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ABSTRACT. A Laguerre polynomial sequence of parameter €/2 was previously characterised in a recent
work [27] as an orthogonal .%¢-Appell sequence, where .7 represents a lowering operator depending on the
complex parameter € # —2n for any integer n > 0. Here, we proceed to the quadratic decomposition of an
Z¢-Appell sequence, and we conclude that the four sequences obtained by this approach are also of Appell
but with respect to another lowering operator consisting of a fourth order linear differential operator ¢, ,
where p is either 1 or —1. Therefore, we introduce and develop the concept of the ¢, ,-Appell sequences
and we realize they cannot be orthogonal. At last, we completely describe how to quadratically decompose

a Laguerre sequence of parameter € /2.
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1. INTRODUCTION AND PRELIMINARY RESULTS

We denote by & the vector space of the polynomials with coefficients in C (the field of complex num-
bers) and by #’ its dual space, whose elements are forms. The action of u € 2’ on f € & is denoted as
(u, f). In particular, we denote by (u), := (u,x"), n > 0 the moments of u. A linear operator T : 2 — &
has a transpose 'T : &' — ' defined by

(1.1) (T(u),f) = wT(f)), uec? fe2.

For example, for any form u, any polynomial g, let Du = «’ and gu be the forms defined as usually

<M/,f> ::_<uaf,> ) <gu>f> = <uagf>>

where D is the differential operator. Thus, the differentiation operator D on forms is minus the transpose

of the differentiation operator D on polynomials.

Whenever a sequence of polynomials {B,,},>¢ is such that deg B, = n, for n > 0, we will systematically
call it as PS and, in the case where its elements are monic (that is, B,(x) = x" + b, (x), with degb, <n—1
for n > 1) we will refer to it as a monic polynomial sequence (MPS). The dual sequence {uy, },>0 C &’
of a MPS {B,},>0 is defined by (u,,Bx) = 0,k, n,k > 0, where 6, denotes the Kronecker symbol
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[30, 31]. We will denote by {BE]}@() the MPS obtained from a given MPS by a single differentiation

1
B,[i](x) = n+1 B, (x),n>0.

The form u is called regular if we can associate with it a PS {B), },>¢ such that (u, B,B,,) = k, 8, With
k, # 0, for all the integers n,m > 0, [13, 30, 31]. The PS {B, },>0 is then said to be orthogonal with
respect to u. If u is a regular form we can assume that the system (of orthogonal polynomials) is monic.
Then, there exists a dual sequence {u, },>0 and the original form u is proportional to u. Furthermore,

we have
(1.2) un = (10, B2)) ™" Buug,n > 0.

The sequence {B,},>o is then called a monic orthogonal polynomial sequence (MOPS) and it fulfils the

second order recurrence relation given by

(1.3) By(x) =1 Bi(x)=x—Pfo
(1.4) Bn+2(x) = (X - Bn+l)Bn+l (X) - '}/n—&-]Bn(x)? n=0.

: _ <MO7XB3> < Uuop, n+l> . . .
with B, = ~——— and %41 = - #0, n>=0. A regular form u exists if and only if the
<u07Bn> < B >

Hankel determinant A, := det [(u) i+ J] is nonzero for any integer n > 0.

0<i,j<n

When u € 7' is regular, let ® be a polynomial such that ®u = 0, then ® = 0, [31].

Entailed in the problem of the symmetrysation of sequences of polynomials, comes out the quadratic
decomposition (as well as the cubic decomposition) of a PS. Within this context, many authors have dealt
with symmetrization problems of orthogonal polynomial sequences either on the real line or in the unit
circle. Among them we quote [4, 12, 13, 14, 15, 18, 24, 29, 32]. More specifically, in [13, 15] a symmetric
orthogonal polynomial sequence is decomposed into two nonsymmetric sequences. A generalisation of
this idea was revealed in [29, 32]: to a given MPS {B, },>0, we associate two other MPS, {P,},>0 and

{Ry}n>0, and two sequences of polynomials, {a, },>0 and {b,},>0, such that

(1.5) Bon(x) = Py(x*) +xa,_1(x*), n>0,
(1.6) Bopi1(x) = by(x*) +xR,(x*), n>0.

where 0 < dega,,, degb, < n for any integer n > 0 and a_;(-) =0, [13, 15, 29]. Under the assumption
that {B,, },>0 is orthogonal, it is not possible to conclude that {P,},>0 and {R, },>0 are also orthogonal,
if some supplementary conditions are not considered. For instance, a, =0 = b,, n > 0, if and only if
the MPS {B, },>0 is symmetric (that is B,(—x) = (—1)"B,(x),n > 0) and its orthogonality supplies the
orthogonality of both sequences {P, },>0 and {R, },>0 [29].

Recently, in [27], the two authors have proceeded to the quadratic decomposition (hereafter QD) of an
Appell polynomial sequence (that is, a MPS {B,},>0 such that BLH(-) = B,(-),n = 0) [3]. The four

ANA F. LOUREIRO AND P. MARONI



QUADRATIC DECOMPOSITION OF LAGUERRE POLYNOMIALS VIA LOWERING OPERATORS 3

associated sequences obtained by this approach are also Appell sequences but with respect to another

differential operator
1.7) Fe:=2DxD+¢€D

where € is either 1 or —1, and D := %. This operator .%,, as well as the differential operator D, de-
creases in one unit the degree of a polynomial. They are indeed simple examples of the so-called lo-
wering operators: a linear mapping & of & into itself is called lowering operator when ¢'(1) = 0 and
deg (ﬁ (x")) =n—1,n > 1. The Appell character of a PS may be generalised in a natural way to other

lowering operators O rather than D:

Definition 1.1. A MPS {B, },>0 is called an O-Appell sequence with respect to a lowering operator O if
B,(-) = B,Ll](-, 0) for any integer n > 0, with

(1.8) BL]](x; O):=pn (ﬁ’BnH)(x), n

WV

0,

where p, € C—{0}, n > 0, is chosen for making B} (x; 0) monic [7, 8].

This concept is not new. As a matter of fact some authors have considered Appell sequences with respect
to other operators like the g-derivative [37], operators reducing or augmenting the degree of a polynomial
by k units, with k > 1. Among them we quote [10, 11, 16, 17, 25, 26]). However, such considerations

are not useful here.

The primary purpose of this work is to characterise the four sequences associated with the QD of an
F¢-Appell sequence, in which % is the operator given in (1.7) with € # —2n, n > 1. Firstly, in section
2, we show that the four polynomial sequences obtained by this approach are also Appell sequences
with respect to a fourth order linear differential operator, denoted by % ,, where u is either 1 or —1.
Subsequently, regarding a more accurate information about the arisen % ,,-Appell sequences, in section
3 we study these MPS through a functional point of view, where the range for the parameter yu was
broadened to a dense subset of C (the set of complex numbers). While ferreting out all the D-Appell and
Z¢-Appell orthogonal sequences, we find the Hermite (a result given by Angelescu [2] and later by other
authors [13, 35] but further references may be found in [1]) and the Laguerre polynomial sequences of
parameter €/2, up to a linear change of variable, (achieved in [27]) respectively. However, in section 4
we conclude that a %, ,-Appell sequence cannot be orthogonal. In spite of this negative result, in the
last section we successfully reach the complete description of the QD of the nonsymmetric sequence of

Laguerre polynomials, by means of the Genocchi numbers.

2. THE QUADRATIC DECOMPOSITION OF .%.-APPELL SEQUENCES

Pursuing the idea of the quadratic decomposition of an Appell sequence, we explore the .%¢-Appell

sequences. To accomplish so, it is useful to enlighten some properties of the operator .%,; namely for
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any f,g € &, we have:

Fe(£(x) 8(x)) = () Fe(8(x)) +8(x) Fe(£(x)) +45 1'(x) ¢'(x),
@.1) Fe(£0)(x) =x {82 7"() +2(4+) £ }
22) Fe(t £1) (x) =2 {82 /() + 28+ €) /() } + (2+€) £(2).

Theorem 2.1. Consider the QD of a monic sequence {By}n>0 as in (1.5)-(1.6). If {Bu}n>0 is an F-
Appell sequence with € # —2(n+1),n > 0, then the four sequences {P,}n>0, {Rn}n>0, {@n}n>0 and
{bn}n>0 are given by

(2.3) Pi(x) = m (4 Pas1)(x), n>0,
(2.4) Ry(x) = nml(& 0 (4, Rn1)(x), n >0,
2.5) an(x) = n+2(1£—1) (4 ani1) (), 0> 0,
(2.6) by (x) = nﬂl(“) (4 _\but1)(x), n >0,

where the operators 91 and 9 | and the nonzero sequences {1N,+1(€,1)}n=0 and {N,11(€,—1)}n>0

are respectively given by

(2.7 e = (4DxD+ €D) (2xD +1) (4xD+ (2+€)D)

(2.8) %1 = (4DxD+€D) (2xD —1) (4xD— (2—¢€)D)

and

29 Mnt1(e,1) = (n+1) (4(n+1)+¢€) (2n+3) [2 (2n+3) +e} ,n>0,
(2.10) Mns1(€,—1) = (n+1) (4(n+1)+¢) 2n+1) [2 (2n+1) +s} ,n>0,
where D := and I represents the identity on .

Proof. Consider p,1 = (n+1)(2(n+1) +€). Operating with .7, on both members of (1.5) and (1.6)

with n replaced by n+ 1, then, under the assumption and by virtue of (2.1)-(2.2), we obtain:

p2n+2{bn(x2)+XRn(x2)} - x{24+£ n+1( 2)+8X Prltl-&-l( )}
+2+€)an(¥?) +2(8 + &) x> a, (x*)
+8x4 //( 2)7 n>07

P21 {P.(X?) +xa, 1(x*)} = x{2(4—|—8)b,’1(x2)—|—8x2b;{(x2)}
+(24+€)Ry(x*) +2(8 4+ &) x* R (x)
+8x*R!(x*), n>0,
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which consists of polynomials with only even or odd powers. As a result, we necessarily get:

@.11) Ponia Ru(x) = {2(4+e) D+8xD2} (P,,H(x)), n>0,
(2.12) Ponit Pa(x) = {(2+e) 1+2(8+€)xD+8x° D2} (Rn(x)), n=0,
(2.13) Pania bu(x) = {(2+e) T+2(8+€)x D+ 8x Dz} an(x)>, n>0,
(2.14) Ponit i (x) = {2(4+s) D+8x D2} (bn(x)), n=0.

Operating with the equalities (2.11) and (2.12), we deduce

Poni2Ponss R(x) = {2 £D+8DxD} : {(2+s) ]1+2(4+s)xD+8xDxD} (Rn+1(x)), n>0.
and also

Pons1Pansa Pa(x) = {(2+e) T+2(8+€)x D+ 82 Dz} : {2(4+e) D+8x02} (Pn+1(x)>, n>0.

Using the identities

(2.15)

xD*=DxD—-D Dx=xD-1
and
XXD*=xDxD—xD XD*=DxDx—3Dx+2I

in the right-hand side of the first and second previous relations respectively, we deduce

P2n+2P2n+3 R (x)

- {2eD+8DxD} : {(2+s) ]I+2(4+e)xD+8xDxD} (Rn+1(x)>, n>0,
yielding (2.4) under the definitions (2.7) and (2.9). We also derive

Pan+1P2n+2 B (X)

- {(2—8) 1-2(4—¢) Dx+8DxDx} : {2 eD+8DxD} (Pn+1(x)), n>0,
which corresponds to (2.3) under the definitions (2.8) and (2.10).

Likewise, by means of simple manipulations, the system of equalities (2.13) and (2.14) gives rise to
another system of two equalities: one involving exclusively elements of the set of polynomials {b, },>0
and the other having only elements of the set of polynomials {ay, },>0, which, on account of the identities
(2.15), may be transformed into the following equalities
(2.16)

PoniaPanss bu(x) = {(2— e)[—2(4—¢) Dx—l—SDxDx} - {2 eD+8 DxD} (bn+1(x)>, n>0.

and
2.17)
Pan+1P2n+2 An—1(x) = {28D+8DxD} . {(2+8) ]I+2(4+8)xD+8xDxD} <an(x)>, n=0.

where a_1(-) = 0. The relation (2.16) provides (2.6), whereas the relation (2.17) with n replaced by n+ 1
leads to (2.5), under the definitions (2.7)-(2.10). OJ
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More information about the polynomial sequences is provided in the next result.

Proposition 2.1. Let {B,},>0 be a F:Appell sequence and consider its QD according to (1.5)-(1.6).
Then either {By}n>0 is symmetric or there exists an integer p > 0 such that a,(-) # 0 (respectively,
b,(-) #0). In this case, we have

(2.18) an(x) =0, b,(x)=0,0<n< p—1, whenp > 1,

019 a (x):<n+p+1> (p+3 )n (p+3+5), (P+2+45), a(2)

’ " n (3), G+9), (1 +§) S
(P

n

(2200  bpinlx) = <n+p> (p+3)

where @, and by are two monic polynomials fulfilling dega,(x) =n, deggn( ) =n, forn >0, and
Vn=y(+1)...(y+n—1) represents the Pochhammer symbol.

Proof. If {By,},>0 is a symmetric sequence then a,(-) =0, n > 0, and also b, (-) =0, n > 0. Reciprocally,

ifa,(-) =0, n > 0 (respectively, b, (-) =0, n > 0), then from (2.13) b, (-) =0, n > 0 (respectively a,(-) =

0,n >0, from (2.14) ).

When {B, }n>0 is not a symmetric sequence, let p > 0 be the smallest integer such that a,(-) # 0 and
an(-)=0,0<n<p—1when p>1. From (2.14), we have b,(-) = constant = b,, 0 < n < p and by

virtue of (2.13), b,,(-) =0for0<n< p—1, papi2by(x) = (2+€)ay(x) +2(8+€)xd),(x) +8x>a)(x),

which implies a,,(-) = constant = a,, # 0. Thus, (24 €)a, = p2p+2 bp.

Proceeding by finite induction, then, based on (2.13)-(2.14), we achieve the conclusion deg(a,+,) =n

and deg(bn;p) =n,n > 0. Therefore, we may consider two nonzero sequences {A,},>0 and {i, }n>0

such that

(2.21) Anyp(X) = Ay an(x) and bpyp(x) = U by(x), n=0,

where a,(+) and 27\,1() represent two monic polynomials of degree n > 0, g = b, and A9 = a,,. Replacing

in (2.13) and (2.14) n by n+ p and taking into account (2.21), we obtain

Pont2p2 n bn(x) = (2+€) Ay B (x) +2(8+ €) x A @ (x) + 827 Ay @ (x), n>0,

Poni2p 1 At Gn1(x) = 2(4+€) tn by’ (x) +8x 1y b, (x), 1 >0.

Therefore, the nonzero sequences {4, },>0 and {u, },>o satisfy the system

1 1
p2n+2p+2.un:8 <I’l+2> <n+2+4> A nz0,

Poni2p+1 Anm1 =8n (n—i- )un, n=>0.
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which implies

1 1 €
p2n+2p+2un:8 <n+2> (”l+2+> Ay 120,

£ 3 3 ¢
P2nt2p+3 Pont2p+4 An =64 (n+1) <”+1+Z> <n+2> <”+2+4> Ay, n=0,
and, because P, = (n+1) (2(n+1)+¢), n >0, it yields
1 1
(nt3) (n+35+%)
(n+p+1)(n+p+1+5%)
A <n+p+{>@+€hﬁ(p+§+iLH(P+2+i)
n+1 — 3 3
I’l+1 (j)n—‘rl (1+§)n+l (f—i_%)n-&-]

where () represents the Pochhammer symbol. Finally we achieve,

ALLn: A'nv n>07

"1 20, n=0,

N :(n+p+1>(P+§L(P+S+EL(P+2+ZL X
n (3), G+9), (1+9), ’
(nt3) (n+3+9%)
pr— A{ 20’
Ho (n+p+1) (n+p+1+5) 7" "
whence the result. |

The two MPS emerged with the QD of an .%.-Appell sequence, are also Appell sequences with respect
to the lowering operators ¢, and ¢, , in the light of definition 1.1. Analogously, on account of the
relations (2.5)-(2.6) and (2.19)-(2.20) given in Proposition 2.1, we may say that the sequences {a, },>0
and {En},@o are, respectively, ¢, and &, _,-Appell. The study of these arisen Appell sequences will now
proceed henceforth as a whole rather than individually, so, under the particular choices of u = —1 or

u =1, they may be viewed as Appell sequences with respect to the lowering operator

€4

g = (4DxD+£D> (8(xD)2+2£xD+2]H—,u (8xD+£]I)>

with the convention: (xD)¥*! = xD (xD)* for any integer k > 0. Naturally, it is possible to express:
(2.22)

¢ = 32D(xD)>+16e D(xD)*+2(4+€*) DxD+2e D+ p {32D(xD)2 +12€ DxD + €2 D},

eu

The forthcoming developments will be made from a functional point of view, requiring the characterisa-

tion of the associated dual sequence, which will be carried out in the next section.

3. THE ¥, ,- APPELL SEQUENCES

Let {B, },>0 be a MPS with dual sequence {u, },>0. Consider the sequence {B,LH (39,,) tn=0 given by

Wi y— L
3.1) By, = 5 (% Bn+1)(x), n=0
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where ¢, | is given by (2.22) and
(B2)  Purti=Puri(&,10) = (n+1) (4(n+1)+¢) <2+2(n+1)(4(n+1)+8)+(8+8n+8)u>

for n > 0. Necessarily the parameters € and i must be chosen so that p,,+ # 0, for all the integers n > 0,

therefore € and u are two complex parameters such that

242(n+1)(4n+4+x)

£ —4(n+1) and u#— St 1) e

, n>=0.

Whenever u € {—1,1}, then p,;1(€, 1) equals 1,1 (€, 1), given by (2.9)-(2.10), for any integer n > 0.

Before characterising ¢, ,-Appell sequences, we must determine the dual sequence of {Bm( A ”)} n>05

denoted as {uLl] (g&u)},@o. For this purpose we need to know the transpose ‘%, , defined according to
(1.1):
(Guu, ) = (u, 4,[)
= <u , {32D(xD)* +16(g +2u) D(xD)* +2(4+ &>+ 6€ ) DxD+€(2+ e ) D}f>

therefore

g = 32D(xD)*—16(e+2u) D(xD)> +2(4+€>+6eu)DxD—¢e(2+eu) D

()
However, the convention on D (‘D = —D) permits to write ‘o, := (—1)V"'D(xD)" , with o, := D(xD)",
leaving out a slight abuse of notation without consequence. Thus 'Y, :=%_  and ¢, is defined on &
and ',

For the sequel, it is worth to express ¢, , in terms of x* D1 instead of D(xD)* (with k=0,1,2,3).

Based on the identities

DxD = xD*+D
D(xD)?> = x*D’+3xD*+D
D(xD)* = xX*D*+6x*D’+7xD*+D.

the operator ¢, given by (2.22) may be expressed as follows:
G, = 320°D*+16(12+¢€)x*D>+2(116+€(24+¢€))xD*+2(4+¢€)(5+¢€)D

(3.3) )
+[.L{32x2D3 +12(8+¢€)xD*+ (4+¢)(8+€)D

and, by means of simple computations, we are able to deduce the ¢,  -derivative of the product of two
polynomials:
3.4
Gu(FP)X) = F() (4, P)+ (%, ) PO)+1285 £(x) PV (x)
a8 (e + 124 2u) f (x )+4xf"(x)}x2p”( )+ {(116+.s2 481 +6e(4+ 1)) F(x)

F12(e+2(6+ p))x £ (x) + 3222483 (x)}4xp (x)
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for any p,f € &2. By transposition, we may also compute the ¥, ,-derivative of the product of a poly-

nomial by a form:

53 (9 fi) = £ () = () 0t f) L)+ £ () Lo
| HOW LW+ (I, feP ue,

where
Li(u)=t0u+m3 1 xu + 730 x> u" +27 53 (u)(S)
(3.6) Ly(u)=noxu+ 1t x> u' +3-263° u"
Li(w)=Tiox*u+2"

with
T30 = 4(20 + €% + 6e); T3 =22 (116 + €2+ 6e(u—4)—48u); o =-2%3 (e—12+42u);
To=2% (116 +€>+6eu); m;=2*3(12—e—2u); T10=2"-3.

Lemma 3.1. The dual sequence of {BLI] (29, ) }nz0 denoted as {uLl] (9,.,) Ynzo fulfils
(3.7) G o () = Pust 1, n>0,

—E&l &l

where Ppi1,n >0, is given by (3.2).

Proof. Following the definition of a dual sequence, ( ) (‘) B (x;%4.,) ) = Oum for any integers

n,m > 0, which corresponds to (1)~ (ug](%#) »4.,(Buy1) ) = 8um forn,m >0, that is
(3.8) . NG ) Bust) = Pus1 Sy nym 0.

In particular, from the latter we have
(@ e (0 (4,)).Buer) =0, m>n+1,0>0,
which implies [33, 34]

n+1

9, W 4) =Y iy, n>0,
v=0

with A,y =(¥,_, (uLl](% )) ,By), 0 < v <n+ 1. Consequently, due to (3.8), we obtain (3.7). O

ep
This last result enables us to express all the elements of the dual sequence in terms of the first one:

Proposition 3.1. The MPS {B,},>0 is a 9, ,-Appell sequence if and only if its dual sequence {u,},>0
fulfils

3.9 U, = L G" (up), n=0,

o, —e— L

where

8 4u—A 8 4 A
o, = 32" n! <1+§) ( +8+8.u e,u)( +8+8.u+ 8’”),1120,
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with Aey = +/€*+16(u%>—1), and 5{:"7“ represents the n'"-power of the operator G e

Proof. The condition is necessary. From (3.7), the sequence {u, },>0 satisfies

(3.10) gig‘,u (un) = [/)\n+1(8,‘LL) Upy1, n=0,

with p,,.1(€, 1) as given in (3.2). In particular, for n = 0,
! 9
u =
' (4+e)(10+8u+e (2+p) o

Proceeding by finite induction, we easily get (3.9).

ug .

The condition is sufficient. From (3.9), it is easy to see that (3.10) is fulfilled. Therefore by comparing it
with (3.7), we obtain

g, (W G) =Y, ,unn=0.

—&,—u e, —&,—U
The lowering operator &, _ satisfies 4,  (£?) = &, and therefore &, _ is one-to-one on &’. We then
get uw (4,) = un, n > 0, whence the expected result. d

€,

4. ABOUT THE ORTHOGONALITY OF A gm—APPELL SEQUENCE

In this section we seek to find all orthogonal polynomial sequences possessing the ¢, -Appell character.

A somehow unexpected result occurs:

Theorem 4.1. There is no regularly orthogonal polynomial sequence being ¥, ,-Appell.

Proof. Suppose there is a MOPS {B, },>0 which is also a &,  -Appell sequence and let {3, , ¥%:+1},0 be

its recurrence coefficients in accordance with (1.4). From (1.2) and (3.10), we get

4.1 %afﬂ (Byuo) = Ay Byiiug, n>=0,

with

(42) o= 2ae) = P21 EH) s
’}/n+1

where P, 1,17 >0, is defined in (3.2). We recall that, within the range of € and , p,, 1 is always different

from zero for any integer n > 0. The particular choice of n = 0 in (4.1), provides

4.3) %Eﬁ” uy=AoBiug.

Consider n+ 1 instead of n in (4.1). Following (3.5)-(3.6), because of the %7“ -Appell character and on
account of (4.3), we derive

4.4)

B, L3(up)+B, . Lo (up) +B,(13_21 Li(ug) = {MH Bui2—A0B1Buii+ Ay Y1 By —20%° B,(iz] } uy, n=0,
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In particular, considering n = 0 in this last relation, u fulfils the equality:
(4.5) Ls(up) = Up(x) ug
where L3 (up) is given in (3.6) and

Us(x) = MBa(x) — 2B (x) + 20 71 -

On account of (4.5), the relation (4.4) becomes like
(4.6)
4
By La(uo) + By Li(uo) = { Aust Buva = Ao B1 But 4 o Yt By —Us By =2 B, b o, n >0,

and when n = 1, this relation becomes like
4.7 Ly (up) = Us(x) up
where L, (up) is given by (3.6) and
Us() = 5 {2Bs(0) — AoB1 () Ba(0)+ Mt s B (x) = Bo(4) U ()}
Therefore, due to (4.7), the relation (4.6) may be transformed into

B;(13+)1 Ll(uo) = {z'nJrl Bn+2 - )L()Bl Bn+l ‘|‘)¥n ’}/nJran

4.8)
_B:m Uz _BZ-H Us — 20 x° B,(izl } up , n=0,

and taking n = 2 we obtain:
(4.9) Li(up) = Us(x) up
where L (up) is given in (3.6) and
Us(x) = é {A3Ba(x) = AoB1(x) B3(x) + A2 15 Ba(x) — B (x) Ua(x) — By (x) Us(x) } -
Naturally, deg Uy < k for k = 2,3 or 4, so there are coefficients 6y ; with 0 < j < k such that

k
(4.10) Urlx) =Y 6 x/, k=234
Jj=0

A single differentiation on both sides of (4.9) leads to
4.11) 27 3 ugy + {(3 2T 41y 0) X2 — U4(x)} uy = {U‘{(x) —2T10 x} up .
Between (4.11) and (4.7) it is possible to eliminate the term in u()’ , and consequently we have

(4-12) {(32'28 +3 71,0 -2 T271) x2 -3 U4(x)} u6 = {3 U‘{(x) -2 U3(x) -2 (3 T1,0— ‘52’0) x} uo
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The elimination of the term u, between the equalities (4.12) and (4.9) and the regularity of u( leads to

C; = 0 where
C3(x) = —27 x3 {3 Uéi(x) -2 U3(x) -2 (3 ’5170 — TZ,O) x}

+ ((32 . 27 +3 71,0 -2 TZ,I) x2 -3 U4(x)> (U4()C) —T10 x2>

Since ug is a regular form, necessarily C; is identically null, that is, C3 has all its coefficients in x
identically zero. Taking into account the definition of the polynomials U, with k = 3,4 presented in

(4.10), we realise that degC3 < 8 and we also achieve:

(4.13) 044 =1040=1041=0
6
As a consequence, C3(x Z 3, ¥/ and the conditions c3 j = 0for j=3,4,5,6 provide
Jj=3
3 2 1
60=0 03 = > (643) : 02 = 77 043 (3612—3T10+121)
(4.14)

031 = 7 { (842)° +28 129 — 042(27-34+6T10—2T1) —T1o(—2"-3-3119+2 Tz,1)} ;
whence, Us(x) = (6473 x+ 94_2) x* and Us(x) = 63 O+ 62 x>+ 631 x.
Differentiating both sides of (4.7) and then eliminating the term in u(()3) between the resulting equation
and (4.5), we deduce
i {2732 +2 1, -3 13, } &° ”+{ 2T0+47, —3731)x—2Us(x) } uf
) —{—210+3 T30+2U}(x) —30a(x) } o
We proceed to the elimination of the term in u ' between (4.15) and (4.7), and we get:
{[273m0-2°32 131+ 11(=27-3-2T01 +3132) |x—27-3U3(x) } x ug
(4.16) ={10 (202" 3+ 1) —31,)x— (2732 +21; =3 132) Us(x)
+3-2% (3130 —3Us(x) +2Uj(x)) x} uo

By eliminating the term in u(, between (4.16) and (4.9), and by taking into consideration the regularity of

ug, we get the condition: C; = 0 where

Cz(x) = —(27)63) {‘L'z’() (2(27'3+TZ,1) —31'3,2))6— (27'324-27271 —31’372) U3(x)
(4.17) +3 '26 (3 73,0 —3U2(x) +2U3/(X)) X} + { |:27 -3 72,0 —26 '32 3,1

101 (=27 3-27y1 +3132) }x2 _77. 3U3(x)x} (U4(x) — T xz)
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After (4.13), we easily realise that the polynomial C; may be expressed as Cp(x) = 2324 2, x/ . Due to

(4.13)-(4.14), the condition ¢ 7 = 0 implies 6, 3 = 0, which, in accordance with (4.14), yields
030=0=033=103>
(4.18) 63, = 2—18 {367,4+2% 10— 042(27 346 T10—211) — T10(—2"-3-3T10+272.1)} .
Consequently, we get Uz (x) = 63 1 x and Uy (x) = 642 x2. Since c26=0=cy5,wededuce 6, =6, =0.
As aresult, Up(x) = 6,0, Us(x) =631 x and Us(x) = 64, x?, and, according to (4.9) ug fulfils
(T10—642) P ug+2" 5 uy =0,

contradicting the regularity of ug. U

In spite of this negative result, the existence of the ¢ ,-Appell being d-orthogonal (for some integer

d > 2) ought to be explored in an analogous manner as the one expounded in [20, 9].

5. APPLICATIONS. THE QUADRATIC DECOMPOSITION OF A LAGUERRE SEQUENCE

The quadratic decomposition of a non-symmetric sequence is far from being obvious. Nonetheless, the
obtained and some already known results permit to describe the associated polynomial sequences to the

QD of a Laguerre sequence with complex parameter.

Proposition 5.1. A Laguerre sequence {B,},>o of parameter 5 (with € # —2(n+1),n > 0) fulfils
(1.5)-(1.6) where {Ry, },>0 and {P,} >0 are respectivelly G 1 and 9, _1-Appell sequences and {ay, },>0,
{by}n=0 are two PS given by

n
5.1 an(x) =Y AuyRy(x), n=0
v=0
n
(5.2) by(x) =Y 6,vPy(x), n>0,
v=0
with
2n+2 (_1)n7v 22n—2v+1 (2+%)2 |
5.3 Ay = LBy, o<v<n, n>=0,
(5.3) n,v ( v ) vl (2+%)2v 2m-2v+2 n, n
2 2 1)V 22n—2v 14+ £
(5.4) Opy = < " ) ) ( 222”“ Gopovi2, 0<v<n, n=0,
/ 2v n+1 (14+5),,

where the symbol (a)y =a(a+1)...(a+k—1), k > 0, denotes the Pochhammer symbol and &,, repre-

sent the unsigned Genocchi numbers.
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The Genocchi numbers were presumably introduced by Edouard Lucas in [28], but they owe the name to
the italian mathematician Angelo Genocchi (1817-1889) [23]. E.T. Bell developed intensive studies on
these numbers in the 1920s in [5] and [6]. Such numbers are intimately related to the much more famous
Bernoulli numbers as it will be presented just after the proof of the precedent result. There are many
possibilities for computing the values of the Genocchi numbers (see for example [19], [22] and [38], and

also the entry in [36] for further references).

The proof of the latter proposition requires the following known result:

Lemma 5.1. [29] Given a MPS {B,,},>0, it is possible to associate two MPS {R, },>0 and {P,},>0 and
two sequences {a, }n>0 and {b,},>0 according to (1.5)-(1.6) and (5.1)-(5.2). If, in addition, {B,},>0 is
a MOPS fulfilling the second order recurrence relation (1.3)-(1.4), necessarily the coefficients Ay, 0.y,
0 < v <nn =0, satisfy the following system:

(5.5) Ann = — Zn:l {Bov+Bovs1}, n=0,
n
(5.6) O = —PBo— il {Bv-1+PBw}, n=0,
Ve
(5.7) Ont1,v+ Vont20ny = Any—1 + Povi1Any + uiv A Ouv Bops
(5.8) Aty + Pniztny = Oupiv +Vovi20ni1,v i1+ “iv Onr1u1 Ay Bous2
foro<v<nn=>0,withA, 1 =0,n>0.

Proof. (of Proposition 5.1) Let {B, },>0 be a Laguerre sequence of parameter § with € # —2n, n > 1.
The two authors have shown in [27, theorem 6] such sequence to be the unique MOPS being .%¢-Appell.
So, necessarily the second order recurrence relation (1.4) holds and we recall the well known expression
for its recurrence coefficients:

€ €
(5.9) [5,,:2n+1+5 ; }/n+1:(n—|—l)<n+l—|—§), n=0.

Reconsidering the quadratic decomposition of {B,},>0 given in (1.5)-(1.6), but this time describing the
sequences {a, },>0 and {b, },>0 by means of the associated MPS {P,},>0 and {R,},>0, there exist two
sets of numbers {4,y }o<v<y, and {6,y fo<v<, such that (5.1)-(5.2) hold.

By virtue of Theorem 2.1, the MPS {R, },>0 and {P,},>0 are respectivelly ¥, | and ¥ __;-Appell se-
quences. Just as it was observed in the proof of Theorem 2.1, the conditions (2.11)-(2.14) hold. In

particular from (2.13) and on account of (5.1)-(5.2), we derive

2Pn42 Y OuyPo(x) = Y Ay {(2+ €)1+ 2(8+€)xD +8x*D* Ry (x), n > 0.
v=0 v=0
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Due to (2.12), we have

Yon+2 Z 0, vPv Z An, v'}’2v+1Pv( ) =0,
v=0

which, because {P, },>¢ is an independent sequence, provides

(5.10) Oy = 2 20y, n=0, 0<v<n
i YZH+2 '

On the other hand, (5.1)-(5.2) permits to write the relation (2.13) as follows:

2Vn41 Z A1y Ry(x Z 0, v+1{2 4+ £)D+ 8xD? }Pv+1 nz=l.
v=0 v=0

The relation (2.11) allows us to transform the previous into

—1
Yon+1 Z A1y Ry(x Z Onvil Yovi2 Ry(x), n > 1,

yielding
(5.11) Vont1 Aoty = Yovi2 Opvit, nz1, 0<v<n,

since {R, },>0 forms an independent sequence. Combining the relations (5.10) with v replaced by v + 1

and (5.11) with n+ 1 instead of n, we get

(5.12) Puiiyi = B 5 o<y <n,
Y2v+3 Yav+2

Proceeding by finite induction, it is easy to deduce

2v+1 Yon_ 3
(5.13) Ayl = H PV S Ay, 0< Vv <n,
7=0 Ye2

On account of (5.9), we are able to write

1 [2n+2 2+5) 50
T v+l Mievo, 1<v<n.
A'n,v 2v—|—1< 2v ) (2—{—%)2‘/(2_’_%)2(”_‘/”1 n—v,0 v<n

This last equality is identically verified when we consider the pair (n,v) to take values on the set
{(0,0),(1,0)}, so it is admissible to write:

1 (2n+2 (2+5) 2,1
(5.14) A, :( ) Lax Aovo, 0<v<n
v\ v J(248),, 24 Dy

Based on Lemma 5.1, we will carry out the determination of the coefficients A,,_y . The particular choice

n=01n (5.5)-(5.6) and on account of (5.9), respectively, provides

(5.15) Joo=-2(2+3) , Go=—(1+3).

ANA F. LOUREIRO AND P. MARONI



QUADRATIC DECOMPOSITION OF LAGUERRE POLYNOMIALS VIA LOWERING OPERATORS 16

From (5.10)-(5.11), the two following identities Y,426,.0 = Y1 An0 and 2,434, 0 = ¥26,+1,1 hold. Thus,

when v = 0, the relations (5.7)-(5.8) given in Lemma 5.1 become

n
61410 = Y AnuOu0 Bops1,

(5.16) H=0

n
Aii1,0 = Ouy10+ Z Ont1u+1 ApoBopra, n=0.
u=0

On account of (5.10) and (5.11), we may transform (5.16) into

1 n
/ln—i-l.,O = Z
Yon+4 =0 2u+2

(5.17)

" 5 Ay Ao
dn10=——Inp10+Yon13 Y, ——= PBopr2, n=0.
Yont4 =0 2u+2

Since, Boy12 = Pout1 + 2, for u > 0, it follows

n A " A A 5 (A A
ZM Bou2=2Y <““0>+Z (W 52u+1>v n20.

p=o 2p+2 p=o \ Yu+2 p=o \ You+2
Therefore, from (5.17) we derive
n LA s A 0
(5.18) Aig1,0 = Auv10+ Bonis I R 0,
2n+4 Yon+a =0 2u+2
which, on account of (5.9), may be expressed like
(5.19) A (n+2) (2n+3+%) (2n+4+5) Z Aot A0 0
. n+1,0 = 2 2 ’ .
’ Y et ) (2u+2+5)
Now, considering (5.14), the relation (5.19) becomes like
(5.20)
1 211 + 2 A«nfp 0 A«IJ’ 0
Mns1o=(n+2) (24+5) Z{( > ” ,n>0.
2n+3u:0 2u ) (2u+1)(n+ 1)(2+%)2u+1(2+%)2(;’1—[4)+1

Proceeding by finite induction, we infer there is a set of positive integers { X, },>0, not depending on the

parameter &, fulfilling the equality

(5.21) Ao = (1)1 22y, (24-5) n>0.

2n+1 7

Indeed, on account of (5.15), xo = 1, and, under the assumption, from the relation (5.20) we get

1 2n+2 Xn—u X
= ) (102 ) § { () e
410 = ( ) (=1) ( 2)2n+3u;0 2u ) Qu+1)(u+1)

Since the integers X, n > 0, do not depend on €, they are necessarily related by the equality

n+2 & [2n+2 Xn—u Xu
(5.22) Xt = —— < ) n>0,
1T EO 2u ) Qu+1)(u+1)
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or, equivalently,

Xnt1 i Xu
(2n+4)! 2n+3 =0 (2n— 2,LL—|—2) (2u+2)!’

(5.23) n=0.

Suppose there is an analytic function L defined on an open set of C such that L(z) = Z (2%_:2) e
n=0 n

Based upon the relation (5.23), L(z) is a solution of the differential equation

/ 1 2
(22(2)) = Ao+ 5 (z23)".
Therefore, because o = 1, we trivially conclude that z L (z ) =tan ( ) Following, per example, [21, 39]

and denoting by &,, the unsigned Genocchi numbers, it is possible to write

z Z & Z2n+1
an(3) = ¥ s
2 n=>0 ! (21’1 + 2) !
whence we have ¥, = &,,12 and (5.21) becomes like
Ano= (=112 80 (245),,,,,  n>0.

Inserting in (5.14), this last equality with n — 1 instead of n, we obtain (5.3) and, on account of (5.10),
we get (5.4). O

The unsigned Genocchi numbers are directly related to the Bernoulli numbers B, via &,, = 2(1 —
22")98,,, , where B, are defined by [21, 39]

(5.24) iy e,
: =1-3 2 :
et —1 27 & " (2n)!
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