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Abstract

We study certain isometries between Hilbert spaces, which are generated by the
bilateral Laplace transform

Fy(z) = / et ®(t)dt, z € C.

—0o0

In particular, we construct an analog of the Bargmann-Fock type reproducing kernel
Hilbert space related to this transformation. It is shown that under some integra-
bility conditions on ® the Laplace transform Fg(z), z = = + iy is an entire function
belonging to this space. The corresponding isometrical identities, representations of
norms, analogs of the Paley-Wiener and Plancherel’s theorems are established. As
an application this approach drives us to a different type of real inversion formulas
for the bilateral Laplace transform in the mean convergence sense.
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1 Introduction

Let us consider the following Hilbert space H comprising all entire functions F'(z), z =
x + iy with finite norms

1 . 12
Flly = F(z)]?e ™ dxd . 1.1
1Pl = (o [ [ PG o) < (L)

We will call this space as the Bargmann-Fock type space (cf. [9, Ch. 28]). In this paper
we will show that the image of the space Lo(IR; etzdt) of all square integrable functions
®(t) with respect to the measure e/’ dt under the bilateral Laplace transform [2], [7]

Faylz) = / T eta(nr, (1.2)

o0

coincides with the reproducing kernel Hilbert space (1.1) admitting the reproducing kernel
H(z,u) = /me*t®*/4 Moreover, the bilateral Laplace transform (1.2) is an isometry of
the space LQ(R;etzdt) onto the space (1.1). These results will give us an approach to
derive a real inversion inversion formula for the transformation (1.2) Fg(z),z € R. In
fact, as far as we aware there is a gap in real inversion theory for the case of the bilateral
Laplace transform. Meanwhile, the reproducing kernel approach was extensively used, for
instance in [8] to obtain inversion formulas for different kind of integral transformations.
Concerning the probabilistic approach to get real inversion formulas see [5].

We will need in the sequel an auxiliary information about the system of Hermite
orthogonal polynomials H,(z), z € R, n=0,1,... (see [1], [3], [6]). It is defined by the
equality

Hoe) = (—1)"e” Les® = 0,1 1.3
n(2) = ( )eda:”e ,n=0,1,... (1.3)

and has the following integral representation

2n<_z’)n6:p2

ﬁ —oo

This system is orthogonal on R with respect to the weight e~
given by

H,(z) = e~ = 0,1, .. (1.4)

#> The normalized factor is

/ e_wQHfL(x)dx =/m2"n!, n=0,1,... . (1.5)

—00

For an arbitrary € R when n — oo it has the following asymptotic behavior (see [3,
Ch. 4])

e PH,(2) = an (cos (\/ma: — %T) + rn(x)> , N — 00, (1.6)
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B 2"F n+1
an_ﬁ 2 9

where

for an even n and

2n+1
e 2 (),
T(2n+1) \2
when n is odd. Here I'(2) is Euler’s Gamma-function [1, Vol. I]. With the use of Stirling’s
formula for Gamma-function [1] we easily verify that o, = (Q”Hn”e*")lﬂ, n — o0.

Moreover, ,(x) has the uniform estimate, namely

|$|5/2

|Tn($>| S ConSt.W,

where the constant does not depend on x and n.

From the theory of generalized Fourier series it follows that every f € La(IR; e*tht)
can be represented in terms of the series

fl@) =" caHy(x), (1.7)

where ) -
= ——— HH, (e dt, n=0,1,... . 1.8
o = gmim | FOH(0e e (18)
Series (1.7) is convergent with respect to the norm in Lo(R; e ¥ dt), i.e.
N N N 9 1/2
Hf—chHn(x) = / e |f(t) =D enHu(t)| dt ]  —0,N — oo
n=0 Lg(R;e—t2dt) - n=0
Moreover, the Parseval equality takes place
||f||ig(R;e—t2dt) = \/7_7-22””'|Cn|2 (19>
n=0

2 Mapping properties

We begin this section establishing the existence and analytic properties for the bilateral
Laplace transform (1.2) of ® € Ly(R; e dt). Indeed, we have

Lemma 1. Let ®(t) € Ly(R;e’’dt). Then the Laplace transform (1.2) exists as
a Lebesque integral, which converges absolutely and uniformly on any compact set of C.
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Moreover, it defines an entire function of the second order having the type % and satisfying
the following estimate

2
|F¢(2)| < 7r1/4e\ | /2||(I)||L2(]R;et2dt (2.1)

)-
Proof. Indeed, by the straightforward estimation invoking Schwarz’s inequality we
derive (z = x + iy)

00 1/2 0o 1/2
Fal < ([T etea) ([TIawPet) = a1l 0

oo —00

2
< wt/tel /2||(I)||L2(R;et2dt)‘

Moreover, the integrand in (1.2) is analytic in C with respect to z and as we have seen
integral (1.2) is absolutely and uniformly convergent on any compact set of the complex
plane. Therefore Fg(z) is an entire function satisfying estimate (2.1). It is not difficult
to prove that the order of this entire function is 2 and the type is % Lemma 1 is proved.

Lemma 2. Under conditions of Lemma 1 we have the following isometric identity for
the bilateral Laplace transform (1.2)

1 ) - 2
2—7T3/2//C|Fq>(z)|2€_w d:rdyz/ D) e dt. (2.2)

Proof. We begin by employing the Parseval equality for the Fourier transform [5] to
treat the left-hand side of (2.2). Hence we substitute (1.2) into (2.2) and after integration
with respect to y we derive

/ / |Fo(2)]> e dady = 27 / / e~ T2 B ()| dadt.
C —o0 J —00

Hence integrating with respect to « we easily arrive at (2.2). Lemma 2 is proved.

As an immediate consequence of this lemma we will show that under the Laplace
transform (1.2) the Hilbert space (1.1) forms a reproducing kernel Hilbert space, which
admits the reproducing kernel

H(z,u) = / e P gy — fret /4, (2.3)

o0

In fact, the corresponding inner product gives the result

(Fa(2), H(z 0)) = # / /C Fo() (. 0)e dady

:/ et2q)(t)e_t2+“tdt = Fp(u),

o0
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that is the reproducing property is verified. Furthermore, it is straightforward to get that
the set of functions {e**, z € C} is complete in Ly(RR; etzdt), i.e. the equality Fp(z) =0
yields @ = 0 almost everywhere. Thus the bilateral Laplace transform is an isometry
from Lo(R; e’ dt) onto H (an analog of the Paley-Wiener theorem).

For the real bilateral Laplace transform Fg(x),z € R we prove

Lemma 3. Let ® € Ly(R; e’ dt). Then Fy(x) is infinitely smooth, i.e. Fy € C(R).

Moreover, all derivatives % <e‘x2/2F¢(x)> , n € Ny belong to Lo(R; dx) and satisfy the

dx™
following inequality
2

o0 dn 5
/ g (e*x /2Fq>(x)> dr < 27m!||<§[>||22(R;6t2dt), n=0,1,2,... . (2.4)
Proof. We have . )
e rry () = [ e e 25

Hence, it is not difficult to verify that on any compact set of R we can differentiate through
with respect to x in the latter integral. As a result we obtain

o0

d" 2 25 O" (z=t)2
el —z?/2 _ /2 ¥ - 5
(e Fq>(x)> / d(t)e 5 € dt

dz™ o

o0 Tt 2 _t
= (_1)”2—n/2/ @(t)@tQ/Qe_( 2) H, (%) dt, (26)

where H,(y), n € Ny is the system of Hermite polynomials (1.3). Applying the Schwarz
inequality, making elementary substitutions and taking into account the value of the
normalized factor (1.5) we derive the estimate

dn

“ (6_;(;2/2F<I> (.flf))

2 o0 N2
y <o / D(t)2e’ e 2 dt
a:n

—00

o0 zftQ —t 1 o0 z7t2
x/ e 12 (x )dt:2”+2/ 1B(t)[2e e dt
oo V2 oo
e} o x—t2
></ eV H2 (y) dy = \/27m!/ ’@(t)|26t26_( 2 dt. (2.7)

[e.9] o0

Hence integrating through with respect to = in (2.7) we change the order of integration
via Fubini’s theorem and we get the inequality

o dn ) 2 ) 00 )2
/ (e @))| e < vl / B (1)[2e! / 52 dpdt

dx™ —0o0 —00
P / D)2 dt,
which yields (2.4). Lemma 3 is proved.

o0
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3 Plancherel’s type theorem

In this section we establish an isometry between two Hilbert spaces, which is realized by
the bilateral Laplace transform (1.2) of real variable. The main result will be Plancherel’s
type theorem for this case of the Laplace transformation.

Let us consider a Sobolev’s type space of the infinite order Wi°(R) of complex-valued
functions on R that are n times differentiable in a sense of generalized derivatives for
all nonnegative integers n. In fact, this is a completion of the corresponding pre-Hilbert
space equipped with the inner product

& fdrg
(/:9) Z n! / dxm dx" ' (3.1)

The norm of this space is given accordingly
/2
) : (3.2)

b o (Z oL

Theorem 1. (Plancherel’s theorem). The map ®(t) — e % /2Fy(z), where Fy(x) is
given by (1.2) is a continuous linear map from Lo(R;2metdt) into Ws°(R) which is an
isometry, i.e. Plancherel’s formula holds

dam

e” /2F<I>($)H = ||¢||L2(R;2wef2dt)' (3.3)

W3 (R)

Furthermore, if &,V € Ly(IR; 27ret2dt) then Parseval’s equality holds

2 — =1 " 2 " 2 )9
t _ - —x?/2 —x?/2
27T/Re O(t)W(t)dt = nEZO . /R_d:pne Fcp(a:)—dxne Fy(z)dz, (3.4)

where the series in (3.4) is absolutely convergent.

Proof. By Lemma 1 e **/2Fg(x) is well-defined and by Lemma 3 (see (2.4)) all
derivatives are bounded as linear operators Ls(IR; et’ dt) — Lo(R;dx). Further, employing
representation (2.6), invoking (1.8) and making elementary substitution we easily see that

(e e = (122 [ e = VBl ) dy

= V27 (=1)"n12"2¢, (), (3.5)

where we denote by ¢, (z) Fourier coefficients (1.8) of the function ®(x — v/2y)el*~V2¥)*/2
for each x € R, namely

1 o .- 2
cn(x)zm/_oo (x — V2)e V2P H (e dy, n=0,1,... . (3.6)
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Hence combining with (3.5) the Parseval equality (1.9) yields

/OO ’cp(x—\/iy) ;

oo

e(x—\/iy)2_y2dy = \/7_1'2 2”n'|cn(l’) ?
n=0

% (e—x2/2 F(D(x)) ‘2. (3.7)

Therefore integrating through in (3.7) with respect to & we use Fubini’s theorem and
after straightforward calculation of the inner integral we express the left-hand side of the
obtained equality as

00 00 2 . s o
| o [ fote = Van| ey = RO

Meanwhile, the order of integration and summation on the corresponding right-hand
side can be inverted appealing to Levi’s theorem. Thus we easily come up with isometric
identity (3.3) and we prove the continuity of the map e=*"/2Fy(z) from Ly(R; 2me’*dt) into
W°(R). Finally, relation (3.4) follows immediately by using the parallelogram identity.
The absolute convergence of the series in (3.4) can be easily established with the Cauchy-
Schwarz inequality. Theorem 1 is proved.

Remark 1. We note that in [9, Chap. 28] the reproducing kernel approach has been
used as a way of getting isometric identities for the Bargmann transform.

Combining with Lemma 2 we arrive at

Corollary 1. Any entire function F(z) with a finite integral (1.1) satisfies the follow-

ing identity
1 // 9 g2 = 1
— |F(2)]" e daxdy = —/
ves C nz%n! R

Corollary 2. Almost for all t € R it has the following left inverse operator for the
bilateral Laplace transform (1.2)

,t2 a2 o 29 ext -1
= o dtzn' / T (R @) 5 <€ T) dr.  (3.9)

Moreover, if 6_x2/2Fq><CL’) is such that

n—l—l/

% (e_xZ/QF(x)> ’2 dx. (3.8)

2
dx < oo, (3.10)

e )
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then (3.9) can be written in the form

O(t) = e’ i (T:!;"/Rai’; B g 08 <\/§x+t)> T Hy(x)dr.  (3.11)

\/§7T n=0

Proof. Indeed, the Parseval equality (3.4) gives a key to prove (3.9). Putting

1, ify e o,
\P(y)_{o, it y € R\[0,1],

calculating Fy and differentiating through in (3.4) with respect to ¢t we arrive at the
inversion (3.9).

In order to establish (3.11) we should motivate the passage of the derivative under
signs of the series and the integral in (3.9). In fact, we will appeal to the condition
(3.10), the Cauchy-Schwarz and Schwarz inequalities to verify the absolute and uniform
convergence with respect to ¢ in the right-hand side of (3.9) after formal differentiation.
Precisely, it is not difficult to proceed the following estimates

[e.o]

€_t2 =1 d" 2 o 2 1 1
N - el —x /2F > Y xt—x /2d < -
2m £~ n! /Rdx” <e »(7) dan =0 ; n!
) 1/2 ) 1/2
mn n 1
X / d—( _xZ/QFq)(x)) dx / 0 e~ @072y < —
R dx™ R oxn 2

2 1/2 o) 1
—ac2/2

2 r—1 1/2
—(z—t) 2 —
x [ e H dz . 3.12

The latter integral in (3.12) can be calculated, in turn, by representation (1.4) and the
Parseval equality for the Fourier transform. Hence we obtain

/ e~ (=0 2 (x\/_ﬁt) dr = \/5/ e H (y) dy

\/_/ \/%/ dy—\/_/ e 2Pt = 2T (n—l-;)

Substituting this value into (3.12) and invoking Stirling’s asymptotic formula for the
Gamma-function (see [1, Vol. I]) we come out with the following uniform estimate

ar 2 o" 2
—xz%/2 xt—x?/2
/Rdx” (6 Fé(x)) dan d

t/2)2+tyztndt

_ 42 0
et 1

<1
27Tn n! — 27
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/2 /o 1/2
n + 1 1 1
(it o) (S (v03)

2 1/2 00 1/2
:%(nzon“/dxn ‘“F“W) <O<Zﬁ>> o

Therefore making elementary manipulations in the right-hand side of (3.9) we arrive at
(3.11). Corollary 2 is proved.

(2 Fu(a))

d:v"

4 A Reproducing kernel approach

As we could see above in Lemma 2 the map ® — Fg is an isometry from Ly(R; e’ dt) onto
the Bargmann-Fock type space H with the norm (1.1). As we show next, this map is not
just an isometry, but it is, in fact, an invertible isometry from Ly(R; etzdt) onto H. This
approach will drive us to an inversion formula for the bilateral Laplace transform (1.2) in
the mean convergence sense.

Theorem 2. Let F' € 'H. For any non-negative integer we set

Fn(e) =52 Z ! / o (EW) ain (2 H(w.2)) e, (4.1)

where the reproducing kernel H(z, ) is defined by (2.3). Then Fy € H and the sequence
{FNn}3_y converges to F' in 'H. Moreover, reciprocally

Oy (t) = 62—7T /_OO ext_x2F(a:)PN(a: —t)dx (4.2)

where the polynomials Py (§) are expressed by

§) = é (;éln Hop, (%) (4.3)

converges to ® when N — oo with respect to the norm in the space Ly(R; et2dt) and
Fg, = Fyn. Finally, the bilateral Laplace transform (1.2) is an invertible isometry from
Ly(R; e dt) onto H, F(z) = Fy(2) and the Plancherel identity (2.2) holds.

Proof. Recalling (2.3) by straightforward calculations we derive

88 (6_12/2]_](%2)) :aa (6_12/2/ e‘t2+(x+z)tdt>
" " oo
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= /oo €_t2/2+3tﬁ6_(m_t)2/2dt,
oxn

Substituting the latter integral into (4.1) and invoking (1.2) we obtain that Fy(z) =
Fs, (%), where

—00

—12/2 N 1 0 qn "

(& 2

dy(t) = § — — (e 2F(2)) e @y, (4.4)
2T —mn da: ( ) dx

Consequently, by Lemma 2 we get ||Fy|[3, = ’|F<I>NH31 = H(I)NHig(]R;etht)'
Meanwhile, invoking (1.1), (1.5), (3.8), the Minkowski, generalized Minkowski inequal-
ities and Cauchy- Schwarz’s inequality for the series we find

I8y = /

1 o dn Yy o
< — (z—t)2/2
- 27T ( ‘/ dx" F(x)) 8x”e dr

| &
—(z+t) /2F e~ % /2
/ ' / otn < (@ H)) L

9 1/2

0 dt

_xQ F(a:)) We_(x_t)Q/de

T
1/2
dt)
9 1/2
dt)

o dn
dx”

nl

n=0 o0 o0
" 5 N\ 1/2
1 1 [ d" _,. <o 2
S R i e —(*W) /2 t) t| d
_271';71!/00 dzm </_OO atn \° (z+4) v
N 1/2
1 1 <l 22 /°° d* e
= —) = F dt —e 2|4
2m n! (/_Oo’dt”( ()> > oo |dT™ v
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Therefore ® € Ly(R; e’ dt) for each N € N. Further, we prove that {®y}%_, is a Cauchy
sequence. But first denoting by

o (i ()|

we recall condition (3.10), which turns to be Y~ (n+1) f? < co. Hence we observe that
this is a dense subspace of [, since it contains the set of sequences

1/2
dt) , N € No, (46)

f(k) - (f17f27"‘7fk70707"')7 A’JGN,

which is dense in ly. Therefore, for each element f = {f,}22, € ly and any ¢ > 0 there is
a sequence g = {gn}221, Y oo o(n+ 1)|gn|* < 0o such that ||f — g|l;, < e. Then at least
for sufficiently big N it immediately implies

- 1/2
1
|fN _gN‘ < (Z ’fn _gn|2) < W < €. (47)
n=N

Returning to (4.5), invoking (4.6) and taking M > N we obtain

M

de = — o Z (fn_gn)

n=N+1

—:c2/2
dac”

o=l < 32 3 e ||

)| i, Z o] i

=N+1
1
<
<o 2 vl |a

dz

71'2/2 712/2
dx” dx”

fx2/2
dx”

) M 1/2
2
dx+%< > (n+1)|gal >
n=N+1

n=N-+1

2\ Y/ ] M ]
da S -
) ) Vor n:ZNH n3/2y/nl2n

11
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M 12 ;o A 12
1 , . .
Vo (nZ (n+1)lgnl ) (;m (/_006 IHn(:c)Idg;> ) -0

=N+1

when N — oo if we show that the later series converges
fe'e) 00 ) 2
nz% CES n'2" (/Ooe |H, ()] dx) < 0.

In fact, it can be done appealing to the asymptotic formula (1.6) for the Hermite poly-
nomials, the Stirling formula for factorials [1, Vol.I] and the behavior of the following
integral (see [3, Ch. 4])

et 3 n!2n)
e "x an)dw:O(— , M — 00.
J ( Vi
We have

<iv G (e 1 d“”)) " (iv i ([, 1) dx)> 1/2

1 e e, 1
t. E —_ N H:(x)d =0 E —_ 0
eons (n:N n!2"(n + 1) /|;c|>1 el ) 37) (n:N vn(n+ 1)> o

when N — oo. Thus combining with the above estimates we conclude that ||®y —
Purllpymezany — 00 NoM — oo, ie. {@n}F_, is a Cauchy sequence. It has a limit,
which we denote by ®. Thus sequence (4.4) converges to ® with respect to the norm in
Ly(R; e dt). On the other hand, via Lemma 2 we find

N = Fullr = [[Fay = Foylly = 1®8 = Qullp,mieray — 0, Ny M — o0 (4.8)

Therefore the sequence {Fy(z)}3_; converges to some function G(z) € H. We will prove
that G(z) = F(z) = Fs(z). Indeed, first we observe that (4.1) is a partial sum of the
corresponding series, which is equal to F(z) according to (3.4), Lemma 2 and reproducing
property of the kernel (2.3). Furthermore, invoking (3.8), (4.6) with Cauchy-Schwarz’s
inequalities for the integral and series we deduce for any compact set of C that

Fale) = Fula) < 5 Z EA=

1/2 12
22) HC )= _< fz> e
(n;i-l ) b \/_ n;i-l

dx

e (F0) g (10 2)

IN

ik
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M 1/2
< const. ( Z fﬁ) — 0, N — oo.

n=N+1
Consequently, the sequence {Fn(z)}%_; convergence uniformly on any compact set to

F(z). Since it converges to G in H we have that F'(z) = G(z) in C. Hence passing to the
limit in (4.8) when M — oo we get

[Fn = Flln = |[Foy — Folly, = H(I)N_(I)HLQ(R;et?dt) — 0, N — oo.

This yields F(z) = Fy(z), the Plancherel identity (2.2) holds and (4.4) is a right inverse
operator. In order to establish the representation (4.2) we integrate by parts n times in
(4.4) eliminating integrated terms and invoking (1.3) with straightforward calculations.

To complete the proof of the theorem we finally show that Fg is an invertible isometry,
i.e. (4.4) is left inverse too. Indeed, employing (2.6) we substitute it into (4.4). Making
elementary changes of variables we arrive at the equalities

67t2/2 N (—1)” o dn 2 o 2 (z—y)2 X —
_ —(z—t)?/2 /2 ,—5
W) =52 i / N / y)e’ e H”( NG )dyd‘”

n=0 o0
—t2/2 N 00 _ 00 2 —
e 1 2 r—t 2 (z—y) T
= —@=i2g d(y)e? P 2 H, dyd
o | (M) [ s ()

il §Nj Ve’ /> H,, (u) H, PZY gt bV gy (4
n n T - Y ‘9
n'Q”//R? e (u) (u+ V2 ) ‘ udy,  (49)

where the latter double integral exists due to Fubini’s theorem and the absolute con-
vergence of the iterated integral in (4.9). The inner integral with respect to u can be
calculated invoking (1.4) and Parseval’s identity for the Fourier convolution [6, Ch. 2.
As a result we come out with the equality

Y\ w32 CDVT 2 y—t
/ H,( <u+—\/§) du = STEEVE e H,, 5 .

Substituting this into (4.9) and appealing to the summation formula (4.5.1.5) in [4] we
obtain the following representation

(-1~ = 29— (y—t)2 /4 y—t\ dy
m (I)(y)ey y Honiy T m (410)

But using again (1.4) and the Fourier transform technique we deduce the formula

& 2 dlL‘
/ e Hyn (1) = (—1)¥ v/ NIV

[e.9]

LDy (1) =
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Hence we have

() - 0] = A [ [R)er - w(et] e

—00

y—t\ dy
H. — ) —. 4.11

X2N+1(2>y—t (&11)
Calling formula (1.6) of the asymptotic behavior for Hermite’s polynomials of the odd
order we substitute into (4.11) its right-hand side. Invoking the reduction formula for the
Gamma-function [1] we find

12 Dy (1) — (t)] = W%?E%I 15)) /_OO

x (sin <\/m(y - t)) +rona(y — t)) Ay (4.12)

y—t
Meanwhile, the asymptotic behavior of the ratio of Gamma-functions [1] yields

[q)(y)ey?/z _ @(t)e#/z] o~ W—0?/8

[e.9]

OIN+1 T'(N+13)
VAN +3 (N +1)

=140 (N7, N — oo

Thus e
12Dy (t) — B()] = = / [cp(x +t)el@rt?/2 _ <I>(t)et2/2} e—o/8

@ e

X (sin (a:\/m> + 7"2N+1(x)> c;_:c
+0 (N7?) /OO

—00

[(I)(JZ + t)e(x+t)2/2 N @(t)et2/2] 6—x2/8

< (sin (2/N 1 3/4) + ravaa () d? — In(t) + In (D). (4.13)

Hence employing the estimate (see (1.6)) |rani1(z)| < const.|z|?/2/N/4, the Schwarz
inequality and the elementary inequality |sinz| < |z|, it is not difficult to verify that
Jn(t) = 0, N — oo for any ® € Ly(R;e”’dt) and t € R. In the same manner we get

o 2 2 2 d
/ [CI)(x +1)e™H2 (1)l 2| e /8T2N+1(f1))_x — 0,N — oc. (4.14)
_ T

o0

Further, let us approximate ® by a sequence of smooth functions {¢, }°°, with compact
support such that || — ¢, Lo(Ree?ar) < €5 T 2 Me for any € > 0. Moreover denoting by
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Fat) = @n(t)e’™? we find fo(z +t) — fu(t) = f.(t + 02x)x, 6 € (0,1) and the derivative
fl(t 4+ 0z) is bounded for all n € N. Consequently, for each ¢ € R the function

6—:22/8

(flz +1) = fult)) € Ly(R; dx),

and due to the Riemann-Lebesgue lemma [6] we have

%/_Oo(fn(:v + 1) — fu(t))e "/ sin (J}\/N—F 3/4) % — 0, N — oc. (4.15)

o0

Thus combining (4.15) with (4.13), (4.14) we derive that limy_.. pnn(t) = pn(t), where
N, is defined accordingly (cf. (4.4))

et X1 e g

d?’l/
onalt) = (2P (@) 2 e 2,

_l n n
2m =l ) dz dx

Furthermore it is easily follows from the discussions above {®n}F_;, {pnn}F_, are
Cauchy sequences in Ly(R; e!"dt). Hence with Minkowski’s inequality we obtain

||(I)N - (I)HLQ(]R;etht) < ||q)N - 90N7"||L2(R;et2dt) + ||‘PN,n - 90n||L2(1R;et2dt)

+ ||§0n - ¢||L2(R;et2dt) . (416)

But for n > n. the latter norm is less than /3. Since we have ||onn — Parnllp,m.ezan <
£/3 when N, M — oo then the second norm in (4.16) is less than ¢/3 via Fatou’s lemma.
Finally we estimate the norm |[®n — onnllp, k.24 To do this we employ (4.4), (4.13)
to write for n > n,

o) — (0] = 1 [ [B() — galy)]

T J-c

X sin ((y—t) N+3/4) % + (% + 0 (N2)> /_OO [D(y +1) — ouly +1)]

2 2 d >
x eW+D*/2=y /SerH(y)?y +0 (N7?) / [@(y +1t) — puly +1)]

d
x 28 iy <y N + 3/4) Y~ Ln(t) + I (t) + I n (1),
y

Hence
3

188 — onnll pymeray < D ]| Lawiar)-
=1
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Meanwhile with generalized Minkowski’s inequality we derive

1 B (o)
Mallaan < (5 +02)) [~ 100+ = a4 v
—o0
—y2/8 dy P
Xe |T2N+1(y)|m < COIlSt.” - SOTLH[Q(R;et?dt)
1 e,
“ N /Ooe By PRdy — 0, N — oo.

Analogously,
[ 3,n || Lo sy < O (N_3/2) @ — ‘PnHLz(R;etht)/ eV Bdy — 0, N — 0.

Integral I; x we treat appealing again with the Parseval equality for Fourier’s convolution.
We have

1 [ VN+3/4
hovlt) = o [ @) = eulg e 00 [T i dugy
TJ—oo —\/N+3/4

1 VN+3/4 [
- e
27 —\/N+3/4 /_oo

where the change of the order of integration is due to the absolute and uniform convergence
of the latter integral with respect to y. Further, Theorem 64 in [6] and an elementary
integral like (2.3) yield immediately the representation

/ [@(y) — pnly)] /> WSy — o / W (€)e 2O Ot g

—00 —0o0

[D(y) — ply)] eV /2 W=D Stw gy gy,

where ¥* is the Fourier transform of the function ¥,,(y) = (®(y) — ¢n(y))e?*/2. Therefore
by virtue of the uniform convergence of the latter integral with respect to u from the
interval [—y/N +3/4,1/N + 3/4] we end up with

1 0o ' v/ N+3/4
Lyt ==[ Wi (ge e~ 248" qude.
’ T ] n 7\/@

Hence by the Plancherel identity for the Fourier transform we get

2
2 o0 \/N+3/4
||11JV||L2<R;dt>=\/j / () / e 2%y | de
T\ /oo —\/N+3/4

o0

1/2
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1/2
2 <. ~ 2 )
S % (/ |\Iln(§)|2 (/ e 2 Zdu) df) = ||\IJ ||L2(R;dt) = ||an||L2(R;dt)

3
= H(I) - QD“HLz(R;etht) < g, n > ne.

Combining with (4.16) we verify that ||®y — ¢’||L2(R-et2dt) < e, N > N. and we conclude
the proof of Theorem 2.

—
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