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ABSTRACT

The generalized conjugacy problem (has g a conjugate in K for K rational?) is
solved for [f.g. free|-by-finite groups with constraints that go beyond the context-free
level, a new result for the free group itself. Moldavanskii’s theorem on simultaneous
conjugacy of f.g. subgroups of a free group is also generalized for [f.g. free|-by-
finite groups and this wider class of constraints. The solution set of the equation
r7lgp(x) € K in the free group (¢ a virtually inner automorphism, K rational)
is shown to be rational and effectively constructible, and a similar result is proved
for the equation xgz~! € K in a [f.g. free]-by-finite group. The twisted conjugacy
problem with context-free constraints is also proved to be decidable for the free

group.

1 Introduction

Given a group G, the conjugacy problem for G is said to be decidable if there exists an
algorithm that decides, for arbitrary g,h € G, whether or not they are conjugate. The
terminology generalized word problem arises in combinatorial group theory when we replace
the identity element in the equation g = 1 by an arbitrary finitely generated subgroup H
through g € H. What could be the analogous generalization for an arbitrary element h?

The standard notion of a finitely generated subset of a monoid/group is that of a ratio-
nal subset, finite sets and finitely generated submonoids/subgroups constituting particular
cases. Rational sets/languages play a most important role in language theory, automata
theory and combinatorics on words (see [2] and [22]). We denote by RatG the set of all
rational subsets of G.



The generalized conjugacy problem for G is said to be decidable if there exists an algo-
rithm that decides, for arbitrary g € G and K € RatG, whether or not

JzeG: zgr e K.

Further generalization is obtained through the use of constraints. Let C denote a collec-
tion of subsets of G. The generalized conjugacy problem for G with constraints in C is said
to be decidable if there exists an algorithm that decides, for arbitrary ¢ € G, K € RatG
and C € C, whether or not

JzeC: zgr e K.

A group G is said to be virtually free if it has a free normal subgroup F of finite index. We
consider in this paper the fundamental subcase of [finitely generated free]-by-finite groups,
when F' is assumed to be finitely generated as well. Clearly, every [f.g. free|-by-finite group
is f.g., but the converse does not hold, most surface groups constituting counterexamples
[4].

The conjugacy problem for [f.g. free|-by-finite groups is known to be decidable. This
follows for instance from the fact they are hyperbolic, and hyperbolic groups have decidable
conjugacy problem [12, 17]. The conjugacy problem has also been solved for [f.g. free]-by-
cyclic groups by Bogopolski, Martino, Maslakova and Ventura [4].

On the other hand, Diekert, Gutiérrez and Hagenah proved in [7] a very strong gener-
alization of the celebrated result of Makanin on free group equations [18]. They prove that
the existential theory of equations with rational constraints in a free group F4 is decidable
(PSPACE-complete, actually). As a consequence, the generalized conjugacy problem with
rational constraints is decidable for F4. Also, the problem of determining, for arbitrary
Hy,...,H,, Ky,...,K, <p4 Fa and L € RatF,, whether or not

JrxeL:Vie{l,...,nyaH;x™' C K;

turns out to be decidable as well, generalizing the classical result of Moldavanskii [20] (see
also [16, Prop. 1.2.23]), where no rational constraints are considered.
We concentrate our efforts on the one-variable equation

zgr e K

for a [f.g. free]-by-finite group G, g € G and K € RatG. We prove that its solution set
is rational and effectively constructible. It follows that the generalized conjugacy problem
for G with context-free constraints and many other types of constraints beyond rational
is decidable. This seems to be a new result for the free group itself. We also obtain a
generalization of the results of Moldavanskii for [f.g. free]-by-finite groups with context-
free constraints. Example 5.1 shows that these results cannot be generalized to arbitrary
one-variable equations, even for free groups.

On doing so, we are led to investigate the solution set of the equation x tgp(z) € K
for g € Fu, K € RatFa and a virtually inner automorphism ¢ of F4. An automorphism
is said to be virtually inner if some of its powers is an inner automorphism. These are the
type of automorphisms of 4 induced by inner automorphisms of [f.g. free]-by-finite groups.
Bogopolski, Martino, Maslakova and Ventura proved in [4] that the equation x~'gp(z) = h
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is solvable for arbitrary g,h € F4 and ¢ € AutFa (twisted conjugacy problem). We
prove that the solution set of 2 lgp(z) € K is rational and effectively constructible if
is virtually inner. We also show (considering arbitrary automorphisms) that the twisted
conjugacy problem for F4 with context-free constraints (and others) is decidable.

Example 5.2 shows that these results cannot be generalized to arbitrary automorphisms.
The problem of determining the existence of solutions for arbitrary ¢ and K remains open.

The techniques used in this paper are essentially automata-theoretic, and various com-
binatorial aspects of finite and infinite words are explored. Topological and dynamical
arguments play also an important role, namely when we need to involve the border of a free
group and extensions of automorphisms to its end completion. Our results depend strongly
on the following important theorems regarding ¢ € AutFa: (1) the fixed point subgroup
Fixe is f.g. (Cooper [6] and Gersten [11]); (2) Fixep is effectively constructible (Maslakova
[19]); (3) every fixed point of the end extension @ is either singular, an attractor or a repeller
(Gaboriau, Jaeger, Levitt and Lustig [10]).

We describe now the structure of the paper.

In Section 2, all preliminary concepts and results needed for the main proofs are pre-
sented. This section is organized in four subsections (Languages and automata, Free groups,
Automorphisms, Virtually free groups) and is intended to be fairly self-contained to make
the paper readable for both group-theorists and automata-theorists.

Section 3 is devoted to the discussion of the equation = 'gp(z) € K in a free group Fjy,
for g € Fa, ¢ € AutF virtually inner and K € RatF 5. The main proofs of the paper can
be found here.

Section 4 applies the results of Section 3 to [f.g. free]-by-finite groups, providing so-
lutions for the generalized conjugacy problem with constraints, simultaneous conjugacy of
subgroups and other problems.

Finally, we present in Section 5 several counterexamples that show that the most obvious
generalizations of our results fail. We suggest also open problems that arise naturally from
this work.

2 Preliminaries

2.1 Languages and automata

Given a finite alphabet A, we denote by A* the free monoid on A, with 1 denoting the
empty word. A subset of A* is said to be an A-language.
We say that A = (Q, qo, T, E) is a (finite) A-automaton if:

e ( is a (finite) set;
® g €Qand T C Q;
e FCQxAXQ.
A nontrivial path in A is a sequence

Qn

al ag
pPo—pP1— ... —Pn



with (pj—1,a4,p;) € E for i = 1,...,n. Its label is the word a; ...a, € A*. It is said to be
a successful path if pg = qo and p, € T. We consider also the trivial path p—1>p for p € Q.
It is successful if p = pg € T. The language L(A) recognized by A is the set of all labels of
successful paths in A. A path of minimal length between two vertices is called a geodesic,
and so does its label by extension.

The automaton A = (Q, qo, T, F) is said to be deterministic if, for all p € Q and a € A,
there is at most one edge of the form (p, a,q). We write then ¢ = pa. We say that A is trim
if every g € @ lies in some successful path.

The star operator on A-languages is defined by

L=z,

n>0

where L' = {1}. An A-language L is said to be rational if L can be obtained from finite
languages using finitely many times the operators union, product and star. Alternatively,
L is rational if and only if it is recognized by a finite (deterministic) A-automaton A =
(Q,q0, T, E). The set of all rational A-languages is denoted by RatA.

Given a finitely generated monoid M, we say that K C M is a rational subset of M if
K can be obtained from finite subsets of M using finitely many times the operators union,
product and star. Alternatively, if we fix a surjective homomorphism ¢ : A* — M, K is
rational if and only if K = (L) for some L € RatA. The set of all rational subsets of M
is denoted by RatM.

In the statement of a result, we shall say that K € RatM is effectively constructible
if there exists an algorithm to produce from the data implicit in the statement a finite
A-automaton A such that K = ¢(L(A)).

2.2 Free groups

Let A denote a finite alphabet and let A~ denote a set of formal inverses of A. The free
group on A is the quotient
Fa=(AuA™h*/n,

where 7 denotes the congruence on (AU A~1)* generated by the relation
{(aa™,1) |ac AU AT}

We denote the canonical projection (AU A~1)* — F4 by 7.
Let
Ra=(AuA™)"\( |J AuAaHaa(Auah))
acAUA-?L

denote the set of all reduced words in (AU A™1)* and let ¢ : (AU A71)* — R4 denote
the reduction map. Since 1 = Kert, we abuse notation and denote also by ¢ the induced
bijection 4 — R4. The length of g € Fy4 is defined by |g| = |¢(g)|. To simplify notation, we
shall usually write u = ¢(u). We consider also sometimes the natural actions of (AU A~1)*
on Fy defined by

(AUAil)*XFAHFA FAX(AUAfl)*HFA
(u, 9) —ug = m(u)g (9,u) — gu = gm(u).



Basically, when we have a product of words and free group elements, we assume that the
result is a free group element.

Let u,v € Ry. If u = vx for some z € R4, we say that v is a prefix of u and write u < v.
This partial order on R4 induces the prefix partial order on Flj.

If A= (Q,q,T,E)isan (AUA™!)-automaton, the dual of an edge (p, a,q) is (¢,a=1,p).
Then A is said to be dual if E contains the duals of all edges. It is said to be inverse if it
is dual, deterministic, trim and |T| = 1.

Given a finitely generated subgroup H of F4, we denote by R(H) the finite automaton
associated to H by the construction often referred to by Stallings foldings. This construc-
tion, that can be traced back to the early part of the twentieth century [23, Chap. 11], was
made explicit by Serre [24] and Stallings [26] (see also [14]).

We can describe it briefly as follows.

1. We take a finite generating set X = {z1,...,z,} for H in reduced form.

2. We build the flower automaton

1

/).

-~ 0

S

Tn
where the petals are paths labelled by the generators and their dual edges.

3. We successively fold all edges of the form

(a € AU A7) until no further folding applies.

The following proposition summarizes some of the relevant properties of R(H) (see [14]):
Proposition 2.1 Let H <y, Fa. Then:

(i) R(H) is a finite inverse automaton;

(ii) if p——q is a path in R(H), so is pi)q;
(i1i) R(H) does not depend on the finite reduced generating set chosen;
(iv) for every w € Ra, uw € L(R(H)) if and only if 7(u) € H;

(v) L(R(H)) C 7=\ (H).

We present now the important Benois Theorem, that establishes bridges between RatF a
and Rat(A U A1)

Theorem 2.2 [1]



(i) If L € Rat(AUA™Y), then L € Rat(AUA™Y) and is effectively constructible.
(i) If K C Fa, then K € RatFa if and only if K € Rat(AUA™1).

It is convenient to summarize some of the properties of Rat(A U A™!) in the following
result (see [2] e.g.):
Proposition 2.3 Let A be a finite alphabet. Then:

(i) Rat(A U A1) is closed for Boolean operations;
(ii) if L € Rat(AUA™Y), then L7! € Rat(AUA™Y).

Moreover, all the constructions are effective.

2.3 Automorphisms

Let AutFa denote the group of all automorphisms of F4. If ¢ € AutFa and no confusion
arises, we shall denote also by ¢ the corresponding bijection of R4.

The following result is immediate:
Proposition 2.4 Let L C Ra and ¢ € AutFa. If L € Rat(A U A1), then p(L) €
Rat(A U A™1) and the construction is effective.

Indeed, it follows from the equality ¢(L) = (L), where ¢ : (AU A™H)* — (AU A~1)*
is the monoid homomorphism defined by v (a) = p(a) (a € AU A1),

Note that an endomorphism of F4 is an automorphism if and only if it is onto, due to
F4 being hopfian [16, Prop. 1.3.5]. The inner automorphisms of F4 are of the form

)\g:FAHFA (gEFA).
x»—>g:cg_1

It is well known that the inner automorphisms of F4 constitute a normal subgroup of
AutF,.

We say that ¢ € AutFy is virtually inner if ¢™ is inner for some n > 1. We shall denote
the subset of all virtually inner automorphisms of F4 by ViaFy.

Proposition 2.5 Let ¢ € ViaFs and g € Fa. Then ¢!, Agp, pAg € ViaFz.
Proof. Assume that ¢ = \,. Then (¢ 1)" = (")t = (A\,)"! = A\,-1 and so p~! €
ViaF .
It is immediate that
O = Apn) @ (1)
holds for every h € Fy, hence
(Ag#)"™ = AgAp(g) -+ - Agn-1(9)#" = Agp(g)...n1(g)2

and so Ay € ViaF . Similarly,

(PAg)" = )‘w(g)mw’”“l(g)zg
and pAg € ViaF,. O



A most important feature of automorphisms of Fy is the bounded reduction property:

Proposition 2.6 [10] Let ¢ € AutFa. Then there exists some M € N such that, whenever
u, v € Ry with uv reduced,

() (V)] > [@(u)] + o(v)] - 2M.

In other words, at most M letters of p(u) (or ¢(v)) can be cancelled in the reduction

of p(u)p(v).
Given ¢ € AutFa, we write

Fixp = {x € Fa | p(x) = x}.

Cooper [6] and Gersten [11] proved that Fixep is a finitely generated subgroup of F4, which
implies that Fixp € RatF,. Bestvina and Handel improved this result in their celebrated
paper on train tracks:

Theorem 2.7 [3] For every ¢ € AutFu, Fixy is a finitely generated subgroup of Fa of
rank at most |A|.

The following result from Maslakova implies that Fixep is effectively constructible from
®.

Theorem 2.8 [19] For every ¢ € AutFy, it is possible to compute a finite generating set
for Fixp.

An infinite word & = ajas... (a; € AU A7) is said to be irreducible if a;a;;; is
irreducible for every ¢ € N. Let 0F4 denote the set of all infinite irreducible words ajas . ..
(a; € AU A™Y). Write

5/1\4 =FAUOF},.
Given a € Fy (irreducible) and n € N, we denote by a(™ the n-th letter of a (if a € Fy
and n > |a|, we set a(® = 1). We also write

ol = oM@ o),
For all o, B € F/’;, we define

min{n € N | a(™ # M} if a # 3

00 ifa=p0

(@, B) = {
and we write
d(a, f) =277,

using the convention 27°° = 0. It follows easily from the definition that d is an ultrametric
on F4, satisfying in particular the axiom

d(e, f) < max{d(a,7),d(y, )}

It is well known that the metric space F; is compact (and therefore complete) (see [5] for
a more general situation), in fact is the completion of its subspace F4. We say that Fu



is the end completion of F4 and OFy its border. Note that lim, .. o, = « if and only if
lim;, 00 7(ty, @) = o0 if and only if

VkeNImeNVneN (n>m= ol = alf),

Furthermore, since F4 is complete, a sequence uy,us, ... € Fa converges if and only if
it is a Cauchy sequence, i.e., if the condition

Vk e NIm e NVn,n' €N (n,n' > m = ull :u[k})

nl
holds.
We also note that the product

FiaxFy— Fy
(u,v) — uv

and the mixed product
Fa x oF A OF A
(u, ) — uc
are continuous operations for the product topology.
If w € R4 is a nonempty cyclically reduced word, we denote by u* the infinite reduced
word uuu . .. These words constitute important examples of elements in the border of F4.
The following result is well known (see [5] for a more general discussion):

Proposition 2.9 Let ¢ be an injective endomorphism of Fa. Then ¢ admits a unique
continuous extension @ : Fa — Fa. This extension is given by

Bla) = lim_p(al").

We shall refer to ¢ as the end extension of .

Let ¢ € AutF5 and « € Fixp. We say that « is singular if « is an adherence value of
Fixp. Otherwise, we say that « is regular. -

It is common knowledge that Fixp = Fixp~! yields Fix( = Fixp~1
lim,, 00 cp(a[”}) yields

: indeed, a = §(a) =

—

o 1(a) = o1 lim (™)) = lim (@) = lim ol = a

n—oo

since continuous mappings commute with limits. Therefore we can define o € Fixp regular
to be

e an attractor if

3e > 0Vf € Fa (d(a, ) <& = lim 3"(3) = a);

n—oo

o a repeller if

Je>0VB € Fy (d(a, 8) <e = lim oL (B) =a).
n—oo
Therefore « is a repeller for @ if and only if it is an attractor for Lp/_\l
The following result of Gaboriau, Jaeger, Levitt and Lustig is essential for the classifi-
cation of the fixed points of the end extension:

Theorem 2.10 [10] Let ¢ € AutFp and o € Fixp. Then « is either singular, an attractor
or a repeller.



2.4 Virtually free groups

We say that a group G is virtually free if G has a free (normal) subgroup F of finite index.
Clearly, if F' is finitely generated, so is G. However, the converse need not to be true. We
shall be considering the case of F' being f.g. Such groups are said to be [f.g. free/-by-finite.

Assume that F' = Fj is a f.g. free normal subgroup of finite index of the [f.g. free|-by-
finite group G. We may decompose G as a disjoint union of cosets

G=FbU...UFby, (2)

with bg = 1. For i = 1,...,m, and since F' <G, we can define p; € AutF by @;(u) = biubi_l.
Since |G/F| = m + 1, we have b"*! € F and so ¢; € ViaF. Taking in mind the normal
form (2), it follows easily that for 4,5 € {1,...,m} there exist p; € ViaFy, r;, s;; € R4 and
mappings a : {1,...,m} — {1,...,m}, B:{1,...,m}? — {0,...,m} such that G admits a
(finite) presentation of the form

(A, b1, .. by | biab; !t = @i(a), byt = ribagy, bibj = sijbay (.5 =1,...,m)), (3)

7

which we shall fix as the standard presentation for G.
The following result is a particular case of [25, Proposition 4.1]:

Proposition 2.11 Let G = FbgU...UFb,, be a [f.g. free]-by-finite group with Fy = F G
f-g. Then RatG consists of all subsets of the form

U Lt (L; € RatFy).
=0

Moreover, it follows from the proof of [25, Proposition 4.1] that, given a standard presen-
tation for G and L € RatG, the components L; can be effectively computed from L. Thus
it is fair to assume that a rational subset of G is supposedly given in this form. Therefore
all questions regarding effectiveness of computations or constructions will be discussed at
the component level.

3 The equation 7 'gp(z) € K in the free group

We consider now the equation 2~ 'gp(z) € K for g € Fa, o € AutFo and K € RatFs. We
shall use the notation

Sol(g, ¢, K) = {x € Fa [ x 'gp(x) € K}.

Lemma 3.1 Let H <;, Fa and R(H) = (Q,q0,q0, E). For every q € Q, fix a geodesic
9q . .
qo——q in R(H). Write

J={(g,a) € Q x (AUA™YY | qa is not defined }. (4)

Then R4 decomposes as a union of rational (AU A~Y)-languages through

Ra=({JHg) |J( U HggaRan Ra). (5)

q€Q (g,a)ed

9



Proof. Let x € Ry, and assume that z ¢ quQ Hg,. Suppose that go——q is a path in
R(H). Then xgq_1 € L(R(H)) and so yz:gq_1 € L(R(H)). By Lemma 2.1(ii) and (iv), we
obtain zg, ' € L(R(H)) and m(zg,') € H. Thus 7(x) € Hgy and so © = T € Hgg, hence
a contradiction. Thus z labels no path qo—q in R(H) and so we may factor = = z’az"
where go——q is a path in R(H) and (q,a) € J. By the argument above, we have 2’ € Hg,
and so x € HggaRs N R4. Therefore (5) holds.

Since H is finitely generated, we have H € RatF,. By Theorem 2.2(ii), Hg, € Rat(A U
A=Y, Since Ry = (AU A-1)* € Rat(A U A~!) by Theorem 2.2(i) and Rat(A U A~!) is
closed for intersection by Proposition 2.3(i), we conclude that

Hg,aRsN R4 € Rat(AUA™Y)
as well. OJ

For the remaining part of this section, we fix ¢ € ViaF such that ¢ = A,, H = Fixp
and R(H) = (Q, qo, g0, E). For every ¢ € @, we fix a geodesic qoﬂq in R(H) and take J
as in (4).

Recall that u € Fy is primitive if it is not a positive power of a different word.

Lemma 3.2 For every (q,a) € J, let
Y = {ve Ra| gga <o < p(v)}

and write z = rdfr=1 with | > 1 and d primitive cyclically reduced. Then there exist finite
subsets X1, Xo, X3 of Ra such that

Y = X Urd Xy Ur(d ) X. (6)

Proof. We start with an auxiliary lemma that does most of the job:

Lemma 3.3 Suppose that (v;) is an infinite sequence of distinct elements of Y. Then:
(i) z #1;
(ii) (v;); must have rd* or r(d=1)* as an adherence value;
(iii) o(d) = tdadit=1 for some t € Ra and some factorization d = dyds;
(iv) there exist ig, jo € N such that
o(rd®) = rdodt ™, @(rd_(jOH)) = rd_iodglt_l;
(v) there exists M' € N such that, for all f € Ry and k € N,
rd R f e Y @ rd™ f e,

rd ™M fey ard™Mfey.

10



Proof. Suppose that (v;) is an infinite sequence of distinct elements of Y. Since 1/7:1 is
compact, (v;) has an adherence value o« € OFy4. Since d induces the discrete topology on
F4, we must have a € 0F4. Refining the sequence (v;), we may assume that lim; ., v; = a.
Since @ is continuous, we get

Bla) = B(lim v) = lim ()
1—00 1—00
Since v; < p(v;) for every i and lim;_, |v;] = 400 due to the v; being distinct, it follows
easily that lim; . v; = lim;_, ¢(v;). Hence
Pla) = lim v; = «
1— 00
and so a € Fix@.

By Theorem 2.10, « is either singular, an attractor or a repeller. Suppose that « is
singular. Then there exists a sequence (h;) in H = Fixe such that o = lim; o h;. In
particular, there exists some h; € H such that r(h;, ) > |gq| + 2. Since o = lim;_.oc vy, it
follows that gsa < . Thus gqa < hj and so gqa labels a path in R(H) out of the initial
vertex, contradicting (¢q,a) € J. Therefore « is either an attractor or a repeller.

Recall we are assuming ¢™ = \,. Suppose that z = 1. Then the orbit

{¢'(w); i € Z}

is finite for every u € Fy4. However, if « is an attractor (respectively, a repeller), there
exists some u € Fy such that lim;_. ¢'(u) = a (respectively, lim; o ¢~ *(u) = «), hence
a contradiction since an infinite word cannot be the limit of finitely many finite words.
Therefore z # 1 and (i) holds.
We have
lim 2* =rddd...=rd*

1— 00

and lim; .o, 2% = r(d~1)¥. We show next that
o € {rd“’,r(dil)“’}. (7)
Assume first that o is an attractor. Then there exists some m € N such that

VB € Fy (r(B,0) >m = lim @ (3) = a).

71— 00

Since the sequence (v;) is infinite and o = lim; . v;, there exists some j € N such that
r(o,vj) > m. Thus o = lim; .o ¢*(v;). In particular, since ¢" = A,

a = lim ¢"(v;) = lim z'v;27" = lim rs'r~tors i1
Hence |s*r~lvrs™*| > |r—lv;r| for some k and so neither the first nor the last letter
of skrflvjrs*k are cancelled in its reduction. Hence, for every i > k,

Zjz=t = rsszskr_lvjrs_kskﬂrfl

11



and so a = rs¥ = rd*¥ as claimed.
Assume now that « is a repeller. Then there exists some m € N such that

VB € Fa (r(B,a) >m = lim ﬁz(ﬂ) = a).

1— 00

Similarly to the attractor case, we get

a = lim o7 (v;) = lim 27 "v;2’
17— 00 71— 00

for some j, and finally a = r(d~1)“. Therefore (7) holds and so does (ii).

To prove (iii), we show that it follows from the equality @(rd*) = rd“. So, even if o =
r(d=1)¥, we may derive that p(d~') = td;'d, 't~ for some ¢t € R4 and some factorization
d=' = dy'd;", that yields (iii) as well after inversion.

Recall that 8 € OF4 has period p if S01P) = 5 for every i € N. Write ¢(d) = tct ™!
with ¢ cyclically reduced. Then rd¥ = @(rd*) = zc¢* for some x € R4 and so d* has period
lc|]. Since d“ has period |d| trivially, it follows from the classical Fine and Wilf’s Theorem
[8] that ged(]d],|c|) is a period of d* as well. Since d is not a proper power, this implies
that |d| must divide |c¢| and so ¢ = (dad;)* for some cyclic conjugate dad; of d = dids and
some k > 1. Now

o(d) = tet™! = t(dody )t = (tdodit—1)*.

Since d is primitive, so must be ¢(d), hence k£ =1 and so (iii) holds.

To prove (iv), assume first that o = rd“. Then

rd” = p(rd”) = p(r)t(d2dy)¥ = @(r)tdad?,

hence o(r)tdad? = rd? for some 4, j € N. Thus

o(rd™) = o(r)t(d)i+1t—1 = p(r)tdadidit—! = rd7dit .
Thus there exist ig, jo € N such that p(rd”®) = rd’°dit~'. Now in F4 we have
(p(rd—(jo-*-l)) - Sp(rdio)sp(d—(io-i-jo-i-l)) - rdjodlt—l(tdzdlt—l)—(io—i—jo-i—l)
— rdjodl(dl—ldgl)io+jo+1t*1 — pdlo (d;ldl—l)ioJrjon—lt*l
=rd~ody 't
On the other hand, if @ = 7(d~!)¥, we use a similar argument to show that there
exist ig,jo € N such that ¢(rd=0o+1)) = rd=0d;'t~!. Then we proceed to get @(rd®) =
rd’odit~" and so (iv) holds.
Let M be the constant from Proposition 2.6. Let M’ > ig+ M, jo + 1 + M be such that
"] > g, | ,
Since [rd™'| > |g,|, we have rd™'** f € g,aRANR4 if and only if rd™ f € g;aRANR 4.
For every i > ig, we have

o(rd') = rd®dit™ (tdodt ™) 70 = paiotii0g ¢
In particular,
go(TdM/+k) = de0+M/+k_i°d1t_1, (p(rdM/) = deo"'M/_iodlt_l. (8)
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By Proposition 2.6, the reduction between ¢(rd™ %) and o(f) affects at most M letters in
each word. Since M’ > ig + M, it follows that the reduced factor between o(rd™ ' **) and
©(f) is the same as between @(rd™') and (f). Now rd™ +* f can be obtained from rd™’ f
by inserting d* after r, and it follows from (8) and our comment on the type of reduction
that also @(rd™'t*f) can be obtained from go(rdM/f) by inserting d* after the prefix r.
Thus

rdM R f < o(rdthf) @ rd™ f < o(rd™ f).

Since |gqa| < [rd™'], it follows that rd™' tFf € Y < rd™' f € Y.
The proof for the equivalence with d~! is absolutely similar and can therefore be omitted.
Thus (v) holds. O

Back to the proof of Lemma 3.2, we assume that Y is infinite. By Lemma 3.3(i), z # 1.
We take M’ from Lemma 3.3(v) and define

Xi={veY |@Ed" £v) A (rd™ 2 v)},

Xo=d™'{f € Ry\dRy | rd™ f Y},
Xs=dM{feRy\d 'Rp |rd™ fev}.

Suppose that X7 is infinite. By Lemma 3.3(ii), X; must have rd“ or r(d~!)* as an
adherence value, a contradiction since no word of X; has rd™’ or rd=™" as a prefix. Thus
X, is finite.

Suppose next that X» is infinite. By Lemma 3.3(ii), r X2 must have rd“ or r(d~!) as
an adherence value, a contradiction since d £ f. Thus X5 is finite. Similarly, we show that
X3 is finite.

We show now that (6) holds. We have X; C Y by definition. Since rXy C Y, we get
rd*Xs CY by Lemma 3.3(v). Similarly, r(d~!)*X3 C Y.

Conversely, let v € Y. If v ¢ X, then rd™ < v or r(d™" )™ < v. Assume that
rd™" < v. Then we may write v = rd™'**f with d £ f. By Lemma 3.3(v), we get
rd™' f €Y and so dM' f € X5. Thus v = rd*d™' f € rd*X,. Similarly, if r(d~H)M' < v, we
get v € r(d~1)*X3. Therefore (6) holds as required. [J

Theorem 3.4 For every ¢ € ViaFy,
Uy, ={u € Ra|¢(x) =2xu for some x € Ra}

s finite.

Proof. Consider H = Fixp, R(H) = (Q, g0, g0, F') and geodesics g, as before. By Lemma
3.1 and Theorem 2.2, it is enough to show that, for all ¢ € @ and (q,a) € J,

Us={u€ Ry | ¢(z) = zu for some x € Hg,}

and
Ulga) = {u € Ra | ¢(x) = zu for some x € HguaRa N Ra}

are finite.
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The claim is obvious for U, since

(hgq) " p(hgy) = g5 'R~ o(h)e(gq) = g7 " B e(h)e(gq)

holds for every h € H.
Let (q,a) € J. We show that

U'={u€ Ra | p(x)=zu for some z € gjaRs N Ra}

is finite. Indeed, by Lemma 3.2, and using its notation, we must have x € Y = XjUrd*XoU
r(d—1)* X3 for some finite X1, X2, X3 C R4. Without loss of generality, we may assume that
Y is infinite. By Lemma 3.3(iii), there exists some m € N such that |[p(d*)| = m + |d¥| for
every k € Z\ {0}. Hence |p(z)| — |z| is bounded for all z € Y and so U’ is finite.

Now, every = € @aRA N R4 is equivalent in F4 to a product hy with h € H and
Yy € gqaRa N Ry: indeed, if v = T%av, then y = ggav is reduced (and so is yu) since
(9¢,a) € J and av is irreducible by assumption. Moreover,

o(x) = zu = p(hg,av) = hgsavu = p(h~)p(hg,av) = h~thg,avu
= ¢(gqav) = ggavu = ¢(y) = yu.

Thus Uyq) = U’ is finite as required. OJ

Corollary 3.5 For every ¢ € ViaFy,
Vo={ve Ra|x=p(x)v for somex € Ra}

is finite.

Proof. By Proposition 2.6, we can take M to be a bounded reduction constant for ¢

By Theorem 3.4, we can define N = max{|ul; u € U,-1}. Let also
M’ = max{|¢~ ! (u)]; [ul < M}.

Suppose that V,, is infinite. Then there exist x,v € R4 such that z = ¢(z)v and |~ (v)| >
N + M + M'. Tt follows that ¢~ !(z) = zp~1(v). By choice of M, and since ¢(z)v is
irreducible, there exists a factorization x = xjx9 such that xp=1(v) = 2122071 (v) and
|zo| < M. Thus

7 (z1) = 21m20 L (0)p (25 ") = 212207 M (V) (23 )

since |~ 1(v)| > N+ M+ M’ ensures that the reduction taking place between z2¢~1(v) and

¢ (x5 !) does not cancel the first letter of 29p~1(v). Thus w = z29~ 1 (v)p~1(z5") € Uy.
Since |v2| < M, |~ (v)] > N+ M + M’ and |p~(z;1)| < M, we get |w| > N,
contradicting the definition of N. Therefore V,, is finite. [J
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Given u,v € R4, we denote by u A v the longest common prefix of v and v. Given
u € Ry and k € N, we define Si(u) to be the suffix of v of length £ if |u| > k and u
otherwise. We write u <, v if u is a suffix of v. Given u € R4, we define

o(u) =uA p(u).

We define also 7(u), p(u) € R4 through

We fix now M — 1 to be a bounded reduction constant for . We define ¢/ : R4 — Ra
inductively through ¢/(1) =1 and

o'(ua) = Sy (o' (w)r(u)a A o’ (u)p(u)p(a))

for a € AU A~! and ua irreducible.

Intuitively, the purpose of ¢’ is to encode the suffix of o(u) that is relevant to establish
the profile of u as far as u~'¢(u) is concerned. In view of bounded reduction, we need at
most M letters, but often less (if reduction in the ¢ part shortened the word).

Lemma 3.6 (i) If |o(v)| < M for every v < u, then o'(u) = Sp(o(u)).

(ii) o' (u) <, o(u).
(iii) If o'(u) = 1, then |0’ (v)] < M for every v < .
(iv) If o' (u) = 1, then o(u) = 1.

(v) o (w)r(w)a = (o' (W)r(u)a A o' (w)p(w)p(a))r(ua) for a € AUA"Y and ua irreducible.

(
(vi) o' (u)p(u)p(a) = (o' (u)T(u)a A o (u)p(u)p(a))p(ua) for a € AU A~ and ua irre-

)
ducible.

Proof. (i) We use induction. The claim holds trivially for v = 1. Assume that u = v/a
(a € AUA™Y), |o(v)] < M for every v < u and the claim holds for v’. Then o' (u') =
Sy (o(u')) = o(u’). Hence

o'(u) = Sp (o' (W)r(w)a A o' (W)p(u)p(a))
=Su(o(u)r(w)a A o(u)p(u)p(a))
=Su(u'a A p(u)p(a)) = Sa(u A p(u)) = Su(o(u))
as required.
(ii) We use induction again. The claim holds trivially for u = 1 and all he cases when

o'(u) = 1. Assume that u = va (a € AU A™Y), o/(u) # 1 and the claim holds for v. Write
o(v) = zo’(v). Then

o'(w) <, o' (0)7(v)a A TEPRNRE) <, 20" (0)7(W)a A 2 OP)P@)
since o/(u) # 1 implies that xo’(v)p(v)p(a) is irreducible. Thus

o'(u) <y o(v)7(v)a A o(0)p(0)p(a@) = va A plva) = o(u)
15



as required.

(iii) Suppose that o'(u) < M but |¢'(v)] = M for some v < u. Assume that v is
the longest such prefix of v and u = vay...ax (a; € AU A™1). By (ii), we may write
o(v) = zo'(v) for some z € Ry. Hence ¢(v) = zo'(v)p(v). Write o'(v) = wiwy with
w; € AUA™L. Since M — 1 is a bounded reduction constant for ¢, we have

e(vay ...a;) = zwiwep(v)e(ay ... a;) (9)
for every ¢ € {0,...,k}. We show now that
o(vay ...a;) = z0' (vay...a;), wi <o'(vay...a;) (10)

holds for ¢ = 0,...,k by induction. This is clear for i = 0, so assume that ¢ > 0 and (10)
holds for i — 1. Since |o(vay ...a;)| < M by maximality of v, we have

o' (vay...a;) =o' (vay...a;_1)T(vay...a;_1)a; A o'(vay...a;_1)p(vay ...a;—1)e(a;). (11)

By the induction hypothesis, wy is the first letter of o’(vay ...a;—1) and o(vay ...a;—1) =
xzo'(vay ...a;—1). Suppose that w; is cancelled in the reduction
o'(vay ...a;—1)p(vay ...ai—1)e(a;). Since

pvay ...a;)) =p(vay ...ai—1)p(a;) =o(vay...a;i—1)p(vay ...a;i—1)p(a;)
=zxo'(vay ...a;i—1)p(vay ...ai—1)p(a;),

this implies that w; is cancelled in the reduction ¢(v)¢(a; .. .a;), contradicting (9). Thus
wy < o'(vay ...a;) by (11). Since zw; is irreducible, (11) yields

zo'(vay ...a;)) =z0'(vay ...a;—1)T(vay ...a;—1)a; N xo'(vay...a;—1)p(vas...ai—1)p(a;)
=o(vay...a;—1)t(vay...a;—1)a; N\ xzo'(vay...ai—1)p(vay...a;—1)e(a;)

=vay...a; N o(vay...ai—1)p(vay...a;i—1)p(a;) =vay...a; N e(vai...a;)
=o(vay...a;)

and so (10) holds. In particular, wi < o’(vay...ar) = o'(u) and so o’(u) # 1. Therefore
(i) holds.

(iv) Suppose that o’(u) = 1. Then |0'(v)] < M for every v < u by (iii) and so
1=0'(u) = Spy(o(u)) by (i). Therefore o(u) = 1.

(v) Write y = o' (u)T(u)a A o' (u)p(u)p(a). We start by showing that

o' (u)r(uw)a A o (u)p(u)p(a) =1 = o' (u) = a(u). (12)

Indeed, assume that o’(u) # o(u). It follows from (i) that |o(2)| > M for some z < u. Let
z have minimal length. Still by (i), we must have ¢’(z) = Sy(0(2)) and so |0/(z)| = M.
Let v be the longest prefix of u satisfying |o’(v)] = M. Since o’(ua) <s y, we only have
to worry about the possibility o’(ua) = 1. However, by the proof of (10), this case cannot
occur. Indeed, write ua = vay ... ag. If o’'(ua) < M, then we have |0’ (va; ...a;)| < M for
i =1,...,k by maximality of v and so the conditions of (10) are satisfied. It follows that
o'(ua) = o'(vay ...ax) # 1 and so (12) holds.
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Suppose first that o(u) = o'(u). Then
o' (u)T(u)a = y7(ua) < o(u)t(u)a = (o(u)T(u)a A o(u)p(u)p(a))T(ua)
S ua = (ua N @(ua))T(ua) < ua = o(ua)T(ua).

Assume now that o(u) # o'(u). By (ii), o(u) = zo’(u) for some x € Ry. Thus zy € Ry
and so

Hence

Therefore (v) holds.

(vi) Assume that o(u) # o'(u). Let o(u) = zo'(u). Thus zy € R4 and we saw in the
proof of (v) that zy = o(ua). On the other hand, y # 1 implies that xo’(u)p(u)p(a)) € Ra
and so

proving the claim.
The proof for the case o(u) = ¢'(u) is analogous to the corresponding case in (v) and
can be omitted. [

Let 6: R4 — R4 X Rgq X R4 be the mapping defined by
0(u) = (o(u), 7(u), p(u)).
Let K € RatF. We define an (AU A~1)-automaton C = (P, pg, T, D) by
e P=0(Ry,).
e po=(1,1,1);
o T={0(u) € P|7((r(u) p(u) € K};

e givenu € R4 and a € A,
6(u)—-6(ua)

is an edge of D if and only if ua € R4 and (7(u) =1 or |p(u)| < N).

Let C' = (P, po, T', D’) denote the subautomaton of C obtained by removing all vertices
and edges that do NOT lie in some path starting at the initial vertex.

Lemma 3.7 (i) Let u,v € Ry and a € AU A™! be such that ua € Ra and 0(u) = 0(v).
Then va € R4 and 0(ua) = 6(va).

(ii) C is deterministic.
(iii) if po——p is a path in C, then u € Ry and p = 0(u).
(iv) C' is finite and effectively constructible.
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Proof. (i) Suppose that o’'(u) = ¢/(v) = 1. By Lemma 3.6(iv), we get o(u) = o(v) =
so u = 7(u) = 7(v) = v. Hence we may assume that ¢’(u) = o’(v) # 1. Since 6(u) =
Lemma 3.6(ii) yields

AQD

u=oc(u)7(u) > o'(u)r(u) = o' (v)7(v) <s o(v)7(v) = v

and so ua € Ry implies va € Ry4.

It follows from 6(u) = 6(v) and the definition of ¢’ that ¢'(ua) = ¢’(va). By Lemma
3.6(v) and (vi), we get 7(ua) = 7(va) and p(ua) = p(va) as well. Thus 0(ua) = 0(va).

(ii) Immediate from (i).

(iii) We use induction. The case u = 1 being trivial, assume that u = va with a € AUA™!
and the claim holds for v. Let

po——p'—=p
be a path in C. By the induction hypothesis, we have v € R4 and p’ = 6(v). Since p'—p is
an edge, we have p’ = f(w) and p = #(wa) for some w € Ry with wa € R4 and (7(w) =1
or |p(w)| < N). By (i), it follows from 6(v) = #(w) and wa € R4 that u = va € R4 and
p = 0(wa) = O(va) = O(u) as claimed.

(iv) For every k € N, let C, denote the subautomaton of C induced by all paths Po—p
with |u] < k. In view of (iii), each Cy is a finite effectively constructible (AUA™!)-automaton.
To complete the proof, it suffices to show that Cp, = Cj41 for some k € N.

By Theorem 3.4 and Corollary 3.5, we may define

N =max{|u|; u € U, UV,}.

Let also
Ny = max{|p }(z)|; © € Ry, |z| < M}.

We show that if pg——p is a path in C and u = va (a € AU A™1), then
I7(v)]; [p(v)] < max{N + Ny, M}. (13)
By (iii), our path decomposes as
po—0(v)—=0(u) = p.

Since (v)——6(u) is an edge, we have either 7(v) = 1 or |p(v)| < M.

Assume first that 7(v) = 1. Then v = o(v) < o(v)p(v) = ¢(v) and so p(v) € U,. Hence
|p(v)] < N and the claim holds.

Assume now that |p(v)| < M. Suppose that |7(v)| > N+ N; and let z = o~ ((p(v))™1).
Then |z| < N; and

pwz) =oc) <o(w)r(v)z =12

since z cannot erase the whole of 7(v) in the reduction process. Thus 7(v)z € V,, and so
I7(v)z| < N. Since |z| < Ny, it follows that |7(v)| < N + Ny, a contradiction. Therefore
|7(v)] < N 4+ Np and so (13) holds in any case.

It follows from (13) that there exist only finitely many vertices of C’ that can be prolonged

by edges. Since C is deterministic, it follows that C’ is finite and so we can indeed reach
some k € N such that Cx = Cyy1. U
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Let C" = (P',po, T", D) denote the (AU A~!)-automaton obtained from C’ by taking
T" ={0(u) € P'| 7(u) # 1 and |p(u)| > M}.

Given p € T”, we denote by L, the set of all labels of paths pg — p in C”.
Lemma 3.8 For every p = (p1,p2,p3) € T”, let

W, ={w € Ra | m(w 'py p3p(w)) € K, pow € Ra}.

Then
Sol(L,¢,K) = L(CYU (| LW, N Ra). (14)
peT”
Proof. Let u € L(C'). By Lemma 3.7(iii), we have u € R and a path pg—8(u) in C'.
Moreover, §(u) € T = T N P" and so w((r(u)) !p(u)) € K. Hence

w(u™ () = n((T(u) " (o(w) o (u)p(u) = w((T(u) " p(u) € K.

Thus 7(u) € Sol(1, ¢, K) and so u = m(u) € Sol(1, ¢, K).

Assume now that p = (p1,p2,p3) € T”, u € L, and w € W, with uw € R4. Since
w € W, we have m(w™'p; 'p3p(w)) € K and pow € Ra. Since u € L, yields p = 0(u) by
Lemma 3.7(iii) and so (7(u)) ™ p(u) = p; 'p3, we obtain

r(w™ ™ p(uw)) = m(w ™ (7(u) T o (w) T o (w)p(u)p(w)) = m(w™ Py psp(w)) € K.

Hence 7(uw) € Sol(1, ¢, K) and so uw = 7(uw) € Sol(1, ¢, K). Thus

L) U (|J LW, N Ra) C Sol(1, ¢, K).
pGT”

Conversely, let u € Sol(1, ¢, K). Suppose that there exists some path pg——p in C’. Then
p = 0(u) by Lemma 3.7(iii) and

7((7(u) " p(u)) = m(u" p(u)) € K

since 7(u) € Sol(1, ¢, K). Thus p € 7" and so u € L(C').

Hence we may assume that there exists no path pgp—p in €. Write u = vw where
v is the longest prefix of u labelling a path in C’ from the initial vertex. Let a denote
the first letter of w. We have a path ¢o——p = 6(v) but no edge 6(v)——0(va). Since
va < vw = u € Ry, this can only happen due to both 7(v) # 1 and |p(v)| > M. Hence
peT" and v € L. Since vw = u € R4, it remains to show that w € W,,. Indeed,

1w (7(v)) T p(v)e(w)) = m(w ™o p(v)p(w) = m(u p(u) € K

since m(u) € Sol(1, ¢, K) and 7(v)w <s vw = u € Ry yields 7(v)w € Rs. Thus w € W, as
required. [J
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Theorem 3.9 Let ¢ € ViaFj and K € RatFp. Then Sol(1,¢,K) € RatFa and is effec-
tively constructible.

Proof. By Theorem 2.2, it suffices to show that Sol(1, ¢, K) € Rat(A U A~!) and is effec-
tively constructible. By Lemma 3.7(iv), the languages L(C’) and L, (p € T") are rational
and effectively constructible. So is R4. By Lemma 3.8 and Proposition 2.3(i), we only need
to show that W), is rational and effectively constructible for every p € T".

Fix p = (p1,p2,p3) = 6(u) € T”. In view of Theorem 2.2, we may assume to have a
finite (A U A~1)-automaton Ag = (Qo, 70, To, Eo) such that L(Ap) = K. Moreover, we may
assume Ag to be deterministic and trim. For all j, k € QQg, we write

ij :L(Q07j7T07E0)7 }/}k:L(Q07j7kaE0)'

Given u € R4, let
§(u) ={(,k) € Qo x Qo [ v € Ljx}.
Note that p, 'p3 = (7(u)) "' p(u) € R4 by maximality of o(u). We show that

W= U  Yine s (15)
TS=P3 (j,k)€€(py ')

Note that, since r < p3 and pglpg € R4, we have p2_17“ € Ry as well.
Let p3 = rs and (j,k) € &(py 'r). Take w € Y;ijl N~ 1(s71Y};). Then sp(w) € Y and
so we have a path

1ol T

iow—>1j—>p2 ! k?—)S(P(w) te Ty

in Ag. Hence o
m(wpy psp(w)) = w(wpy trsp(w)) € 7(K) = K.

On the other hand, w_lpgl labels a path in A4y. Since Aj is trim and L(Ap) C Ry, it
follows that w*1p2_1 € R4 and so pow € R4 as well. Thus w € W),

Conversely, let w € W),. Then w_1p2_ l'e R4. We have already noted that py 1ps € Ry.
Since p € T”, we have ps = 7(u) # 1 and so w_lpglpg € R4 as well and also

uw = o(u)T(u)w = o(u)paw € R4.

Now, since M is a bounded reduction constant for ¢, no more than M letters of ¢(u) are
reduced in ¢(u)p(w). Since ps = p(u) <5 ¢(u) and |p3| > M, it follows that

wlpy ' p3p(w) = w™'py ' psp(w)

and so w™py 'p3p(w) € K = L(Ag). Write p3 = rs, p(w) = s~'z so that pzp(w) = rz.
Thus we have a path in Ay of the form

Cwlopylr
Zow—>j2—>ki>t e Tp.

Hence (j,k) € £(p51r). Clearly, w € Ylg]l On the other hand, sp(w) = z € Y} so that
w € p~Y(s71Y}). Therefore (15) holds.
By Theorem 2.2 and Propositions 2.3 and 2.4, it follows that W), is rational and effec-

tively constructible, and so is Sol(1, ¢, K). O
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Corollary 3.10 Let g € Fu, ¢ € ViaFp and K € RatFa. Then Sol(g, p,K) € RatFa and
1s effectively constructible.

Proof. Given x € F4, we have
v lgp(r) € K & lgp(a)g ™ € Kg~' & a7 (M\gp)(2) € Kg™',

hence Sol(g, ¢, K) = Sol(1, A\gp, Kg™!). By Proposition 2.5, we have A\jp € ViaFa. Since
Kg™' € ratF4, we may apply Theorem 3.9. Hence Sol(g, p,K) = Sol(1, \gp, Kg™!) is
rational and effectively constructible. [

We end this section by showing that being virtually inner is a decidable property.
Theorem 3.11 [t is decidable, given ¢ € AutF s, whether or not ¢ € ViaF 4.
Proof. Assume that A = {ay,...,an}. Given u € (AUA™Y)* denote by |ul; the sum of all

exponents (positive and negative) of occurrences of a; in u. Given ¢ € AutF,, it is known
(see [16, Prop. 1.4.4]) that ¢ induces ¢ € AutZ™ defined by

D@1, yim) = (Jo(al* ... aim)y, ..., lp(alt ... ai™)|m).
Moreover,
AutFa — AutZ*?
o=@
is a group homomorphism. Clearly, AutZ™ is, up to isomorphism, the (multiplicative) group
GL,(Z).

It is decidable, given M € GL,,(Z), whether or not M* = id for some k > 1. Indeed, M* =
id for some k£ > 1 holds if and only if M*¥ = M~ for some k > 0, and this is a decidable
condition by [13].

Let o € AutFu. If ¢ € ViaFy, say with ¢ = A, (n > 1), then

Pt = =\, =id.

By the preceding comment, we can decide whether or not @* = id holds for some k > 1.
Thus we may assume that the necessary condition @* = id is satisfied for some k and k can
therefore be effectively computed. We show that ¢ € ViaF, if and only if ¢* is inner.

Assume that ¢ € ViaF . Then ¢" is inner for some n > 1, and so is ¢™*. Since pF = id,
it follows from [16, Prop. 1.4.11] that ©™" inner implies ©* inner.

The converse implication being trivial, we conclude that ¢ € ViaF if and only if ¢ is
inner. Since it is clearly decidable whether or not a given automorphism is inner, decidability
is proven. [

4 Conjugacy in [f.g. free|-by-finite groups

Let G be a [f.g. free]-by-finite group. Throughout the section, we assume that G is given
by the standard presentation (3) and has consequently (2) as a set of normal forms. In
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particular, every X C G admits a unique decomposition X = U2, X;b;. We shall refer to
the X; as the components of X.
We consider now the equation zgz~! € K for g € F4 and K € RatG. We shall use the
notation
Sol(g,K) = {x € Fo | xgx ! € K}.

Theorem 4.1 Let G be a [f.g. free]-by-finite group, g € G and K € RatG. Then
Sol(g, K) € RatG and is effectively constructible.

Proof. Assume that G is given by the standard presentation (3). In view of Proposition
2.11, we assume that K has components Ky, ..., K,, € RatFa.

Decompose Sol(g, K) = U™ S;b; in its components. Let i € {0,...,m}. Then bz-gbi_1 =
ub; for some u € Fy and j € {0,...,m}. Given z € Fy, we have

x € S; < ab; € Sol(g,K) < xbigb, 'x! € K
s aubjz! € K & zup;(z71)b; € K
& zupj(zNb; € Kjb; & zup;(z71) € K;
s le Sol(u, goj,Kj) & XE (Sol(u, (pj,Kj))_l.

Thus S; = (Sol(u, ¢j, Kj)) L. Since p; € ViaFu and K; € RatF are given, it follows from
Corollary 3.10 that Sol(u, ¢j, Kj) € RatFa and is effectively constructible. By Theorem 2.2

and Proposition 2.3(ii), so is .S;. Therefore Sol(g, K) € RatG and is effectively constructible.
O

Given a finitely generated monoid M, and X C M, we say that X has the DIRL property
(decidable if it intersects a rational language) if it is decidable whether or not X N K = ()
for an arbitrary K € RatM.

Lemma 4.2 (i) Let K C Fy. Then K has the DIRL property if and only if K has the
DIRL property as an (AU A~Y)-language.

(it) Let G = U2 Fb; be a [f.g. free]-by-finite group with F <G. Let K C G. Then K has
the DIRL property if and only if each of its components K; has the DIRL property.

Proof. (i) Assume that K has the DIRL property. Let L € Rat(AUA~!). By Proposition
2.3(i), LN R4 € Rat(A U A1) and is effectively constructible. It is immediate that

KNL=0&KN(LNRy) =0 Knna(LNRy) =0.

Since (L N R4) € RatFy, it ; follows that K has the DIRL property.
Conversely, assume that K has the DIRL property. Let X € RatFa. Then

KNX=0KnX=10

and so K has the DIRL property.
(ii) Assume that K has the DIRL property. Let i € {0,...,m} and let X; € RatFa.
Then X;b; € RatG and
KNX, =0 KNX;b =0

shows that K; has the DIRL property.
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Conversely, assume that all K; have the DIRL property. Let X = U X;b; € RatG
with X; C F4. Then

KQXI(D@VZE{O,,WL}KZOX@:@

Since X; € RatF, for every i by Proposition 2.11, it follows that K N X = () is decidable
and so K has the DIRL property. [

A very important class of languages with the DIRL property is the class of context-free
languages (see [2] for details), a proper extension of the class of rational languages. We
say that K C Fj is contert-free if K is a context-free (A U A~!)-language. This is NOT
equivalent to say that K = m(L) for some L C (AU A~1)* context-free. Indeed, Frougny,
Sakarovitch and Schupp proved that the Benois Theorem cannot be generalized to the
context-free level: L does not have to be recursive [9].

Let G be [f.g. free]-by-finite and K C G. We say that K = U"(K;b; (K; C Fa) is
context-free if each K; is context-free.

Theorem 4.3 Let G be a [f.g. free]-by-finite group, g € G and K € RatG. Let X C G
have the DIRL property. Then it is decidable whether or not xgr=" € K for some v € X.

Proof. Indeed, zgz~! € K for some z € X if and only if X N Sol(g, K) = (). By Theorem
4.1, Sol(g,K) € RatG and is effectively constructible. Since X has the DIRL property, we
can decide whether or not X N Sol(g,K) =0. O

Corollary 4.4 Let G be a [f.g. free[-by-finite group, g € G and K € RatG. Let X C G be
context-free. Then it is decidable whether or not xgr=' € K for some v € X.

As far as we are aware, this result is new even for the free group itself. It follows from
the results of [7] that the equation xgz~! € K in the free group with rational constraints
for x is decidable, but we know no results on context-free constraints.

Lemma 4.5 Let G be a [f.g. free/-by-finite group. Then RatG is closed for Boolean oper-
ations and inversion, and the constructions are effective.

Proof. We know that RatFy is closed for Boolean operations and inversion by Theorem 2.2
and Proposition 2.3 with effective constructions. It follows immediately from Proposition
2.11 that RatG is closed for Boolean operations. Finally, if L € RatG, then

L7 = (U Lib) ™' = ULgb; 'Lyt € RatG
follows from Li—1 € RatF . All constructions are effective. [

We consider now (simultaneous) conjugacy of finitely generated subgroups with DIRL
constraints, obtaining new generalizations of the classical theorem of Moldavanskii [20] [16,
Prop. 1.2.23].

Corollary 4.6 Let G be a [f.g. free/-by-finite group and H;, K; <¢, G (i = 1,...,n).
Then:

(i) X ={x € G|xHx"' CK;Vie{1,...,n}} is rational and effectively constructible;
(i) Y ={xr € G| zH;z~' = K; Vi € {1,...,n}} is rational and effectively constructible.
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Proof. Every f.g. subgroup is of course rational. In both (i) and (ii), the condition consid-
ered is equivalent to finitely many conditions of type zgz~! € K, 7 'gx € K and so both
X and Y are finite intersections of sets of the form Sol(g, K) and (Sol(g,K))~!. Each set
Sol(g, K) is rational and effectively constructible by Theorem 4.1. By Lemma 4.5, X and
Y are rational and effectively constructible. [J

Similarly to the proof of Theorem 4.3, we get:

Corollary 4.7 Let G be a [f.g. free]-by-finite group and H;, K; <;4 G (i=1,...,n). Let
X C G have the DIRL property. Then it is decidable whether or not there exists some
z € X such that:

(i) tHyx™ ' C K; fori=1,...,n;
(ii) xHix™' = K; fori=1,...,n.

Corollary 4.8 Let G be a [f.g. free-by-finite group and H;, K; <¢, G (i=1,...,n). Let
X C G be context-free. Then it is decidable whether or not there exists some x € X such
that:

(i) tHix ' C K; fori=1,...,n;

(ii) xHiz=' = K; fori=1,...,n.

5 Counterexamples and open problems

Theorem 4.1 cannot be generalized to other one-variable equations, even in the free group
case:

Example 5.1 Let A = {a,b} and
X ={zcFy|2*c (a ) ba*}.

Then X ¢ RatFa.

Proof. We show that
X = {a"ba" | k € N}. (16)

Clearly, a*ba*F € X for every k > 0. Conversely, let z € X. Write Z = wvu~! with
v cyclically reduced. Then wvvu™ = 22 = a~"bba" for some m,n € N. It follows that b
must occur in v and so v =b. Thus u = a™", m = n and so x = a~"ba". Thus (16) holds.

In view of Theorem 2.2(ii), it suffices to note that X cannot be rational as a subset of
R4, since it clearly fails the Pumping Lemma test (see [2] for details). [

Now we show that Theorem 3.9 cannot be generalized to arbitrary automorphisms:

Example 5.2 Let A = {a,b} and let ¢ € AutFa be defined by ¢(a) = ab, p(b) = a. Then
Sol(1,p, A*) ¢ RatFx.
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Proof. First of all, note that ¢ is onto. Since free groups of finite rank are hopfian, it
follows that ¢ € AutFj.
Suppose that Sol(1, p, A*) € RatFa. Then Theorem 2.2(ii) and Proposition 2.3(i) yield

L =Sol(1,,A*)N A* € Rat(AUA™). (17)

We show that
L={ue A" |u<p(u)} (18)

Since p(A*) C A*, it follows that, given u € A*,
u < p(u) =ultp(u) =pu) € A" =ue L.

Conversely, let u € L. Then u € R4 and (7(u)) " 'p(u) = u=Lp(u) € A*, hence 7(u) = 1.
Thus u < ¢(u) and (18) holds.

Since a < ¢(a), it is immediate that a < ¢(a) < p?(a) < ... Let a = lim; . ¢'(a).
Then « is the famous Fibonacci infinite word (see [15] for details). We show that

L={ueA |u<al. (19)

Let u < «. Since 1 € L, we may assume that u # 1. Since a < «, it follows that a < u
and so |u| < |¢(u)|. Now a = lim;_, ¢'(a) yields by continuity (recall Proposition 2.9)
$(a) = ¢(lim ¢'(a)) = lim ¢ (a) = @

71— 00 1—00
and so a € Fixp. Hence u, p(u) < a and so u < ¢(u). Thus u € L.

Conversely, let u € L and write v = u A a. Suppose that v = 1. Since b < u would
imply a < ¢(u), contradicting u < ¢(u), it follows that b £ u. On the other hand, a < u
would contradict the definition of v, hence u = 1 and so u < a.

Assume now that v £ 1. Since v < «, we have already proved that v € L. Since a < a,
it follows that a < v and so v < ¢(v). Write ¢(v) = vcw with ¢ € A. Suppose that v < u.
Since u, p(v) < p(u) and p(v) = vew, it follows that ve < w. On the other hand, v < «
yields ¢(v) < a since a € Fix@, hence ve < a and the maximality of v is contradicted.
Thus v = v and so u < «. Therefore (19) holds.

Now, by (17), it follows that {u € A* | u < a} = L € RatA. Let A be a finite
deterministic trim automaton recognizing L. Since L is the set of prefixes of an infinite
word, there exists exactly one edge leaving each vertex, and a would be an ultimately
periodic word of the form a = vw*. However, « is a classical example of a Sturmian word,
notoriously non ultimately periodic [15]. Therefore Sol(1, ¢, A*) ¢ Ra. O

Next we show that the proof of Theorem 4.1 cannot be generalized to [f.g free]-by-cyclic
groups. We say that G is [f.g free/-by-cyclic if G has a f.g. free normal subgroup F' such
that G/F is cyclic.

Example 5.3 Let G be the group defined by the presentation
(a,b,c | cac™t = ab,cbc™! = a).

Write A = {a,b}. Then:
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(i) G is [f.g free]-by-cyclic and Fy < G;
(ii) Sol(c,A*c) NFa ¢ RatFa.

Proof. Write A = {a,b}. First of all, we note that ¢ : Fy — F4 defined by ¢(a) = ab,
©(b) = a is the Fibonacci automorphism of Example 5.2. It is easy to see (see e.g. [4]) that
G is indeed [f.g free]-by-cyclic with F4 <t G, having Ra(c* U (c71)*) as a set of normal forms
and satisfying cuc™! = ¢(u) for every u € Fjy.
Let
Sol(1, ¢, A*) = {x € Fa | x Tp(x) € A*}.

We show that
Sol(c, A*c) NFa = (Sol(1, ¢, A*))~L. (20)

Let x € F)y. We have

x € Sol(c, A*c) & xcx™! € A*c & wex~le! € A*
s ap(z7!) € A* < 271 € Sol(1, p, A¥)
& € (Sol(1, ¢, A*))~1

and so (20) holds.
We saw in Example 5.2 that Sol(1, ¢, A*) ¢ RatFa. By Theorem 2.2 and Proposition
2.3(ii), it follows that

Sol(c, A*c) NFa = (Sol(1, ¢, A*))"! ¢ RatFa
either. [J

We say that ¢ € AutFp is a letter permutation if ¢ is induced by some permutation of
AUA™L. Letter permutations and inner automorphisms constitute the simplest examples of
virtually inner automorphisms. These two classes are clearly closed for composition. In view
of (1) and Proposition 1, any composition of letter permutations and inner automorphisms
is still virtually inner. These compositions are called simple automorphisms by Myasnikov
and Shpilrain in [21]. We produce next a nice example of a virtually inner automorphism
that is not simple.

Example 5.4 Let A = {a,b} and define ¢ € AutFp by p(a) = b, p(b) = a=tb~L. Then
p € ViaFa but ¢ is not simple.

Proof. Since ¢ is clearly onto, it is an automorphism by the hopfian property. Since (2 is
the identity, ¢ is virtually inner. To show that ¢ is not simple, it suffices to note that

Vu € Ra (Ju| odd = |[¢(u)] odd )

holds whenever v is a letter permutation or an inner automorphism of F4. This is clear
for letter permutations since they are length-preserving. On the other hand, if |ul| is odd,
then vuv ™! has odd length as a word of (AU A~1)*. Since reduction erases pairs of letters,
lvuv~!| must be odd as well.

Since |p(b)| = 2, it follows that ¢ is not simple. [
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We consider now some open problems that arise naturally from our results.
The first one concerns a weaker generalization of Corollary 3.10, replacing virtually inner
automorphisms by arbitrary automorphisms:

Problem 5.5 Is it decidable, given g € Fa, ¢ € AutFa and K € RatFa, whether or not
Sol(g, ¢, K) # 07

The problem is of course decidable for ¢ € ViaF, in view of Corollary 3.10, since we
can always test emptiness for an effectively constructible rational language.
A partial answer can be given for finite K:

Lemma 5.6 Let g € F4, ¢ € AutFp and K € RatFy. Write B = AU {b} and let
® € AutFp be the extension of ¢ defined by ®(b) = bg. Then

Sol(g, », K) = b 1Sol(1,®, K) N Fu.
Proof. First of all, we show that ® is a well-defined automorphism. Indeed, b = bgg~" =
®(bp~t(g71)) and so ® is onto. Since free groups of finite rank are hopfian, it follows that

® € AutFg. Let x € F4. Then
z € b 1S0l(1,®,K) & x b7 1d(bx) € K & x lgp(x) € K & x € Sol(g, ¢, K)

as claimed. [J

Proposition 5.7 Let g € Fy, ¢ € AutFp and K C Fy finite. Then Sol(g, ¢, K) € RatF
and is effectively constructible.

Proof. Without loss of generality, we may assume that K = {h}. For every z € F4, we
have
e lgp(@) = h o a7 gh T he(e)h ™ =1 e a7 gh™ () (2) = 1,

hence Sol(g, ¢, h) = Sol(gh~!, Ay, 1). Let B = AU {b}. By Lemma 5.6, we can construct
an extension ® € AutFg such that

Sol(gh™%, My, 1) = b 1Sol(1,®,1) NFp = b 'Fix® N Fy.

By Theorem 2.8, Fix® is an effectively constructible rational subset of F4 and so is Sol(g, ¢, h)
since, by Theorem 2.2 and Proposition 2.3(i), RatF, is closed for intersection and the con-
struction is effective. [

As a consequence, we obtain a generalization of the result of Bogopolski, Martino,
Maslakova and Ventura:
Corollary 5.8 The twisted conjugacy problem is decidable in the free group with context-
free constraints.

Proof. Given g,h € Fu, p € AutF and C C Ry4 context-free, we must decide if Sol(g, ¢, h)N
C # 0. By Proposition 5.7 and Theorem 2.2(ii), Sol(g, ¢, h) € Rat(AUA~!) and is effectively
constructible. Since context-free languages have the DIRL property, the result follows. [

The above result holds of course for constraints in any language with the DIRL property.
The second open problem concerns the wilder class of [f.g free]-by-cyclic groups:

Problem 5.9 Is the generalized conjugacy problem for a [f.g free]-by-cyclic group decidable?
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