppose the lemma is not true. Then, we have

Z L7 (hz)( Z L7 (hz)(

ZeZz, Zezr,
~ h ~
< > Lpg(e Lrz()\/ h+ bl D> Lr1z(x)
ZeZp . ZeZyp, z Zezr,
o h
< ]l |: g £m]]_Z —|—\/£ ]]-Z:|\/h
ZGZ“
+ |7l Z L31z(z).
ZGZ’;J?

If Z € 22, by Lemma 9.7, we have A,ng(L07) < BArng (L21)A,(17) =0
which implies
Lig(x) < \/ Loz <2000 0™ < 20,(C ™0™ )™ Ao (L1,

by inequality (9.1) and Lemma 9.5.
If Z € Z7 ,, the same argument gives

\/ Loz <2007 0™ 4 20,070 Ao (L1201 7)
< [20*(0*1/n°9p_1)"L+2Cn0p_"°BAg(llz) Armo(£71).

Setting k = C’i/"(’Gp_l < 471/ we have

_As(h
T’VYL (ﬁmh) 4( ) T’V?’L (ﬁm]l)
+ > Ao (£71) \/h (14 2C,,p ") Ay (1) + 2C,K™]
ZeZy

ko Y 20 Apmg (£T1).
Zezr,
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Dividing this inequality by ATmU(LA;"]l) and taking the limit m — oo yields
As(h
As(h) < # + B(1+2C,,p~ ™) \/ h sup A,(1z)
ZeZy,

1
< i—i—aB(l—i—QCnop_"O) sup As(1z)| As(h) <

Ao (h)
Zezy,

N =

where we have chosen n large enough and applied Lemma 9.8. This yields the
announced contradiction. (]

Remark 9.10. Note that ny is, at least in principle, computable for any given pair
(T, H). Let us explain how: recall the values of Cy and C,, from Remark 9.4, and
the definitions of p, 0 and D from Section 0.1.

(1) We choose n € (%, 1) and n§ such that cHm9p=t < n for all n > ng and
then define ng > nf so that C.n™ < i for all n > nyg, see the proof of
Lemma 9.6.

(2) We have ag = 8Cp,p~ " + max;<n, %, see the proof of Lemma 9.6. We
then set a = max{ap, 1}.

(8) We have B =1+ 2aCy, see the proof of Lemma 9.7.

(4) For d > 0, ny(9) is such that DO p~" < ¢ for all n > nq(9), see the proof
of Lemma 9.8.

(5) We set § = ;(aB(1+ 2Cy,p~ ™))" and choose ny = ny(8), see the proof
of Lemma 9.9.

Lemma 9.11. If (C3(ng,n3)) holds for some ng > na, then there exists ¢ > 0 such
that

inf L3 f > oAsno (L1 f),
for alln > ng, all 0 € N and all f € C2.

Proof. We first prove the result when n = ng and then extend it to all n > ngz. By
Lemma 9.9, for each f € Cg, there exists Z € Z72 such that

1
i%ff > ZAa(f)'

Consequently, for any n, we have

- 1 Ly . .
inf £2f > —A(f) inf ==—=inf £} 1.
2 > pAa(f) inf 2

(e

Since condition (C3(ng2,ns)) holds, one has

ATL
. z
inf =Z— >¢,,

L£71
forallo e XN, Z € Z7% and n > ng, and we thus get

(9.2) inf £ f > %AG( f)inf £71.
By Lemma 9.7,
Ao(f) 2 371 ATH3‘7(€03f) > BflAT"in'([’o‘:Sf) )

Apnso(L031) — sup £221
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By assumption (C1), we have inf £"1 > 6" for any o and n. Since 7 and # are
finite, we can find a constant M > 1 such that ||E§11||oo < M™ for any o and n.
We obtain
inf £3°f > o' Arns o (L3 ),
with o' = B™1 22 (57)".
By Lemma 9.6, E"OC’“ cce

T"O O

for all . We thus have
inf L7950 £ > o/ Ay sing, (L2350 f),

forallkZO,UEENandfng.
Let now n > n3. We write n = kng +ns +r =n’ +r with r < ng. We have
inf £0f =L, LV f> oA (L2 f)inf L7, 1
> 06" A (LY f)

a>n!

> 00" N o (L7 f).

But,
ck ., Lr, LVf
= n' . . '+
A (L2 f) = lim inf —Z=—2 o 0
T o o b o0 k £r
n!+r n’!
’T g T O'
Ek En "4r
> M~ lim inf —T e L
k—o0 rk 1
AN
/g

= M A g (L3 V7 F)
> M~ Ao (L2f).

We have thus proved the result with o = ¢ ( )ro.
(]

Remark 9.12. Since ||£"1]|oc < M™ and inf L1 > 6" for alln >0 and o € XV,
we have

inf £71 > o' Apng (£01),
with o’ = min{p, 1, &, ..., (Z)™ 1}

Lemma 9.13. If (C3(ng,n3)) holds for some ng > na, then there exists a > 0 such
that for all o € YN and n > ng, one has

Lree c ¢,
with uniform finite diameter less than A, < co.

Proof. By (9.2), we have
inf £7h > %Ag(h) inf £71,
for any o € XN, h € C% and n > n3 and, using Lemma 9.7,

sup L0 < Ao (Loh) +\/ L2k < (1+ =) BAG(W)Arng (£30).

Since [|£71]|oc < M™ and inf £71 > 6™ for any o and n, we obtain:
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max {3, BM"(1+ %)}
min {%, 6"15 }
for any o € XN,

Indeed, by a simple adaptation of the proof of [16, Lemma 3.1], one has

max {(1 + v)Aq(g),sup g}
dea(g,1) <1
cg(9:1) < log { min {(1 — v)A,(g), infg}
for any g € Cy* with 0 < v < 1. Using this with v = 2,
bound on the diameter, since £7(C%) C C*.% by Lemma 9.6. O

diamcgngfg (Cs) < 2log = A, <oo

we obtain the desired

Since we are interested in functions of the form £"_ f, we will need to consider

T "o
functions f that belong to the intersections of all the cones C¢, o € 2. For this
purpose, we introduce the family of cones

G ={fE€BV: [#0,f>0,\/f <ainf f}.
We clearly have C; C C§ for any o € £%, and thus dge < dge by Theorem 9.1.

Lemma 9.14. There exist v € (0,1) and a family of positive functions {hy }yesz

in BV such that for all f € C%;, 0 € X% and n > 0:
Lr_,
717]0 —ho| < Cuv,
(L:T*"Uf) 0o
and
En
( T ”o'f) _ h;l S C#Z/n.
‘C:'L_"O'f [e’s)

Furthermore, hy € C2/2, |holloo <14 a and infh, > 0 > 0 for all 0 € X%, where

o is defined in Lemma 9.11.

Proof. Writing n > 2n3 as n = kng + r, with k¥ > 2 and r < ns, for all f € Cf,,
o€ X% and m > 0, we have by Theorem 9.1 and Lemma 9.13:

+ k—2 [2natr ¢ p2ngtrt
dc"( T “a’f?ﬁz Z:+m)0f) Sry dcf_—(k'—2)n3 ( Tn?;LO—Tf7 T”%nl‘mﬁf))

with v = tanh (A"3) < 1.
Since both E”i‘,’[rf and E”“"Wff; f belong to C?_;._,),., by Lemma 9.13 again,
as feCt. CcC*, NC® we have, using Lemma 9.13 one more time:

inf T "o r—(n+m) g9

dea

A2n3+rf A2n3+r+mf) < An
9 >~ 3°

= (E=2)ng ( T "o = (ntm) s

Consequently, for all n > 2n3, m >0, 0 € ¥% and f € C®

inf?

dca( T 7‘Jf)£n+m f) < C#V )

r(ntm) g

with v = ’y%.
Using Lemma 9.2 with || - || = || - |lec and 4(-) = A (-), we get
E:-l n.o-f L::‘+(’r:?+7n)gf E:-l n.o-f

n n4+m
S (edcg(ﬁffn f.L —(w+m)af)_1)

Ao(L2f)  Ao(LF0 0 f) As(L7,f)

e o] (oo}
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Since L_,, f € Cg, we have

(93) L7 npflloe S AL /) + \ Lo | < (14 @)Ao (L]0, ),

and we deduce that

An+m
ﬁf ngd B L ey f < Cuvm.
Ao(LP ) Ao(LP 0 Dl
" .
This implies that #'ff) is a Cauchy sequence in L*°, and thus converges to
a function h, € L>™. Since Cg a/2 is closed in L*° and E;L ngd € C§/2 for n > ny

by Lemma 9.6, we have h, € Cg/ . Passing to the limit m — oo in the previous
relation, we obtain

Lr .,
Tiaf | <opm,
AL
for all n > 2n3, and all ¢ € ¥%. Using the same reasoning, we have for any pair
ffedi.,,
En_n En_w /
(94) Uf - Uf < C#l/n,
N(Lr ) AL )|

which proves that the limit h, does not depend on the choice of f € C?;. By
Lemma 9.11, Ef_ngf > QAU(EZ_nUf) for all n > n3, whence we obtain inf h, > o.

Remark that (9.3) implies ||ho||cc < 1+ a. When n < 2ng, we have

[:n . f M2n3 supf M2n3
# — hy i G| 1 1) < Cuv™,
Ao(Er ) =y TSRO T ) = G
where M > 1 and 0 < § < 1 are such that ||EZ]1HOO < M™ and inf Zg]l > 6™ for all
n >0 and 0. For n > ng and f € C}};, since inf h, > ¢ and inf % > o by
Lemma 9.11, we have !
A (L, cr_,
( T af) _ h;l < —2 T gf _ hU S C#V".
LZ_"O'f AU(L::_"Uf) 00
We handle the case n < ng as previously, since [|hs]00 < 1+ a. O

Lemma 9.15. For all o0 € X%, there exists Ay > po such that Z},hg = Aohro-

Proof. Applying Lemma 9.7 with A = Lr 1, we have by definition of p, =

Aro(LL1):
Ao (L) 1)
po < —2T"0 L < Bp,.
As(Lr, 1)

Consequently, there exist a subsequence {n;} and A\, € [p,, Bpo| such that

Ao (LM 1)
Ao = lim ——T e -,
Ao (L, 1)

—nj o
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‘We can now compute

. L1 £ 1 AL (LT 1)
‘Cahff = hm‘ca ‘f/'m‘JU = hm T’\n?il ’\r: =<
7TAGLY ., ) A (£ 1) A (L1, 1)

] g

O 1 AL )

—(n;+1) —n
— hm T J TO T Jo
; anj+1 AN
j J J
Aro(L20) ) 1) Ao(L22,, 1)
= Aohro.

O

Lemma 9.16. For all o € XN, the functional A, (restricted to BV) is linear,
positive, and enjoys the property Ao (LLf) = poAo(f) for all f € BV. Moreover,

Ao = po Lol _ (f)H < Cuv™||fllsv for all f € BV,

Proof. For f € C®

f> We can write

Lif  LMf Ao (L0f) Apny(£01)

o

Lo1 Apo(Lof) Apo(Lr1)  L21

So
Lof _Aeo(Loh)|| _ Aeo(Lof) || Lof  Amol(Lol)
Lgﬂ AT"U(ﬁg]l) 0o AT"U('C?]I) AT"O('Cgf) Eg]l 00
crf Ao (£01) Ao (L01 -
SR T2 2 SR (g EeaaC ) AN et G- LR R
Ang(LRf) . Lo Lnl .

Since ‘ < 07! for n > n3 by Lemma 9.11, we get, using Lemma 9.14,

forallfeC fandn>m
'Cnf AT”O’(ﬁ f)
L7l Ay (L71)

o

ATna(L 1) H

(9-5) < O™ || flloo-

oo

But, Ay (f) = lim,,— o inf = f by definition, and, since % are constants, we
o (L
deduce that lim,,_, Aizmg Ao (f) and
lim ||=Z= — A, =0.
lim | 725 A

Now, if f € BV, we have f +c € C%; for ¢ = (1 + a™1)||f|lBv, so we get that
Ao (f) = limnﬁm% in L™ for all f € BV, since A,(f +¢) = As(f) +¢c. The
linearity of A follows from the linearity of the limit.

Next, as L},f € BV, we know that

En-‘rlf En—i—lf E"+1]1
Aro(LLf) = lim 22— = lim =2~ =¢
( f) n—oo [n q n— oo £g+1]1 L1

= Ao (f)Aro (LL1) = po Ao (f).

But then p, = A\, is obtained by taking f = h,, since A,(h,) = 1. In particular,

we have Arng(L0f) = po -+ pro-15Mg(f) for all f € BV, so 1/:*"”7% = A (f)-
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But if we look back to (9.5), the above implies that for all f € C%; and n > ng:
cif
L1

As(F)|| < Cp"[[flloo-

oo

Lr1
can again cover the general case f € BV using the fact that f +c¢ € Cf; for
c=(14+aY)|fllsv, which finally implies
Lot
e

This can be easily extended to all n > 0, since Hgf — Ag(f)H < 2| floo- We

As(f)|| < Cyp[If + el < Cypr™[| flIBy-

[e e}

O

Remark 9.17. Following the ideas of [17], it is possible to prove that A, can be
interpreted as a non-atomic measure iy, i.e. Ay(f) = ffd,ua for all f € BV, and
that the measure v, defined by dv, = hodpu, satisfies (T}) Ve = Vro. Since we will
not make use of these facts, we leave their proofs to the interested reader.

The main properties of A, being proved, we can now improve Lemma 9.14 by
extending it to general functions in BV. This allows to deduce Proposition 8.1:

Proof of Proposition 8.1. By (9.4) with f' = h,, for any f € C%, we get using
Lemma 9.16
Lof

——T—— = Ao (f)hrno
Po * Prn-1g ( )

< Cp1" Ao (f) < O o

oo

Now, if f € BV, we have f + ch, € C2 for all ¢ € %% with ¢ = 2(1 + a™ 1)/ f||Bv-
Indeed, since \/ by < §A5(hs) = § by Lemma 9.14, we have

V(+eho) <\ F+e\ha <\ £+ 5,

Ao(f+chy) =As(f)+c>inf f +ec.
So f+ch, € C4if ¢ > 2(a™1\/ f—inf f), which is the case for our particular choice
of ¢. Consequently, we have

Zg(f+cho) *A

and

P— (f + cho)hrno|| < Cpr™|[f + cholloo < Cpr™| fllv,
which leads to (8.1) after simplifications, since Eg(ercha) = ng+cp,, coe Prn-igheng
and A, (f + chy) = A (f) +c. 0
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