SINGULAR-HYPERBOLIC ATTRACTORS ARE CHAOTIC
V. ARAUJO, M. J. PACIFICO, E. R. PUJALS, M. VIANA

ABSTRACT. We prove that a singular-hyperbolic (or Lorenz-like) attractor of a 3-dimensional
flow is chaotic, in two strong different senses. Firstly, the flow is expansive: if two points remain
close for all times, possibly with time reparametrization, then their orbits coincide. Secondly, there
exists a physical (or Sinai-Ruelle-Bowen) measure supported on the attractor whose ergodic basin
covers a full Lebesgue (volume) measure subset of the topological basin of attraction. Moreover
this measure has absolutely continuous conditional measures along the center-unstable direction,
is a u-Gibbs state and an equilibrium state for the logarithm of the Jacobian of the time one map
of the flow along the strong-unstable direction. In particular these results show that both the flow
defined by the Lorenz equations and the geometric Lorenz flows are expansive and have physical
measures which are u-Gibbs states.

1. INTRODUCTION

The uniform hyperbolic theory of Dynamical Systems was introduced in the 60’s by Smale [36]
and became the cornerstone of the development of the Qualitative Theory of Differential Equa-
tions since. However this theory leaves out large families of systems which do not conform with
the basic assumptions of uniform hyperbolicity. The most representative example of such sys-
tems are arguably the Hénon map [14], for the discrete time case, and the Lorenz flow [22], for
the continuous time case.

The properties displayed by the flow of the Lorenz equations prompted the search for a exten-
sion of the notion of uniform hyperbolicity encompassing time continuous systems presenting
equilibria accumulated in a robust way by regular orbits. This lead to the concept of singular-
hyperbolic sets [30, 26].

The notion of singular-hyperbolic attractor is motivated by the classical construction of so-
called geometric Lorenz models in [12, 1, 13, 41]. It was shown in [30, 26] that any attractor of
a 3-dimensional flow containing in a robust fashion equilibria together with regular orbits must
be singular-hyperbolic, that is, it must admit an invariant splitting E° & E“ of the tangent bundle
into a 1-dimensional uniformly contracting sub-bundle and a 2-dimensional volume-expanding
sub-bundle.

Once this was settled, it is natural to ask how much of the properties shared by hyperbolic
systems can be pushed for this new class of sets. Some of the topological features of hyperbolic
systems were already extended for this new class [27, 9, 25, 29, 30, 28, 5].
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Here we complement the previous conclusions by showing that singular-hyperbolicity implies
the main geometric and ergodic features of the classical models. Namely, we are able to construct
convenient cross-sections and invariant contracting foliations for a corresponding Poincaré map,
that allow us to reduce the flow dynamics to a 1-dimensional transformation. This transformation
is uniformly expanding, due to volume-expansiveness of the flow along E, and so its geometric
and ergodic properties can be well understood.

As a consequence, we prove that the flow is expansive on the attractor, in a sense introduced
by Komuro [20], that we recall in the sequel. Another main result, extending [10], is that typical
orbits in the basin of the attractor have a well-defined statistical behavior: for Lebesgue almost
every point the forward Birkhoff time average converges, and is given by a physical probability
measure. Moreover we show that this measure admits absolutely continuous conditional mea-
sures along the center-unstable directions on the attractor. As a consequence this measure is a
u-Gibbs state and an equilibrium state for the logarithm of the unstable Jacobian on the attractor.

The flow of the Lorenz equation [22] and the geometric Lorenz flows [12, 1, 13, 41] are
known to display singular-hyperbolic attractors [37, 27, 38]. Hence in particular we show that
the attractors for the geometric Lorenz flow and for the Lorenz equations are expansive and have
a physical measure whose ergodic basin is a full Lebesgue measure subset of the topological
basin of attraction. Let us give the precise statements of these results.

1.1. Singular-hyperbolicity. Throughout, M is a compact boundaryless 3-dimensional mani-
fold and X'(M) is the set of C! vector fields on M, endowed with the C! topology. From now
on we fix some smooth Riemannian structure on M and an induced normalized volume form
m that we call Lebesgue measure. We write also dist for the induced distance on M. Given
X € xX!(M), we denote by X;, t € R the flow induced by X, and if x € M and [a,b] C R then
Xiaa () = {X,(x),a <1 <b}.

Let A be a compact invariant set A of X € X' (M). We say that A is isolated if there exists an
open set U D A such that

A= (X (U)
teR

If U above can be chosen such that X;(U) C U for ¢t > 0, we say that A is an attracting set. The
topological basin of an attracting set A is the set

WS(A)={xeM: tEdeiSt (X:(x),A) =0}.

We say that an attracting set A is transitive if it coincides with the ®-limit set of a regular X -orbit.
An attractor is a transitive attracting set, and a repeller is an attractor for the reversed vector field
—X. An attractor, or repeller, is proper if it is not the whole manifold. An invariant set of X is
non-trivial if it is neither a periodic orbit nor a singularity.

Definition 1.1. Let A be a compact invariant set of X € X" (M) , ¢ >0, and 0 <A < 1. We
say that A has a (c,A)-dominated splitting if the bundle over A can be written as a continuous
DX;-invariant sum of sub-bundles

T\M =E'®E?,
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such that for every + > 0 and every x € A, we have
(1) |DX, | EL|- DX | E} || < ).

The domination condition (1) implies that the direction of the flow is contained in one of the
sub-bundles.

We stress that we only deal with flows in dimension 3. In all that follows, the first sub-bundle
E' will be one-dimensional, and the flow direction will be contained in the second sub-bundle
EZ, that we call central direction and denote by E.

We say that a X-invariant subset A of M is partially hyperbolic if it has a (c,\)-dominated
splitting, for some ¢ > 0 and A € (0, 1), such that the sub-bundle E' = E* is uniformly contract-
ing: for every t > 0 and every x € A we have

IDX; | ES|| < ).
Forx € A and 7 € R we let Jf (x) be the absolute value of the determinant of the linear map

DX, | ES* B — E'.

We say that the sub-bundle E{" of the partially hyperbolic invariant set A is volume expanding if

J¢(x) > ce ™ forevery x € A and ¢ > 0. In this case we say that ES" is (¢, A)-volume expanding
to indicate the dependence on c, A.

Definition 1.2. Let A be a compact invariant set of X € X”(M) with singularities. We say that
A 1s a singular-hyperbolic set for X if all the singularities of A are hyperbolic, and A is partially
hyperbolic with volume expanding central direction.

1.2. Expansiveness. The flow is sensitive to initial data if there is & > 0 such that, for any x € M
and any neighborhood N of x, there is y € N and 7 > 0 such that dist(X;(x),X;(y)) > o.

We shall work with a much stronger property, called expansiveness. Denote by S(R) the set
of surjective increasing continuous functions 4 : R — R. We say that the flow is expansive if for
every € > 0 there is 8 > 0 such that, for any 4 € S(R), if

dist(X; (x),Xp(y(v)) <6 forall 7 € R,

then X, (y) € Xitg—e.10+¢] (x), for some ty € R. We say that an invariant compact set A is expan-
sive if the restriction of X; to A is an expansive flow.

This notion was proposed by Komuro in [20], and he called it K *-expansiveness. He proved
that a geometric Lorenz attractor is expansive in this sense. Our first main result generalizes this
to any singular-hyperbolic attractor.

Theorem A. Let A be a singular-hyperbolic attractor of X € X! (M). Then A is expansive.
An immediate consequence of this theorem is the following
Corollary 1. A singular-hyperbolic attractor of a 3-flow is sensitive to initial data.

A stronger notion of expansiveness has been proposed by Bowen-Walters [8]. In it one con-
siders continuous maps 4 : R — R with 4(0) = 0, instead. This turns out to be unsuitable when
dealing with singular sets, because it implies that all singularities are isolated [8, Lemma 1]. An
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intermediate definition was also proposed by Keynes-Sears [18]: the set of maps is the same as
in [20], but they require fyp = 0. Komuro [20] shows that a geometric Lorenz attractor does not
satisfy this condition.

1.3. Physical or SRB measures. An invariant probability u is a physical measure for the flow
X;, t € Rif the set B(u) of points z € M satisfying

T
Tl_ig_lm% A 0(Xi(z))dt = /(pd,u for all continuous @ : M — R

has positive Lebesgue measure: m(B (,u)) > 0. In that case, B(u) is called the basin of p.

Physical measures for singular-hyperbolic attractors were recently constructed by Colmenérez.
Here we need to assume that (X;);cg is a flow of class C? since for the construction of physical
measures a bounded distortion property for one-dimensional maps is needed. These maps are
naturally obtained as quotient maps over the set of stable leaves, which form a C'** foliation of
a finite number of cross-sections associated to the flow if the flow is C2, see Section 4.

Theorem B. Let A be a singular-hyperbolic attractor. Then A supports a unique physical prob-
ability measure u which is ergodic, hyperbolic and its ergodic basin covers a full Lebesgue
measure subset of the topological basin of attraction, i.e. B(u) = W*(A), m mod 0.

This statement extends the main result in Colmenérez [10], where hyperbolicity of the physical
measure was not proved and the author assumed that periodic orbits in A exist and are dense.
However in another recent work, Arroyo and Pujals [4] show that every singular-hyperbolic
attractor has a dense set of periodic orbits, so the denseness assumption is no restriction. Here
we give an independent proof of the existence of SRB measures which does not use denseness
of periodic orbits and that enables us to obtain the hyperbolicity of the SRB measure.

Here hyperbolicity means non-uniform hyperbolicity: the tangent bundle over A splits into a
sum "M = E? @Ef @ F; of three one-dimensional invariant subspaces defined for y-a.e. z€ A
and depending measurably on the base point z, where u is the physical measure in the statement
of Theorem B, Ef is the flow direction (with zero Lyapunov exponent) and F; is the direction
with positive Lyapunov exponent, that is, for every non-zero vector v € F, we have

I
lim ~log||DX;(z)- .
Jim_—log||DX;(z) -v[| > 0

We note that the invariance of the splitting implies that E* = EX & F, whenever F, is defined.
For a proof of non-uniform hyperbolicity without using the existence of invariant measures, but
assuming density of periodic orbits, see [10].

Theorem B is another statement of sensitiveness, this time applying to the whole open set
B(A). Indeed, since non-zero Lyapunov exponents express that the orbits of infinitesimally close-
by points tend to move apart from each other, this theorem means that most orbits in the basin
of attraction separate under forward iteration. See Kifer [19], and Metzger [24], and references
therein, for previous results about invariant measures and stochastic stability of the geometric
Lorenz models.
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1.4. The physical measure is a u-Gibbs state. In the uniformly hyperbolic setting it is well
known that physical measures for hyperbolic attractors admit a disintegration into conditional
measures along the unstable manifolds of almost every point which are absolutely continuous
with respect to the induced Lebesgue measure on these sub-manifolds, see [6, 7, 34, 39].

Here the existence of unstable manifolds is guaranteed by the hyperbolicity of the physical
measure: the strong-unstable manifolds W*#(z) are the “integral manifolds” in the direction of
the one-dimensional sub-bundle F, tangent to F, at almost every z € A. The sets W"*(z) are
embedded sub-manifolds in a neighborhood of z which, in general, depend only measurably
(including its size) on the base point z € A. The strong-unstable manifold is defined by

W (z) = {yeM: lim dist(X,(y),X:(z)) = 0}

and exists for almost every z € A with respect to the physical and hyperbolic measure obtained
in Theorem B. We remark that since A is an attracting set, then W*#(z) C A whenever defined.

The tools developed to prove Theorem B enable us to prove that the physical measure obtained
there has absolutely continuous disintegration along the center-unstable direction. To state this
result precisely we need the following notations.

The uniform contraction along the E* direction ensures the existence of strong-stable one-
dimensional manifolds W**(x) through every point x € A, tangent to E*(x) at x. Using the action
of the flow we define the stable manifold of x € A by

Wi (x) = X (W* ().

teR

Analogously for p-a.e. z we can define the unstable-manifold of z by

W'(z) =X (W"(z)).

teR

We note that E* is tangent to W*(z) at z for u-a.e. z. Given x € A let S be a smooth surface in M
which is everywhere transverse to the vector field X and x € S, which we call a cross-section of
the flow at x. Let &y be the connected component of W*(x) NS containing x. Then &g is a smooth
curve in S and we take a parametrization Y : [—€, €] X [—¢€,€] — § of a compact neighborhood S
of x in S, for some € > 0, such that

e y(0,0) =xand y((—¢,&) x {0}) C &;
o & =y ({0} x (—&,€)) is transverse to & at x: & M &; = {x}.

We consider the family I1(Sy) of connected components £ of W¥(z) NSy containing z € Sp
which cross So. We say that a curve € crosses Sy if it can be written as the graph of a map
& — &o.

Given 8 > 0 we let IT5(x) = {X(55)() : § € TI(So) } be a family of surfaces inside unstable
leaves in a neighborhood of x crossing Sy. The volume form m induces a volume form m,y on each
vy € IT(x) naturally. Moreover, since ¥ € IT5(x) is a continuous family of curves (S is compact

and each curve is tangent to a continuous sub-bundle E*), it forms a measurable partition of
IT5(x) = U{y: v € II5(x) }. We say that IT5(x) is a 8-adapted foliated neighborhood of x.
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Hence u | IIg(x) can be disintegrated along the partition ITg(x) into a family of measures
{1y} yerty(x) such that

() = [ i),

where j1 is a measure on ITg(x) defined by
A(A) = p (Uyeay)  for all Borel sets A C ITg(x).

We say that u has an absolutely continuous disintegration along the center-unstable direction if
for every given x € A, each d-adapted foliated neighborhood I1g(x) of x induces a disintegration
{tybyens(x) of 1 | s (x), for all small enough & > 0, such that uy < my for ji-a.e. y € Tg(x) .

Theorem C. Let A be a singular-hyperbolic attractor for a C? three-dimensional flow. Then the
physical measure u supported in A has a disintegration into absolutely continuous conditional

measures py along center-unstable surfaces y € 5(x) such that % is uniformly bounded from
above, for all 8-adapted foliated neighborhoods I1g(x) and every & > 0. Moreover supp(u) = A.

Remark 1.3. It follows from our arguments that the densities of the conditional measures uy are
bounded from below away from zero on A\ B, where B is any neighborhood of the singularities
Sing(X | A). In particular the densities tend to zero as we get closer to the singularities of A.

The absolute continuity property along the center-unstable sub-bundle given by Theorem C
ensures that

hy(X1) = /log‘det(DXl | E“)| dp,

by the characterization of probability measures satisfying the Entropy Formula [21]. The above
integral is the sum of the positive Lyapunov exponents along the sub-bundle E“* by Oseledets
Theorem [23, 40]. Since in the direction E* there is only one positive Lyapunov exponent along
the one-dimensional direction F, p-a.e. z, the ergodicity of u then shows that the following is
true.

Corollary 2. If A is a singular-hyperbolic attractor for a C? three-dimensional flow X;, then the
physical measure u supported in A satisfies the Entropy Formula

ha(X1) = [ Tog|IDX1 | £l du(2)

Again by the characterization of measures satisfying the Entropy Formula we get that u has
absolutely continuous disintegration along the strong-unstable direction, along which the Lya-
punov exponent is positive, thus u is a u-Gibbs state [34]. This also shows that u is an equilibrium
state for the potential —log ||DX; | F|| with respect to the diffeomorphism X;. We note that the
entropy /,,(X1) of X is the entropy of the flow X; with respect to the measure u [40].

Hence we are able to extend most of the basic results on the ergodic theory of hyperbolic
attractors to the setting of singular-hyperbolic attractors.
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1.5. Application to the Lorenz and geometric Lorenz flows. It is well known that geometric
Lorenz flows are transitive and it was proved in [27] that they are singular-hyperbolic attractors.
Then as a consequence of our results we get the following corollary.

Corollary 3. A geometric Lorenz flow is expansive and has a unique physical invariant prob-
ability measure whose basin covers Lebesgue almost every point of the topological basin of
attraction. Moreover this measure is a u-Gibbs state satisfying the Entropy Formula.

Recently Tucker [38] proved that the flow defined by the Lorenz equations [22] exhibits a
singular-hyperbolic attractor. In particular our results then show the following.

Corollary 4. The flow defined by the Lorenz equations is expansive and has a unique physical
invariant probability measure whose basin covers Lebesgue almost every point of the topological
basin of attraction. Moreover this measure is a u-Gibbs state satisfying the Entropy Formula.

This paper is organized as follows. In Section 2 we obtain adapted cross-sections for the flow
near A and deduce some hyperbolic properties for the Poincaré return maps between these sec-
tions. Theorem A is proved in Section 3. In Section 4 we reduce the dynamics of the global
Poincaré return map between cross-sections to a one-dimensional piecewise expanding map.
In Section 5 we explain how to construct invariant measures for the Poincaré return map from
invariant measures for the induced one-dimensional map, and also how to obtain invariant mea-
sures for the flow through invariant measures for the Poincaré return map. These abstract results
are applied to obtain a physical measure for a singular-hyperbolic attractor in Section 6, proving
Theorem B. In Section 7 we again use the one-dimensional dynamics and the notion of hyper-
bolic times for the Poincaré return map to prove that the physical measure is a u-Gibbs state and
that supp(u) = A, concluding the proof of Theorem C and of Corollary 2.

2. CROSS-SECTIONS AND POINCARE MAPS

The proof of Theorem A is based on analyzing Poincaré return maps of the flow to a convenient
cross-section. In this section we give a few properties of Poincaré maps, that is, continuous maps
R:X — ¥ of the form R(x) = X;(,)(x) between cross-sections X and X'. We always assume that
the Poincaré time #(+) is large (Section 2.2). Recall that we assume singular-hyperbolicity.

Firstly, we observe (Section 2.1) that cross-sections have co-dimension 1 foliations which are
dynamically defined: the leaves W*(x,X) = W} (x) N correspond to the intersections with the
stable manifolds of the flow. These leaves are uniformly contracted (Section 2.2) and, assuming

the cross-section is adapted (Section 2.3) the foliation is invariant:
R(W*(x,X)) C W (R(x),X) forallxe ANX.
Moreover, R is uniformly expanding in the transverse direction (Section 2.2). In Section 2.4 we

analyze the flow close to singularities, again by means of cross-sections.

2.1. Stable foliations on cross-sections. We begin by recalling a few classical facts about par-
tially hyperbolic systems, especially existence of strong-stable and center-unstable foliations.
The standard reference is [15].
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Hereafter, A is a singular-hyperbolic attractor of X € X! (M) with invariant splitting TA\M =
ES ®E® with dimE = 2. Let E¥ ® E“ be a continuous extension of this splitting to a small
neighborhood Uy of A. For convenience, we take Uy to be forward invariant. Then £ may chosen
invariant under the derivative: just consider at each point the direction formed by those vectors
which are strongly contracted by DX; for positive . In general, E“ is not invariant. However,
we can always consider a cone field around it on U

Ci'(x)={v=v"+v"V ¢ Ej and WV € E)f” with |V <a-|v||}
which is forward invariant for a > 0O:
() DX, (C"(x)) C C5*(X¢(x)) forall large t > 0.

Moreover, we may take a > 0 arbitrarily small, reducing U if necessary. For notational simplic-
ity, we write E* and E for E* and E* in all that follows.

The next result asserts that there exist locally strong-stable and center-unstable manifolds,
defined at every regular point x € Uy, which are embedded disks tangent to E*(x) and E(x),
respectively. The strong-stable manifolds are locally invariant. Given any x € Uy, define

W (x) ={y e M : dist(X;(x),X;(y)) — 0 as t — +oo}
W) = WX (x) = X (W ().

teR teR
Given € > 0, denote I = (—¢,¢€) and let E' (I, M) be the set of C' embedding maps f: I} — M
endowed with the C! topology.

Proposition 2.1. (stable and center-unstable manifolds) There are continuous maps ¢** : Uy —
EYI,M) and ¢ : Uy — E' (I} x I ,M) such that given any 0 < € < 1 and x € Uy, if we denote
We' (x) = 0% (x) (Ie) and We™ (x) = 0 (x) (Ie X I¢),

(a) WS (x) = ES(x);

(b) TXWECM (.X) = Fcu ()C),'

(c) Wg*(x) is a neighborhood of x inside W* (x);

(d) y e W¥(x) < there is T > 0 such that X7 (y) € W* (Xt (x)) (local invariance);

(e) d(X;(x),X;(y)) <c-M-d(x,y) forallt > 0 and all y € W*(x).

The constants ¢ > 0 and A € (0, 1) are taken as in Definition 1.1 and the distance d(x,y) is the
intrinsic distance between two points on the manifold Wg*(x), given by the length of the shortest
smooth curve contained in W*(x) connecting x to y.

Denoting E{* = E{ © Eff , where Eff is the direction of the flow at x, it follows that

TWS(x) =E5 and TW°(x)=ES.

We fix € once and for all. Then we call W *(x) the local strong-stable manifold and W*(x) the
local center-unstable manifold of x.

Now let X be a cross-section to the flow, that is, a C* embedded compact disk transverse to X
at every point. For every x € ¥ we define W*(x,X) to be the connected component of W9 (x) N X
that contains x. This defines a foliation J5 of X into co-dimension 1 sub-manifolds of class C I
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Remark 2.2. Given any cross-section X and a point x in its interior, we may always find a smaller
cross-section also with x in its interior and which is the image of the square [0, 1] x [0,1] by a C!
diffeomorphism that sends horizontal lines inside leaves of J5. So, in what follows we always
assume cross-sections are of the latter kind, see Figure 1. We denote by int(X) the image of
(0,1) x (0,1) under the above-mentioned diffeomorphism, which we call the interior of X.

We also assume that each cross-section X is contained in Uy, so that every x € X is such that
o(x) C A.

Remark 2.3. In general, we can not choose the cross-section such that W*(x,X) C W*(x). The
reason is that we want cross-sections to be C!, whereas x — WS*(x) is usually not differentiable.
On the other hand, assuming that the cross-section is small with respect to €, and choosing any
curve Y C X crossing transversely every leaf of F5., we may consider a Poincaré map

Ry :Z—X(y) =W (2)
zEy
with Poincaré time close to zero, see Figure 1. This is a homeomorphism onto its image, close
to the identity, such that Ry (W*(x,X)) C Wg*(Rx(x)). So, identifying the points of X with their
images under this homeomorphism, we may pretend that indeed W*(x,X) C Wg¥(x). We shall
often do this in the sequel, to avoid cumbersome technicalities.

—

<2

,_//

FIGURE 1. The sections X, X(Y), the manifolds W*(x), W (x), W¥(x,Z) and the
projection Ry, on the right. On the left, the square [0, 1] x [0, 1] identified with
Y, where F5. becomes the horizontal foliation and the curve 7y is transversal to the
horizontal direction. Solid lines with arrows indicate the flow direction.

2.2. Hyperbolicity of Poincaré maps. Let X be a small cross-sectionto X and let R: £ — X' be
a Poincaré map R(y) = X;(y)(v) to another cross-section ¥’ (possibly £ = X'). Note that R needs
not correspond to the first time the orbits of £ encounter X’ .

The splitting E* & E““ over Uy induces a continuous splitting E5 & E¢* of the tangent bundle
TX to X (and analogously for X'), defined by

3) ES(y) =ESNT,E and Ef'(y) =ES'NTE.
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We are going to prove that if the Poincaré time 7(x) is sufficiently large then (3) defines a hyper-
bolic splitting for the transformation R on the cross-sections, at least restricted to A:

Proposition 2.4. Let R : ¥ — X' be a Poincaré map as before with Poincaré time t(-). Then
DR, (Ej(x)) = E$(R(x)) at every x € X and DR, (E5"(x)) = E{“(R(x)) at every x € ANX.
Moreover there exists t} = t1(X,X) > 0 such that if t(-) > t| at every point, then

DR | Es(x)|| <1/3 and ||DR|Es“(x)||>3 ateveryxeX.

Remark 2.5. In what follows we use K as a generic notation for large constants depending only
on a lower bound for the angles between the cross-sections and the flow direction, and on upper
and lower bounds for the norm of the vector field on the cross-sections. The conditions on #;
in the proof of the proposition depend only on these bounds as well. In all our applications, all
these angles and norms will be uniformly bounded from zero and infinity, and so both K and #{
may be chosen uniformly.

Proof. The differential of the Poincaré map at any point x € X is given by
DR()C) = PR(x) ODXt(x) ‘ X,

where Pg(y) is the projection onto Tg(,) X' along the direction of X (R(x)). Note that E§(x) is
tangent to XNW*(x) D W9(x,Z). Since the stable manifold W*(x) is invariant, we have invariance
of the stable bundle: DR(x) (E(x)) = E3, (R(x)). Moreover for all x € A we have

DXix) (EE"(v)) © DXy (EY") = ERly -

Since Pg(y) is the projection along the vector field, it sends El‘é’fx) to E5f(R(x)). This proves that

the center-unstable bundle is invariant restricted to A, i.e. DR(x) (E{“(x)) = ES(R(x)).
Next we prove the expans10n and contraction statements. We start by noting that || Pg(, || < K.

en we consider the basis —, e4t o , wWhere e¥ is a unit vector in the direction o
Th ider the b X “1 of EC*, wh Y t vect the directi f
Eg"(x). Since the flow direction is invariant, the matrix of DX; | E" relative to this basis is upper

triangular:
) [X(ROD]
DX,y | Et = X Co)l .
0 A
Moreover IXRE)|
1 : R(x
— -det (DX, (y) | EY") < 77— A< K-det (DX, | EX"
et P 1B = e Pin | B
Then
IDR(x) €| = [|Prex) (DXi(2)(x) - €x) [| = |A - ek [| = A

> K73 |det(DX, () | ES)| > K30~ ( ) > K3
Taking t; large enough we ensure that the latter expression is larger than 3.
To prove ||DR | E§(x)|| < 1/3, let us consider unit vectors e}, € E} and &} € Ej(x), and write

X(x)
X Gl

S __ I\
€, =day €, +by-
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Since <((E$, X (x)) > <(E$,ES*) and the latter is uniformly bounded from zero, we have |a,| > K

X71=X

for some ¥ > 0 which depends only on the flow. Then
IDR(x) x| = [|Prx) © (DX (x) (%) - €3) |

1
) = Tad Pp(x) © <DXt(x) () (ex—b || X T ) H
1 .
= 1] IPre © (DX () -2) | < Ta < T,
Once more it suffices to take 7; large to ensure that the right hand side is less than 1/3. U

Given a cross-section X, a positive number p, and a point x € X, we define the unstable cone
of width p at x by

) Co(x) = {v=»v"+v":v' € Ex(x), v € Ex"(x) and [V’ < p|[v*|[}

(we omit the dependence on the cross-section in our notations).

Let p > 0 be any small constant. In the following consequence of Proposition 2.4 we assume
the neighborhood Uy has been chose sufficiently small, depending on p and on a bound on the
angles between the flow and the cross-sections.

Corollary 2.6. For any R : £ — X' as in Proposition 2.4, with t(-) > t;, and any x € ¥, we have
5
DR(x)(Co(x)) € Cop(R(x))  and [IDRc(v)|| = 5 -IIvl| - forall v e Cy(x).

Proof. Proposition 2.4 immediately implies that DRy(C{j(x)) is contained in the cone of width
p/4 around DR(x) (ES"(x)) relative to the splitting

o = B3 (R(x)) © DR(x) (EE"(x)).

(We recall that Ey. is always mapped to Ey,.) The same is true for E¢" and Ey)', restricted to A.
So the previous observation already gives the conclusion of the first part of the corollary in the
special case of points in the attractor. Moreover to prove the general case we only have to show
that DR(x) (E¢"(x)) belongs to a cone of width less than p/4 around E¢/(R(x)). This is easily
done with the aid of the flow invariant cone field C{” in (2), as follows. On the one hand,

DX,y (Es"(x)) C DX,y (E{") C DX, () (C5"(x)) C C(R(x)).

We note that DR(x) (Ef"(x)) = Pg(y) © DX, (x) (Es"(x)). Since Pp(y) maps Exiy to Eg (R(x)) and

the norms of both Pg(,) and its inverse are bounded by some constant K (see Remark 2.5), we
conclude that DR(x) (E§"(x)) is contained in a cone of width b around E&(R(x)), where b =
b(a,K) can be made arbitrarily small by reducing a. We keep K bounded, by assuming the
angles between the cross-sections and the flow are bounded from zero and then, reducing Uy if
necessary, we can make a small so that b < p/4. This concludes the proof since the expansion
estimate is a trivial consequence of Proposition 2.4. 0

By a curve we always mean the image of a compact interval |a,b] by a C! map. We use £(Y)
to denote its length. By a cu-curve in £ we mean a curve contained in the cross-section ¥ and
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whose tangent direction 7;y C Cj(z) for all z € . The next lemma says that cu-curves linking the
stable leaves of nearby points must be short.

Lemma 2.7. Let us we assume that p has been fixed, sufficiently small. Then there exists a
constant X such that, for any pair of points x,y € X, and any cu-curve joining x to some point of
WS(y,X), we have £(y) < x-d(x,y).

Here d is the intrinsic distance in the C! surface X.

Proof. We consider coordinates on X for which x corresponds to the origin, Ey"(x) corresponds
to the vertical axis, and E. (x) corresponds to the horizontal axis; through these coordinates we
identify X with a subset of its tangent space at x, endowed with the Euclidean metric. In general
this identification is not an isometry, but the distortion is uniformly bounded, and that is taken
care of by the constants C| and C; in what follows. The hypothesis that y is a cu-curve implies

Wiy, ¥)

W', 5)

FIGURE 2. The stable manifolds on the cross-section and the cu-curve Yy con-
necting them.

that it is contained in the cone of width C; - p centered at x. On the other hand, stable leaves are
close to being horizontal. It follows (see Figure 2) that the length of y is bounded by C; - d(x,y).
This proves the lemma with x =C; . 0J

2.3. Adapted cross-sections. The next step is to exhibit stable manifolds for Poincaré trans-
formations R : £ — ¥/. The natural candidates are the intersections W*(x,X) = W7 (x) N X we
introduced previously. These intersections are tangent to the corresponding sub-bundle E5. and
so, by Proposition 2.4, they are contracted by the transformation. For our purposes it is also
important that the stable foliation be invariant:

(6) RW*(x,X)) Cc W¥(R(x),X))  foreveryx € ANZX.

In order to have this we restrict somewhat our class of cross-sections whose center-unstable
boundary is disjoint from A. Recall (Remark 2.2) that we are considering cross-sections X that
are diffeomorphic to the square [0, 1] x [0, 1], with the horizontal lines [0, 1] x {n} being mapped
to stable sets W*(y,X). The stable boundary 9°% is the image of [0,1] x {0,1}. The center-
unstable boundary 0°“¥L is the image of {0, 1} x [0, 1]. The cross-section is 8-adapted if

d(ANE,0UE) > §,
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where d is the intrinsic distance in £. We call horizontal strip of X the image ([0, 1] x I) for any
compact subinterval I. Notice that every horizontal strip is a d-adapted cross-section.
In order to prove that adapted cross-sections do exist, we need the following result.

Lemma 2.8. If A is a singular-hyperbolic attractor, then every point x € A is in the closure of
W (x) \ A

Proof. The proof is by contradiction. Let us suppose that there exists x € A such that x is in the
interior of W*(x) N A. Let a(x) C A be its o-limit set. Then

(7) W*(z) C A forevery z € oux),

since any compact part of the strong-stable manifold of z is accumulated by backward iterates of
any small neighborhood of x inside W**(x). It follows that o(x) does not contain any singularity:
indeed, [30, Theorem B] proves that the strong-stable manifold of each singularity meets A only
at the singularity. Therefore by [30, Proposition 1.8] the invariant set a/(x) C A is hyperbolic. It
also follows from (7) that the union

s= U we

yea(x)NA

of the strong-stable manifolds through the points of o(x) is contained in A. By continuity of the
strong-stable manifolds and the fact that a(x) is a closed set, we get that S is also closed. Using
[30] once more, we see that § does not contain singularities and, thus, is also a hyperbolic set.
We claim that W*(S), the union of the unstable manifolds of the points of S, is an open set. To
prove this, we note that S contains the whole stable manifold W*(z) of every z € S: this is because
S is invariant and contains the strong-stable manifold of z. Now, the union of the strong-unstable
manifolds through the points of W*(z) contains a neighborhood of z. This proves that W*(S) is
a neighborhood of S. Thus the backward orbit of any point in W*(S) must enter the interior of
WH(S). Since the interior is, clearly, an invariant set, this proves that W*(S) is open, as claimed.
Finally, consider any backward dense orbit in A (we recall that for us an attractor is transitive
by definition). On the one hand, its o-limit set is the whole A. On the other hand, this orbit must
intersect the open set W*(S), and so the a-limit set must be contained in S. This implies that
A C S, which is a contradiction, because A contains singularities. O

Corollary 2.9. For any x € A there exist points x* ¢ A and x~ ¢ A in distinct connected compo-
nents of W (x) \ {x}.

Proof. Otherwise there would exist a whole segment of the strong-stable manifold entirely con-
tained in A. Considering any point in the interior of this segment, we would get a contradiction
to Lemma 2.8. U

Lemma 2.10. Let x € A be a regular point, that is, such that X (x) # 0. Then there exists & > 0
for which there exists a 8-adapted cross-section ¥ at x.

Proof. Fix € > 0 as in the stable manifold theorem. Any cross-section ¥ at x sufficiently small
with respect to € > 0 is foliated by the intersections Wg(x) NXy. By Corollary 2.9, we may
find points x* ¢ A and x~ ¢ A in each of the connected components of Wg(x) NXy. Since A
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is closed, there are neighborhoods V* of x* disjoint from A. Let y C X be some small curve
through x, transverse to Wg (x) NXp. Then we may find a continuous family of segments inside
WS (y)NZo, y € y with endpoints contained in V*. The union X of these segments is a 8-adapted
cross-section, for some 6 > 0, see Figure 3. O

WX, X)

FIGURE 3. The construction of a 8-adapted cross-section for a regular x € A.

We are going to show that if the cross-sections are adapted, then we have the invariance prop-
erty (6). Given XY’ € E we set L(X') = {x € £: R(x) € X'} the domain of the return map from
YtoY

Lemma 2.11. Given 8 > 0 and 8-adapted cross-sections £ and ¥, there exists ty = tp(X,X') >0
such that if R : £(X') — X' defined by R(z) = Ry(;)(z) is a Poincaré map with time t(-) > t, then

(1) R(W¥(x,X)) C W¥(R(x),X) for every x € £(X'), and also
(2) d(R(y),R(z)) < 3d(y,z) for everyy, z € W¥(x,%) and x € £(X').

Proof. This is a simple consequence of the relation (4) from the proof of Proposition 2.4: the
tangent direction to each W*(x, X) is contracted at an exponential rate A

K
IDRx) €3]] < N0,
Choosing 1, sufficiently large we ensure that
1
ENZ ssup{{(W¥(x,X)):x € X} < 8.

In view of the definition of d-adapted cross-section this gives part (1) of the lemma. Part (2) is
entirely analogous: it suffices that (K /x) - A2 < 1/2. O

Lemma 2.12. Let X be a d-adapted cross-section. Then, given any r > 0 there exists p such that
diy,z)<p = dist(Xs(y),Xs(z)) <r
forall s >0, everyy, z€ W9(x,X), and every x € ANX.

Remark 2.13. Clearly we may choose #, > #; . Remark 2.5 applies to t, as well.
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Proof. Let y and z be as in the statement. As in Remark 2.3, we may find 7/ = X¢(z) in the
intersection of the orbit of z with the strong-stable manifold of y satisfying
1 < dist(y,7')

— <K and |7|<K-d(y,2).
XS Ao = 1| <K-d(yz)

Then, given any s > 0,
dist(Xs(v), Xs(2)) < dist(Xs (), Xs(2)) +dist(X; (<), X (2))
< C- e dist(y, ) +dist(X;4<(2), Xs(2))
<KC-e*-d(y,z) +K[1| < (KC+K?)-d(y,z).
Taking p < r/(KC +K?) we get the statement of the lemma. O

2.4. Flow boxes of singularities. In this section we collect some known facts about the dynam-
ics near the singularities of the flow. It is known [27, Theorem A] that each singularity of a
singular-hyperbolic attracting set, accumulated by regular orbits of a 3-dimensional flow, must
be Lorenz-like. In particular every singularity 6; of a singular-hyperbolic attractor, as in the
setting of Theorem A, is Lorenz-like, that is, the eigenvalues A , A, A3 of the derivative DX (Gy)
are all real and satisfy

M>0>A>A3 and A;+A; >0.

In particular, the unstable manifold W*(cy) is one-dimensional, and there is a one-dimensional
strong-stable manifold W*(oy) contained in the two-dimensional stable manifold W*(cy). Most
important for what follows, the attractor intersects the strong-stable manifold at the singularity
only [27, Theorem A].
Then for some & > 0 we may choose d-adapted cross-sections contained in Uy
o Z‘.”i at points y* in different components of W/ (o) \ {ox}
e °F at points x* in different components of W} (o) \ W (o)
and Poincaré maps R* : X/F \ ¢* — £~ UX%T, where (* = Z"F MW} (oy), satisfying (see
Figure 4)
(1) every orbit in the attractor passing through a small neighborhood of the singularity oy
intersects some of the incoming cross-sections i+,
(2) R* maps each connected component of X+ \ ¢* diffeomorphically inside a different

outgoing cross-section X%F, preserving the corresponding stable foliations and unstable
cones.

These cross-sections may be chosen to be planar relative to some linearizing system of coor-
dinates near Gy, e.g. for a small { > 0

T = {2 1) s | Gl < CFand Z0F = {(£Lx0,03) 1wl <G x| <L),

where the xj-axis corresponds to the unstable manifold near Gy, the x;-axis to the strong-stable
manifold and the x3-axis to the weak-stable manifold of the singularity which, in turn, is at the
origin, see Figure 4.

Reducing the cross-sections if necessary, i.e. taking 6 > 0 small enough, we ensure that the
Poincaré times are larger than 7, , so that the same conclusions as in the previous sections apply
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FIGURE 4. Ingoing and outgoing adapted cross-sections near a singularity.

here. Indeed using linearizing coordinates it is easy to see that for points z = (x,x,£1) € ZHF
the time 1t it takes the flow starting at z to reach one of £%* depends on x| only and is given by

_ logx;
Mo
We then fix these cross-sections once and for all and define for small € > 0 the flow-box

U= U X(err(ng()U(=8,8)x (=8,8)x (~1,1)

xeTiE\

TH(xy) =

which is an open neighborhood of 6 with o) the unique zero of X | Us,. We note that the
function ©* : £%* — R is integrable with respect to the Lebesgue (area) measure over 5% we
say that the exit time function in a flow box near each singularity is Lebesgue integrable.

In particular we can determine the expression of the Poincaré maps between ingoing and
outgoing cross-sections easily thought linearized coordinates

(8) A > 01— 20 (x,x,1) > (1xgx, M x M)

This shows that the map obtained identifying points with the same x; coordinate, i.e. points in

the same stable leaf, is simply x| — x[f where B = —A2/A; € (0,1). For the other possible com-
binations of ingoing and outgoing cross-sections the Poincaré maps have a similar expression.
This will be useful to construct physical measures for the flow.

3. PROOF OF EXPANSIVENESS

Here we prove Theorem A. The proof is by contradiction: let us suppose that there exist € > 0,
a sequence 9, — 0, a sequence of functions &, € S(R), and sequences of points x,, y, € A such
that

9 d (X;(xn), X5, 1) (n)) < 8 forallz € R,
but
(10) Xh,,(t) (yn> ¢ X[t—s,t—i—s] (xn) for all t € R.
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3.1. Proof of Theorem A. The main step in the proof is a reduction to a forward expansiveness
statement about Poincaré maps which we state in Theorem 3.1 below.

We are going to use the following observation: there exists some regular (i.e. non-equilibrium)
point z € A which is accumulated by the sequence of ®-limit sets ®(x,). To see that this is so, start
by observing that accumulation points do exist, since the ambient space is compact. Moreover,
if the ®-limit sets accumulate on a singularity then they also accumulate on at least one of the
corresponding unstable branches which, of course, consists of regular points. We fix such a z
once and for all. Replacing our sequences by subsequences, if necessary, we may suppose that
for every n there exists z,, € ®(x,) such that 7, — z.

Let X be a d-adapted cross-section at z, for some small 8. Reducing d (but keeping the same
cross-section) we may ensure that z is in the interior of the subset

s={y€X:d(y,0X) > d}.
By definition, x, returns infinitely often to the neighborhood of z,, which, on its turn, is close
to z. Thus dropping a finite number of terms in our sequences if necessary, we have that the
orbit of x, intersects Xg infinitely many times. Let 7, be the time corresponding to the first
intersection. Replacing x,, yn, t, and h, by x, = X; (x,), ¥, = X (1) Vn) t'=t—ty,and 1,(1') =
hn(t' +1,) — hy(t,), we may suppose that x, € Xg, while preserving all the relations (9) and (10).
Moreover there exists a sequence T, ;, j > 0 with T, o = 0 such that
(11) Xn,j = Xfw. (xn) €Ls and Tn,j — Tnj—1 > max{ty,5}
for all j > 1, where ¢; is given by Proposition 2.4 and #; is given by Lemma 2.11.

Theorem 3.1. Given €y > 0 there exists &y > 0 such that if x € X5 and y € A satisfy
(a) there exist T; such that
xj :ij(x) €Xs and 7T;—7Tj_1 >max{t;,n} forallj>1;

(b) dist (X;(x), X,y (y)) < 8o, for all t > 0 and some h € S(R);
then there exists s € R such that Xj(s)(y) € Wey (X[s—gg,s+€0) (X))-

We postpone the proof of Theorem 3.1 until the next section and explain first why it implies
Theorem A. We are going to use the following observation.

Lemma 3.2. There exist ¢ > 0 and p > 0, depending only on the flow, such that if 71,22,z3 are
points in A satisfying z3 € X|_p 5 (22) and z2 € W3*(z1), then

dist(z1,z3) > ¢- max{dist(zy,22),dist(z2,23) }-

Proof. This is a direct consequence of the fact that the angle between E** and the flow direction
1s bounded from zero which, on its turn, follows from the fact that the latter is contained in the
center-unstable sub-bundle E““. O

We fix €y = € as in (10) and then consider Jy as given by Theorem 3.1. Next, we fix n such
that §,, < &y and d, < cp, and apply Theorem 3.1 to x = x,, and y = y,, and h = h,, . Hypothesis
(a) in the theorem corresponds to (11) and, with these choices, hypothesis (b) follows from
(9). Therefore we obtain that Xj,,)(y) € W* (X[s_g s+ (x)). In other words, there exists [t| < €
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such that Xj, () (y) € Wg* (Xs1+(x)). Hypothesis (10) implies that X, (y) # Xs++(x). Hence since
strong-stable manifolds are expanded under backward iteration, there exists 0 > 0 maximum
such that

Xn(s)—1(¥) € Wy (Xsx—(x))  and  Xp(sy11)(¥) € X[—p,p) (Xn(s)—¢ ()
forall 0 <t <0, see Figure 5.

(Xh(s) (¥)

[—P Pl

Xh( s+fc_t)(Y)

W, (X)

Wp Kt (3))

FIGURE 5. Sketch of the relative positions of the strong-stable manifolds and
orbits in the argument reducing Theorem A to Theorem 3.1.

Using Lemma 3.2, we conclude that

dlSt( s+1— t( )7Xh(s+‘t—t)(y>) >cp >y,

which contradicts (9). This contradiction reduces the proof of Theorem A to that of Theorem 3.1.

3.2. Infinitely many coupled returns. We start by outlining the proof of Theorem 3.1. There
are three steps. The first one, which we carry out in the present section, is to show that to each
return x; of the orbit of x to X there corresponds a nearby return y; of the orbit of y to X. The
precise statement is in Lemma 3.3 below. The second, and most crucial step, is to show that there
exists a smooth Poincaré map, with large return time, defined on the whole strip of ¥ in between
the stable manifolds of x; and y;. This is done in Section 3.3. The last step, Section 3.3.4,
is to show that these Poincaré maps are uniformly hyperbolic, in particular, they expand cu-
curves uniformly (recall the definition of cu-curve in Subsection 2.2). The theorem is then easily
deduced: to prove that Xj,,(y) is in the orbit of W (x) it suffices to show that y; € W*(x;,X), by
Remark 2.3. The latter must be true, for otherwise, by hyperbolicity of the Poincaré maps, the
stable manifolds of x; and y; would move apart as j — oo, and this would contradict condition
(b) of Theorem 3.1. See Subsection 3.3.4 for more details.

Lemma 3.3. There exists K > 0 such that, in the setting of Theorem 3.1, there exists a sequence
(v}) j>0 such that

(1) yj=Xv,(y) isin X for all j > 0.

(2) |v;— (’CJ)|<K do and d(xj,y;) < K - dy.
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Proof. By assumption d (x;, Xj,(r;)(y)) < K-8 forall j > 0. In particular y;- = Xjy(1;)(v) is close to
X. Using a flow box in a neighborhood of X we obtain X, (y';) € X for some &; € (—K -89, K - ).
The constant K depends only on the vector field X and the cross-section X (more precisely, on
the angle between X and the flow direction). Taking v; = h(7;) +¢€; we get the first two claims
in the lemma. The third one follows from the triangle inequality; it may be necessary to replace
K by a larger constant, still depending on X and ¥ only. U

3.3. Semi-global Poincaré map. Since we took the cross-section X to be adapted, we may use
Lemma 2.11 to conclude that there exist Poincaré maps R; with R;(x;) =x;+1 and R;(y;) =yj+1
and sending Wg*(x;,X) and Wg*(y;,X) inside W (x41,X) and We¥(y;41,X), respectively. The
goal of this section is to prove that R extends to a smooth Poincaré map on the whole strip X of
Y. bounded by the stable manifolds of x; and y; .

We first outline the proof. For each j we choose a curve 1; transverse to the stable foliation of
¥, connecting x; to y; and such that 11 is disjoint from the orbit segments [x;,x;+1] and [y;,y;+1].
Using Lemma 2.11 in the same way as in the last paragraph, we see that it suffices to prove that
R; extends smoothly to 1;. For this purpose we consider a tube-like domain 7J; consisting of
local stable manifolds through a surface S; whose boundary is formed by n; and 1 and the
orbit segments [x;,x;41] and [y;,y;+1], see Figure 6. We will prove that the orbit of any point in
M, must leave the tube through 1 in finite time.

WS(XJ,Z)~~“ '/ W (j41,Z) :
FIGURE 6. A tube-like domain.

We begin by showing that the tube contains no singularities. This uses hypothesis (b) together
with the local dynamics near Lorenz-like singularities. Next, using hypothesis (b) together with a
Poincaré-Bendixson argument on the surface S, we conclude that the forward orbit of any point
in J; must leave the tube. Another argument, using hyperbolicity properties of the Poincaré
map, shows that orbits through 1 ; must leave T; through ;. In the sequel we detail these
arguments.

3.3.1. A tube-like domain without singularities. Since we took 1 ; and M disjoint from the
orbit segments [x;,x;41] and [y;,y;+1], the union of these four curves is an embedded circle. We
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recall that the two orbit segments are close to each other, by hypothesis (b)
d(Xt(x),Xh(,)(y)) <9y forallre [tj,lj_H].

Assuming that dy is smaller than the radius of injectiveness of the ambient manifold, there exists
a unique geodesic linking each X; (x) to Xj)(y), and it varies continuously (even smoothly) with
t. Using these geodesics we easily see that the union of [y;,y;1] withn; and 14 is homotopic
to a curve inside the orbit of x, with endpoints x; and x;;1, and so it is also homotopic to the
segment [x;,x;41]. This means that the previously mentioned embedded circle is homotopic to
zero. It follows that there is a smooth immersion ¢ : [0, 1] x [0, 1] — M such that

e 0({0} > [0, 1]) =mj and ¢({1} x [0,1]) =" 41
* 0([0, 1]} x {0}) = [yj,yj+1] and 0([0, 1]} x {1}) = [x;, xj41]-
Moreover S; = ¢([0, 1] x [0, 1]) may be chosen such that, see Figure 7

e all the points of S; are at distance less than §; from the orbit segment [x;,x;1], for some
uniform constant 8; > 8y which can be taken arbitrarily close to zero, reducing oy if
necessary;

e the intersection of §; with an incoming cross-section of any singularity (Section 2.4) is
transverse to the corresponding stable foliation.

Then we define T to be the union of the local stable manifolds through the points of that disk.

o wiow)
c
Ik W (k)
| ; LACH)
0

FIGURE 7. Entering the flow box of a singularity.

Proposition 3.4. The domain T ; contains no singularities of the flow.

Proof. By construction, every point of T is at distance < € from §; and, consequently, at distance
< €49 from [xj,xj41]. So, taking € and 8y much smaller than the sizes of the cross-sections
associated to the singularities (Section 2.4), we immediately get the conclusion of the proposition
in the case when [x;,x;41] is disjoint from the incoming cross-sections of all singularities. In the
general case we must analyze the intersections of the tube with the flow boxes at the singularities.
The key observation is in the following statement whose proof we postpone.
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Lemma 3.5. Suppose [x;,x 1] intersects an incoming cross-section Z}; of some singularity Gy at
some point X with d(X,0X;) > 8. Then [y;,y ;1] intersects ¥, at some point § with d(%,¥) < K -8y
and, moreover X and § are in the same connected component of ¥, \ W, (0.

Let us recall that by construction the intersection of S; with the incoming cross-section Z}; is
transverse to the corresponding stable foliation, see Figure 7. By the previous lemma this in-
tersection is entirely contained in one of the connected components of Z}'{ \ W} .(or). Since T;
consists of local stable manifolds through the points of §; its intersection with Z}; is contained
in the region bounded by the stable manifolds W*(£,X}) and W*($,X), and so it is entirely con-
tained in a connected component of Z}; \ W (k). In other words, the crossing of the tube T
through the flow box is disjoint from W} (o), in particular, it does not contain the singular-
ity. Repeating this argument for every intersection of the tube with a neighborhood of some

singularity, we get the conclusion of the proposition. U

Proof of Lemma 3.5. The first part is proved in exactly the same way as Lemma 3.3. We have
= Xro(x) and y= Xso(y)

with |sg — h(rp)| < K&g . The proof of the second part is by contradiction and relies, fundamen-
tally, on the local description of the dynamics near the singularity. Associated to X and y we have
the points ¥ = X, (x) and § = Xj, (), where the two orbits leave the flow box associated to the
singularity. If X and y are in opposite sides of the local stable manifold of ¢, then X and ¥ belong
to different outgoing cross-sections of 6y . Our goal is to find some 7 € R such that

dist (X; (x), Xp()(v)) > B0,
thus contradicting hypothesis (b). .

We assume by contradiction that X, y are in different connected components of Zzi \Ei. There
are two cases to consider. We suppose first that z(r;) > s; and note that s; > so ~ h(rg), so that
s1 > h(rg). It follows that there exists t € (rg,r1) such that h(¢) = s; since h is non-decreasing
and continuous. Then X; (x) is on one side of the flow box of 6, , whereas X}, (y) belongs to the
outgoing cross-section at the other side of the flow box. Thus dist (X;(x), X4()(v)) has the order
of magnitude of the diameter of the flow box, which we may assume to be much larger than J .

Now we suppose that s; > h(r;) and observe that h(r;) > h(rg), since h is increasing. We
recall also that Xh(ro)(y) is close to y, near the incoming cross-section, so that the whole orbit
segment from Xj, ) (v) to Xj, (v) is contained in (a small neighborhood of) the flow box, to one
side of the local stable manifold of 6. The previous observation means that this orbit segment
contains Xj, (). However X;, (x) belongs to the outgoing cross-section at the opposite side of
the flow box, and so dist (X}, (), X (y)) has the order of magnitude of the diameter of the flow
box, which is much larger than . O

3.3.2. Every orbit leaves the tube. Our goal in this section is to show that the forward orbit of
every point z € J; leaves the tube in finite time: The proof is based on a Poincaré-Bendixson
argument applied to the flow induced by X’ on the disk .

We begin by defining this induced flow. For the time being, we make the following simplifying
assumption:
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H) S; = ¢([0,1] x [0,1]) is an embedded disk and the stable manifolds W (§) through the
points § € §; are pairwise disjoint.

This condition provides a well-defined continuous projection 7 : J; — §; by assigning to each
point z € T; the unique & € §; whose local stable manifold contains z. The (not necessarily
complete) flow y; induced by X; on S; is given by () = n(X;(§)) for the largest interval of
values of ¢ for which this is defined. It is clear, just by continuity, that given any subset E of §;
at a positive distance from 9S;, there exists € > 0 such that () is defined for all € E and
t € [0,€]. In fact this remains true even if E approaches the curve 1 (since X is a cross-section
for X; , the flow at m; points inward S;) or the X;-orbit segments [xj,x;.1] and [y;,yj+1] on the
boundary of S; (because they are also ;-orbit segments). Thus we only have to worry with the
distance to the remaining boundary segment:

(U) given any subset E of S; at positive distance from 11 , there exists € > 0 such that y; (&)
is defined forall & € E and ¢ € [0, €].

We observe also that for points & close to 1 ;1 the flow y; (§) must intersect 1 j;1 , after which it
is no longer defined.

Now we explain how to remove condition (H). In this case, the induced flow is naturally
defined on [0, 1] x [0, 1] rather than S, as we now explain. We recall that ¢ : [0,1] x [0,1] — M
is an immersion. So given any w € [0, 1] x [0, 1] there exist neighborhoods U of w and V of ¢(w)
such that ¢ : U — V is a diffeomorphism. Moreover, just by continuity of the stable foliation,
choosing V sufficiently small we may ensure that each stable manifold W (&), § € V, intersects
V only at the point & This means that we have a well-defined projection 7t from Ugcy W¢ (€) to V
associating to each point z in the domain the unique element of V whose stable manifold contains
z. Then we may define y,(w) for small ¢, by

Wi (w) = 07! (X, (0(w)))-
As before, we extend y, to a maximal domain. This defines a (partial) flow on the square [0, 1] X
[0, 1], such that both [0,1] x {i}, i € {0, 1} are trajectories. Notice also that forward trajectories
of points in {0} x [0, 1] enter the square. Hence, the only way trajectories may exit is through
{1} x [0, 1]. So, we have the following reformulation of property (U):

(U) given any subset E of [0, 1] x [0, 1] at positive distance from {1} x [0, 1], there exists € > 0
such that y;(w) is defined for all w € E and 7 € [0, €.

Moreover for points w close to {1} x [0, 1] the flow y, (&) must intersect {1} x [0, 1], after which
it is no longer defined.

Proposition 3.6. Given any point z € T there exists t > 0 such that X;(z) ¢ T ;.

Proof. The proof is by contradiction. First, we assume condition (H). Suppose there exists z € T
whose forward orbit remains in the tube for all times. Let § = m(z). Then y, (&) is defined for all
t > 0, and so it makes sense to speak of the ®-limit set ®(§). The orbit W, (&) can not accumulate
on M4 for otherwise it would leave S;. Therefore ®(§) is a compact subset of S; at positive
distance from M ;1. Using property (U) we can find a uniform constant € > 0 such that y; (1) is
defined for every ¢ € [0,€] and every N € ®(§). Since (&) is an invariant set, we can extend
to a complete flow on it.
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In particular we may fix 1 € ®(§), { € o(n) and apply the arguments in the proof of the
Poincaré-Bendixson Theorem. On the one hand, if we consider a cross-section S to the flow at {,
the forward orbits of  and n must intersect it on monotone sequences; on the other hand, every
intersection of the orbit of | with S is accumulated by points in the orbit of §. This implies that
€ is in the orbit of 1 and, in fact, that the later is periodic.

We consider the disk D C §; bounded by the orbit of . The flow y; is complete restricted
to D and so we may apply Poincaré-Bendixson’s Theorem (see [31]) once more, and conclude
that y; has some singularity &g inside D. This implies that X; has a singularity in the local stable
manifold of &g, which contradicts Proposition 3.4. This contradiction completes the proof of the
proposition, under assumption (H). The general case is treated in the same way, just dealing with
the flow induced on [0, 1] x [0, 1] instead of on S; . O

3.3.3. The Poincaré map is well-defined on ¥;. We have shown that for the induced flow
on S; (or, more generally, on [0, 1] x [0, 1]) every orbit must eventually cross 1 j1 (respectively,
{1} x [0, 1]). Hence there exists a continuous Poincaré map

rin; —Mjt, r(€) :WG@(@'

By compactness the Poincaré time 0(-) is bounded. We are going to deduce that every forward
X;-orbit eventually leaves the tube T through X ;. |, which proves that R is defined on the whole
strip of X; between the manifolds W¥(x;,X;) and W*(y;,X;), as claimed in Subsection 3.2.

To this end, for each & € n;, let #(§) be the smallest positive time for which X;g) is on the
boundary of TJ;. The crucial observation is that, in view of the construction of ; , each X; ) (€)
belongs to the (global) stable manifold of W) (€). We observe also that for § = x; we have
Vi (§) = X;(&) and s0 1(§) = B().

Now we take & close to x;. Just by continuity, the X;-trajectory of & remains close to the
segment [x,x;41]. Moreover this orbit cannot leave the tube through the union of the local strong
stable manifolds passing through [x,x;1], for otherwise it would contradict the definition of ;.
Hence the trajectory must leave the tube through ;1. In other words X; ) (€)is apointof X,
close to x4 1.

Let fj C m; be the largest connected subset containing x; such that X, ) (§) € £ forall € € ).
We want to prove that f) = 1; since this implies that R; extends to the whole n; and so, using
Lemma 2.11, to the whole X .

The proof is by contradiction. We assume 1] is not the whole 1;, and let £ be the endpoint
different from x;. Then by definition of F§ and of ¢, from Subsection 3.3.2 X = X;¢)(£) is on
the center-unstable boundary 0°“X; | of the cross-section X1, between the stable manifolds
Wo(xjs1,Zj4+1) and W*(y;41,Zj41), see Figure 8.

By Corollary 2.6,

A=1{X(&) :&€n}

is a cu-curve. On the one hand, by Lemma 2.7, the distance between X and x ;1 dominates the
distance between their stable manifolds and ¢(1})

(M) <x-d(xji1,%) <k-d(W(xj51,Zj51), WI(EZ 1))
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FIGURE 8. Exiting the tube at X ;.

We note that /(7)) is larger than §, since x4 is in A and the section X ;1 is adapted. On the
other hand, the distance between the two stable manifolds is smaller than the distance between
the stable manifold of x ;1 and the stable manifold of y;, , and this is smaller than K - 8¢ . Since
do is much smaller than 9, this is a contradiction. This proves the claim that Xt(g)(é) € X for all

Eeq.

3.3.4. Conclusion of the proof of Theorem 3.1. We have shown that there exists a well defined
Poincaré€ return map R; on the whole strip between the stable manifolds of x; and y; inside X.
By Proposition 2.4 and Corollary 2.6 we know that the map R; is hyperbolic where defined
and, moreover, that the length of each cu-curve is expanded by a factor of 3/2 by R;. Hence
the distance between the stable manifolds R;(W*(x;,X)) and R;(W*(y;,X)) is increased by a
factor strictly larger than one. This contradicts item (2) of Lemma 3.3 since this distance will
eventually become larger than K - 89. Thus y; must be in the stable manifold W¥(x;,X). Since the
strong-stable manifold is locally flow-invariant and Xj;)(v) is in the orbit of y; = Xy, (y), then
Xpr ) (y) € WH(xj) = W*(Xq;(x)), see Lemma 3.3.

According to Lemma 3.3 we have |v; —/(t;)| < K - 8y and, by Remark 2.3, there exits a small
€1 > 0 such that

Rz(yj) :X[(yj) € W8ss<xj) with |t| < €.

Therefore the piece of orbit Oy = X[y, k.5, v,4+K-5+¢,] (V) contains X ) (v). We note that this
holds for all sufficiently small values of &y > 0 fixed from the beginning.

Now let €g > 0 be given and let us consider the piece of orbit O, = Xt —e0.tj+¢0] (x) and the
piece of orbit of x whose strong-stable manifolds intersect Oy, i.e.

Oy = {X;(x) : It € [0; —K -89 — 1,0+ K - 8 +1] such that Xz(y) € Wg* (X,(x)) }.

Since y; € W*(x;) we conclude that Oy is a neighborhood of x; = Xz, (x) which can be made as
small as we want taking 8y and €; small enough. In particular we can ensure that O,, C O, and
80 Xp(c,)(v) € We* (X[‘Cj—%:()ftj +e] (x)). This finishes the proof of Theorem 3.1.
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4. GLOBAL POINCARE MAPS AND REDUCTION TO ONE-DIMENSIONAL MAP

Here we construct a global Poincaré map for the flow near the singular-hyperbolic attractor A.
We then use the hyperbolicity properties of this map to reduce the dynamics to a one-dimensional
piecewise expanding map through a quotient map over the stable leaves.

4.1. Cross-sections and invariant foliations. We observe first that by Lemma 2.10 we can
take a d-adapted cross-section at each non-singular point x € A. We know also that near each
singularity Gy there is a flow-box Ug, as in Subsection 2.4, see Figure 4.

Using a tubular neighborhood construction near any given adapted cross-section X, we lin-
earize the flow in an open set Us = X(_¢¢)(int(X)) for a small € > 0, containing the interior
of the cross-section. This provides an open cover of the compact set A by flow-boxes near the
singularities and tubular neighborhoods around regular points.

We let {Uy,,Us, :i=1,...,l;k=1,...,s} be a finite cover of A, where s > 1 is the number of
singularities in A, and we set 3 > 0 to be an upper bound for the time it takes any point z € Uy,
to leave this tubular neighborhood under the flow, for any i = 1,...,l. We assume without loss
that rp > 13.

To define the Poincaré map R, for any point z in one of the cross-sections in

E: {E],Zléki,zg}:t]: 1,,[,](: 1,-.-,S},

we consider Z = X;,(z) and wait for the next time 7(z) the orbit of Z hits again one of the cross-
sections. Then we define R(z) = X;, (;)(z) and say that T(z) = 12 +1(z) is the Poincaré time of z.
If the point z never returns to one of the cross-sections, then the map R is not defined at z (e.g. at
the lines ¢* in the flow-boxes near a singularity). Moreover by Lemma 2.11, if R is defined for
x € X on some X € E, then R is defined for every point in W*(x,X). Hence the domain of R | £
consists of strips of . The smoothness of (7,x) — X;(x) ensures that the strips

(12) YX)={xeX:R(x) €X'}

have non-empty interior in X for every £, € E.When R maps to an outgoing strip near a singu-
larity o, there might be a boundary of the strip corresponding to the line Kki of points which fall
in the stable manifold of G;.

4.1.1. Finite number of strips. We show that fixing a cross-section X € = the family of all possi-
ble strips as in (12) covers X except for finitely many stable leaves W*(x;,X),i=1,...,m=m(L).
Moreover we also show that each strip given by (12) has finitely many connected components.
Thus the number of strips in each cross-section is finite.

We first recall that each X € E is contained in Uy, so x € X is such that ®(x) C A. Note that R
is locally smooth for all points x € int(X) such that R(x) € int(E) by the flow box theorem and
the smoothness of the flow, where int(Z) is the union of the interiors of each cross-section of E.
Let 0°E denote the union of all the leaves forming the stable boundary of every cross-section in

—
9]
— o

Lemma 4.1. The set of discontinuities of R in £\ 0°E is contained in the set of points x € £\ 0°E
such that:

(1) either R(x) is defined and belongs to 0°E;



26 V. ARAUJO, M. J. PACIFICO, E. R. PUJALS, M. VIANA

(2) or there is some time 0 < t <t such that X;(x) € W}

loc

(o) for some singularity G of A.

Moreover this set is contained in a finite number of stable leaves of the cross-sections ¥ € E.

Proof. We divide the proof into several steps.

Step 1: Cases (1) and (2) in the statement of the lemma correspond to all possible discon-
tinuities of R in & \ 0°E.

Let x be a point in £\ 0°X for some ¥ € E, not satisfying any of the conditions in items (1)
and (2). Then R(x) is defined and R(x) belongs to the interior of some cross-section ¥'. By the
smoothness of the flow and by the flow box theorem we have that R is smooth in a neighborhood
of x in X. Hence any discontinuity point for R must be in one the situations (1) or (2).

Step 2: Points satisfying item (2) are contained in finitely many stable leaves in each X € E.

Indeed if we set W = X|_, (UG W C(G)) , where the union above is taken over all singularities
o of A, then W is a compact sub-manifold of M with boundary, tangent to the center-stable sub-
bundle E° @ EX. This means that W is transversal to any cross-section of Z.

Hence the intersection of W with any X € E is a one-dimensional sub-manifold of X. Thus the
number of connected components of the intersection is finite in each X. This means that there are

finitely many points x1,...,x; € X such that
WNEC W (x,Z)U---UW(x, X).

Step 3: Points satisfying item (1) are contained in a finite number of stable leaves of each
Yek.
We argue by contradiction. Assume that the set of points D of X sent by R into stable boundary
points of some cross-section of X is such that

L={W'xX):x €D}

has infinitely many lines. Note that D in fact equals L by Lemma 2.11. Then there exists an
accumulation line W¥(xo,X). Since the number of cross-sections in E is finite we may assume
that W*(xo, X) is accumulated by distinct W*(x;, L) with x; € D satisfying R(x;) € W9 (z,X') C oY’
for a fixed ¥’ € E, i > 1. We may assume that x; tends to xo when i — oo, that x is in the interior
of W¥(xo,X) and that the x; are all distinct — in particular the points x; do not belong to any
periodic orbit of the flow.

As a preliminary result we show that R(x;) = X, (x;) is such that s; is a bounded sequence in
the real line. For otherwise s; — o and this means, by definition of R, that the orbit of X;, (x;) is
very close to the local stable manifold of some singularity 6 of A and that R(x;) belongs to the
outgoing cross-section near this singularity: R(x;) € »2*. Hence we must have that X, (x;) tends
to the stable manifold of ¢ when i — < and that R(x;) tends to the stable boundary of Z?;i. Since
no point in any cross-section in & is sent by R into this boundary line, we get a contradiction.

Now the smoothness of the flow and the fact that W*(z,X') is closed imply that R(xy) €
W*(z,X') also since we have the following

R(xp) = lim R(x;) = lim X, (x;) = Xy, (x0) and lims; = sp.
[—ro0 [—00

|—o0
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Moreover R(W*(xo,X)) C W¥(z,X') and R(xo) is in the interior of R(W*(xp,X)), then R(x;) €
R(W*(xp,X)) for all i big enough. This means that there exists a sequence y; € W¥(xo,X) and
a sequence of real numbers T; such that R(y;) = R(x;) for all sufficiently big integers i. By
construction we have that x; # y; and both belong to the same orbit. Since x;,y; are in the same
cross-section we get that x; = X, (yv;) with |oy;| > 73 for all big i.

However we also have that T; — 5o because R(y;) = R(x;) — R(xp), yi € W¥(x0,X) and R |
W#(xp,X) is smooth. Thus |s; —T;| — 0. But |s; —T;| = |a;| > #3 > 0. This is a contradiction.

This proves that D is contained in finitely many stable leaves.

Combining the three steps above we conclude the proof of the lemma. U

Let I be the finite set of stable leaves of E provided by Lemma 4.1 together with 0°Z. Then
the complement E \ " of this set is formed by finitely many open strips where R is smooth. Each
of these strips is then a connected component of the sets £(X') for £, %' € E.

4.1.2. Integrability of the global Poincaré return time. We claim that the Poincaré time T is
integrable with respect to the Lebesgue area measure on Z. Indeed given z € &, the point =
X1, (z) either is inside a flow-box Ug, of a singularity G, or not. In the former case, the time
Z takes to reach an outgoing cross-section zgf is bounded by the exit time function T§k of the
corresponding flow-box, which is integrable, see Subsection 2.4. In the latter case, Z takes a time
of at most 2 - 3 to reach another cross-section, by definition of #3. Thus the Poincaré time on &
is bounded by #, 42 - #3 plus a sum of finitely many integrable functions, one for each flow-box
near a singularity, by finiteness of the number of singularities, of the number of cross-sections in
& and of the number of strips at each cross-section. This proves the claim.

Remark 4.2. By Lemma 2.11 the Poincaré time T is constant on stable leaves W*(x,X) for all
x € ¥ € E. Thus there exists a return time function T; on / such that T=Tt;o0 p, where p : £ — vz
is the joining of all py, £ € E and y= = {yx : £ € E}. The integrability of T with respect to %
(see Subsection 4.1) implies the A-integrability of T; naturally since (py)«A> < A and T;0 p = 1.

Remark 4.3. Given z € ¥ € E we write t%(z) = T(R¥"1(2)) +--- +1(z) fork > 1 and so T = 1.
Since

RY(W*(2,5)) C Xpeipy) (WH(2,E)) C Xua (U),

the length ¢ (Rk (W(z, Z))) is uniformly contracted and t%(z) — oo when k — oo, we get that
RK(W*(z,%)) C X/ for some £’ € E and

d(RY(W*(z,:),0"x") > 8/2

for all big enough &, by the definition of U and of 3-adapted cross-section. (The distance d(A, B)
between two sets A, B means inf{d(a,b) : a € A,b € B}.) We may assume that this property holds
for all stable leaves W*(z,X), all z € ¥ and every X € E for all k > ko, for some fixed big kg € N,
by the uniform contraction property of R in the stable direction.
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4.2. The first return map. We can also consider the Poincaré map given by the first return map
Ry : £ — E defined simply as Ro(z) = Xr(;)(z), where

T(z) =inf{r > 0:X,(z) € £}

is the time the X-orbit of z € E takes to arrive again at E. This map Ry is not defined on those
points z which do not return and, moreover, Ry might not satisfy the lemmas of Subsection 2.2,
since we do not know whether the flow from z to Ry(z) has enough time to gain expansion.
However the stable manifolds are still well defined. By the definitions of Ry and of R we see that
R is induced by Ry, i.e. if R is defined for z € E, then there exists an integer r(x) such that

R(z) = Ry (2).

We note that since the number of cross-sections in X is finite and the Poincaré times T for the

points in the domain of R are also finite, then the function r : & — N is bounded: there exists
ro € N such that r(x) < rq for all x € E. Moreover T < 1 thus 7 is Lebesgue integrable also.

Remark 4.4. The map Ry : ENR, ' (X) — X', when defined (that is if R, '(X') N X # 0), can
always be smoothly extended to the boundary of its domain on X, if the image cross-section is
not an outgoing cross-section near a singularity. In fact, if Y = Zg’i, then ¥ = Zi}i and in this
case there is no continuous extension of Ry | Zlc;i to the line Zﬁ, for any singularity ¢ of X.

Otherwise we can always extend the first hitting map R between X and ¥’ until we reach the
boundaries of X or of ¥’. Now we just have to recall that the cross-sections are C> embedded
compact disks transversal to the C! flow X at every point.

In particular, the fact that R(x) is a composition of Ry with itself a finite number of times,
dependent on the point x, together with Corollary 2.6 shows that whenever R(x) is defined, we
have |[DRo(x)v|| > c- [|v|| for some ¢ = c(x) > 0 for every 0 # v € Cy(x).

By Remark 4.4 we see that for the first hitting map Ry : XN R, I(Z’ ) — X/ between cross-

sections of & where ¥’ is not an outgoing cross-section near any singularity, there is a positive
lower bound ¢(X, /) > 0 for ¢ restricted to N Ry (X'). In addition, for Ry = R | Z5~ : T4~ —
z?;i we have that ¢ tends to infinity near the singularity by the expression (8) of the map in
linearizing coordinates, thus there also exists a positive lower bound for ¢ on Zi}i. Since the
number of singularities of X in A and the number of cross-sections in = are finite, we conclude

that there exists cqo such that
|DRo (x)v]]
vl

and for every x € E for which Ry is defined.

Remark 4.5. After Remark 4.3 we have that R* (WS (x, Z)) is well inside any cross section for k >
ko. Hence the orbits X[ ¢(y)] (x), X[o x(x)] () of any two distinct points x,y € R*(W*(x,X)) between
consecutive images of Ry must cut the same cross sections of Z. For otherwise some of the orbits
must cut a cross-section at a distance smaller than §/2 from the center-stable boundary, because

the distance between the orbits is bounded a constant factor of d(x,y) < /¢ (Rk (W (x, Z))) due to
the uniform contractive character of the stable foliation.

(13) >co forall veCy(x)\{0}
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This means that r | R*(W*(x,X)) is constant for all k > ko. In other words R | R (W*(x,X))
R, for some constant r.

4.3. Reduction to the quotient leaf space. From now on we assume that the flow (X;);cR is
C?. Under this condition it is well known [32] that the stable leaf W*(x,X) for every x € £ € Z is
a C? embedded disk and these leaves define a C1+% foliation F3, o€ (0,1),of each X € E.

We choose once and for all a C? curve Y5 transversal to J3 ineach X € E. Then the projection
px along leaves of I3 onto yyisa C 1+ map. We set

I= |J int(Z(Z))Nys
rYe®

and observe that by the properties of £(X') obtained in Subsection 4.1 the set J is diffeomorphic to
a finite union of non-degenerate open intervals I .. ., I,, by a C? diffeomorphism and py | Py ! (I
becomes a C!T® submersion. In particular, denoting the Lebesgue area measure over = by A2
and the Lebesgue length measure on / by A, we have (py).A> < A.

According to Lemma 2.11, Proposition 2.4 and Corollary 2.6 the Poincaré map R: & — &
takes stable leaves of Jy inside stable leaves of the same foliation and is hyperbolic. Hence the
map

f:I—1 givenby I3z~ py (R(Ws(z,Z) ﬂZ(Z')))

forX,X' € ZisaC!"® map and |f’| > 3/2 when restricted to I, i = 1,...,m. Thus f is expanding.
Moreover | f'|~1 | I; is a a-Holder function since for all x,y € I; we have

1 () = f' O
POl OIS POro) - (/27

Thus f : I — I is a C'** piecewise expanding map.

It is well known [39, 42, 16] that C' piecewise expanding maps f of the interval such that
1/|f'| is of bounded variation, have finitely many absolutely continuous invariant probability
measures whose basins cover Lebesgue almost all points of /.

Using a generalization of the notion of bounded variation (defined below) it was shown in [17]
that the results of existence and finiteness of absolutely continuous ergodic invariant measures
can be extended to C! piecewise expanding maps f such that 1/|f’| is a-Holder for some 0 <
a < 1. Moreover the densities ¢ of the absolutely continuous invariant measures are functions of
universally bounded 1 /a-variation, that is

o
sup <Z p(ai) — (P(ai—l)\l/a> < oo,
b\ j=1

a=ap<a)<---<ap=

Jx—y|* forsome O0<a<l1.

where the supremum is taken over all finite partition of the interval I = [a,b]. In particular, the
densities @ have at most countably many discontinuity points, which implies that the support of
¢ contains nonempty open intervals and ¢ is bounded from above.

In what follows we show how to use this to build physical measures for the flow.
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5. SUSPENDING INVARIANT MEASURES

Here we show how to construct an invariant measure for a transformation from an invariant
measure for the quotient map obtained from a partition of the space. We show also that if the
measure is ergodic on the quotient, then we also obtain ergodicity on the starting space.

Later we extend the transformation to a semi-flow through a suspension construction and show
that each invariant and ergodic measure for the transformation corresponds to a unique measure
for the semi-flow with the same properties.

5.1. Reduction to the quotient map. Let = be a compact metric space, ' C Eand F : (E\T') —
E be a measurable map. We assume that there exists a partition J of Z into measurable subsets,
having I as an element, which is
e invariant: the image of any § € F distinct from I is contained in some element | of F;
e contracting: the diameter of F" (&) goes to zero when n — oo, uniformly over all the § € F
for which F" (&) is defined.
We denote p : £ — F the canonical projection, i.e. p assigns to each point x € Z the atom § € F
that contains it. By definition, A C F is measurable if and only if p~!(A) is a measurable subset
of & and likewise A is open if, and only if, py 1(A) is open in Z. The invariance condition means
that there is a uniquely defined map

f:(F\{T'})—>F suchthat fop=poF.

Clearly, f is measurable with respect to the measurable structure we introduced in F. We as-
sume from now on that the leaves are sufficiently regular so that £/F is a metric space with the
topology induced by p.

Let u¢ be any probability measure on J invariant under the transformation f. For any bounded
functiony: & — R, lety_ : F — Rand y; : F — R be defined by

v_(§) = )icrelgw(x) and  y(§) = supy(x).

er_.

Lemma 5.1. Given any continuous function ¢ : £ — R, both limits

(14) lim/(woF")_d,Uf and lim/(woF")+d,L1f
exist, and they coincide.

Proof. Let y be fixed as in the statement. Given € > 0, let 8 > 0 be such that |y(x;) —y(x)| <€
for all x1,x, with d(x1,x2) < 9. Since the partition F is assumed to be contractive, there exists
np > 0 such that diam(F"(§)) < o for every § € F and any n > ng. Let n+k > n > ny. By
definition,

(Yo F"P)_(8) — (yo F")—(f7(§)) = inf(y | F""7(§)) —inf(y | F"(f(§))).
Observe that F"TP(&) C F"(fP(§)). So the difference on the right hand side is bounded by

sup (v | F"(f4(8))) —inf (y | F"(/4(£))) <e.
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Therefore

/(WOF"+k)—dﬂf—/(WoF")—Ofkduf <e.

Moreover, one may replace the second integral by [(yoF")_duy, because uy is f-invariant.

At this point we have shown that { [(y o F")_dur },>; is a Cauchy sequence in R. In par-
ticular, it converges. The same argument proves that { J(yoF™) dug }n>l is also convergent.
Moreover, keeping the previous notations, -

0< (YoF").(8)—(yoF")_(§)=sup(y|F"(§)) —inf (y[F"(§)) <e

for every n > ng. So the two sequences in (14) must have the same limit. The lemma is proved.
0J

Corollary 5.2. There exists a unique probability measure ur on = such that

/l]ld,up zlim/(\poF")_d/,lf:lim/(\IIoF")+d/,lf.

for every continuous function y : £ — R. Besides, ur is invariant under F. Moreover the
correspondence s — up is injective.

Proof. Let ji(y) denote the value of the two limits. Using the expression for fi(y) in terms of
(Yo F™)_ we immediately get that

atwr +w2) > f(wr) +a(w2).

Analogously, the expression of fi(y) in terms of (yo F") . gives the opposite inequality. So, the
function fi(-) is additive. Moreover, fi(cy) = cfi(y) for every ¢ € R and every continuous function
y. Therefore, fi(-) is a linear real operator in the space of continuous functions y : £ — R.

Clearly, (1) = 1 and the operator ji is non-negative: fi(y) > 0 if y > 0. By the Riesz-Markov
theorem, there exists a unique measure ur on E such that i(y) = [ydur for every continuous
Y. To conclude that ur is invariant under F it suffices to note that

ayoF) =tim [(yoF"™")_du; = i(y)

for every .

To prove that the map p — up is injective, we note that if ur = uj, are obtained from s and
,u} respectively, then for any continuous function ¢ : ¥ — R we have that y = @Qop: E — R is
continuous. But

pr((wo fMx) =pur((@opoF™)s) = ur((ofop)s) =pup(9of") = us(9)
for all n > 1 by the f-invariance of uy. Hence by definition
1r (@) = ur (V) = urp (V) = p(9)
and so uy = ,u}. This finishes the proof of the corollary. 0
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Remark 5.3. We note that [ydur = lim, [(yo F")sdur for every continuous ¥ : £ — R and
any choice of a sequence (Yo F")y : F — R with

inf(y | F(8)) < (wo F")#(§) < sup(y | F*(S)).

Moreover we can define [ ydur for any measurable y : £ — R such that
i (sup(y | F"(§)) —inf(y | F"(8))) =0
uniformly in n € N and in § € F. This will be useful in Subsection 6.2.

Lemma 5.4. Let y : & — R be a continuous function and § € F be such that

n—1

tim Y (wo %) (7€) = [ (woF") duy
=0

n—1

1 .
for every k > 1. Then lim — E y(F/(x)) = /\|Id,uF foreveryx €&,
Jj=0

Proof. Let us fix y and & as in the statement. Then by definition of (Yo F k)i and by the proper-
ties of I we have

(WoFY)_(F/(&) < (woF*)(F/(x)) < (woF¥) 1 (f/(§))
forall x €  and j,k > 1. Given € > 0, by Corollary 5.2 there exists ko € N such that for all k > ko

ur(w) — = <y ((wo ) ) < py((woF¥)) <pr(w)+

and there is ng € N such that for all n > ny = no(k)

n—1

LY o) (£8) s ((woFH) )| < 5.

J=0

Hence we have that for all n > ng (k)

n—1
pr(¥) —e < Y (wo ) (F(2)

I’l—l—k 1 n+k—1 ) lk—l '
= . J - ] < .
Ry ,Zb (ol )(x) =2 Y (woF)() < pur(y) +e

Since n can be made arbitrarily big and € > 0 can be taken as small as we want, we have con-
cluded the proof of the lemma. O

Corollary 5.5. If uy is f-ergodic, then up is ergodic for F.

Proof. Since E/J is a metric space with the topology induced by p we have that C°(F,R) is
dense in L' (F,R) for the L'-topology and p : £ — T is continuous. Hence there exists a subset
€ of F with u¢(€) = 1 such that the conclusion of Lemma 5.4 holds for a subset E = p~1(&) of
E. To prove the corollary it is enough to show that ur (E) = 1.
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Let @ =y = Xe o p and take y,, : F — R a sequence of continuous functions such that y,, — %¢
when 1 — 4o in the L' topology with respect to u . Then @, =\, 0 p is a sequence of continuous
functions on Z such that \y,, — W when n — 4o in the L' norm with respect to u.

Then it is straightforward to check that

T k 1 ky _
ur(y) = 1im gay (a0 FY)-) = tim piy(ao £ = sy (00)

which converges to us(€) = 1. Since ur (y,) tends to ur (E) when n — +oo, we conclude that
ur(E) =1, as we wanted. O

5.2. Suspension flow from the Poincaré map. Let Z be a measurable space, I" be some measur-
able subset of &, and F : (E\I') — E be a measurable map. Let T: E — (0, +o0] be a measurable
function such thatinft >0 and T= +eonI.

Let ~ be the equivalence relation on E X [0, +o0) generated by (x,T(x)) ~ (F(x),0), that is,
(x,5) ~ (%,5) if and only if there exist

(x,8) = (x0,50), (x1,51), ---, (xn,8n7) = (£,3)
in & x (0,4-o0) such that, forevery 1 <i <N
either x;=F(x;—1) and s =s;—1—7T(xi-1);
or xi_1=F(x;) and s, =s—1(x;).

We denote by V = E x [0, 4o0) / ~ the corresponding quotient space and by Tt : & — V the canon-
ical projection which induces on V a topology and a Borel G-algebra of measurable subsets of
V.

Definition 5.6. The suspension of F with return-time T is the semi-flow (X"),>o defined on V by
X'(n(x,s)) =n(x,s+1) forevery (x,5) € E X [0,+0o0) and > 0.
It is easy to see that this is indeed well defined.
Remark 5.7. If F is injective then we can also define
X7 (m(x,s)) =m(F"(x),s +T(F"(x)) +- - +1(F1(x)) —1)

for every x € F"(Z) and 0 < ¢ < s +T(F "(x)) +---+1(F~!(x)). The expression on the right
does not depend on the choice of n > 1. In particular, the restriction of the semi-flow (X;);>¢ to
the maximal invariant set

A= {(x,t) X E ﬂ F"(E) and t > O}
n>0
extends, in this way, to a flow (X);cr on A.

Let ur be any probability measure on X that is invariant under F'. Then the product ur x dt
of ur by Lebesgue measure on [0, +c0) is an infinite measure, invariant under the trivial flow
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(x,5) — (x,s+1) in E x [0,4c0). In what follows we assume that the return time is integrable
with respect to ur, i.e.

(15) r (v) = [ tdpp <o

In particular up (I') = 0. Then we introduce the probability measure ux on V defined by

[odnx = [ [ glns ) e ()

ur(T)
for each bounded measurable @ : V — R.
We observe that the correspondence ur — ux defined above is injective. Indeed for any
bounded measurable y : E — R, defining ¢ on {x} x [0,7(x)) to equal y(x) gives a bounded
measurable map @ : V — R such that ux (@) = up (y). Hence if uy = uy then up = uj..

Lemma 5.8. The measure px is invariant under the semi-flow (X");>o.

Proof. It is enough to show that uy ((X")~!(B)) = ux (B) for every measurable set B C V and any
0 <t < inft. Moreover, we may suppose that B is of the form B = w(A x J) for some A C E and
J a bounded interval in [0,inf(t | A)). This is because these sets form a basis for the c-algebra of
measurable subsets of V.

Let B be of this form and (x,s) be any point in E with 0 < s < T(x). Then X’(x,s) € B if and
only if 7t(x,s +1) = (%, 5) for some (%,5) € A x J. In other words, (x,s) € (X")~!(B) if and only
if there exists some »n > 0 such that

F=F"(x) and §=s+1—1(x)—---—T(F"(x)).
Since s < T(x), t < infT, and § > 0, it is impossible to have n > 2. So,
e cither ¥ = x and § = s+ (corresponding to n = 0),
e or ¥ = F(x) and § = s+t — 1(x) (corresponding to n = 1)
The two possibilities are mutually exclusive: for the first one (x,s) must be such that s +¢ < t(x),
whereas in the second case s+ ¢ > t(x). This shows that we can write (X’)~(B) as a disjoint
union (X")~(B) = B; UBy, with
Bi=n{(x,s):x€Aandse (J—1)N[0,7(x))}
By =n{(x,s): F(x) €Aands € (J+71(x) —1)N[0,7(x)) }.
Since ¢ > 0 and sup J < t(x), we have (J—¢)N[0,t(x)) = (J —1) N[0, +o0) for every x € A. So,
by definition, ux (B}) equals

(0 =00005)) duar () = (4)-£((7 =) 1[0, +2))
A
Similarly infJ > 0 and ¢ < T(x) imply that

(J +1(x) —1)N[0,7(x)) = T(x) + (J = 1) N (=, 0).
Hence ux (B>) is given by

/FI(A)€<(J—t) N (—°°,O)> dur (x) :,uF(F—l(A)) .g((J_t) ﬂ(—oo,())>_
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Since ur is invariant under F, we may replace ur(F~'(A)) by ur(A) in the last expression. It
follows that

px (X)71(B)) = ux(B1) +ux (B2) = up(A) - £((J —1)).

Clearly, the last term may be written as ur(A) - £(J) which, by definition, is the same as ux (B).
This proves that ux is invariant under the semi-flow and ends the proof. 0J

Given a bounded measurable function @ : V — R, let ¢ : & — R be defined by

©(x)
(16) 00 = [ o)
Observe that ¢ is integrable with respect to ur and by the definition of ux
/@dﬂF = ur(T)- /(Pdﬂx~

Lemma 5.9. Let ¢ : V — R be a bounded function, and ¢ be as above. We assume that x € E is
such that ©(F/(x)) and §(F/(x)) are finite for every j > 0, and also

li Iy Fi(x))= [ td d

(a) 1rrln%j;)'c( (x))—/T urp, an
D LS Oy -

® lim % 0F7(0) = [ @

Then lim —/ Q(m(x,s+1))dt = /(pd,ux for every m(x,s) € V.

—>+<x>

Proof. Let x be fixed, satisfying (a) and (b). Given any T > 0 we define n = n(T) by
T,-1 <T <T, where T;j=1(x)+--t(F/(x))forj>0

Then using (y,T(y)) ~ (F(y),0) we get
i ) .
T/ w5 1))di = zo/o O(T(F(x),1)) dt

+ /O T (T (), 1)) di /0 S(p(n(x,t))dt} .

Using the definition of ¢, we may rewrite the first term on the right hand side as

7)

n 1 .
(18) e Y G(F/(x

Now we fix € > 0. Assumption (a) and the definition of n imply that,

n( [vdue—e) < Ty <7< Ty < () ([ vduae +e),
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for every large enough n. Observe also that n goes to infinity as T — oo, since T(F/(x)) < oo
for every j. So, for every large T,

T n+1
n

pr(t) —e < — < ——pup(T) +& < pp(T) + 2¢.

This proves that 7' /n converges to ur(t) when T — +oo. Consequently, assumption (b) implies

that (18) converges to
1 / R
dur = / dux .
wrw) ) ? ?

Now we prove that the remaining terms in (17) converge to zero when T goes to infinity. Since
¢ is bounded

1

[ e, a

Using the definition of n once more,

T—-T,_
<—"Lsuplg|.

19) T

T—-T, 1<T,—T,1 < (n+1)(/’cd,uF+£)—n(/’cdyp—s)

whenever n is large enough. Then
T—-T, < deyF+(2n+1)8< 4e
T - n(f’cdyp—s) ~ [tdur —¢

for all large enough T. This proves that (T — T,,—;)/T converges to zero, and then so does (19).
Finally, it is clear that

1 s
7/ Q(m(x,1))dt — 0 when T — Hoo.
0

This completes the proof of the lemma. 0
Corollary 5.10. If ur is ergodic then uy is ergodic.

Proof. Let @ : V — R be any bounded measurable function, and ¢ be as in (16). As already noted,
¢ is up-integrable. It follows that §(F/(x)) < oo for every j > 0, at ur-almost every point x € Z.
Moreover, by the Ergodic Theorem, condition (b) in Lemma 5.9 holds ur-almost everywhere.
For the same reasons, T(F/(x)) is finite for all j > 0, and condition (a) in the lemma is satisfied,
for up-almost all x € =.

This shows that Lemma 5.9 applies to every point x in a subset A C E with up(A) = 1. It
follows that

for every point z in B = (A x [0,+4o0)). Since the latter has ux(B) = 1, we have shown that the
Birkhoff average of ¢ is constant uy-almost everywhere. Then the same is true for any integrable
function, as bounded functions are dense in L'(uy). Thus uy is ergodic and the corollary is
proved. U

tim 1 [ o' () di = [ odux
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6. CONSTRUCTION OF PHYSICAL MEASURES

Here we complete the proof of Theorem B. We unwind the reductions made in Sections 4
and 5 one step at a time and obtain physical measures for the original flow at the end.

According to Section 4, by choosing a global Poincaré section £, we can reduce to the quotient
over the stable leaves, with the exception of finitely many leaves I', corresponding to the points
whose orbit falls into the local stable manifold of some singularity or are sent into the stable
boundary 0°L of some X € E by R, where the return time function 7 is discontinuous.

As explained in Subsection 4.3, the global Poincaré map R : £ — E induces amap f: F\I —
F on the leaf space, diffeomorphic to a finite union of open intervals /, which is piecewise
expanding and admits finitely many vy,...,; ergodic absolutely continuous (with respect to A)
invariant probability measures (acim) whose basins cover Lebesgue almost all points of /.

Moreover the Radon-Nikodym derivatives (densities) du" are functions of universally bounded
1 /o-variation [17] where o is the Holder exponent of f”. Hence these densities are bounded from
above and the support of each vy contains nonempty open intervals, so the basin B(vy) contains
nonempty open intervals Lebesgue modulo zero, k =1,...,1[.

6.1. Physical measure for the global Poincaré map. We are now in the setting of the results

of Subsection 5.1. Hence the finitely many acim vy,...,V; for f uniquely induce R-invariant
ergodic probability measures 11,...,T; on E.
We claim that the basins of each fj1,...,j; have positive Lebesgue area A> on Z and cover A?

almost every point of p~! (1). Indeed the uniform contraction of the leaves J§ \ I" provided by
Lemma 2.11, implies that the forward time averages of any pair x, y of points in § € F\ p(T') on
continuous functions @ : & — R are equal

n—1
Z PR/ (x —% _Z()(P(Rf(w)] =0.
]:

Hence B(fi;) C p~'(B(v;)),i =1,...,l. This shows that B(f);) contains an entire strip except for
a subset of A%-null measure, because B(v;) contains some open interval A modulo zero. Since
p+«(A?) < X we get in particular

lim

n—-—oo n

[ l
R(B(R)) >0 and A2(p~'(D\UB®)) = p.() (1N U Bw)) =0,
j i=1

which shows that 71, ..., 7; are physical measures whose basins cover p~!(I) Lebesgue almost
everywhere. We observe that p~!(I) C E is forward invariant under R, thus it contains AN Z.

6.2. Physical measures for the global first return map. Now we pass from R-invariant mea-
sures to Rp-invariant measures. Recalling that R is induced by R( and the boundedness of the
inducing time r(x) on E we set

(20) 20:2 )« ([ |71 {GY), i=1,.,L
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It is easy to see that the mass of each m; is given by

zm, D) = [rdn =)= 1,0

[I]

From now on we fix n =1; and fj = 1;. We first show that 1| is Rp-invariant and Rp-ergodic.
Then we prove that 1| is a physical measure for R.
For the invariance under Ry we write

0

ZZ )+ LR (D) =n

j=1
since Y72 Re (| 7~ ({]})) =N =Y 1 |r'({j}) because 7| is R-invariant.
For the ergodicity we normalize 1) and let A C Z be such that R, ' (A) = A. We note that

ro

RA) = | (R () r {A)O@W ({7h) =

j=1 j=
thus by ergodicity of 1 with respect to R, either fj(A) or j(E\ A) is zero. Since fork=0,...,j—1
and j=1,...,r9) we have

(RE)- (A 1+~ ({71) () = (Rg @) ' (1)) =A(Anr' (1)) <A(A),

we see that N(A) -M(E\A) =0iffj(A) -(E\A) = 0. Thus n is Rp-ergodic.
To prove that 1 is physical for Ry, we recall that for any x € W¥(z,X) we have r(R*(x)) =

r(Rk(z)) for all k > ko, by Remarks 4.3 and 4.5. This together with the uniform contraction
along the stable leaves implies that there exists a uniform constant C > 0 such that

d(Ré(Rku)),R{,(Rk(z))) <C-d(R'(x),R"(2)), Jj=1,...,r0
Hence, given a continuous function @ : £ — R, if we define

r(w)—1

(21) o(w) = ZE) (p(Ré(w)), then hm‘(p (R¥(x)) — (T)(Rk(z)))zo.
i=

Now we assume in addition that z € B(fj) and write r*(x) = r(R*1(x)) + -+ r(x) forall k > 1.
We have for big n

(%) n—1

n—1 . 7k ) '
;)w(%(x)): Y, o(Ry(x)+ Y o(Ry(x)) =A+B,

J=0 j=rs1(x)

for the unique k > 2 such that /¥~ (x) < n < r(x). Since r*(x) — r*~1(x) < ry we get |B|/n — 0
when n — +oo. By analogous arguments to the ones proving Lemma 5.9 we deduce that

1
(22) lim —A= lm —---A=
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This shows that B(1) D B(1]) and so the basin has positive area in Z. Now we detail the arguments
proving the convergence in (22).

First, r o R* is constant on stable leaves for all k > ko by Remark 4.5, thus ro Rk = ryo p for a
map r7: F — {1,...,r0}. Hence fi(r) = f(roR") = fi(r;0 p) = v(r;) < o is well defined, where
v is the f-invariant ergodic measure which induces 1 (recall Subsection 6.1). The construction
of B(f]) given in Subsection 6.1 shows that p(z) € B(v) and so the time averages of r on the
entire stable leaf W¥(z,X) are the same. In particular since x € W¥(z,X) and by the expression
above for r* we get 1 - ¥*(x) — 7j(r). Moreover for any given € > 0 we have

(k—1)(A(r)—¢) < Al x) <n<fx) < k(R(r)+¢)
for all big enough n, which shows that k/n — 1/7(r).

Secondly, we note that A /k = k™! le‘-;(l) ®(R/(x)). Moreover since the limit in (21) holds for
every point x in W¥(z,X), we are in the setting of Remark 5.3 and thus lim_, ;.. [( o R¥) | dv
exists. We are left to show that this limit equals 7 ().

The continuity of §o R¥ along every stable leaf shows that, given € > 0, we may find a compact
K C I with v(I\ K) < € such that ¢y = $oR* | p~!(K) is continuous. Let ye : £ — R be

a continuous extension of @ to & with the same norm: sup,,.z [We(W)| = sup,,cz |[Px(w)| <
ro-sup|@|. Then for all j > 1 we have

/(((T’ORk)ORj)+dD—/(‘IstRj)+dU

— & o R¥ AN J
a ‘/fk(l\K) [(((POR JoR'), — (eoR >+] v
< 2rg-sup|@|-v(I\K) < 2rp-sup|oQ|-€.
Letting j — o0 and then € — 0 we get

[71(®) —A(we)| = (G0 RY) —A(we)| — 0, which shows that lim [ (§oRE), dv=7(9).
This finishes the proof of (22).

6.3. Physical measure for the suspension. Using the results from Subsection 5.2 it is straight-

forward to obtain ergodic probability measures vy, ...,V; invariant under the suspension (X);>0
of Ry with return time 7', corresponding to 1My,...,MN; respectively.
Now we use Lemma 5.9 to show that each v; is a physical measure for (X");>¢, i = 1,...,1I.

Letx € XNB(v;) forafixedXL € Eandi € {1,...,/}. According to Remark 4.2 the return time T;
on [ is Lebesgue integrable, thus v;-integrable also since % is bounded. Hence 7 is fj;-integrable
by the construction of 7); from v; (see Subsection 5.1). Moreover we have

©0) = TR () 4+ T (x),
soN;(T) =1Mi(t) (see Subsection 6.2). Thus T is 1;-integrable.

Lemma 5.9 together with the fact that m; is physical for Ry, ensure that B(v;) contains the
positive X’ orbit of almost every point (x,0),x € B(v;), with respect to A> on B(1);). If we denote
by A’ = m,(A* x dt) a natural volume measure on V, then we get A3 (B(v;)) > 0.

The basins B(v1),...,B(v;) cover A*-almost every point in Vo = t(p~1(I) x [0,4-c)) and this
subset is a neighborhood of the suspension T((ANE\T) x [0,400)) of ANE\T.
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6.4. Physical measure for the flow. Finally to extend the previous conclusions to the original
flow, we relate the suspension (X’);>¢ of Ry with return time T to (X;);>0 in U as follows. We
define

P:Ex[0,4) —U by (x1)— X(x)
and since @ (x,T(x)) = (Ro(x),0) € E, this map naturally defines a quotient map
(23) ®:V —U suchthat ¢oX' =X,0¢, forall >0,

through the identification ~ from Subsection 5.2. The map ¢ is a homeomorphism into its image
Vo =0(V) C U (since & is obviously a quotient map onto its image because we have defined the
relation ~ using the first return time 7) and a diffeomorphism when restricted to V \ w(I"), which
is a full Lebesgue (A3) measure subset of V.

Therefore the measures v; define physical measures y; = ¢.(v;), i = 1,...,I, whose basins
cover a full Lebesgue (m) measure subset of Vj, which is a neighborhood of A. Since V) C U we
have

WA (A) =X (Vo).
t<0
Moreover X; is a diffeomorphism for all # € R, thus preserves subsets of zero m measure. Hence
Ur<0X; (B(u1) U---UB(y;)) has full Lebesgue measure in W*(A). In other words, Lebesgue (m)
almost every point x in the basin W*(A) of A is such that X;(x) € B(y;) for some t > 0 and
i=1,...,L

6.4.1. Uniqueness of the physical measure. Let us assume that there exists zg € A such that
{Xi(z0) : t > 0} is dense regular orbit in A and that the number / of distinct physical measures is
bigger than one. Then we can take distinct physical measures 1,M2 for Ry on E associated to
distinct physical measures uj,u; for X | A. Then there are open sets Uy, U, C E such that

UiNU,=0 and A (BM,)\U;)=0, i=1,2.

For a very small { > 0 we consider the open subsets V; = X(_¢ r(U;),i = 1,2 of U such that
Vi NV, = 0. According to the construction of y; we have y;(B(u;) \V;) =0,i=1,2.

The transitivity assumption ensures that there are positive times 77 < 7> (exchanging V| and V;
if needed) such that X7,(z9) € V;, i = 1,2. Since V;,V, are open sets and g = X7, _7, is a diffeomor-
phism, there exists a small open set W; C V; such that g | W : W) — VpisaC 1 diffeomorphism
into its image W, = g(W;) C Vx.

Now the C! smoothness of g | W) ensures that a full Lebesgue (m) measure subset of W is sent
into a full Lebesgue measure subset of W,. By the definition of g and the choice of V1, V3, there
exists a point in B(u;) "W, whose positive orbit contains a point in B(uz) "W, thus uy = u».
Hence singular-hyperbolic attractors have a unique physical probability measure p.

6.4.2. Hyperbolicity of the physical measure. For the hyperbolicity of the measure u we note
that

e the sub-bundle E° is one-dimensional and uniformly contracting, thus on the E*-direction
the Lyapunov exponent is negative for every point in U;
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e the sub-bundle E<* is two-dimensional, dominates E°, contains the flow direction and
is volume expanding, thus by Oseledets Theorem [23, 40] the sum of the Lyapunov ex-
ponents on the direction of E is given by u;(log|detDX; | E“|) > 0. Hence there is a
positive Lyapunov exponent for u;-almost every point on the direction of E“,i=1,...,[.

We will show that the expanding direction in E does not coincide with the flow direction
EX={s-X(z): s € R}, z € A. Indeed, the invariant direction given by EX cannot have positive
Lyapunov exponent, since for all # >0 and z € U

1 1 1

24) ~log||DX,(2) - X (2)]| = o X (x,(2)) | < ; logIX]lo.
where || X ||o = sup{||X (z)|| : z € U} is a constant. Analogously this direction cannot have positive
exponent for negative values of time, thus the Lyapunov exponent along the flow direction must
be zero at regular points.

This shows that at y-almost every point z the Oseledets splitting of the tangent bundle has the
form

.M =E:QEX OF,

where F; is the one-dimensional measurable sub-bundle of vectors with positive Lyapunov expo-
nent. The proof of Theorem B is complete.

7. ABSOLUTELY CONTINUOUS DISINTEGRATION OF THE PHYSICAL MEASURE

Here we prove Theorem C. We let u be a physical ergodic probability measure for a singular-
hyperbolic attractor A of a C>-flow in an open subset U C M3, obtained through the sequence
of reductions of the dynamics of the flow X, to the suspension flow X’ of the Poincaré map Ry
and return time function T, with corresponding X’-invariant measure v obtained from the Ry-
invariant measure 1. In addition n is obtained through the ergodic invariant measure v of the
one-dimensional map f : I — I. This is explained in Section 6 and Subsection 6.2. We know that
u is hyperbolic as explained in Subsection 6.4.

Let us fix §p > 0 small. Then by Pesin’s non-uniformly hyperbolic theory [33, 11, 35] we
know that there exists a compact subset K C A such that u(A\ K) < §¢ and there exists d; > 0
for which every z € K admits a strong-unstable manifold WS"I"(z) with inner radius &;. We refer

to this kind of sets as Pesin’s sets. The inner radius of Wg"(z) is defined as the length of the
shortest smooth curve in this manifold from z to its boundary. Moreover K > 7z — WS"I"(z) is a

continuous map K — ‘E! (I}, M) (recall the notations in subsection 2.1).

The suspension flow X’ defined on V in Subsection 5.2 is conjugated to the X;-flow on an open
subset of U through a homeomorphism ¢, defined in Subsection 6.4, which takes orbits to orbits
and preserves time as in (23). Hence there exists a corresponding set K’ = ¢! (K) satisfying
the same properties of K with respect to X', where the constants 8y, 8; are changed by at most
a constant factor due to ¢! by the compactness of K. In what follows we use the measure
v = (0~ 1), instead of u and write K for K’.

We fix a density point xo € K of v | K. We may assume that xo € X for some X € E. Otherwise
if xo ¢ &, since xo = (x,¢) for some x € X, £ € E and 0 < r < T'(x), then we use (x,0) instead of
xo in the following arguments, but we still write xo. Clearly the length of the unstable manifold
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through (x,0) is unchanged due to the form of the suspension flow, at least for small values of
8. Since v is given as a product measure on the quotient space V (see Subsection 6.3), we may
assume without loss that xq is a density point of 1 on XN K.

We set W¥(x,X) to be the connected component of W*(x) NX that contains x, for x € KNX,
where W*(x) is defined in Subsection 1.4. Then W*(x,X) has inner radius bigger than some
positive value 8, > 0 for x € K NX, which depends only on §; and the angle between Wg‘lu (x)
and 7,X. Since this angle is uniformly bounded (because = and K are compact) we have that
dist (Ry"(y),Ry"(x)) — 0 for all y € W*(Z,x) when n — oo (we recall that Ry is injective, see
Section 4, and that by definition of W*(x) its points must have well defined pre-images under
Rp). Thus W*(Z,x) C W¥(Ro,x), the unstable manifold of R through x € .

Let F¥(x0,82) = {W*(x,X) : x € W"(x0,Z) } and F*(x0,82) = Uyegs(x,5,)Y be a horizontal strip
in X. Points z € F*(xp,8,) can be specified using coordinates (x,y) € W*(xo,X) x R, where x is
given by W*(xp,L) NW*(z,X) and y is the length of the shortest smooth curve connecting x to z
in W#(z,X). Let us consider

F(x0,02) ={W"(z,X):z€X and W"(z,L) crosses F*(x0,02)},

where we say that a curve Y crosses F*(xp,d;) if the trace of ¥ can be written as the graph of a
map W*(xo,X) — W*(xp,Z) using the coordinates outlined above. We stress that F“(xg,d;) is
not restricted to leaves through points of K.

We may assume that F'*(xq, d,) = UF"(xg, d,) satisfies n(F“(xp,d,)) > 0 up to taking a smaller
&, > 0, since xg is a density point of 1 | K NE. Let f} be the measure on F*(xg, d,) given by

N(A) = n( U y) for every measurable set A C F"(xp, 82).
YeA

Proposition 7.1. The measure M | F“(xo,02) admits a disintegration into conditional measures
Ny along f-a.e. Yy € F"(x0,82) such that Ny < Ay, where Ay is the measure (length) induced on 'y
by the natural Riemannian measure A2 (area) on X. Moreover there exists Dy > 0 such that

— < —= < Dg, mny-almost everywhere for f|-almost every .

This is enough to conclude the proof of Theorem C since both &g and d; can be taken arbitrarily
close to zero, so that all unstable leaves W*(x,X) through almost every point with respect to 1
will support a conditional measure of n.

Indeed, to obtain the disintegration of v along the center-unstable leaves that cross any small
ball around a density point xo of K, we project that neighborhood of xy along the flow in negative
time on a cross section X. Then we obtain the family {ny}, the disintegration of 1 along the
unstable leaves Y € F* on a strip F* of X, and consider the family {ny x d¢} of measures on
F* % [0,T] to obtain a disintegration of v, where T > 0 is a fixed time slightly smaller than the
return time of the points in the strip F*.

In fact, Ny x dt < Ay x dt and Ay x dt is the induced (area) measure on the center-unstable
leaves by the volume measure A3 on V, and it can be given by restricting the volume form A3 to
the surface v x [0, 7| which we write A3, for y € F*. Thus by Proposition 7.1 and by the definition
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of v, we have
dn
Y 123 u
Vy =Ty Xdt = — - eF
y ="My dhy A,

and the densities of the conditional measures My X dt with respect to 7»3 are also uniformly
bounded from above and from below away from zero — we have left out the constant factor
1 /u(7) to simplify the notation.

Since u = ¢,v and ¢ is a diffeomorphism when restricted to V \ w(I’), then u also has an
absolutely continuous disintegration along the center-unstable leaves. The densities are related
by the expression

dMy »3 1 dny\ - u
:UY_(D*(VY)_(I)*(}VY >LY>_ (detD(¢|y><[O,T]) )\’Y)Oq) My, ved
which implies that the densities along the center-unstable leaves are uniformly bounded from
above. (Here my denotes the area measure on the center-unstable leaves induced by the volume
form m.) Indeed, the tangent bundle of y x [0, 7] is sent by D¢ into the bundle E* by construction
and recalling that ¢(x,¢) = X;(x) then, if e is a unit tangent vector at x € 7, é; is the unit tangent
vector at ¢(x,0) € W¥(x,X) and e; is the flow direction at (x,7) we get

Do(x,t)(e1) = DX;(X;(x))(é1) and Do(x,1)(e2) = DX; (X (x)) (X (x,0)) =X (X (x)).
Hence D(¢ | yx [0,7])(x,1) = DX; | Egt, ;) for (x,t) € yx [0,T] and so

|detD((l) |y [O,T])(x,t)| =J; (x).

Now the volume expanding property of X; along the center-unstable sub-bundle, together with
the fact that the return time function T is not bounded from above near the singularities, show
that the densities of uy are uniformly bounded from above throughout A but not from below. In
fact, this shows that these densities will tend to zero close to the singularities of X in A.

This finishes the proof of Theorem C except for the proof of Proposition 7.1 and of supp(u) =
A, which we present in Subsection 7.1.

7.1. Constructing the disintegration. Here we prove Proposition 7.1. We split the proof into
several lemmas keeping the notations of the previous sections. Let Ry : p~1(I) — &, A2, F%(x0, 2),
F"(x0,82) and M be as before, where xo € K NX is a density point of | | K and K is a com-
pact Pesin set. We write {1y} and {7»%} for the disintegrations of 1 | F*(x,8,) and A? along

Ye 3”‘()60,82).
Lemma 7.2. Either 1y < 7»% forfi-a.e. y € F"(x0,62), ormy L 7»% forf-a.e. y € F4(x0,02).

Proof. We start by assuming that the first item in the statement does not hold and proceed to show
that this implies the second item. We write 1 for N(F*(x0,87)) ™" -1 | F¥(x0,8;) to simplify the
notation in this proof.

Let us suppose that there exists A C F“(xg, ;) such that n(A) > 0 and k%(A) = 0 for f-a.e.

Y € F¥(x0,8;). Let B = UyoRE(A). We claim that 1)(B) = 1.
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Indeed, we have Ro(B) C B, then B C R; ' (B) and (R,*(B)),., is a nested increasing family
of sets. Since 1 is Ryp-ergodic we have for any measurable set C C E

n—1

(25) lim lZn (CNRy’(B)) =n(C)-n(B).

n—-—oo n

But (U0 Rak(B)) = 1 because this union is Ry-invariant and M(B) = n(ng(B)) > 0 by
assumption, for any £ > 0. Because the sequence is increasing and nested we have N (Rg k (B)) /
1. Hence from (25) we get that (C) =n(C) -n(B) for all sets C C X. Thus n(B) = 1 as claimed.

Therefore 1 =n(B) = [My(B)dA(y) and so ny(B) = 1 for j-a.e. Y€ F*(x0,d,) since every
measure involved is a probability measure.

We now claim that Ay(B) = 0 for fi-a.e. Y€ F“(x0,8,). For if Ry(A) Ny # 0 for some y €
F*(x0,82), then AN R, () NF*(x0,82) # 0 and so it is enough to consider only A NF}*, where
F' = REI(F”()C(),SQ)) NF"(xp,8;). But 7\/Y(A ﬂFlu) < M(A) = 0 thus

0=y (Ro(ANFY")) = My(Ro(A) NF"(x0,82)) = Ay(Ro(A))

for fi-a.e. v since Ry is piecewise smooth, hence a regular map. Therefore we get A,(RK(A)) =0
for all k > 1 implying that Ay(B) = 0 for f{-a.e. Y.
This shows that 1y is singular with respect to A, for f-a.e. Y. The proof is finished. U

7.1.1. Existence of hyperbolic times for fo and consequences to Ryg. Now we show that a posi-
tive measure subset of F%(xg,d;) has absolutely continuous disintegrations, which is enough to
conclude the proof of Proposition 7.1 by Lemma 7.2, except for the bounds on the densities.

We start by noting that since vectors in center-unstable cones Cy" for X € E have angles with
the horizontal (stable) directions bounded away from zero, then there exists By > 0 such that for
any cu-curve Y: (a,b) — X in a cross-section ¥ we have the following bound on the derivative

1
(26) =< (P17)" <Bo-
Bo
We need the notion of hyperbolic time for the one-dimensional map f [2]. We know that this
map is piecewise C'T* and the boundaries I'y of the intervals /1, . .., I, can be taken as a singular

set for f (where the map is not defined or is not differentiable) which behaves like a power of the
distance to 1'g, as follows. Denoting by d the usual distance on the intervals /, there exist B > 0
and 3 > 0 such that
o -d(x,Ty) P < || <B-d(x,To)~ B
o [log|f'(x)| —log|f'(v)|| < B-d(x,y)-d(x,To) P,
for all x,y € I with d(x,y) < d(x,T)/2. This is true of f since in Subsection 4.3 it was shown
that f” | I; either is bounded from above and below away from zero, or else is of the form xP with

Be(01).
Given 8 > 0 we define dg(x,I'g) = d(x,Ig) if d(x,I'9) < & and 1 otherwise.
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Definition 7.3. Given b,¢,d > 0 we say that n > 1 is a (b, ¢, d)-hyperbolic time for x € I if

n—1 n—1
@ [T 1F(F) " <e® and [T ds(f/(),T0) 2 **

Jj=n—k Jj=n—k
forallk=0,...,n—1.

Since f has positive Lyapunov exponent v-almost everywhere, i.e.

1
lirf —log|(f")'(x)| >0 forv-almost all x € 1,
n—-+oopn

and fl—x is bounded from above (where A is the Lebesgue length measure on 1), thus |logd (x, )|
is v-integrable and for any given € > 0 we can find 8 > 0 such that for v-a.e. x € I

1 n—1 )
lim — Y —logds(f(x),I0) = /—logdg(x,Fo)dD(x) <E.
n—oo 77 4
j=0

This means that f is non-uniformly expanding and has slow recurrence to the singular set. Hence
we are in the setting of the following result.

Theorem 7.4 (Existence of a positive frequency of hyperbolic times). Let f : 1 — I be a C'+%
map, behaving like a power of the distance to a singular set 'y, non-uniformly expanding and
with slow recurrence to I'g with respect to an absolutely continuous invariant probability measure
v. Then for b,c,8 > 0 small enough there exists © = 0(b,c,8) > 0 such that v-a.e. x € I has
infinitely many (b, c,)-hyperbolic times. Moreover if we write 0 < nj; <ny < ny < ... for the
hyperbolic times of x then their asymptotic frequency satisfies

#{kZlanSN}
N

liminf

N—o

>0 for v-ae xel.

Proof. A complete proof can be found in [2, Section 5] with weaker assumptions corresponding
to Theorem C in that paper.
0J

From now on we fix values of (b, c,d) so that the conclusions of Theorem 7.4 are true.
We now outline the properties of these special times. For detailed proofs see [2, Proposition
2.8] and [3, Proposition 2.6, Corollary 2.7, Proposition 5.2].

Proposition 7.5. There are constants B1,B, > 0 depending on (b,c,d) and f only such that,
if nis (b,c,8)-hyperbolic time for x € I, then there are neighborhoods Wi(x) C I of f"*(x),
k=1,...,n, such that

(1) f* | Wi(x) maps Wy (x) diffeomorphically to the ball of radius By around f"(x);

(2) forevery 1 <k <nandy,z € Wi(x)

A(FH0) @) <@ a(f0). 1 @)
(3) fory,z € Wa(x)
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The conjugacy po R = f o p between the actions of the Poincaré map and the one-dimensional
map on the space of leaves, together with the bounds on the derivative (26), enables us to extend
the properties given by Proposition 7.5 to any cu-curve inside B(1), as follows.

Lety:J — E be a cu-curve in £\ I" such that y(s) € B(n) for Lebesgue almost every s € J, J
a non-empty interval — such a curve exists since the basin B(1) contains entire strips of some
section X € E except for a subset of zero area. Note that we have the following limit in the weak*
topology

n—1

lim Ay =n where A} = 1 Z(Roﬂ(}w),

n— oo n:
j=0
by the choice of v and by an easy application of the Dominated Convergence Theorem.

Proposition 7.6. There are constants Ko,X; > 0 depending on (b,c,8) and Ro,Po,B1,P2 only
such that, if x € Y and n is big enough and a (b, c,d)-hyperbolic time for p(x) € I, then there are
neighborhoods Vi(x) of R"*(x) on R" ¥ (x)(y), k =1,...,n, such that
(1) R*| Vi (x) maps Vi(x) diffeomorphically to the ball of radius Ko around R"(x) on R"(y);
(2) forevery 1 <k <nandy,z € Vi(x)

dpoiiyy (R (), RH(2)) < Bo- e dpny) (R (v), R"(2));
3) fory,z € Vy(x)
LTI
‘D (R*|V)(z } -
(4) the inducing time of R* on Vk( ) is constant, i.e. "% | Vi (x) = const..

Here dy denotes the distance along Y given by the shortest smooth curve in ¥ joining two given
points and Ay denotes the normalized Lebesgue length measure induced on y by the area form A2
on E.

Remark 7.7. Item (4) of Proposition 7.6 ensures that in items (1) through (3) of this proposition

k ..
we can replace R by R () everywhere. So the statement of Proposition 7.6 may be read as a
statement about certain iterates of the map Ry.

Proof of Proposition 7.6. Let xo = p(x) and W(xo) be given by Proposition 7.5, k = 1,...n. We
have that p(7y) is an interval in 7 and that p | Y: 7 — p(Y) is a diffeomorphism — we may take Yy
with smaller length if needed.

If n is big enough, then W,(xg) C p(y). Moreover the conjugacy implies that the following
maps are all diffeomorphisms

Vi) 55 REV()
pl ) lp ,
Wi(xo) = B(f*(x0),%o0)

and the diagram commutes, where Vi(x) = (p | Rk(y))_l(Wk(xo)), k=1,...,n. Using the
bounds (26) to compare derivatives we get ko = B1/Bo and k1 = o - B2
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To get item (4) we just note that by definition of (b, ¢, d)-hyperbolic time none of the sets
Wi (xp) may intersect I'g. According to the definition of 'y, this means that orbits through x,y €
Vi (x) cannot cut different cross-sections in E before the next return in time t(x),T(y) respectively.
Hence every orbit through Wy (xp) cuts the same cross-sections in its way to the next return cross-
section. In particular the number of cross-section cuts is the same, i.e. r | Vi(x) is constant, k =
1,...,n. Hence by definition of 7* we obtain the statement of item (4) since R(Vj(x)) = Vi1 (%)
by definition. This completes the proof of the proposition. U

We define forn > 1
H,={x€vy:nisa(b,c/2,d)-hyperbolic time for p(x)}.

As a consequence of items (1-2) of Proposition 7.6, we have that H,, is an open subset of y and
for any x € YN H, we can find a connected component y" of R"(y) NB(R"(x),Ko) containing x
such that R" | V,,(x) : V,,(x) — " is a diffeomorphism. In addition Y” is a cu-curve according to
Corollary 2.6, and by item (3) of Proposition 7.6 we deduce that

1 _d(RI0) | BR'(x),%0))
LY d)\,yn

where Ay is the Lebesgue induced measure on y” for any n > 1, if we normalize both measures
so that ((R"),(Ay) | B(R"(x),K0))(Y") = Ay ("), i.c. their masses on ¥" are the same.

Moreover the set R" (YN H,) has an at most countable number of connected components which
are diffeomorphic to open intervals. Each of these components is a cu-curve with diameter
bigger than K¢ and hence we can find a pairwise disjoint family Y;' of Ko-neighborhoods around
R"(x;) = R” ™) (x;) in R"(y), for some x; € H,, with maximum cardinality, such that

(28)

<Ki, Mn—ae. ony",

(29) A=Un CR(NH,) and ((RYI04) | &) (&) > 2% y(Hy).

Indeed since R"(yN H,) is one-dimensional, for each connected component the family A, may
miss a set of points of length at most equal to the length of one Y, for otherwise we would
manage to include an extra Kg-neighborhood in A,,. Hence we have in the worst case (assuming
that there is only one set /' for each connected component)

Ay (R (YN H,) \ Ay) < A,Yn(Uy;l) =Mpn(An) sothat Ay(A,) > %-xyn (R*(yNHy))

and the constant K¥; comes from (28).

For a fixed small p > 0 we consider A, ;, given by the balls y;' with the same center x,; but a
reduced radius of Ky — p. Then the same bound in (29) still holds with 2k replaced by 3x;.

We re-index each ;' to ¥,n(y, ) and regroup the balls with the same index n in the class D, p,
for all n > 1. The index now reflects the number of iterates of Ry (instead of R) needed to get the
uniform expansion with bounded distortion into a disk with uniform radius. We write D,, for the
family of disks from U;>;A; with the same expanding iterate (the disks with the same centers as

the ones from D,  but with their original size). Since r* < ro - k we have the following relation
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forallk>1

ro-k

(30) Upip> UA

We define the following sequences of measures

. ln—l . "
Wp =~ Z()(Ro)i(M) [Djp and Ay =Ay-ef n>l.
J:

Then any weak™ limit point 7| = limy, (x)gk for some subsequence n| < ny < ... and | = limy, X;l"
(where n}c may be taken as a subsequence of ny), are Ro-invariant measures which satisfy n =
i +.

We claim that fj # 0, thus 11 = 1] as a consequence of the ergodicity of 1. In fact, we can bound
the mass of @j from below using the density of hyperbolic times from Theorem 7.4, the bound
from (29) and the relation (30) through the following Fubini-Toneli-type argument

) | I/ in/ro) |
M) = 3o b M k 3Kn/ / ) o) 1) ()
J:
_[n/r]
= G [ o)t 1 ) > >0,

for every n big enough by the choice of y. Here [x| = max{k € Z : k < x} and #,(J) = #J/n
for any J C {0,...,n— 1} is the uniform discrete measure on the first n integers. Also we set
xi(x) = 1 if x € H; and zero otherwise, i =0, ...,n— 1.

7.1.2. Approximating unstable curves by images of curves at hyperbolic times. We now observe
that since (F*(x0,62)) > 0 and xo is a density point of | | F**(x0,62), then @ (F*(x0,82)) > ¢ for
some constant ¢ > 0 for all big enough n. If we assume that 8, < p, which poses no restriction,
then we see that the cu-curves from D; , intersecting F*(xo,0,) will cross this horizontal strip
when we restore their original size. Thus the leaves U?;éD ;j in the support of @ which intersect
F"(x0,02) cross this strip. Given any sequence Y of leaves in D,,, crossing F“(xg,d,) withnj <
ny < n3 < ..., then there exists a C'-limit leaf ¥ also crossing F“(xo, 8, ), by the Ascoli-Arzela
Theorem. We claim that this leaf coincides with the unstable manifold of its points, i.e. ¥~ =
WH(x,X) for all x € . This shows that the accumulation curves Y are defined independently of
the chosen sequence y"* of curves in D,,.

To prove the claim let us fix / > 0 and take a big k so that n; > [. We note that for any distinct
x,y € ¥ there are xi, y; € Y™ such that (xg,yx) — (x y) when k — 0. Then for x, y there exists
a neighborhood V,,, of a point z € v such that Y™ = Rg*(V,,) and nj = r"(z).
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We take j > 1 such that r/(z) < n —1 < r/t1(z). Setting p = r/+1(z) — (nx — 1) we can now
write for some u,v €'V,

o5 (h=j+1)

By ¢ (Ry (), RG(v))

dlxeye) = d(RT (R () R (RG(v)) =
2 C_Oei(h_j'i_l).d(u?v),

Bo
where cg > 0 is a lower bound (13) for the least expansion of R along the center-unstable cone,
see Subsection 4.2. This shows that

_chojil, Bo —<c.L
e 4 l'd(xky)’k)gge 270 - d (X, yi)-

d(R3! (x).Ry (1)) < B—g

By Proposition 7.5 and the C'-smoothness of Ry away from I" we get
_c. L
4(Ry" (), Ry () < 2055 ()
o
letting k — oo. Hence y is in the unstable manifold of x with respect to Ry in F(xg,d), thus
y € W¥(x,X) by construction, see the beginning of Section 7. This proves the claim.

We define F“ to be the family of all leaves ¥ obtained as C' accumulation points of leaves in
Fn={¢¢ U?;(I)Dj & crosses F"(xp,8)}.

We note that F, C F(x0,82). Since for all n we have @ > @f and so ay(UJ}) > ¢, we get

that n ( U ”JZ”O) > c¢. By definition of JF}; and by (28) we see that wfj | F,; disintegrates along the
partition I of F = UJ" into measures “"é having density with respect to Ag uniformly bounded

from above and below, for almost every & € FX.

To take advantage of this in order to prove Proposition 7.1 we consider a sequence of increas-
ing partitions (Vi )x>; of W¥(xp,X) whose diameter tends to zero. This defines a sequence Py
of partitions of F = Up<p<wF" as follows: we fix k > 1 and say that two elements § € F% &' €
9’;?, 0 < i, j <o are in the same atom of P; when both intersect W*(x,X) in the same atom of V;
and eitheri, j > kori= j <k.

If ¢ is the projection ¢ : F — W*(xo,X) given by the transversal intersection & VW*(xg,X) for
all § € f;'“, then F can be identified with a subset of the real line. Thus we may assume without
loss that the union 0P of the boundaries of P satisfies N(0P;) = (dPx) = 0 for all k > 1, by
suitably choosing the sequence Vy.

7.1.3. Upper and lower bounds for densities. Given { € F we write p : F*(xo,8;) — { the pro-
jection along stable leaves and ® for . Writing P, () for the atom of P, which contains {, then
since P (L) is a union of leaves, for any given Borel set BC L and n > 1

G W (PQ) NP (B)) = [ WL(Pa(O) 107 (B)) dF €)
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through disintegration, where @" is the measure on F induced by ®". Moreover by (28) and
because each curve in J crosses F*(xg,0;)

1 1 _ n _ _
(32) = Me(B) < =M (p ' (B) S 0 (Pu(Q)Np (B)) S xi-he(p ' (B)) < wika-Ag(B)
for all n,k > 1 and @"-a.e. & € F, where 1 > 0 is a constant such that

1 ~
K_z.)bcg}bggxz-kc forall e,

which exists since the angle between the stable leaves in any ¥ € X and any cu-curve is bounded
from below. Finally letting { € F% and choosing B such that 1 (ap_l (B)) = 0 (which poses no

restriction), assuming that n (8(9’k(§) Nnp~! (B))) = 0 we get from (31) and (32) for all k > 1
1 R _ R

o M (B)APUE) <n(PuE)Np '(B)) < xikz-Ag(B) -1 (Pr(0))

by the weak™® convergence of ®" to 1. Thus to conclude the proof we are left to check that

N((Px(E)Np~1(B))) = 0. For this we observe that P({) N p~! (B) can be written as the product

q(Pr(€)) x B. Hence the boundary is equal to

(99(P(€)) x B) U (q(Px(8)) x 3B) C ¢~ (9g(Px(C))) Up~" (B)
and the right hand side has 1n-zero measure by construction.

This completes the proof of Proposition 7.1 since we have {{} = Ni>1Px({) for all { € J and,
by the Theorem of Radon-Nikodym, the bounds in (33) imply that the disintegration of 1 | UF%
along the curves { € F is absolutely continuous with respect to Lebesgue measure along these
curves and with uniformly bounded densities from above and from below.

(33)

7.1.4. The support covers the whole attractor. Finally to conclude that supp(u) = A it is enough
to show that supp(u) contains some cu-curve y: (a,b) — X in some subsection X € E. Indeed,
letting xo € ANX be a point of a forward dense regular X -orbit and fixing ¢ € (a,b) and € > 0 such
that a < ¢ — € < ¢+ € < b, then for any p > 0 there exists > 0 satisfying dist (y(c),Xt (xo)) <p.
Since W*(X;(x),Z) th (Y| (c —&,c+¢)) = {z} (because Y is a cu-curve in X and p > 0 can be
made arbitrarily small, where rh means transversal intersection), then, by the construction of the
adapted cross-section X (see Section 2), this means that z € W* (X, (xo)). Hence the m-limit sets
of z and x are equal to A. Thus supp(u) O A because supp(u) is X-invariant and closed, and
A D supp(u) because A is an attracting set.

We now use (33) to show that fj-almost every ¥ € F is contained in supp("), which is contained
in supp(u) by the construction of u from 1 in Section 6. In fact, f-almost every { € F is a density
point of 7 | F and so for any one { of these curves we have f (P(€)) > 0 for all k > 1. Fixing
z € { and choosing € > 0 we may find £ > 1 big enough and a small enough open neighborhood
B of z in { such that

PQNp~'(B) CB(z.e)NE and n(Pu(E)Np ' (B)) >0,

by the left hand side inequality in (33). Since € > 0 and z € { where arbitrarily chosen, this shows
that £ € supp(n) C supp(u) and completes the proof of Theorem C.
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