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transforms revisited

S.B. Yakubovich* and L.E. Britvina'

We continue to investigate boundedness properties in a two-parametric family of Lebesgue spaces for con-
volutions related to the Fourier and Kontorovich-Lebedev transforms. Norm estimations in the weighted
L,, - spaces are obtained and applications to the corresponding class of convolution integral equations are
demonstrated. Necessary and sufficient conditions are found for the solvability of these equations in the
weighted Lo-spaces.
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1 Introduction

This paper is a continuation of our investigation of convolution operators, given recently in [6] for the
Fourier cosine and Kontorovich-Lebedev transformations [3, 4, 5]

(F.f)(x) = \/gjof(t)cosxtdt, (1)

Kulf] = / Koo () f(t)dt, @)

where K, (t) is the modified Bessel function [1], Vol. 2. We will involve here the Fourier sine transform

(Fsf)(x) = \/%7]’(75) sin xtdt, 3)

and base on the following formula [2, relation(2.16.48.19)] (see also (13))
/ cos br K, (t)dx = g exp(—t cosh b). 4)
0
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Throughout the paper we will deal with a two-parametric family of Lebesgue spaces
Lo = Ly(Ry; Ko(Bt)tdt), « €R, 0 < 3 <1, (5)
introduced in [6] and normed by

1/p

1Al = | [ 15OF Kafot) e | <0, ©)
0

It is widely known, that Fourier transforms (1), (3) are well-defined on the space L;(R ; dt). Moreover, if
g(x) = (F.f)(x) € L1(Ry;dx) or g(z) = (Fsf)(x) € L1(R,; dzr) we have reciprocal inversion formulas
f(z) = (F.g9)(z), f(z) = (Fsg)(z). In the case of Ly(R;dt)- space we should define the cosine and sine
Fourier transforms in the mean-square convergence sense, namely

cos xt
<F{ 1)) = 1Nlj¥>lo\/7 / ft {Smxt} di, 7

1/N

and familiar Plancherel’s theorem [5], [4], [3] says that F, Fy : Lo(R,;dt) — Lo(Ry;dt) are isometric
isomorphisms with reciprocal inversion formulas

cosxt
_1 Fre dt 8
]\[1_)120\/7/ BRI {sinxt} ’ ©

1/N

and Parseval’s equalities

1 ey fllaysany = || Lo@ysan- )

The Kontorovich-Lebedev operator (2), in turn, is an isometric isomorphism (see [5]) K;, : Lo(R; tdt) —
Lo(Ry; 2 sinh mzdx), where integral (2) in general, does not exist in Lebesgue’s sense and we understand
it in the form

e e}

Kip[f] =Lim. [ K (t)f(t)dt, (10)

N—oo
1/N

where the limit is taken in the mean-square sense with respect to the norm of the space Lo(R . ; x sinh mzdx).
Moreover, the Parseval identity

o0

2
— [ xsinh x| K, [f |dx—/|f )|Ptdt (11)
T

0 0

holds and the inverse operator is defined by the formula

N
f(t) %/ smhmc t)Kim[f]dx, (12)
0

™

where the convergence is in mean-square with respect to the norm of Lo(R ; tdt).
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As it is known [3], the modified Bessel function K;,(t) can be represented by the Fourier integral

[ee]

K. (t) = /e_tCOSh“cosxudu, t>0. (13)

0

Hence, when € R, it is real-valued and even with respect to the pure imaginary index :x. Furthermore,
this integral can be extended to the strip € [0, 7/2) in the upper half-plane, i.e.

10-+00
1 .
K, (t) = 3 / g teoshztivz g,
10—00
and leads for each ¢ > 0 to a uniform estimate
| Ko (t)] < e llarecosfpgo(pt), 0< B <1, (14)

which will be used in the sequel. We note also its asymptotic behaviour [1] at infinity

T\Y2 _,
K2 =(55) e +00/2)), ==, ()
and hear the origin
2K, (2) = 2" 'T(v)+0(1), z—0, (16)
Ko(z) = —logz+0(1), z—0.

Concerning the properties of spaces Lg"ﬁ (5), various embeddings were established in [6]. In particular, for
p = 1,2, we have

||f||L$‘1 S Ca||f||L2(]R+; dt)s (17)
1/4 F3/2 1/92
C'oé:7r (o + /),oz>—1/2,
2T2(a+1)
HfHL‘l’"l < CopllfllLamyns ary (18)
204*1*»3/2I‘2(Oé + ﬂ)
Cop = 2 B<2a+1,
P TTIRR0— 34 1) f<2at
fllzr < Callfllgn, 19)
Cop =212 (a4 1/2), a > —1/2,
where T'(z) is Euler’s gamma-function [1], Vol. 1. Since t*Ky((t) is bounded when

a >0, 0 < <1 we arrive at the embedding L,(R.; dt) C L;“’B, 1 <p<oo.
This paper is devoted to commutative convolutions of the form

1
(fxg)y(x) = 5 F(1)g(0) [emcoh=0) L emmeoshH0)] qrdp & > 0, (20)
R}

and to the noncommutative convolutions

(f*g)y(x) = % F(7)g(8) [efcoshrmo) 1 g=feosh(TH0)] grdp 2 > 0. (21)
4 e Ri



In particular we will get mapping properties of (20), (21) in spaces (5), and we will establish the following
factorization equalities (see (1), (3), (2))

Fye Fye
Kul(F 9] = g< {S}f;(sgfl;jgm, v 0, (22)

(Frey(Fxg)y)(@) = (Feypf) (@) Kialg), © > 0. (23)

Finally, we will apply these results to consider a solvability of the first and second kind convolution integral
equations related to operators (20).

2 Mapping properties of convolutions (20)

Denoting by Cy(IR, ) the space of bounded continuous functions vanishing at infinity we start this section
considering the Kontorovich-Lebedev transformation (2) K, : Lg’ﬁ — Cp(Ry), 1 < p < oo. The
following theorem is proved in [6].

Theorem 1 The Kontorovich-Lebedev transformation (2) K;, : Lg’ﬂ — Co(Ry), 1 < p < o0, a <
p—1, 0 < B < 1is well-defined continuous, linear map with the norm at most Cy, g, i.e.

_ g (2) e (o)
1Kl < oy = 20)% (5) 145 (52250 24

1—

In particular, for the map K, - LY? — Co(Ry) we have || K| < (%)T Finally, when 3 = 1 it has the
Kull = (3) 7

exact value |
For convolutions (20) we have

Theorem 2 Let f(7), g(7) € L1(Ry;dr). Convolutions (20) are well-defined for all t > 0 as continuous
functions and belong to LZO;’B witha>p—1,0< <1, 1<p< oo Moreover,

N(F*9) 1yl pge < Aapsllfller@ean 9]z @an, (25)

where (see relation (2.16.6.3) in [2])

0 1/p
Aops = = /t”‘peptKo(ﬁt)dt
s
0
1
!/ CP1 (9p)1 =5 ( Pla-p+1) ) "
I'(a—p+3/2)
1/p
a—-p+1 a—p 2
X F 1, — 3/2;1 — — : 26
|:2 1( 2 ) 2 +,Oé p+/a pQ)] ( )
In particular, when 3 = 1, p = 1 it has
() yller < Callflly@ean 9] L@ an) 27)



with

1 ()
= _ 28
Coa= e /aTat 12) (28)
Besides, generalized Parseval type equalities hold
1 (e.)

0

and finally, assuming that v~ (F(ey9)(z) € Lo((0,1); dx), factorization equalities (22) take place, where
the Kontorovich-Lebedev operator in its left-hand side is understood by (10).

Proof. A straightforward estimation of convolutions (20) for all £ > 0 gives
et
(Pl < 5 [11)la@)drds
RQ

or

—t

e
(Fx9) (O < — NS lli@esan gl @y an- (30)

Hence integral (20) exists for all ¢ > 0 and represents a continuous function via its absolute and uniform
convergence when t > t, > (. Furthermore, taking the norm (6) through the latter inequality (30) we
immediately obtain (25), where integral (26) is convergent under conditions a > p —1, 1 < p < o0, 0 <
[ < 1 and the result is written in terms of the Gauss hypergeometric function 5 F}(a, b, ¢; z) (see [1], Vol.
1). Letting p = 1, 3 = 1 it gives (25), (28). Employing again integral representation (4) and appealing to
Fubini’s theorem we write convolutions (20) in the form

(f*g){é}(t) = %/f(ﬂg(e) {C(.)S:CTC.OSQIG} K, (t)drdOdx

sin 7 sin 0

+
2 7 coS TT i cos x6
oo /f(T) { sinxt } dr /g(@) { sin 20 } df | K, (t)dx 31)
0 0 ]

= L (P @) Foy9) @) Kt de,

7Tt
0

which proves the generalized Parseval equalities (29). In order to prove (22) we assume first that

x’l(F{g}g)(a:) € Ly((0,1); dx).

Hence it is not difficult to verify that the right-hand side of (22) belongs to Lo(R ;2 sinh mxzdx). Therefore
by virtue of the Parseval identity (11) and reciprocities (10), (12) (see also (29)) we get (22), where the
integral in the left-hand side is convergent generally in Lo-sense as in (10). Theorem 2 is proved.

Remark 1 It is not difficult to show by using an elementary inequality |sin x| < x, x > 0 that condition
x Y (FLg)(z) € Ly((0,1); dz) is satisfied when, for instance, g(7) € Li(R,; 7dT).



Remark 2 Analogously (see (30)) we can obtain the following estimation for the norm of convolutions (20)

D(a)
0]y S Wl llollae o, o> 0 (32)
In particular,
1
03] g S I sl

Similar to Theorem 2 we prove
Theorem 3 Letr f(7) € Lo(Ry;dr) and g(0) € Li(Ry;df) and ' (Fyeyg)(x) = O(1), © — 0. Then

convolutions (20) are well-defined as continuous functions on R .. Moreover,

[(F9)s) < Call 1ot sar) 1911z s (33)

’ Lo(Ry;tedt)
where

INa—1
Co = — (a ) ,a> 1. (34)
277 /AT (a — 1/2)

Finally, Parseval’s type equalities (29) and factorization properties (22) are valid.

Proof. Integration with respect to 6 (see (13)) yields

17 1/ 1/
5/ [e—zcosh(T—G):I:e—:ccosh(r—‘re)] do < §/€—xcoshydy+§/€—xcoshydy
0 T —T
1l 1l
— §/€—wcoshydy_l_§/e—wcoshydy
] oo 00
— 5/G_ICOShydy:/e_xCOShydy:Ko(l'). (35)
—00 0

Calling Schwarz’s inequality for double integrals we deduce

1
(F0)y®)] < 5 [ 17Ol [e =0 & o0 drag
R2

1/2
1 —x cosh(7—0 —x cosh(7+0
< o | [ 191 [t £ e arag
2
o
1/2
5 /|g(0)||f(7_)|2 [e—xcosh(T—Q) + e—a:cosh(T—I—@)] drdo
2
i
N /o 1/2
1 _
< = | ®w [ls@a0) | [lo011s0)Raras
0 R2

e_t/2K3/2 (t)

= e a9l
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Thus convolutions (20) exist for all £ > 0 and are continuous via the absolute and uniform convergence of
the corresponding integrals. Estimates (33) follow directly due to the definition of the norm in Lo (R ; t*dt)
and relation (2.16.6.4) in [2]. Parseval’s type equalities (29) can be proved in the same manner as in

Theorem 2. 2
Since g € L1(Ry;dt) and 7' (Fyeyg)(z) = O(1), & — 0, it means that —I(F{g}g)(x)\
e te} ’ ’ rsinh Tz

(Fyey /) (@) (Feyg) ()

x sinh mx

1s bounded and

€ Ly(Ry; zsinh madr).

Consequently, with reciprocities (10), (12) for the Kontorovich- Lebedev transformation we come again to
factorization properties (22) and complete the proof of Theorem 3.
As a consequence of (33) and (18) we easily derive

’ ‘ (f*g ){ 3!
where the constant C,, is given accordingly

_ M?((a+1)/2)I(a—1)
V2m3/ATY2 (o + DIV2 (o — 1/2)

Corollary 1 Under conditions of Theorems 2 or 3 convolutions ( f*g), 1 (t) belong to the space Lo(R ;tdt)
and the following identities hold

]o (Fx) 30

In fact, this is a direct consequence of factorization properties (22) and Parseval’s equality (11).

< Coll Fllamssan 191y @) (36)

a,l —
Ly

a>1. (37)

«

2 dx

rsinh7z

"t = %/‘(F{g}f)(w)(F{g}g)(x)

Theorem 4 Let f, g € Lo(Ry;dr). Then convolutions (20) are well-defined as continuous functions on
R.. Moreover,

(9 3@ stnary < Callflla@an |9l Lo @an), (38)

where

o 2T 1))
“ I'2(a—1)

Finally, Parseval’s type equalities (29) are valid.

,a> 1. (39)

Proof. Indeed, calling again Schwarz’s inequality and using (35) we find

w22

ol < 59 [ [ uora

KG(1)
ﬂth Hf‘ ‘%2(R+;dt) ’ ’g’|%2(R+;dt)'

Hence
1/2

o0

1 o
< ol | [ 22K O
0

H(f*g){;}

Lo(R tedt)

Applying (2.16.33.2) from [2] we obtain the estimation (38) for the norm of convolutions (20). Employing
again integral representation (4) and appealing to Fubini’s theorem we represent convolutions (20) by the
latter equality in (31) and we establish (29) completing the proof of Theorem 4.
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3 On the noncommutative convolutions (21)

In this section we will prove similar results of the norm estimations, Parseval type equalities and factor-
ization identities, which are associated with the noncommutative convolutions (21). We start with the
boundedness of these convolutions on the space L; (R ; dt).

Theorem S Let f € Li(Ry;dt) and g € L(l)’ﬁ, 0 < B < 1. Then convolutions (21) exist for almost all
t > 0, belong to L, (R ;dt) and

[(F0)s < 1l s anllgll o (40)

Li(Ry; dt)

Moreover, factorization identities (23) hold true. Further, when 3 € (0,1), then (f*g){i}(t) € Co(R,) and
for allt > O the Parseval type equalities take place

(Fx9) 2, (1) \f/ (Fiey /) (@ H{ij;cf} de. (41)

Proof. With Fubini’s theorem via the estimate (see (35)) we derive

| | sagola < /\f 0)|o(0)drdo

/ £(9(O) Ko 30)drds = |l algll g < @)

Hence it proves (40) and the existence of convolutions for almost all £ > 0. Again with Fubini’s theorem
we prove factorization identities (23), taking the cosine and the sine Fourier transforms (1), (3) of convolu-
tions (21), respectively. Hence we change the order of integration by virtue of (42) and appealing to (13).
Supposing now that 5 € (0, 1), we employ representation (4) to substitute in (21), and inequality (14) in
order to justify the absolute convergence of the corresponding iterated integrals. Thus via Fubini’s theorem
we come out with the following chain of equalities

()0 = = [ 10900

{CosxtcosxT}Km(e) drdda

sin xtsin x1

o0 o0

2 cos xt cos xT T cos xt
T / /f(T) { sinxtsin T } ar /9(9) iz(0)d {sin xt} da
0 0

-2 7 (Fi el { Sy |

which proves (41). Meanwhile, latter integrals with respect to x are absolutely and uniformly convergent
and vanish when ¢ — oo due to the Riemann-Lebesgue lemma. Consequently, (f*g) {Z}(t) € Co(Ry).
Theorem 5 is proved.

Extensions of Theorem 5 on spaces Lg’ﬁ , 1<p<oo, 0<f<1landL,(R,;dt)are given by



Theorem 6 Ler f € L,(R;;dt), g € Lg}ﬁ, l<p<oo, pt+p =1 0< <1 Then convolutions

(21) exist for all t > 0 as bounded continuous functions. Moreover, (f*g){i} e Ly, 1<r<oo a>
—1, 0 < v < 1, where r and p, $ and ~y have no dependence and

[(r29)s

< a1y msan]lg]l o0 (43)

L?y’Y

_ -1 z “ o fa+1
ot (2) 1 (221, »

If we assume f € Li(Ri;dt) N L,(Ry;dt), 1 < p < oo, then convolutions (21) satisfy factorization
identities (23). Further, when 3 € (0,1), then (f*g){z}(t) € Co(Ry) and for all t > 0 Parseval’s type
equalities (41) hold.

where

Proof. With the Holder inequality we easily have

00 1/p'
(a0 < | e taras| | [lo@)r Ko@)
i 0
00 Up /oo /v
J1s@rar) | [ls@F Ka@)as | =l nllollzp. @5
0 0

Therefore double integrals (21) converge absolutely and uniformly and convolutions (f * g), i}(t> are
bounded continuous on R, . Hence (see relation (2.16.2.2) in [2])

0o 1/r
o, < | /= K00 | Ilealisls
’ 0
—yr (AT e (@£ L
= ) ()7 (25 Wl lallgen > -1

and this yields (43).
If f € Li(Ry;dt) then from the imbedding Lg’ﬁ C L(l)”g with the use of Theorem 5 we easily get
(f*g) {Z}<t> € Li(R;dt). Consequently, in the same manner we establish factorization identities (23) and

Parseval’s type equalities (41), if 3 € (0, 1). Finally, we see that (f*g){i}(t) € Cy(R;). Theorem 6 is
proved.

Corollary 2 Under conditions of Theorem 6 convolutions (21) exist for all t > 0, are continuous and
belong to L,(R,;dt). Besides, the inequality

T\ /P
=25 ‘ ; 46
Ly(Ry; dt) (25) ||fHLp(R+7 dt)||g||L2/’ (46)

takes place. In the Hilbert case p = 2 Fourier type Parseval’s identities hold true

[(r0) s

f‘f*g{}t dt = /’F{}f ) Kulgl| de. 47
0



Proof. Returning again to estimates (45) and using (35), we find

/| f#g)sy@)Pdt < /|f )P Ko(36)drdo
0

/

p/p

™ p
[ saonm) = 2 [l wlll

2p3 p
0

This implies (46). Fourier type Parseval’s identities (47) are direct consequences of factorization identities
(23) and the Parseval equality for the Fourier transform (9). Corollary 2 is proved.

Remark 3 One can provide other estimates of convolutions (21) in the spaces above. However, in some
cases we are unable to guarantee neither factorization identities (23) nor Parseval’s type equalities (41).
Let, for instance, f € Ly(Ry;dt), g € Ly(Ry;dt) € L%, 6 > 0, 0 < 3 < 1. Then it is not difficult
to establish the existence, boundedness and continuity of the convolution (f % g)s(t) and the following
inequality

H(f * g){ }||LO‘“’ < Cl/THfHL1(R+§ dT)||gHL2(R+; dr)>

where the constant C, ., is given by formula (44), « > —1, 0 < v < 1. But if we suppose f € Li(Ry;dr)N

Ly(Ry;dr), g € Lgﬂ , 0 < B < 1, then we can appeal to previous discussions in order to prove (23) and
(41).

Similarly, under conditions f, g € Ly (R ; dt) we derive estimates

(72| . < CHraes a9l acee: an,

where the constant is again given by formula (44).

4 Convolution integral equations

This section will be devoted to a class of the first and second kind convolution integral equations related to
(20) and (21). We begin to examine a solvability of the following integral equations of the first kind

(f*M){;}(t) =g(t), teRy, (48)
(f*M){j}(t) =g(t), teRy, (49)
(M*f){i}(ﬂ =g(t), teR:. (50)

Functions g, y are given and f is to be determined. We will establish conditions, which will guarantee the
existence and uniqueness of solutions in a closed form for these equations. Similar questions for different
convolutions were considered in [4], [5] and [6]. Taking into account symmetric properties of convolution
kernels and Parseval equalities (29), (41), equations (48), (49) and (50) can be written, correspondingly, in
integral form as

[ Koytnswir =0 oD
0
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where

SINxTT

K1y(t.7) = W—%/Kw(t)(F{g}u)(m) {77 a, (52)

[ eyt nsmr = gto), (53)
0
where
2 T ¢
K5y (t7) /Kw 1] {Cf’sx C.Osm}dg;, (54)
™ sinxtsinxt
0
/IC{}tT T)dT = g(t), (55)
where

Let us give a few examples of the kernels (52), (54), (56). Letting in (54) p(0) = 071, a > 0 we get
the kernel
I'«) 1 1
+
2 |cosh®(t —7)  cosh®(t+ 1)

When we put p(6) = exp(—6#cosv), 0 < v < 7 in (54), the same way drives us at the kernel

cosv + cosht cosh 1
(cosv + cosh(t + 7))(cosv + cosh(t — 7))’

’Cg (t, 7') =

Similarly some examples of kernels (54) can be obtained, for instance, taking u(0) = 0 te=%, u(9) =

991;2 =0, u(0) = e, () = 67320/ 14(0) = sinh Ob, 11(0) = cosh Ob.

Particular cases of kernels (52) can be found calculating the Kontorovich-Lebedev integrals. Let (F.u)(x) =

[cosh 2] L. Then with relation (2.16.48.12) [2] we obtain

erfc (\/ﬂ cosh g) ,

tcosh T

\ 27t

where erfc(z) is the error function [1]. The reciprocal function y(6#), which corresponds to this kernel can
be calculated by inversion formula (8) for the cosine Fourier transform. Hence with simple manipulations
we find the value (6) as the integral

\/7/ cos :v@ 1
cosh 7TZE \/%cosh(H/Z) .

T 1
. Then with an elementary integral we get u(6) = .
sinh 72 y s get u(0) 2/27 cosh®(0/2)

We use this y to calculate ICy (¢, 7), expressing it in terms of the integral of elementary functions. Indeed,

’Cl(t,T) =

Further, let (F.u)(z) =

11



employing the generalized Parseval equality for Fourier transform [3] and relation (2.16.6.4) in [2] we
deduce

KCi(t, 7) Kip(t)e™ dx

tﬂ'\/ 27 / sinh

oo
et cosh(7—u)

_ —t cosh(T—u / T CosTU l‘ u = / du
Ctn2r sinh 7 21T 21 1+ coshu
—0o0 0

Necessary and sufficient solvability conditions for convolution integral equations (51), (53), (55) are
presented by the following theorems.

Theorem 7 Let g € Ly(Ry;tdt), € Ly(Ry;df) and o= (Fyeyp)(z) = O(1), & — 0. Then for the solv-
xsinh mx K, [g]

ability of equations (51) in Ly(R,; dr) it is necessary and sufficient that (F () € Ly (Ry;dx).
(ST
Moreover, the corresponding solution f(7) is unique and given by the formula
N
f(r) = 2\/_ - / x sinh 72 K, [g] {Cf)S xT} iz, 57)
T Nﬂoo (Feyp)() sin x1
1 S

where the convergence is with respect to the norm in Ly(R; dT).

Proof. Necessity. Indeed, if we assume that g, 4, f belong to the corresponding L-classes and equa-
tions (51) are satisfied, then via Corollary 1 we have the equalities

r (Fi) @) (P (@)

2 xsinh Tz

Kiolg] = (58)

xsinh mx K, [g]

(Fyevp)(x) € Ly (Ry;dx) and Ly-solutions are
{o}

Further, since (Fy<) f)(x) € L2 (R4;dx) we get that

given reciprocally by formula (57) (see (8)).
xsinh mx K, [g]

(Feyn)(z)
via formula (57). Furthermore, by virtue of Corollary 1 the left-hand side of (51), which corresponds to
convolutions (fx/), . 1 (t) (see (48)), belongs to Ly (R ; tdt). In fact, by the same arguments as in Theorem

|[(Feyp)(2)?

Sufficiency. If conversely, € Ly (R,;dx), then f(7) is from the space Ly (R, ; dr)

3 we observe that functions are bounded, and therefore,

x sinh
7\<F NEEmE)| S <o
G 9l x sinh ra '
0

So, the Kontorovich-Lebedev transform (10) of the left-hand side of (51) is equal to

m (Froym) (@) (Fey (@) (Freyw) (@) zsinhme K [g)

= = Ki.|9].
2 x sinh mx zsinhme  (Freyp)(z) 9]

Hence with the reciprocal inversion (12) and the generalized Parseval equality (29) we find that equa-
tions (51) are satisfied, and (57) is a corresponding unique Lo (R ; d7)-solution. Theorem 7 is proved.

12



In order to examine a solvability of integral equations (53) we will seek possible solutions f in the class
Ly(Ry;dr) N Ly(Ry;dr). Denoting by Fi 5 = {h € Ly (Ry;dz); h = (F.f)(x)} aset of images of this
class under Fourier transforms (7), which is a subspace of L, (R ; dx), we will consider a restriction of this
map to F{:} : Ll(R_;,_; dT) N Lz(R+; dT) — FLQ, f172 C Co(R+).

Theorem 8 Let g € Ly(R.;dt), p € LS and Kiy[p] = O(1), & — 0. Then for the solvability of equa-
(Fiey9)(@)

tions (53) in L1 (R ;d71)) N Lo(Ry; dr) it is necessary and sufficient that Kol
iz M

€ Fi. Moreover, the

corresponding solution f(T) is unique and given by the formula

N
]2 (Fieyg)(2) (cosar
/ W—\/; i [ L b 9

1/N
where the convergence is with respect to the norm in Ly(R; dT).

Proof. Necessity. Indeed, if under conditions of the theorem equations (53) are satisfied, then convolu-
tions (49) exist and an analog of equalities (58) holds

(Fey9)(z) = (Freyf) (@) Kio[p)- (60)

(Frey9)(2)
Kio[u]

(Fiey9)(@)
Kiz[]
via conditions of the theorem. Furthermore, the left-hand side of (53), which is convolutions (fx*u) {i}(t>’
belongs to Ly (R, dt). This is because € LY, K;p[u] = O(1), 2 — 0 and therefore, K;,[s] is bounded.
Then the right-hand side of (47) being written for convolutions (fx/), 9 (t), is finite. So, Fourier transforms

of the left-hand side of (53) are equal to

But (Fy<y f)(z) € Fio. Hence
the formula (59).

€ Fi» and solutions in Ly(R; dr) are given reciprocally by

Sufficiency. Now assuming € Fi 2, we get correspondingly f(7) € Ly (R ; dr)NLa(R4; d7)

(Fiey9)(2)
K; [N]

Hence with inversion formulas (8) and generalized Parseval equalities (41) we find that equations (53)
are satisfied, and (59) is the corresponding unique solution from L; (R, ;d7)) N Lo(R,;dr). Theorem 8 is
proved.

Equations (55) with noncommutative convolutions will be treated in the class Lg’l N Lo(Ry;7dr) C
LY N Ly(Ry;7dr). Denoting by KL?, = {h € Ly (R ;zsinhnzdr);h = Ki[f]} a set of images
of this class under the Kontorovich-Lebedev transform (10) we will consider a restriction of this map to
Kip : LY N Ly(Ry; 7d7) — KL2,.

(Frey (@) Kiglp] = K] = (Fiey9)(2).

Theorem 9 Let g € Lo(Ry;dt), p € Li(Ry;dt) N Ly(Ry;dt) and o= (Fieyp)(z) = O(1),2 — 0.
Assuming that
(Frey9)(2)
(Freyp) ()

and the following conditions are fulfilled

7 7 sinh o (Fye x
/\/ﬂe“/z / ( {S}g)( )sinxu dr| du < oo,
/ (Feyp)(z)

€ Ly (Ry; sinh rxdx) (61)
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the solvability of equations (55) in the class Lg’l N Lo(Ry; 7dr) is guaranteed if and only if

(Frey9) ()
(Feyp)(x)

The corresponding solution is unique and given by the formula

€ KLZ,.

2 OoISiIlh?TJ}(F{C}g)(l‘)
f(r) = - K. (7)dx, (62)
WQTO/ (Freyp) ()

where latter integrals exist in the Lebesgue sense.

Proof. Necessity. Indeed, if under conditions of the theorem equation (55) takes place, then the convo-
lutions (50) exist by Corollary 2 and satisfy the equalities (see (23))

(Fyey9)(2) = Kin[f](Freyp)(2).

(Fey9)(x)

However, K;,[f] € KL7,. Hence
(Freyp)(z)

€ KL?, and a solution in Ly(R; 7d7) is given reciprocally

by the formula

2 ]V zsinh 7wz (Feyg)(z)
-

f(r) =Lim.— Fey) (o)

N—oco T

Ko (7)dz. (63)

But the latter integral is absolutely convergent due to conditions (61) and the boundedness for all 7 > 0 of
the product x K, (7), which can be verified by using the integral representation

Ky (1) =7 / e~ ginh u sin zu du. (64)
0

We note, that integral (64) can be easily obtained integrating by parts in (13). Consequently, a unique
solution (63) of the corresponding equation (55) can be represented by (62). Further, appealing to the
generalized Minkowski inequality and relation (2.16.6.2) from [2] we obtain

1/2 .

i 2 T —T cosnhu 3
g = | [Baiseipar| =2 | [Hon]| [er=vsmh
0 0 0

o 2 1/2

sinh wx(Fe x 2 7
X / ( {S}g)( >sinxuda: du| dr S—Q/sinhu
(Freyp) () ™)

1/2 | o

/ sinh 7wz (Fey9)(x)
(Fpeyp) ()

sinzu dx| du

0
00
% /KO(T)e—QTcoshudT
0

sin zu dx| du < oo.

]Osinh m(Fiey9)(x)

2 7
<= [ Vue?
U / (Feyp) ()

0

14



Therefore f € Ly N Ly(Ry; 7dr).

Fye x
(Frey9)(2) c KIZ.
(Freyp) ()
via (63), (62) and conditions of the theorem. Furthermore, the left-hand side of (55), which is convolutions
(,u*f){i}(t), belongs to Ly (R, ;dt). This is because p1 € Li(Ry;dt) N La(Ry;dt) and o= (Fyeyp)(z) =
O(1),z — 0 and therefore, [z sinh 7] ~'/?(Fy ey ) (x) is bounded. Then since K, [f] € Ly (Ry; x sinh 7 dx),
we have (see (47))

Sufficiency. Now assuming we get correspondingly f(7) € LY' N Ly (Ry; 7dr)

/’ JEJORE dt:/xsinhm: K; [f]M 2al$<oo
J G } N Vrsinhrx .

0
Hence Fourier transforms (7) of the left-hand side of (55) are equal to

Fye
\/%K [1(Fyeym)(x) = %(F{g}u)(x)zw{g}g)(ﬂ

Therefore equations (55) are satisfied, and (62) is the corresponding unique solution from Lg’lﬂLg (Ry; 7dT).
Theorem 9 is proved.

Let us consider briefly other classes of convolution integral equations related to (48), (49), (50).

We start with second kind integral equations involving convolutions (49)

F0) + (P oy (0) = 9(0), ¢ € Ry, (65)

Theorem 10 Let g € Ly(Ry;dt) N Ly(Ry;dt), € Ly and Ki[u] = O(1),2 — 0. Moreover, assuming
that

1+ Kigly] 0, 7 € Ry, (66)

Then for the solvability of equations (53) in L1(R ;dt) N Lo(Ry;dr) it is necessary and sufficient that
(Frey9)(x)

A € Fi 2. Moreover, the corresponding solution f(T) is unique and given by the formula

(Fye
\/7 / { }g cosxT}dx7 67)
™ N—»oo sSInTT

1/N
where the convergence is with respect to the norm in Ly(R, ; dr).

Proof. Necessity. Indeed, if under conditions of the theorem equations (65) are satisfied, then convolu-
tions 21 exist and analogously to (60) it has

(Frey9)(z) = (Frey ) (@) + (Frey f)(@) Kiz[p].

(Fey9)(2)

But (Fyey f)(z) € F12. Hence € Fi and solution in Ly (R, ; d7) is given reciprocally by the

1+ Ky [y]
formula (67).
. . (Frey9)(2) .
Sufficiency. Now assuming T Kl € Fi 2, we get correspondingly f(7) € Ly (Ry;dr)NLy(R; d7)

via conditions of the theorem. Furthermore, the left-hand side of (65) belongs to Lo (R ; dt). This is be-
cause 4 € Ly and Ki,[p] = O(1),2 — 0 and therefore, K;,[u] is bounded. Then the right-hand side of

15



(47) being written for convolutions (fx/) {i}(t), is finite. So, the Fourier transform of the left-hand side
of (65) is equal to

(Frey9)(2)
1+ KM[U]

(Frey9) ()

(Frey f)(@) + (Fpey ) (@) Kizp] = = (Fiey9)(@).

Hence with inversions (8) and generalized Parseval equalities (41) we find that equations (65) are satisfied,
and (67) is correspondingly a unique solution from L; (R, ;dr)) N Ly(R,; d7). Theorem 10 is proved.
Next, we will consider integral equation with two kernels, which corresponds to convolution (g f)3(t)

(s )3 +l/e“m7’ u=g(t), teR,. (68)
0

Taking into account factorization properties (23) we prove the following result.

Theorem 11 Let g € Ly(Ry;dt), u € L1(Ry;dt) N Ly(Ry; dt) and x= (Fop)(z) = O(1), 2 — 0. If

¢h¢o rER,, (69)

(F.g)(x) € Ly1((1,00);sinh mzdz) N Ly((1, 00); « sinh madx) (70)

and the following condition holds

hrx(F.g
/\/ﬂe“/2 /sm ma( sinzu dr| du < oo, (71)

B

then there exists a unique solution of equation (68) in the class Lg’l N Lo(Ry; 7dr) given by the formula

z 7xsmh7m; Ko (72)
™) +[

where the latter integral exists in the Lebesgue sense.

Proof. In fact, from conditions of the theorem it follows that convolution (uxf)3(t) € Lo(R.y;dt).
Moreover, by virtue of the generalized Minkowski and Schwarz inequalities and after calculation of the
inner integral, we find (see (15), (16))

2 1/2

/ / eveosht f)du| dE | < / ()| Ky (2u)du
0 0 0
% 12 / « 1/2
K()(QU)
< /Ko(u)\f(u)|2du | <o

[e=]

0
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Therefore one can consider the left-hand side of equation (68) from Ly(R, ; dt). Taking the cosine Fourier
transform (7) from its both sides, accounting (13) and the Fubini theorem we come out with the equality

(Fep) () + \/g

Hence via (69), (70) and since (F.g)(z) € Ly(R; dx), we obtain

(ch)

o 1

Kiu[f] = (Feg)(2).

Ki.[f] = € Ly(Ry;xsinh madz) N Ly (R, ; sinh mxdx)

and

f(r) = Lim. 3 /xSinhwx(ch)(I)Km(T)dm.
YT (B + 2

Now in the same manner as in Theorem 9 we show using (70) and (71) that the latter solution belongs to

L5 N Ly(R; tdt) and can be written in the form (72). Theorem 11 is proved.
Our final result is about a solvability of the following systems of convolution integral equations

(73)
where 11;, g;, © = 1,2 are given functions and a pair of solutions (f, h) is seeking in (Lo (R ; dt), Lo(R,;tdt)).
This means that f € Ly(R;dt) and h € Lo(R; tdt), respectively.

Theorem 12 Let g, € Lo(Ry;tdt), iy € Li(Ry;dt), g2 € Lo(Ry;dt), o € Li(Ry;dt) N Lo(Ry; dt) and
o K] = O(1),2 — 0, i =1,2. If

7 (Freym) (@) (Freype)(2)

Alx) =1— 5 P £0, zeRy, (74)
(Frey92)(2) € La((1, 00); z sinh mx dx), (76)

then there exists a unique solution (f,h) of systems (73) in the class (Ly(Ry;dt),
Lo(Ry; tdt)) given by formulas

x Freyp) (@)
—11m\/>/ COS” Kiolg)l  S—amma dx, (77)
N—oo smxT F{E}QQ)(x) 1 A(@
> [ ] | d
1 Kzl T
Lm.—; sinhmx K. ( ‘ 78
—oo / )' (Freypa) (@) (Fieyge)(2) ‘ Alz) (78)

0
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Proof. Indeed, by using Corollaries 1, 2 systems (73) can be written in equivalent forms as linear
algebraic systems in terms of the Fourier and Kontorovich-Lebedev transforms with respect to unknown
pair ((Fyeyf)(z), Kiz[h]). Its nonzero determinant A(x) is given by (74). Precisely, in a matrix form it

becomes
1o BN K\ (Kl
( (Fpeyps)(x) 1 < (Fyeyf)() ) B ( (Frey92) () )

Therefore Cramer’s rule and inversion formulas (8), (12) lead us to the unique pair of solutions (f,h)
represented by (77), (78), where

ANe) = | Kala] 3
(Fyeyf)(z) = A0 (F{Z}g;f/)<x) |
z = L I Kiz[g1]

belong to Ly(R;dx), Ly(Ry; zsinh madr), respectively. The latter fact is guaranteed by conditions (74),
(75), (76) and Corollaries 1, 2. Theorem 12 is proved.
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