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Abstract

This article is concerned with three heteroclinic cycles forming a heteroclinic
network in R®. The stability of the cycles and of the network are studied. The
cycles are of a type that has not been studied before, and provide an illustration
for the difficulties arising in dealing with cycles and networks in high dimension. In
order to obtain information on the stability for the present network and cycles, in
addition to the information on eigenvalues and transition matrices, it is necessary
to perform a detailed geometric analysis of return maps. Some general results and
tools for this type of analysis are also developed here.

1 Introduction

In this article we derive stability conditions for a specific heteroclinic network in RS, as
well as for its cycles. This network is of a type that has not been studied before and
has features that distinguish it clearly from what is discussed in the literature. This case
study both provides a starting point for further general stability results and illustrates
the difficulties arising in the study of higher-dimensional more general networks.

Recall that the smallest dimension where a robust heteroclinic cycle can exist is n = 3.
Robust heteroclinic cycles existing in R3 have been known for a long time, going as far back
as the work of dos Reis [21] and Guckenheimer and Holmes [8]; the list of possible cycles is
short. In R* the situation becomes more complex. However, general results on heteroclinic
cycles and networks in R* are known in the literature, starting with that by Krupa and
Melbourne [10]. In [I0] the term “simple” was attributed to robust heteroclinic cycles
emerging in I'-equivariant systems in R*, such that, in particular, heteroclinic connections
belong to planes that are fixed point subspaces for subgroups of I'. Depending on how



the subgroups act on R?*, simple heteroclinic cycles were further subdivided into types A,
B and C. The definitions of simple and type A cycles were extended to higher dimensions
in[I1], [I5] also in terms of how the subgroups act on certain invariant subspaces, while
in this spirit the cycles of types B and C were generalised as type Z in [15].

In R®, the list of finite subgroups of O(5) is known: it is a union of finite subgroups of
O(4) and a few other subgroups [14, ArXiv version], therefore it is likely that heteroclinic
cycles existing in R® are not very different from the ones in R*. This is certainly the case
for homoclinic cycles [16, 22]. Some instances of heteroclinic cycles in RS were considered
in the literature [I], 6], however no general results are yet available. Systematic ways
of constructing, not necessarily simple, heteroclinic cycles in any dimension have been
established in [2, [5].

Concerning their stability properties, heteroclinic cycles in R? are either asymptotically
stable or completely unstable and the conditions for asymptotic stability are trivial. In R*,
cycles that are not asymptotically stable can be stable in a weaker sense, namely essentially
[13] or fragmentarily asymptotically stable [15]. Of the two, essential asymptotic stability
is the strongest. In [17, [15] [18], conditions for stability for simple and pseudo-simple cycles
in R* are obtained from the eigenvalues of the Jacobian at the nodes of the cycle and/or
from eigenvalues and eigenvectors of so-called transition matrices. For cycles that are not
simple but for which the transitions along connections behave as permutations, analogous
tools can be used to establish stability properties [6]. The stability of heteroclinic cycles
may also be studied by making use of Lyapunov functions, as in [9] in the context of
population dynamics (non-simple cycles). The network in the present case study is not
simple and is different from those considered in [6] ,calling for different techniques in the
study of stability.

Loss of stability, as well as stability itself, is the starting point for further studying the
dynamics near the heteroclinic cycle or network and has been pursued by several authors.
A selection of examples is given in [12) 19, 20]. This further development is out of the
scope of the present article.

Before addressing the case study, we prove generic results that apply to any robust
heteroclinic network in an Euclidean space of any finite dimension. The main general
result is on the (lack of) asymptotic stability of networks consisting of a finite number of
one dimensional connections.

The network in the case study is such that neither eigenvalues of the Jacobian at its
nodes nor transition matrices provide complete information about stability. To overcome
this, we obtain stability results for the fixed points of several families of maps that have
the generic analytic form of simplified return maps to cross-sections to connections in a
cycle or network. These results may be useful in the study of generic robust heteroclinic
cycles or networks. The stability results we establish for the fixed points of these maps
are crucial for the study of the stability of our particular network.

The network in the case study has been described in [3] in the context of a convection
problem. We obtain fragmentary asymptotic stability conditions for this network and for
its cycles in the following four steps:

(a) obtain a first return map ¢ as the composition of local maps around nodes and
global transition maps;



(b) obtain from g a reduced map h, defined in a lower dimension;

(c) find stability conditions for fixed points of h;

(d) show that the stability conditions for h coincide with the stability conditions for g.
Then we obtain more information:

(e) deriving conditions for essential asymptotic stability from stability indices.

Step (a) is algorithmic and well known, although it may yield cumbersome expressions
when either the phase space dimension or the length of the cycle is large. The other steps
are non-standard. Our study indicates that they may always be done in roughly the same
way, but with a procedure that has to be reinvented for each case.

Step (b) is not easy but maybe a general formulation is possible, although complicated.

Step (c) is certainly very difficult and we have no hope of generalising it, in particular,
for lack of a general form for h. We make a geometric analysis of the stability, adapting
to each case the results on the stability of fixed points of general maps.

Step (d) perhaps can be given a general proof, but certainly it will be highly non-trivial
and not worthwhile trying since one does not have a generalisation for step (c).

Step (e) is the only one that is not so difficult in our case, once the others were done. It
is not clear what would happen in other cycles or networks but addressing a more general
case is beyond the scope of this article.

In the cases of type A or Z cycles, the stability can be decided from information
on eigenvalues and eigenvectors of the linearisation at nodes and of transition matrices.
This then can be used to obtain general results for these types. For other cycles in R", in
particular for larger n, the linear information has to be used in a more involved way. Steps
(a) to (e) above provide a heuristic approach for deciding the stability of a heteroclinic
object in R™, in the cases where knowing the eigenvalues and eigenvectors is not sufficient
to decide stability. Our example leaves little hope of finding general conditions for stability
that may be stated in a simple way, except for very specific classes of cycles.

We finish this section with a short description of the network and its stability. In the
next section we provide some technical background. Section [3| provides generic stability
results, while Subsection [4.1|describes the network which is our main concern, with details
in Appendix [B] In the remainder of Section [4 we address the stability of individual cycles
and of the network as a whole. The final section concludes.

We consider a network that is a union of three heteroclinic cycles. The existence and
some properties of the network have been proved in [3]. The network arises in a problem
in Boussinesq convection after reduction to a twelve-dimensional centre manifold. The
symmetries, and hidden symmetries, of the problem allow for a further reduction to six
dimensions. Our sole assumption for the study of stability is the standard one that the
equilibria involved in the network are stable in the transverse directions, i.e. all eigenvalues
not related to outgoing heteroclinic connections are negative. We derive conditions for
fragmentary and essential asymptotic stability of the three cycles and of the network.

We prove that one of the cycles in the network is always completely unstable. One
of the other two cycles is essentially asymptotically stable whenever it is fragmentarily



asymptotically stable. The third cycle may be fragmentarily asymptotically stable without
being essentially asymptotically stable. We also show that at most one of the cycles is
fragmentarily asymptotically stable. This is a necessary condition to guarantee that the
whole network is fragmentarily asymptotically stable. Finally, we derive conditions for the
essential asymptotic stability of the network. That it is not asymptotically stable follows
from our result concerning stability of generic compact robust heteroclinic networks.

2 Background

Consider ['-equivariant vector fields in R™. If the vector field is represented by an ordinary
differential equation & = f(z) then for all element, v, of the compact Lie group I' and for
every element, x, in R"™ we have

flr.z) =v.f(2).

The vector field possesses a heteroclinic cycle if there exist equilibria §;, 7 = 1,...,m, and
trajectories k;_1; = [{j_1 — ;] for the vector field such that

Kj1; CW"(E1) NWH(E;) # 9,

where &,,11 = 7&; for some v € I'. In an equivariant context, we identify equilibria and
connections in the same group orbit. That is, equilibria & and &; such that & = ~¢&; for
some v € I' and connections k;_1; = [§;-1 — &;| and yk;_1; = [v€j—1 — 7¢;] are thought
of as the same. A heteroclinic network is a connected set that is the union of two or
more heteroclinic cycles. Note that in an equivariant context, the Guckenheimer-Holmes
example [§] is a cycle, not a network.

Even though in general heteroclinic connections in cycles are not robust, in the sym-
metric context some invariant spaces arise naturally. If restricted to these spaces the
connections are from saddle to sink, this ensures robustness of heteroclinic cycles and
networks. A fized-point space for a subgroup X of I' is defined as

Fix(¥) ={z e R": x =02, foral oeX}.

We denote by L; =Fix(A;) the fixed-point space containing &; and by P;; =Fix(%;;) the
fixed-point space containing the heteroclinic connection &;;. In this paper we assume that
L; is 1-dimensional and that F;; is 2-dimensional.

The dynamics near heteroclinic cycles and networks depends on the stability of the
heteroclinic objects. The study of this stability relies, as usual, on the properties of
return maps which are compositions of local and global maps. Local maps near equilibria
¢; depend on the eigenvalues of the linearisation df(;). Local and global maps also
depend on the isotypic decomposition of the complement to L; and to FP;; in R under the
actions of A; and ¥;;, respectively. The isotypic decomposition of a space is the unique
decomposition into a direct sum of subspaces each of which is the sum of all equivalent
irreducible representations. Here it is used both to provide the geometric structure of the
global maps as well as to describe the eigenvalues and eigenspaces at equilibria (see [7]
for more detail).



f.a.s. e.a.5.

Figure 1: Shape of the basins of attraction Bs(X) for the stability types of Definitions
(left) and (right). The grey region represents the intersection of a basin with a cross-
section to X.

The stability properties of a heteroclinic cycle or network range from asymptotic sta-
bility (a.s.), the strongest, to complete instability (c.u.), the weakest, and are defined
below.

For a compact invariant set X C R", and a flow ®;(x), the d-basin of attraction of X
is

Bs(X)={x e R" : d(Pi(z),X) < forallt>0and tliin d(P4(x), X) = 0}.

Analogously, the d-basin of attraction of X for a map is obtained by replacing ¢t by n
and ®,(z) by f™(x) in the set above. The following definitions of stability are relevant
in our work. The concepts in Definitions and are from Melbourne [13] while
Definition [2.2]is from Podvigina [I5]. In what follows, ¢(-) denotes the Lebesgue measure
in the appropriate context and dimension.

Definition 2.1. A compact invariant set X is completely unstable (c.u.) if there exists
d > 0 such that ((Bs(X)) = 0.

Definition 2.2. A set X is fragmentarily asymptotically stable (f.a.s.) if £{(Bs(X)) > 0
for any 6 > 0 (see Figure[]]).

Definition 2.3. A set X is essentially asymptotically stable (e.a.s) if

N0\ B (X))
iy (i oy ) =

where N.(X) denotes e-neighbourhood of X (see Figure [1]).

Definition 2.4. A set X is asymptotically stable (a.s) if for any 6 > 0 there exists € > 0
such that N.(X) C Bs(X).

Note that a.s. implies e.a.s., and e.a.s. implies f.a.s. but the converse does not hold:
if a set is a.s. it attracts a full neighbourhood of points; if a set is e.a.s. it attracts a
subset of (asymptotically) full measure in its neighbourhood; if a set is f.a.s., it attracts a
positive measure set from its any neighbourhood. From the point of view of simulations
and applications, sets that are either a.s. or e.a.s. are the ones more likely to be observed.
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For a compact invariant set X C R", a point z € X, 6 > 0 and N.(x) the ball of
centre x and radius € > 0, let

¢ (B5(X) N Ne(x))

Se(1) = = N @)

Definition 2.5 ([17]). Let X be a compact invariant set with v € X. Define:

. InScs(x) . In(1—Sc5(x))
Otoc,(¥) = Jimlim =7 2= and - oey () = i limy ——7 =

with the conventions that oy (x) = oo if there is an €y such that Scs(x) = 0 for all
e < g9, and that oipc 1 (x) = 0o if there is an gy such that S: 5(x) =1 for all € < .
The (local) stability index of X at x is then

(2, X) = Oroe+ () — Oloe— ().
Note that ojpc+ > 0, hence o(z, X) € [—00, x0].

The stability index o(z, X) is constant for x in a trajectory [I7, Theorem 2.2]. If X
is either a heteroclinic cycle or a compact heteroclinic network having a connection k;;,
then this allows us to define o(k;;, X) as o(x, X), for some x € k;;.

3 Stability results

We divide our stability results into two types: those that study the network as a whole and
those that study stability of fixed points of maps. The main result concerning stability
of a network is of a negative kind. We show that many heteroclinic networks never are
asymptotically stable. The results pertaining to fixed points of maps may be applicable
to other cycles or networks beyond the present case study.

3.1 Stability of networks

In this short subsection, we prove generic results that apply to robust heteroclinic net-
works in an Euclidean space of any finite dimension. We provide sufficient conditions
that prevent a heteroclinic network in R™ from being a.s. In particular, we immediately
conclude that the network in the case study of this article is not a.s.

Theorem 3.1. Let X C R" be a robust heteroclinic cycle or network with equilibria &;.
Assume that X is compact. If there exists £ € X such that W*(§;) ¢ X then X is not
asymptotically stable.

Proof. Since X is compact and W*(&;) ¢ X, there exist y € W*(&;) and § > 0 such that
d(y,X) > 0. Denote by ®;(y) the trajectory through y. Since lim; , o ®:(y) = &, for
any € > 0 there exists 7. > 0 such that y. = ®_r, (y) satisfies d(;,y.) < €. Hence, for
any € > 0 we have d(y., X) < € and d(®7.(y),Y) > 9. O



Corollary 3.2. Let X C R™ be a compact robust heteroclinic network comprised of equi-
libria & and a finite number of one-dimensional connections. Suppose that there exists
& € X such that dim W*(&;) > 2. Then X is not asymptotically stable.

Proof. Since X is comprised of a finite number of one-dimensional connections, we have
dim X = 1. Hence, W*(§;) ¢ X. O

Corollary 3.3. Let X C R" be a compact robust heteroclinic network with equilibria &;.
If for some equilibrium &; there is a transverse eigenvalue with positive real part then X
1s not asymptotically stable.

We remark that an extension of the above results to networks whose nodes are periodic
orbits should be possible. However, networks with more complex nodes need extra care.
These are outside the scope of this article.

Concerning weaker notions of stability, it follows from the definition of f.a.s. that if
X is a robust heteroclinic network such that at least one of its cycles is f.a.s. then X is
f.a.s. Examples in [4] show that the same does not hold for e.a.s.

3.2 Stability of fixed points

The following are technical results useful for the study in Section[d We provide conditions
for different types of stability of fixed points of maps. These maps take several forms
which are common in return maps to cross-sections to connections of heteroclinic cycles
or networks.

Lemma 3.4. Consider the map h(p, q) = (p7*¢"",p*¢?), h : Ri — R%r. The fized point
(p,q) = (0,0) of the map h is

(i) f.a.s. if and only if
ya+ > 1 and vy > 0; (1)

(i1) e.a.s. if and only if and | max{c, B}| > | min{«, 5}|;
(iii) a.s. if and only if (1), & > 0 and 8 > 0.

Proof. (i) For n > 1 the iterates (p,,q,) = h"™(po, qo) satisfy p, = ¢} and g,41 = )+,
therefore conditions are necessary. To show that the conditions are sufficient, we note
that implies that at least one of o and 3 is positive. Denote Q5 = (0,0)?. The points
(po, qo) € Qs such that

G <6, )

where o = min{1, v}, satisfy (p,, ¢,) € Qs for any n > 0. Since is equivalent to
iy <8,

and at least one of v and f is positive, the set of such points has positive measure for any
0> 0.

As we noted above, at least one of a and ( is positive. Let o > 0. From , if (8 is positive



then all (pg, qo) € Q., where 0 < & < §%/700F8) " satisfy (p,,q,) € Qs for any n > 0, which
implies that the origin is a.s. and e.a.s.
For negative 8 we decompose Q5 = QL U QL where

Q5 ={(p,q) € Qs : P <5}, Q5 ={(p,q) € Qs : P*q"’ > 0}

By construction, h"(pg, ¢o) € Qs for any n > 0 and (py, q0) € Q%, while h(pg, q) & Qs for
any (po, qo) € QL. Since for any € > 0 the set Q. N QL is not empty, the origin is not a.s.
If @ > —f, then

g(@(y N Qe) _55—1/705

i _— = 1 — 70‘/571 —
i Q.) i S 3 ° 0,
while for a < —f
(0L N . _ 5—1/7004
lim U@ NQ:) im0 Bla-1 _

e—0 / (Qs) e—0 o — 6
Therefore, for positive a the condition for e.a.s. is that a > —f. Similarly, for positive
B the condition for e.a.s. is that > —a. Both conditions are satisfied if | max{a, 5}| >
| min{a, 3} 0

Lemma 3.5. Consider the matriz
(€3] Bl
A= . 3
( ay o ) )

a1 >0, a;>0 and detA<O0 (4)

If

then the matriz has real eigenvalues, Ay > 0 and A\_ < 0, and vi1v12 > 0, where (vyy, v12) s
the eigenvector associated with Ay. Furthermore, |A\y| > |A_| if and only if, additionally,

ap + ﬁg > 0. (5)

Proof. Since det A < 0, the matrix has one positive real eigenvalue and one negative, that
we denote by Ay and A_, respectively. Decompose (1,0) = vy + vo, where v; = (vj1, v;2),
j=1,2, Avy = A vy and Avy = A_v,. From

(é>:V1+V2andA((1))=)\+V1+)\V2

we obtain that vy = (a1 — A_)/(A+ — A-) > 0 and vi2 = ag/(Ay — A_) > 0.

Since Ay + A_ = g + [, the inequality |A;| > |A_] is satisfied if and only if a; + 52
is positive. ]
Corollary 3.6. Suppose the matriz A in (3) satisfies (4) and () and let (x1,y1)

A(zo,90), where x1,y1,%0,Y0 are negative, y1/x1 < yo/xo. Then the set V = {(x,y) €
R? : yi/zy <yl <yo/zo} is A-invariant, i.e. AV C V.



Proof. Let (a,b) be the coordinates of points in R? in the basis comprised of eigenvectors
of the matrix A, v and v~. Denote by (ag,bg) and (ai,b;) the coordinates of (zg,yo)
and (z1,y1), respectively, and choose the directions of the eigenvectors such that ag > 0
and by > 0. In the coordinates (a,b) the set V' is

V={(a,b)cR* : a>0, b/ag <b/a<by/ag }.

Since A2 /A% > 1 and A(a,b) = (Ara, A_b), for any (a,b) € V we have
bi/ay = A_bo/Ayag < A_b/Aya < A_by/Aiay = N2bo/ A ag < by/ag,
which implies that V' is A-invariant. O
Lemma 3.7. Consider the map h: RY — R?,
h(p,q) = (0™, p™¢™), where ay > 0. (6)
The fized point (p,q) = (0,0) of the map h is
(i) f.a.s. if and only if all the following conditions hold:

1. a1+ By >0,
2. either aq + By + Prag — a1y > 1 or aq + By > 2,
3. either 81 >0 or ay — By > 0;
4. (a1 = B2)* + 4Braz > 0;
(i) a.s. if and only if both conditions below hold:

1. 041>0,ﬁ1>0,ﬁ2>0,
2. either ay + By + frag — a1 fe > 1 or ag + P2 > 2.

Moreover, in case (i), if either B; > 0 or ay + Po + frag — ay By > 1 then condition 4. is
redundant.

Proof. Consider the transition matrix A given in (3)) and let A\, be its eigenvalue maximal

in absolute value, with associated eigenvector v = (v]"* v**) As proved in [15], the
fixed point is f.a.s. if and only if

Amax 18 Teal, Apax > 1 and "™ 0™ > 0.

The eigenvalues of A are

1/2
A, = Oémgﬁz n <(061 —452)2 +ﬁ1a2> : (7)

with the associated eigenvectors

Vi:(Ai_52,1>. (8)

(8%
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From (7)), the eigenvalues are real if and only if (a; — (2)% + 4815 > 0. We have
|IAy| > |A_| if and only if oy + B > 0. The inequality A, > 1 is satisfied if and only if
either ay + Py + fras — ayfPy > 1 or ag + Py > 2. Finally, implies that v"v** =
vivy = (A — B2)/ag > 0 if and only if either Biap > 0 or oy — B2 > 0.

Because ay > 0 it follows that 5, > 0 is equivalent to Sias > 0 and this implies that
(a1 — B2)* + 4B1as > 0 when the first part of 3. holds. When ay + 85 + fras — a3 > 1
we can write

(1 = Bo)? + 4By = (a1 + )’ —4(ufa — frag) >
> (01 + )  +4(1— (a1 +B)) = (a1 + /=2 >0

Recall [I5] that the fixed point (0,0) of the map (6)) is a.s. if and only if all entries of the
matrix A are non-negative and Ap.x > 1. Condition 1. of part (ii) is equivalent to the
non-negativity of the entries of A. Due to , a1 + P2 > 0 implies Ao = Ay, and from
the arguments above, part (ii) is proven. ]

The next two lemmas provide conditions for the stability of the fixed point of a map of
the form h(p, q) = (max{p®2¢"%, p*1¢"}, p*2¢™), depending on relations among param-
eters. These lemmas are used to study the stability of cycles Ci93 and Ci43 in Section
for which the signs are as given in the statement of the lemmas. So, we prove the lemmas
in the restricted form that is sufficient for our purposes, although similar proofs may be
given for other parameter ranges.

Lemma 3.8. Consider the map h: R% — R?,
h(p,q) = (max{p’*2q"", p*1¢"},p*2q™), where

51 752

Yoo — Oé1

a; >0, ag >0, yag —ay >0 and v, =
The fized point (p,q) = (0,0) of the map h is

e not f.a.s. if either v <0 or yas + B2 < 1;

not e.a.s. if ag < —[o;

not a.s. if P < 0.

foa.s. if v >0 and yag + By > 1;
e ca.s if y>0,vas+ By > 1 and ay > —[fo;
o a.s. if v>0,vas+ [y > 1 and B3 > 0.

Proof. Evidently, v < 0 implies that the map is completely unstable, hence till the end of
the proof we assume that v > 0. The result is local, therefore we work on V. = {(p,q) €
R? : 0<p<e 0<q<e},with0< e < 1, that we decompose as V. = U U U where

U'={(p,q) € V- :+ h(p,q) =h'(p,q) = ("**¢"", p**¢™)}, (9)
U ={(p,q) € V- + h(p,q) =h"(p,q) = (p™¢",p*¢™)}. (10)
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Figure 2: Under the conditions of Lemma with v > 0 the white set U! with boundary
in the solid line p = ¢"* is mapped by h into the dashed curve p = ¢7, that is contained
in U!. The grey set U!! is mapped inside U’ .Here we show the case v > 1.

These sets, shown in Figure [2 can also be written as
U'={lp.g)€Ve : p=q"} and U'={(pgeV.: p<q"}.

Recall, from the proof of Lemma , that h’(p,q) = (p1,q1) = (¢}, q1). Hence, for any
(p,q) € UT, we have h(p, q) = (p1,q:) where p; = ¢ > ¢{*. Therefore, h(U') is contained
in the curve p = ¢” and in particular h(U?) C U’ (see Figure [2).

For (p,q) € UL, again let h(p, ¢) = (p1,q1) = h'l(p,q). We have that ¢q; = p*2¢™ and,
by definition of U that p; = p™¢® > p72¢?% = ¢ > ¢)*. Hence, h(p,q) = (p1,q1) €
U’

Thus, the conditions for stability are those given in Lemma for the map h!. [

Lemma 3.9. Consider the map h: R? — R2,

h(p, q) = (max{p™*2¢"™%, p™¢™}, p*2¢™), where
(0%} 207 (6] >O, 610&2—041/82 >07/VOZ2_061 >0 and’71: /81_752 </y
Y2 — Qq

(a) Assume in addition that oy + B2 > 0. The fized point (p,q) = (0,0) of the map h is:

e not f.a.s. if either v <0 or ay + Bo + fras — a1y < 1

e not a.s. if either 1 <0 or Py < 0;

o fas. ify>0 and oy + Py + frag — a8y > 1;

e a.s. if f1 >0, Bo>0,v>0 and ay + P2 + frag — a1 85 > 1.

(b) Assume in addition that oy + B2 < 0. The fized point (p,q) = (0,0) of the map h is:

e not f.a.s. if either v < 0 or ag(yag + 1) + Po(yas + fa) < 1;
o fa.s. if y>0 and azs(yay + B1) + Pa(yas + B2) > 1;
® never a.s.
The conditions may be interpreted in terms of the matrix A of and its eigenvalues,
as follows: ajg + (s is the trace of the matrix A, hence it has the same sign as |Ay| — [A_].
Thus a; + 2 > 0 means that the eigenvalues of A satisfy |A;| > |[A_|. If p(A\) is the

characteristic polynomial of A, then p(1) < 0 implies that A > 1 and p(1) = —(a1 + 2+
Bias — a1f2) + 1. The condition fyas — ay 8y > 0 means det A < 0.
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P A

Figure 3: Under the conditions of Lemma with 7 > 0 the white set U with boundary
in the solid line p = ¢"* is mapped by h into the dashed curve p = ¢7, that is contained in
the grey set UZ. The latter set can be further subdivided in two components that, in case
(a) when oy + (2 > 0, are mapped as h(U"V) c U, h(U!) c U and h(UT) c UM,
shown in the middle. Further iterates of points in U/ approach a line in U/Z. Case(b)
is shown on the right, where h(U'V) c U, h(U?) C U™V and for (p, q) € U! the iterates
h"(p, q) either escape from V. or h"(p, q) € UV for some 0 < n < oco.

Proof. As in the proof of Lemma 3.8 we decompose V. = U U U, where the sets U’
and UM are defined in @D and . Again, h maps U’ into the curve p = ¢7, but now
this curve is contained in U!! (see Figure . Let vo = (61 — 1152)/ (712 — aq), if 99 > 0
then decompose further U = U1 U UV, where

U™ ={(p.q) eU" : h(p,q) €U} ={(p.q) eU": ¢ <p<q}

and
UV ={(p,q) €U : h(p,q) €U} ={(p,q) eU": p<q°}.

If 79 < 0 then the set UV is empty and U’!! coincides with U’!.
Let W. = {(z,y) € R? : x <Ine, y <Ine}. In the variables (z,y) = (Inp,Ingq) the
sets UL, U and UV are (see Figure |3)):

Ul ={(z,y) € W.: x>y},
UMl = {(z,y) € W.: vy <z <y},
UV ={(z,y) e W.: = <y}

Let (z0,%0) = —(70,1), (z1,51) = A(wo,40) and (z2,y2) = A*(z0,30). Our choice of o
and ~y; implies that x1/y; = 71 and z3/y2 = ~. In the variables (a,b) employed in the
proof of Corollary |3.6] the sets U!, UT and U’V satisfy:

UMt c{ (a,b) €eR? : a>0, by/a; <bJa < by/agy }
U''c{(a,b) eR? : b/a<bi/as}
UV c{(a,b) €R? : bla>by/ay }.

As stated, the conditions for stability depend on the sign of oy 4+ [5. Below we consider
the cases of positive and negative oy + 35 separately. (Note, that generically the sum does
not vanish.)

(a) Assume that a; + 2 > 0. Corollary implies that the set U!! is h-invariant.
In particular, (vy/,vy') = A(ny,y) € UL For (a/,V) = A(a,b), where (a,b) € UV and
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a >0, we have b'/a’ = A\_b/Aia < A_by/Aiag = by /a;. Therefore,
(h (U")YnW,) cU".
If (z,y) € U’ then (2/,y’) = h(z,y) satisfies 2/ = yy/. Therefore, (h (U')NW,) C

U (see Figure . In the original variables (p, q) the inclusions can be summarised as
h (") cu™, (h(U)nv.)cu™, (h(@Y)NnV) cU.

Hence,
(h(h (Vo) NV NV c U™

and for any (p,q) € V. and n > 2 we have that either h"(p,q) € U or h*(p,q) ¢ V..
Therefore, the conditions for stability are those given in Lemma for the map h'’.

(b) Assume that oy + S < 0. Therefore, 55 < 0 and the map is not a.s. To find
conditions for f.a.s., note that in the coordinates (a,b) the iterates (a,,b,) = A"(ag, bo)
satisty b,/a, = A"by/NLag. Since [A\_| > |\|, for any (a,b) € U™ with b # 0 the iterates
h"(a,b) escape from U'!! for some finite n > 0. Moreover, we have (h (U'V) nW.) c U’
(by the same arguments as in the case ay + 8> > 0) and (h (U') N W.) C UY’ (since
(v, y") = A(ny,y) € UV). Returning to the original coordinates (p, q) (see Figure |3))
we proved that

h™ (p,q) N V. € UVfor some ng > 0, for almost all (p,q) € U,
(b (U™V)nV,)cU!, (h(U)NV,) cU".

Hence, for almost all initial conditions there exists n > 0 such that the iterates (p,, ) =
h"(p, q) satisfy either (p,,q,) & Vz or (pn,q,) € U'V. In the latter case (pn, q,) = (57, 5).
Further iterates satisfy

(Pnt2: Gnta) = B2 (pn, gn) = B*(s7,5) = W' (W' (57, 5)) =
hl(saw+617 sa27+62) — (Svaz(ocw+ﬁ1)+”/52(a27+52)7 Sa2(a17+61)+62(a27+ﬂz))

9

which implies that the map is f.a.s. whenever ay(a17y + f1) + Ba2(ey + [2) > 1. O

4 Case study: a heteroclinic network from a convec-
tion problem

We study a heteroclinic network supported by the following vector field, given as equations
(21) in [3]:

(i1 = a1 [\ + Ava? 4+ Ag(ad + 23) + Cryd + Ca(ys + y3)] + Asriasas + Caxryays
By = To[ N + A1xs + Ag(2? + 22) + Crya + Co(yd + y3)] + Aza?x9xi + Cazay1y3
3 =3[\ + Arag + Ag(af +a3) + Crys + Co(yi +y3)] + Aswiases + 03$3?/1?J2
U1 = yi[Aa + Byt + Ba(ys + y3) + Cyxi + Cs(a3 + 373)] + BB?leg?J3 + Co(y 2333 + y33)
Yo = Yo Ao + B1ys + Bo(y? + y2) + Cyz2 + Cs(2? + 22)] + Bayiyays + Cs(yza? + yi22)
L U3 = ys[Xo + Biys + Ba(yi + y3) + Caxi + Cs (a1 + 23)] + Bsyiyzys + Co(yi23 + yoa?)

(11)
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[PQ,]I=¢,

R,1=%
[PQ,I=E, . ) - PQul=¢,

Figure 4: The network of the case study and its cycles.

This vector field is equivariant under the action in RS of the group D3 x Zy X Zo,
generated by:

p-(1, T2, T35 Y1, Y2, Y3) (w2, 3, 215 Y2, Y3, Y1)
$1-(T1, T2, T35 Y1, Y2, Y3) = (T1, T3, T3 Y1, Y3, Yo)
r(@1, T, T3 Y1, Y2, ¥3) = — (@1, T2, T3 Y1, Y2, Ys)
%1r (1, 22, w33 Y1, Y2, ¥3) = (1, —T2, =T33 Y1, Y2, Y3)
73 (21,72, 235 y1,Y2,y3) = (=21, =2, 73, Y1, Y2, Y3)-

4.1 Description

In this subsection we introduce notation that is used in the paper. The network involves
five (isotropy types of) steady states of and is shown in Figure . Here we denote
equilibria by &;. The correspondence to the notation in [3] is as follows:

R, : & = (x,0,0;0,0,0)
p2PQw : 52 = (0,0, 07 an’y)
Rw : 53 = (ana ana()ao)
P2PQw 54 = <0a 07 Oa 07 Y, _y)
pQPQZ : 55: (073:73770707 )
and [¢;] denotes the group orbit of §;. By k;; we denote a heteroclinic connection from &;

to é-j

By 6123, 6143 and 6145 we denote the cycles [51 — 52 — 53], [51 — 54 — 53] and
(&1 — & — &), respectively. Conditions for the existence of the network are given in
Table 4 of [3].

A local basis near ¢; is comprised of e, k = 1,...,6, which are eigenvectors of df (§;).
When df (¢;) has an eigenspace of dimension larger than one, we can use another basis,
which is denoted €j;. For the node &3 we will also need an extra basis, €3, near p€s. The
local bases are shown in Table [1| in Appendix . Local coordinates (i.e. with an origin
at &) at these bases are denoted by wjx, or i, respectively.The eigenvalue of df (&)
associated with e is Aji.
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Tables [2] and [3] of Appendix [B] provide the isotypic decompositions, while Table [4] has
the eigenvalues and eigenvectors at the nodes.

4.2 Stability of the cycles

In this section we derive conditions for stability of individual cycles and the whole network.

4.2.1 The cycle Cy93 = [R, — PQ,, — R, — R.]

In this section we study a cycle that in the quotient space is [R, — PQ, — R, — R.],
namely, we derive conditions for the stability of this cycle. Since the cycle is a part of
a network, it is not asymptotically stable. As shown in [3], a trajectory near the cycle
follows equilibria in a certain order. For definiteness we study asymptotic stability of the
cycle

Ry — R. — p*PQ., — pR, that is &3 — & — & — pés. (12)

Existence of a trajectory that follows such a sequence of equilibria is shown in [3, Section
6] and a numerical simulation appears as [3, Figure 4].

Since the cycle is a part of a network and equilibria are stable in the transverse
directions, the eigenvalues \;; of df (&), 1 = 1,2,3, given in Table {4} satisfy:

)‘1j<07 j:1,2,3,4, )‘2j<07 j:1,2,3,4,5, (13>
A3 <0, j=2,4,5, A5, A1, A2gs Az > 0.
We remark that the relative magnitude of A5 and ;g determines the relative size of the
set of points that follow from &; to & or to &. If A5 > A\ig then more points follow to &
along this cycle.
We prove the following theorem:

Theorem 4.1. Consider the cycle Cio3 and assume that the conditions (L3|) are satisfied.
Denote

A21A35 A16 Azz  AssAiz | AzsAz ( )\16)
— 1- 2, ==+ + 1—— 14
A A26A31 )\15) & As1 o AsiAis AziAgg A1s (14)
Then
(i) If
Ais < Mg or B+ P2 < 1,
then the cycle c.u.

(i) If

A1s > Mg and 51 + B2 > 1, (15)

then the cycle is e.a.s. The stability indices are:

O(Rsl,clzz&) =1- )\16/)\15, U(%23,Clz3) = +o0, U(/i1270123) = +0o0,
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Proof. We approximate the behaviour of trajectories near the cycle by a return map,
which is a composition of local (approximating behaviour of trajectories near the steady
state) and global (approximating behaviour near heteroclinic connections) maps. We start
by calculating expressions for these maps, from which we derive the expression for the
return map g : Hi* — Hi" where Hi" is a cross-section of the connection p?>PQ,, — pR,
near pR,,. Then we derive conditions for asymptotic stability of the map g. Because of its
complexity, the proof of stability conditions of the map g is given in Appendix[A] Finally,
we prove that the cycle is e.a.s. whenever the map g is a.s. and calculate stability indices
of the cycle.

The return map is the superposition of local maps ¢; : H; n_ H; out and global maps
Yij © H™ — H*. Here H* and H™ denote the cross- sectlons near fj to the connections
to and from &, respectwelyl] Cross sections are taken to be 4-dimensional, since we can
disregard the radial direction at each equilibrium. When we need to specify that the norm
of points in the cross-section is smaller than € we write H ]i-n(s). In each cross-section near
&, we use coordinates u; and uollt in the direction of the connections from and to &;,
respectively.

A local map near §; € L;, where L; = Fix A;, depends on the symmetry group A;, or
to be more precise on the isotypic decomposition of R®© L; under A;, and on eigenvalues
of df(&;). The isotypic decomposition of R® & L; is given in Table 2| of Appendix [B| and
local bases near equilibria are given in Table [I] of Appendix [B]

The local maps H ;n — HJ‘?“t are obtained from the flow of the linearised equations, as
follows. We compute the flight time from H]i-“ to H$" and then ¢; is obtained substituting
this flight time in the other coordinates, to get:

. in out out __ in )\12/)\15 out in )\13/)\15
¢r: HP" — HP"™ gt = uilufl|” ufy® = uyluiy|”
out in|—A14/A15 out in |—A16/A15
Uiy —D2|U15| /Hs, Ui —“16|“ - /

. in out out in |—A21/A26 out in |—A22/A26
Go 1 Hy' — H™ sy = Dsluyg] , ugyt = ubhluby|”

9
out in >\23/>\26 out in >\24/)\26 (16)
uss = uiy|usg|” , usyt = ui|ubg|

. in out out __ in |[—A32/A31 out in |—As3 )\31
¢3 0 Hy — HE" ugy® = uiplufi|” , ugst = ulfyluly |2/

ugtt = i [ufh |, gyt = Dyl e,
where D, Dy and D3 are positive.

When an equilibrium §; belongs to several different cycles, the local map near it
depends on the cycle chosen, since the transverse directions are different. However we use
the same notation ¢; for the different local maps at & and this should not confuse the
reader, since the calculations for each cycle are totally independent and occur in different
sections.

A global map along k;; = [§ — &, kij C P,;, where P,; = Fix¥;;, is predominantly
linear. In order to study stability, it is essential to determme which coefficients of the

In Section where we deal with the network as a whole, we use a more cumbersome notation for
the cross-sections, so as to specify the connection. We also use there the notation ¢312 for ¢ above, to
emphasise the connections that are being followed. Since there is no ambiguity here, we use the simpler
notation.
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linear map vanish. This, in turn, depends on the isotypic decomposition of R® & P,
under ¥;; provided in Appendix . For the global maps ;; : H™ — H}" we take linear
approximations:

Gro s HP' = HY iy = Brugy, oy = Boug', ully = Byugy', uly = Byugyd

. out in nin __ out out

(17)
il = Cyugtt, ilfy = Cougst + Csugst, alfy = Cougst
. out in in __ ~out in __ ~out in __ ~out in __ ~out
Ya1 s H™ — H" uly = Ayugy', ugy = Agtgy', uiy = Asugs’, ujg = Agtigg',
where A;, B;, Cs and Cg are positive.
Therefore, the return map g : Hy* — H3" is given by the composition
g = 230201201931 03,
which also involves the change of coordinates
~in in in ~in __ in in
gy = (uzy + U33)/\/§> gy = (uzy — u33)/\/§, (18)

g = (ulfy + ully) V2, Gl = (ulfy — ) /V2.

Stability properties of the map g are studied in Appendix [A]l It is shown that for
almost all (except for a set of zero measure) points in a neighbourhood V. C R? for
sufficiently small ¢ and large n the asymptotic behaviour of g" can be approximated
by a map h : R2 — R2, h(p,q) = (max{pg™,¢”},pg?), where p = max{|z1|, |22|},
q = max{|zs|, |z4|} and the S’s are given by (14). Unfortunately, we cannot directly
apply results of Lemmas [3.8] and [3.9] since there are sets where components of g vanish,
while the components of h are non zero. Similarly to the proof of Lemmas [3.8) and
we define sets U! — U'! which are subsets of V., and show that, depending on relations
of parameters of the problem, one of these sets is g-invariant for sufficiently small ¢, while
almost all points (except for a set of zero measure) in the other sets are mapped into the
invariant set. In this invariant set the map g is approximated either by h! or by h'/.

The results in Appendix [A] can be summarised as follows:

e Lemma proves that for |x| < ¢ and sufficiently small € > 0 the map g(x) can
be approximated as

g(xla T2,T3, CL'4) ~
~ (1 (21, T2, 23, 0), Go (21, T, 73, 0), G (21, 2, 3, 0), — 22 Gz (21, T2, 73, 0)).
3

e According to Lemmas [A.3HA.6] if
A5 < Mg,  or [ <0, or (<0, or f+p <1,
then the origin is a completely unstable fixed point of the map g.
e In Lemma we prove that if
Ats > Ae, S1>0, B2>0 and [y + P2 >1,

then the origin is an asymptotically stable fixed point of the map g.
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Evidently, instability of g implies instability of the cycle, hence (i) is proven.

In order to prove (ii) we calculate the stability indices for the heteroclinic connections.
Recall, that the stability index is constant along a heteroclinic connection and that it can
be calculated on a codimension one surface transverse to the connection [I7]. Moreover,
since the equilibria in the cycle are stable in the radial direction, we can further restrict
the problem to 4 dimensions.

Under the hypotheses of Lemma (see also , and use A5 > A\ijg) we know
that the origin is a.s. for g. We start by looking at the connection rq3: consider x € Hi(g),
i.e. [x| <e. From (16)) and for g (x) € Hi* and gMg® (x) € Hi* we obtain that

89 (x)| < Gie™ and  [gVgP (x)] < Gae™,

where g = ¢g1103 and g1 = ¢191);. Here s, and sy depend on Aij, Gj > 0 depend on
constants of the local and global maps and on the eigenvalues. The inequalities imply
that s; > 0 and s, > 0. Moreover, the coordinates of u = g® (x) satisfy Agug ~ —Aquy.
Since \;5 > A6, for any & > 0 there exists ¢ > 0 such that for any x € Hi"(¢') the
following inequalities hold true:

8@ (x)| < &, gWg®(x) <& and |gPgWg® (x)| < ¢

() | there exists

Since the origin is asymptotically stable under the map g = g®?glg
€ > 0 such that

g'(x) <& foralln >0 and |x| <e.

Hence,

lim g"(x) =0, lim g®g"(x)=0 and lim gMg®g"(x)=0

n—oo n—o0 n—o0

and
g"(x)| <, [g¥g"(x)| <& and |gWg¥g"(x)| <.

Therefore, at the points in the cross-sections, the distance between a trajectory and the
cycle is bounded by ¢ and vanishes as n — oo. Linearity of global maps implies the
existence of a constant C' such that, taking ¢’ = C6, the distance between the trajectory
and the cycle is less than §. That is, we proved that o(kg3,Ci23) = +00. The proof that
0(K12,C123) = 400 is similar and we omit it.

For the connection k31, note that in Hi* the trajectories that escape d-neighbourhood
of & along the connection k19 satisfy u16u1_5>‘16/’\15 < §. By the same arguments as above,
all such trajectories stay close to the cycle and are attracted to it as ¢ — oo. Hence,
0(k31,Cr23) = 1 — Aig/A15. When A5 > A6 all stability indices are positive and by [12]
Theorem 3.1] the cycle is e.a.s. O

4.2.2 The cycle Ciy3 = [R, — lfD\C/Qw — R, — R,]

In this section we derive conditions for f.a.s. and calculate stability indices for a cycle
that in the quotient space is [R, — PQ, — R, — R.]. Three numerical simulations of
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this cycle appear in Figures 5-7 of [3]. We consider behaviour of trajectories near the
cycle that in R is

R, = R, — p’PQ, — —pR,  thatis & — & — & — —ps. (19)

Since the cycle is a part of a network and by assumption equilibria are stable in the
transverse directions, the eigenvalues \;; of df(§;), i = 1,3, 4, satisfy:

)‘lj < 0, j:1,2,3,4, /\4j < 0, j:1,4,6,

A3; <0, 7=2,4,5,  Ai5, A1, Aa2 = Ayz, Az, Az > 0. (20)

We prove the following theorem:

Theorem 4.2. Consider the cycle Ci43 and assume that the conditions are satisfied.
Denote

_ Auiss A1s

A2 AssAiz AgsAa ( )\15)
- 1— 258y, =2y + R 21
VS VLS WA RS VL V5 WAL WS Y8 M6 (21
Then
(i) If
)\16 < /\15 or 51 + /32 <1 or ﬂg < 0,
then the cycle c.u.

(ii) If

Ao > A5, Bi+B2>1 and (>0 (22)

then the cycle is f.a.s. The stability indices are:

0 (K43, Cra3) = 400,

B 1-— )\42/)\45 if Aas > Aae
U(F&14,Cl43) = { )\45/)\42 —1 if A5 <A

o(i31,C >:{ panty i/ (LB =00/ i§ Bi<fatl
s min{1 — Ais/Asg, (—1 — Bs + B1)/Bs, —Bs + Bi— 1} if Ba>Bs+1
where
A A e
Pa = A6 g5 P = A5

We begin the proof of the theorem by proving a lemma. Denote by w(h, ¢, a,b), where
0<e<h,a>0andb >0, the volume of the set W C R3,

W={xeR® : z23>ha}, 0<z;<e, forj=1,2,3}.
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Lemma 4.3. For sufficiently small € > 0 the volume of the set W 1is

(hoe.ap) = [ Cilbapeerr i b<lta
w20 B) = Cyha,b)e e 4 Cyhya, b i b3 1+a

where C;(h,a,b) are positive constants independent of e.

Proof. If b < 1+ a then for sufficiently small e the function g(z1,22) = h~Vex)/* 22/
satisfies g(x1,22) < e for all 0 < 7 < ¢ and 0 < 25 < e. Therefore,

w(h, e, a,b) g(xy, z9)dzd h e 2+(1+a)/b
1,502 14T = ( —i—b)(b—i—l)g .

For b > 1+ a we represent W = W'\ W2, where

Wh={xeR? : 0<z3<g(r,m2), 0< 2, <6e, 0<y<¢},
W2={xeR?® : e<a3<g(ry,m), 0<2,<¢e, 0<29< ¢ }.

Therefore,
w(h,e,a,b) = / / g(z1, x2)dz1dzy —/ / g(21, 22)dz dzs =
0 0 h—1/bg(b—1)/a hsbz;a
1/a—1/bp2 1a
ug}*‘(b—l)/a + hb 62-"-b—a, . h / b 62+(b_1)/a, (23>
(a+b)(b+1) (1—a)(b+1) (1—a)(b+1)
O

Remark 4.4. For h — 0 in the sum the third term s asymptotically smaller than
the first one.

Remark 4.5. In the limit ¢ — 0 for a > 1 in the sum the first term is asymptotically
larger than the second one, while for a < 1 the second term is asymptotically larger.

Proof of the theorem. Similarly to the proof of Theorem 4.1, we approximate the behaviour
of trajectories near the cycle by the return map g : Hi* — Hi". For the cycle Ci43 the
expression for this map that we derive coincides (up to expressions for coefficients §; and
fa) with the one obtained in Theorem for the cycle Ci23. Hence, we apply results of
Appendix [A] to find conditions for asymptotic stability. Calculation of stability indices
for the cycle Cy43 is more difficult, because the equilibrium &, has a three-dimensional
unstable manifold, while the unstable manifold of &, is one-dimensional.
The local maps H* — H™ are

G HPP — HP' gyt = i fuf|~ 2/ ugy® = uigfuiy| /e,

out in|—A14/A16 out in|—A15/A16
Uiy —D2|U16| / y Uty —“15|U I~ /

Gy HP — H™ gyt = Dafujy| /20 gyt = uip Juj]| =2/, (24)
ugyt = u43’um’ Aaz/Aas , gyt = U44’um’ Aaa/ As

Gy HI — HP™ st = ulhfull |22/, ugyt = ulfulg |/,

out in )\35//\31 out in 7/\35//\31
ugst = ugklufi|” ugg' = Difui}] )
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where D, Dy and D3 are some positive constants.
The global maps v;; : H"* — H* are:

. out in in __ out out in __ out out

in __ out in __ out
uyy = Bsuly, uyy = Beuls

. out in nin __ out out nin __ out
~in out out nin __ out
gy = Caugy” + Csugy’, tgs = Ceugy

. out in in __ ~out in __ ~out

Va1 0 H3™ — H" wiy = Ajugy', uyy = Asugy',

in __ ~out in __ ~out
uyy = Agugy', ujg = Agusg',

where A;, B;, C3 and Cg are positive. To complete the return map g : Hi* — H" one
should apply the change of coordinates between 143 and ¢3.

Note the similarity of expressions and with the ones and . Here 114
differs slightly from 15, but this does not modify the final expression for superposition.
Hence, we can apply results of Appendix [A] about stability of the map g. For the Cy43
cycle the conditions for stability take the form

o If
Mg < A5, or [ <0, or (<0, or pBi+B <1,

then the origin is a completely unstable fixed point of the map g.

o If
Mg > A5, B1>0, B2>0 and S+ fa>1,

then the origin is an asymptotically stable fixed point of the map g.

Statement (i) holds true, because instability of g implies instability of the cycle. Below
we prove (i7). The stability properties of the cycle are studied by calculating stability
indices along the connections, as it was done in the proof of Theorem [4.1]

Since (8, > 0, the inequalities imply that the origin is an a.s. fixed point of the
map g. Consider x € Hi"(¢), i.e. |x| < &. For almost all x (i.e., except the points that
belong to the stable manifolds of the equilibria), the trajectory ®,(x) starting at x follows
the connection x3; and then k14, the latter happens since A\ > Ai5. Then, the trajectory
follows the connection k4o, because the map (i43)7'g : HI* — H{™ is a superposition
of a linear map and an asymptotically stable g. By the same arguments as employed in
the proof of Theorem the trajectory stays close to the cycle for all positive ¢, hence
0(Kag,Cra3) = +00.

For u € H*, u = (u42, uy3, Ugq, uys), the trajectories ®;(u) that escape the J-neigh-
bourhood of &, along the connection k43 satisfy

—Aa2/As5
5

Ugoly < 0 and u43u4_5’\42/’\45 < 0. (26)

Then, they are mapped by 143 to Hi* and, given that |u| is sufficiently small, stay close
to the cycle for all t > 0, as proven above. The stability index can be positive or negative,
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depending on the sign of Ags — A\y45. Calculating the measure of the area bounded by ,
we obtain that the index is 1 — Ay /Ag5 for A\ys > Mg and g5/ Ag0 — 1 for Ag5 < Ago.

In H™ the trajectories that escape a d-neighbourhood of & along the connection ry4
satlsfy UrsUyg “Mis/he s By substituting the expressions for ¢; and 4 into ¢4 (see
and . ), we obtain that trajectories that escape a d-neighbourhood of ¢4 along the
connection k43 satisfy

pu16U15 <9, (27)
where p = max{|x12],|713|} and B3 and [, are the ones given in the statement of the
theorem. The measure of the set is calculated in Lemma . Applying the definition
of stability indices, we complete the proof of (7). ]

Corollary 4.6. Consider the cycle C143 of Theorem[{.3 Then:

(i13) If (@ holds and in addition the inequality g5 > Ago holds true then the cycle is
e.a.s.

(1v) If M5 < g2 then the cycle is not e.a.s.

Proof. To prove (ii) and (iv), we note that the only stability index that can be non-
positive is o(k14,Cra3). If Ag5 > A2 then the index is positive and, hence, the cycle is
e.a.s. If \y5 < A\g2 then the index is negative and, hence, the cycle is not e.a.s. O

4.2.3 The cycle Ciy5 = [R, — /F?@w — PQ, — R,]

In this section we are concerned with the cycle [R, — p2PQ,, — p*PQ, — p*R.], that is
& — & — & — p*&. This cycle is pseudo-simple (see [I8] Definition 5]) because there is
a two-dimensional isotypic component corresponding to the expanding eigenspace of &.
For the same reason this cycle is completely unstable, as we show in the next theorem.

Theorem 4.7. Generically, the cycle C145 is completely unstable.

Proof. The proof is similar to the proof of Theorem 1 in [I§]. We consider the map
Ga1401 - H* — H™ where ¢4 and ¢, are the local maps around & and &;, respectively
and 114 is the global map along the connection k4.

The local maps are:

. in out out in |—A12/\16 out in|—A12 >\16
Gy H — HY™ gyt = Dyfuly|~12/%0 gt = ulyfufy| =22/

in |_)\15/>\16

out in |[—A14/A16 out
| y Uis —U15|U16

__ ,,in
Uqy U14|U16
. in out out in |—A41/Aa2 out __ in 7)\43/)\42
¢y 0 HY — HY™ uft® = Dolugy] , ugs® = ulull

(28)

out __ in |—A44/Aa2 out __ in |—A45/Aa2
Ugy = u44\u42\ y Ugs = u45\u |

where Dy, Dy are some positive constants. The expression for the global map 14 is given

in (25)).
For small values of u, the coordinate wu{}
than u9y*

0% in the expression for ¢; is much smaller

. Thus, when computing ¥14¢; the second terms in the sums Biugy® + Boulyt
and Bzuy' + B4u°“t may be ignored. Because A\;3 = Ago the coordinate u33® in ¢4 may
be rewritten as u$s® = ui|uly|~!. Therefore in the final superposition, one obtalns ugst ~

Bs/Bj. Since generically Bs # 0 the term ug3" cannot be made arbitrarily small. O
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4.3 The network

In this section ¥ denotes the network, H;;l denotes a cross-section to the connection x;;
close to the node §; and Hfjut is a cross-section to the connection k;; close to the node &;.
We also use the more cumbersome notation ¢y : Hj} — H5 for what was denoted ¢;
above, to emphasise the connections ;; and s, that are being followed.

A necessary condition for existence of the network and its stability in the transverse
directions is that eigenvalues \;; satisfy

/\1j<0,j:1,2,3,4, A2j<0,j:1,2,3,4,5,

/\3j <0, 5= 2,4,5, /\4j <0, 5= 1,4,6, (29)
As; <0, j=1,2,4,5,6 A5y A6, A265 As1, Aa2 = Aag, Az, Asg > 0.
€, S5

| o

' Hln
Hl1nz 3 - in
I E'| E1 H'|4I
52 . | a - 5 L 2 | EE g,
an L
a8 L !

£, £,

Figure 5: Left: position of the sections in Lemma [4.8] Right: sections in Corollary [4.9

Lemma 4.8. If both cycles C123 and Ci43 are c.u. and A5 > Mg then for § > 0 sufficiently
small, we have £ (H;;l N 15’5(2)) =0, forij € {12,23,43,51}, where ¢ denotes the Lebesgue
measure in R™ with n = dim H}}.

Proof. We do the proof for Hi3, the cases H3 and HI are similar. Let u € H% N Bs(2).
Consider the transition map Hi} — Hi, denoted by g® in Lemma The estimate
shows that g (u) satisfies vl ~ Cull for some nonzero constant C. If the trajectory
of u follows the connection k14 after passing near &;, then from the expression for
the local map ¢, and the estimate above, we get

out __ . in in _)\15/)\16 ~ in 1—)\15/)\16
uy’ = ujslugg ~ Cluyy] .

Since 1 — Aj5/A16 < 0, we have (lsiH(l) u;’gt = 00. Hence, if the trajectory of u follows k4
—

then u & Bs(X) for sufficiently small §. Therefore, the set Hi3 N Bs(X) is contained in the
set Hi% N Bs(Cya3) that, for sufficiently small §, has zero measure.

For H&. we use ( (H N 85(2)) = 0 and apply similar arguments recalling that by
Theorem [£.7] the cycle Cyy5 is c.u. O
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Corollary 4.9. Under the conditions of Lemma [4.8 and for § > 0 sufficiently small we
have ¢ (H® N Bs(X)) =0, for ij € {45,14,31}.

Proof. Except for a measure zero set, trajectories starting in Hi% go to Hil, where we can
apply the result of Lemma . Similarly, most trajectories starting in H1} either follow
K45 Or K43. Those following k43 end up mostly in H j;;,, and those near 45 end up mostly
in Hif, and both these sets meet B;(X) in a measure zero set. The arguments for Hi are
entirely similar. O

Theorem 4.10. Generically for the network X:
(i) At most one of the cycles Ciaz or Ciasz is f.a.s.

(i) The network is f.a.s. whenever one of the cycles is f.a.s.

Proof. (i) If \jg > A15 then Theorem implies that if Co3 is c.u. whereas if Aj5 > Aig
then Cy43 is c.u. by Theorem

(ii) Clearly, if one of the cycles is f.a.s. then the network is f.a.s. It remains to see
that when both cycles are c.u. then the network is not f.a.s. If A5 > A6 this is a
consequence of Lemma 4.8 and its corollary.

The proof in the case Ajg > A15 is postponed till after we obtain a few lemmas.

Lemma 4.11. Consider the map ¢’ : H3 — H given by ¢ = dra501403140310431 (See
Figure @ The points in H that are mapped by g’ into Vs N HY, for sufficiently small
0 > 0 belong to the set

Vis = {ue Hj: (Biujy + Bjuiy) < 0 max (|uj], [ufy]) }
where B}, By and ¢ are constants, independent on 6.

Proof. A direct computation using for ¢145 and and for the remaining maps,

shows that writing ¢'(u) = (u3y", ugst, u3s®, ugy*) we have

out __ / in 7 in)—1 / in / _in
U3 = (Blus2+B2U33) (B3u32+B4u33)

[l
The next lemma follows immediately from Lemmas [3.8 and [3.9]

Lemma 4.12. Let h(p,q) be one of the maps considered in Lemmas and . For
given (p,q) = (r*,7%) we define a,, b, by h™(r®,r®) = (r¢» b). For anya >0, b > 0 and
s > 0 there ezists 0 < ng < oo such that min{a,,b,} > 0 for all n > ny and at least one
of the following is satisfied:

(a) min{a,,,b,,} < 0;
(b) v—s < ap/b, <v+s foralln=n"+2m > ny;
(c) vi /v — s < ap/b, < vl /v +s for all n > ng;

where 7, v{ and vy take the meanings they have in Lemmas and .
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Figure 6: The maps g’ and g” of Lemmas and [4.17, with the network shown in grey.

Lemma 4.13. Consider the map g : HY — H in the proof of Theorem |4.2 - Let
W C HB satisfy

W {u=(usy = q ugy, uzs,ugs) © a;07 <uy; <bjg” j=2,3}

where a;b; > 0, v; > 0 and v # 3. Then, for sufficiently small ¢ > 0, any point

S 1n

U= g(u) = (a5} = ¢, sy, gy, agy) € W NVZ) satisfies

a4 <l < b j=2,3

- : ) ) b
where a;jb; > 0 are independent on €, 3 =1 and 5 = — .
o Y e 7 in{re, s} + B
Proof. Follows from Lemma and from the expressions and . O]

Corollary 4.14. Generically, the statement of Lemma holds if g is replaced by g"
for any finite n > 0, with a different 5.

Definition 4.15. We say that a set V. C R* is conical with exponents (1,72,73,74),
Y5 > 07 Zf
V C {(21,22,23,14) € RY:  az) <ax; <ba), j=,2,3,4 where ajb; > 0}.

Lemma 4.16. Generically all our maps g : Hj;l — H}3 have the following property: if an
wnitial set U C HZ‘J“ is conical then for sufficiently small € > 0 the image g(U N'V.) is also
conical.

Proof. The property holds generically for each one of the local and global maps. Hence,
it also holds for compositions of these maps. n

Lemma 4.17. Denote g = g'g’ where g” : H — HIY is given by g" = 14P514051 0451045
and g’ was defined in Lemma (see Figure @ Let Uys C HBNBs(X) be the subset that
is mapped to H by g'. For any co > 0 and sufficiently small € > 0 there is a set W,
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such that the image g ((Usgs \ We,) N'VZ) is conical with exponents (1,1, \jg—A14, A1g— A15)-
The set W, is defined by

Weo = {|Ljira™" + Lppp" ¢ + Ljsp™ ™| < comax {|rq”'[,|p" ¢, [P ¢} j=1,2,3}

where ¢ = uy, p = uly, r = Biuly + Bjuly and Lj;i,5 =1,2,3, v;, 7 =1,2,3,4 and B,
Bj are constants coming from the expressions for global and local maps.

Proof. Let u € Hjj be given by u = (uf}, uf, uf}, uf). The coordinates ug},
for the map 45 : Hj} :— H{M have the form

j =345
ug; = L}q,luié‘t + L;euuﬁt + L972,3u2gt J=3,4,5.

This implies that the composition 5g’ : Hi% — Hi2, in terms of p, g, r satisfies
ugjﬁz = Ljirq " 4 Ljpp™q"* + Ljsp™q" J=1223.

If (p, q,r) satisfies

|Ljirq ™" + Lpp" ¢ + Lisp™q"| = comax {|rq”"|, [p"¢"*], [p™¢™|} j=1,2,3 (30)

there exist a;, b; =, j = 1,2 such that

arugy| < [ugy| < bfus azlugy| < |uss| < bofuss|.

By writing expressions for ¢415 and 105, and proceeding as above, it can be shown that if
(p, q,7) satisfies then for u € HiY there are a/;, b, =, j = 1,2 such that we have

R
ayuty] < July| < 0 fuy asluty] < |uly| < Bhluiyl.
Using the expressions for ¢514 and for ¢4 we obtain the exponent
(1, 1, )\16 — )\14, /\16 — )\15) of the statement. ]

End of proof of Theorem [{.10. In the case A\ig > A5, from Lemmas .11} [£.12] {.13]
and Corollary it follows that, for sufficiently small € > 0 almost all trajectories

starting in

g ((U45 \ Wco) N ‘/6) )

after making one turn around Ci45, never again leave the d-neighbourhood of Cy43. If we
take co > 0 small and for small € > 0, we may treat W, as in Appendix [A] to show that
almost all trajectories that remain close to the network are attracted to the cycle Cyys.
Since this cycle is not f.a.s. this implies that the set of these trajectories has zero measure,
i.e. that for small § > 0 we have ¢ (H3 N B5(X)) = 0.

The proof for the other cross-sections follows arguments similar to those in Lemma 4.8
and its corollary. O]

Theorem 4.18. Consider the network ¥ and assume that the eigenvalues \;; satisfy the
inequalities (@ Then

(i) suppose the conditions hold.
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(a) If A5 < Ay then ¥ is not e.a.s.
(b) If Ay5 > A2 then ¥ is e.a.s.

(ii) suppose the conditions hold.

(a) If A5 < Ay then ¥ is not e.a.s.
(b) [f —)\12>\45 + /\15)\42 < >\16/\42 then X is not e.a.s.
(C) [f )\45 > /\42 and —)\12>\45 + /\15/\42 > )\16)\42 then ¥ is e.a.s.

Proof. Let V. be an e-neighbourhood of the origin. Note that at £, there are three outgoing
connections: one to &3, one to &, and another to 12&s.

(ia) Let Agp > Ags. Consider the set Q. C HYj defined as Q. = (H N Bs(X)) N V..
The set can be decomposed as the union ), = Q4 U Q43 U (45, such that trajectories
from Q4; leave the d-neighbourhood of & along the connection tangent to es;. The sets

Q4; satisfy

Qur © { (ulp, ully i, uf) + il < Sull and il < (uf) e/ e )
Qas © { (ulfy, uify, ulfy )+ ulp < Gully and uify < 6(uffy) /e ) (31)
Qus © { (ul, ully iy, uil) + ully < S(u) /e and ulfy < o(uif) e/ ),

From inclusions we obtain that measures of the sets satisfy

((Qa2) < %554, 0(Qu3) < %554, 0(Qus) < %gsﬁmm.
Hence, for sufficiently small ¢ we have £(Q.) < 2d¢*, which according to Definition
implies that X is not e.a.s.

(ib) Suppose that A\;s < Ag5. From conditions it follows (see the proof of
Theorem that o(k12,2) = 0(ka3, %) = +00 and o(k2,%) > 0. Arguments sim-
ilar to those applied in the proof of Theorem imply that o(k43,%) = +oo and
o(ks1,%) > Ai5/A16 — 1 > 0. Calculating the measure of the set (45 constructed above,
we obtain that o(k14,2) > Ag5/Ag2 — 1 > 0.

To estimate o(rys5,3), we introduce the set W. C Ht N V. comprised of the points
u = (ul}, ul, uly, ult) € Hi that are mapped by ¢s14¢51¢45 to Hi3. The coordinates of
these points satisfy

|Lglugf4.|ug§?|*)‘54/>‘53 + L32U15n5.|uir,n5.|7)‘55/’\53 + L§30|ug%|*)\56/)\53| <
B Ly %5 - Ll | 455/ 4 Ly Cufh| 0o/ 03 o/

(32)

(Here Lj; and C are the constants of the maps 151 and ¢y51, respectively.) By straightfor-
ward but lengthy integration (similar to the one in the proof of Lemma , but signifi-
cantly longer and with bulky final result), it can be shown that the measure of the set W,
satisfies £(W.) > e* — §e*™*, where s > 1 depends of the exponents \;; that are involved
in (32)). Hence, o(k4s5,%) > 0 and part (ib) is proven.

The proof of (iia) is identical to the proof of (ia). To prove (iib), we note that the
points in H% that are mapped by ¢341140415 to H{Y® satisfy

DI < 8l (oo o e/
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As it is shown in the proof of Theorem , the points in H that are mapped neither
to HY® by ¢s12 nor to H3 by (341140415, escape from the d-neghbourhood of the cycle.
Hence,

U(li52, E) < maX{)\15/)\16 -1, _>\12/\45/>\16/\42 + /\15//\16 - 1} < 0.
The proof of (iic) is similar to the proof of (ib) and is omitted. O

5 Conclusion

We complete the study of stability of the heteroclinic network emerging in an ODE ob-
tained from the equations of Boussinesq convection by the center manifold reduction
[3]. We derive and prove conditions for fragmentary asymptotic stability and essential
asymptotic stability for the network and individual cycles it is comprised of.

This is the first systematic study of stability of heteroclinic cycles that are not of type
A or a generalisation of type Z (see [0] for the latter). Although we consider a particular
case study, the proposed approach consisting of well-defined steps is applicable to other
heteroclinic cycles in R™. Moreover, some of the lemmas that we prove are not restricted
to the case under investigation and can become useful in other systems.

The study of stability of heteroclinic networks is less common than that of heteroclinic
cycles. It requires the construction and composition of several transition maps between
cross-sections to connections belonging to different cycles. This procedure is likely to
work for other networks as well.

Our results show that derivation of general stability conditions for heteroclinic cycles
in R™ with n > 6 is a highly non-trivial task, if at all possible. It would be of interest to
identify classes of heteroclinic cycles for which derivation of stability conditions is possible.
To do so, one should somehow classify possible maps h obtained at step (b) discussed in the
introduction. The classification (at least, partial) should start with determining possible
forms of the map h.

In Section 3 we prove Theorem stating necessary conditions for a heteroclinic net-
work to be asymptotically stable. Corollary of this theorem implies that the network
under investigation in not asymptotically stable. The theorem can be used to prove insta-
bility of more general types of heteroclinic networks, than considered in the Corollary, in
particular, with (some of) the equilibria replaced by periodic orbits. We intend to address
this question in the future.

For heteroclinic cycles the stability indices provide quantitative and qualitative de-
scription for behaviour of nearby trajectories. In a f.a.s. heteroclinic network the trajec-
tory through a point that belongs to its local basin can be possibly attracted by any of
its f.a.s. subcycles, or it can switch between different subcycles, without being attracted
by any of them. Certainly, stability indices, either for the whole network or for individual
cycles, do not provide such information. One can think about proposing for a network X,
a subset Y C X and a point z € X a relative stability index o(z,Y, X), describing the
part of a small neighbourhood of = that stays near X for all £ > 0 and is attracted by Y as
t — oo. If in addition the sets Y are required to be maximal and undecomposable, such
relative stability indices should be useful for describing local dynamics near the network.
Introduction of such an index is beyond the scope of the present paper. A step toward
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this direction was made in [4] by defining stability indices with respect to a cycle (the
c-index) and with respect to the whole network (the n-index).
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A Lemmas in the proof of Theorem 4.1

Denote by g§.k) , where 7 = 1,2,3,4, the j-th component of the map 9y;¢x, with ¢ = k41
(mod 3).

Lemma A.1. For any 6 > 0 there exist € > 0 such that |u3s] < & implies that
. ~(3 in in in in ~(3 in in in in ~(3 in in in in
() |A4g§ )(U317U327U33:U35)| - |A394(1 )(ng Uz, Uzy, Uzs )| < 5|9:§ )<u317 Uz, Uzs, Uss) |
and

(@) (5 (uln, ully, iy, i) — g5 (ulty, uly, ully, 0)] < 8557 (ulf, uly, ully, 0)].

Proof. Recall that Azz = Ass. Denote (71, v2, 73, 24) = (ull, uly, ul, ui). From (17)-(16)
and Table [I] we have

- A e .
35 (w1, w2, 73, 14) = 7%($4|903| A/ X5t Dy || Ao/ M)
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and
3 (1, w9, w3, 14) = A | g | TN — Dy [y | A/ My,
! V2

To prove (i) note that [A435” | — [Asg}”| < [A4gs” + As”|. Then

e . A e /e
|A49§5) (21, X2, T3, T4) + Asgf)(ﬂfbiﬁz, T3, T4)| = 2A47%!354||353| Ass/ A1

and A
(3 3 -
015" (@1,2, @0, 70)| = 65 s + Dallas] .
Note that
2A4|QZ4| < 5|D1| — 5|[L’4| < 5|D1 + ZL‘4|
oD
and the first inequality holds if |z4| < m Substituting in (ii) we obtain |z4| < §|Dy].
4
oD
To finish the proof choose € = min{m, 3| Dy} O

Lemma implies that for trajectories sufficiently close to the cycle the value of ul}
is irrelevant. Therefore, in the study of stability, for simplicity, we can ignore !l and
instead of g : R* — R* (which maps Hi* — Hi*) consider g : R® — R3,

g(x1, w2, 33) = (G1(x1,22,23,0), G2(1, T2, 73, 0), g3(w1, 72, 3, 0)) (33)
= (g1(z1, 22, 73), go(1, T2, 73), g3(71, T2, 73)) .
From f and Lemma choosing coordinates in each H}“:
Hy* o (w1, 22, %3) = (5, usy, us))
H": (21,22, 73) = (ufy, ugy, uly = —Asul}/Ay) (34)
Hy' o (w1, 72, %3) = (ub, ugy, ug)
and using Aa = Ai3, oo = Aoz and Az = A3, we can write g = g@gWg®) where
g@ (21, 9, 23) = \/75 (Ar(my + @) |as| 32230 Ag(ay — g) ag| ~H92/ M1,
Ay Dy || 5/ X1
gW (1, 29, 23) = (Bl$1|A4333/A3|_’\12/’\15, Bowa| Ays ) Ag| 2/ A5, (35)

— Byws|Agws [ As|~M16/M15)
g (x1, 2, 23) = (03D3|$3|_)‘21/’\26, (Cay + Chg) || A2/ 20,
(Chavy + Coma)|wg|r22/A20)
From and for 19309 we have:
i = Crubyluby| 22/ 4 Coulyfuly| 22/,
s = CyDyluby| 21/,

~in __ in in 7)\22 )\25 in in 7}\22 )\26
Usz = C21“22|“26| /A2 4 C5u23|u26| /A2
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Then we recall that (¢, s, 23) = (ul, w3y, ulh) and (i, @, @) = (w1, 72, 3), see (B).
Therefore, we obtain that
gi(z1, 20, 23) = Fi|z3]7,

Go(x1, 22, 23) = (Foxy + F3$2)!$3|52, (36)

o~~~

g3(z1, 2, 03) = (Fyry + Fyao)|zs],

where

A21A35 A16
e T T T e e T
and F; depend on A;, B;, C; and D;. Generically, F; # 0, Fy # F3, Iy # F5 and
F,/F3 # F,/Fs. For definiteness we assume that all F; are positive.

Evidently, 8; < 0 implies that the origin is a completely unstable fixed point of the
map g . From now on till the end of this subsection we assume that §; > 0.

Given the map g , we define the map h: R% — R? as

h(p, q) = (max{pg™, ¢}, pg™).

This corresponds to the map in Lemmas [3.8 and [3.9] with parameters:

A g5 A35A A
82 | A2 35 22< 16) (37)

=0 ar=1 v=1 m=p—ps.
In Lemmas we prove that the stability properties of the origin, which is a fixed
point of both g and h, are the same for both maps, namely that the origin is either a.s.
if /1 > 0, o > 0 and ) + P2 > 1, or it is c.u. otherwise (see Lemmas and . A
hand-waving proof can be obtained by denoting

p=max{|z1], |z2]} and g = |xs], (38)

ignoring constants in 1’ and noting that for small x we have generically either xgl >
max{ |21, |zo| }25* or 2" <« max{|z1|, |z2|} 252, A rigorous proof is given below in a series
of lemmas.

Lemma A.2. If 31 > 0, B2 > 0 and By + P2 > 1 then the origin is an asymptotically
stable fized point of the map g (@

Proof. There exist s > 0 and ¢ > 0 such that 8; —s >0, fo—s >0, 51+ P2 —2s > 1 and
max{|Fi|, | Fa| + |F3, | Fa| + |F5|}e® < 1. According to Lemmas [3.8 and [3.9) the origin is
an asymptotically stable fixed point of the map

h*(p, q) = (max{pg™~*,¢"~*},pg™ ).

For |x| < € we have

s

g1 (21, 22, 23)| < ¢7 7%, |ga(@1, w2, m3)| < pg™ 7%, |gs(w1, 22, 23)| < pg™*,

where p and ¢ are defined by (38). Since py < p and gy < ¢ imply that 25 (po, g0) < hi(p,q)
and h$(po, q0) < h3(p, q), for any n > 0 and |x| < ¢ the iterates g"(x) satisfy

|97 (01, 22, 23)| < (B*)T (D, ), |93 (21, T2, 23)| < (B°)T (D, q), |93 (21,22, 23)| < (A*)5(p, @)
L]
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P A

Figure 7: Decomposition for Lemmain the (p, ¢) plane. The dashed line, the common
boundary of U/ and U'!, is mapped by h!! into the solid line, the common boundary of
Ul and U,

Lemma A.3. Consider the map g (@ where By > 0 and By < —1. The origin is
completely unstable fixed point of the map g (@

Proof. Let R3 = {(x1,29,73) : max{p,q} < d}. We decompose R? = U7 U U yUH!
and UM = UIH U W,,, where

Ul = {(x1, 29, 23) : max{p,q} < § and p > ¢ "2},

U = {(x1, 29, 23) : max{p,q} <6 and p < ¢~ Pr+8)/52}

UM = {(x1, 29, 25) : max{p,q} <& and ¢~ B15)/P < p < =P},
UM = {(21, 29, 23) € UM o |Fowy 4 Fias| > colaa|}, W, = UM\ U

co

(39)

0 < ¢o < min{l, F,}/2 and as above p = max{|z;|, |z2|} and ¢ = |z3].

As before, let hi(p,q) = (pg®,pq™) and hil(p,q) = (¢*,pg?). The curve p =
g~ (B1+82)/B2 the common boundary of U! and U, is mapped by Al into the common
boundary of U’ and U, the curve p = ¢~%.

For sufficiently small § we claim that the subsets are mapped by g as follows:

gUNNV;=2; gU")nVv;cU,  gUNV;cU. (40)

The first equality holds under the generic assumption Fy/F3 # F,/F5. To see this, let
C= ml? max{|Fyzy + Fyxs|, |[Fyzy + Fsza|} > 0. The genericity assumption guarantees

that C' # 0. Then for p < § we have
max{|F2x1 + Fg.TQ‘, |F4I1 + F5.T2‘} > Cp

When x € U’ since p > ¢~? this implies either |g,(x)| > C or |gz(x)| > C and the
assertion holds.

For the image of U!!, notice that the map g3 is a decreasing function of 3, i.e. if
Ty < i‘g, then g3(1'1, ZL‘Q,L%?)) < gg(ZL‘l,ZEQ,,Ig).
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X3

A N +
\V XV\XZ

Figure 8:  On the left: Projection into the (1, z9)-plane of the two sets V* that are
bissected by the solid line Fyx; + F3xo = 0 and are covered by the lines x; =constant,
shown here in the case 0 < Fy/F3 < 1. Right: the set VT and its projection. Only the
lighter strip is mapped back into V* by g.

The last inclusion holds because for x € UM we have cola1| > |Fyxg 4 Foxy| >
Fy
Co

Fslxo| — Fy|xs| and hence |z1] > |zo|, therefore

co s
s + ¢

|g2(x)| > min{cq, tpg”  and  |gs(x)| < |Fy+ Fs|pg™.

To investigate how x € W, are mapped by g, we decompose W,, = W U W~ where
W = {(x1,29,23) € We, = iz > 0} and

+ _ + - _ -
W - U V (Il,—CO,Co,T), W - U V (LUl,Co,—Co,T),
—Ba/(B1+B3)<r<—1/B2 —B2/(B1+B3)<r<—1/B2
x1<0 —x1<8
where

VH(xy,c1,c0,1) = {(21, 20, 2%) : 1oy < |Foxy + F3xa| < coxy, o7 > 0},

41
V= (x1,c1,¢0,7) = {(x1, 20, 27) 1 121 < |Foxy + F3xe| < cowq, 1 < 0}. (41)

We have:
g(x1, 22, 2]) = (F1331{ﬁ1, (Fyzy + F3l’2)$1{ﬁzv (Fyxy + F5$2)331£52>-

For fixed z; and r, look at the curve xy — (1,2, 2]) inside W+. We claim that only
a small part of this curve is mapped by g into W,,. The set gV (z1, —co, co, ) N W,
satisfies

—C()Flfl'qﬁl < FQlegﬁl + Fg(FQI‘l + F3$2)$§ﬁ2 < CoFlfl'qﬂl,

which implies that the points that remain in W, are

g_l(g(V+(x1, —Co, Co, T)) N WCO) = V+(l’1, C/ - 6, C/ + 67 T)a (42)
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where

g Il _ah
Fy Fy

(Note, that r > —35/(81 + 33) implies that Bir — Bor — 1 > B1(—B2 — 1)/(B1 + B3) > 0.)
Moreover, for asymptotically small z; we can write

xfﬂ"—ﬁzr—l

, &= g (43)

g(V*H(xy, —co, co,7)) N W,y = VE(FLZTP —co, co, ), where ' = (14 Bor)/(rB1).  (44)

Here 7’ > 0 because r < —1/f,. Similar estimates holds true for V= (x1, co, —co, ).
We represent each one of the sets W and W~ as the union of a (z1,r)-familiy of
curves parametrised by zs. From and we obtain that

ll(g_1<gv+(x17 —Co, CO, 7“) N Wc())) _ E < C’mﬂlr—ﬁQr—l
L(V*(xy, —co,c0,7))) o ! ’

(45)

where [; denotes the 1-dimensional Lebesgue measure and C' is a constant that depends
on I and ;. Hence, for sufficiently small ¢ the inclusions and the estimate
imply that as n — oo almost all points, except for a set of zero measure, are mapped by
g" away from Vs. Therefore, the point x = 0 is a completely unstable point of the map
g. O

Lemma A.4. Consider the map g (@ where By > 0, f1 — B > 1 and —1 < [y < 0.
The origin is completely unstable fixed point of the map g (@)

Proof. The proof of this lemma, and also of the two following, employs the same ideas
as the proof of Lemma . Namely, we decompose R} as a union of several subsets
and consider how the subsets are mapped by g. We represent R} = U! U U!! and
Ul =UL UW,,, where

Ul = {(x1,29,73) : max{p,q} < J and p > ¢ =275},

UM = {(x1,29,25) : max{p,q} < and p < ¢ 775}, (46)

UCIO = {(Il,xg,xgg) c U : |F2$1 + FgIQ‘ > Col.ﬁC1|}, Wco =yl \ UCIO,
0<s<py,P1—Pa—s>p1/(f1 —s)and 0 < ¢y < min{l, Fr}/2.

For sufficiently small 6 we have:

(8(U,)NVs) CUy;  (g(UT)NVs) U (47)

co?

The latter inclusion holds true due to our choice of s.
For any x € U/ for small § we have g;(x) < g2(x), hence for n > 2 we can write

g"(x) ~ (Fi(gy ™ ()™, gy~ (g5~ (x))™, Frgy ' (g5 (x))™).

Therefore,
" (x) ~ (Fi(gs (%)™, Fi(g5(x)"™, Fy(g5(x))' ™).

which implies that for any x € Ul we have g"(x) ¢ Vj; for large n.
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We decompose further:

Wco = U4 U v:t (xh +¢o, :l:cO? T)? (48)

x1<d, —1/(B1—PB2—s)<r<oo

where VE(z1, ¢1, ¢2,7) are defined by (41).

The set V't is mapped as g(V*+) C U, CIO UW,, UU. We have accounted for points that
go to UCIO . Below, we first show that the set of points that are mapped to W,, is small.
Then, for points mapped to U! we will have to consider a second iteration of g to show
that the set of points that are first mapped to Ul and then to W,, is small. (The points
that are first mapped to U and then to U CIO are already accounted for. ) As in the proof
of the previous lemma, this implies that when the number of iterations goes to infinity

almost all points are mapped to UCIO, and then away from Vj.
We have (see the proof of Lemma |A.3])

g (g(VH(xy, —co,co,7)) N W) =V (2, — & +6r), (49)
where ¢ = cole’f”*ﬁ”*l/Fg. Since Bir — Bor — 1 > s/(f1 — P2 — s) > 0, we estimate

ll(g_l(g(v+<xla —cp, ¢, 7)) N Wey)) _ E < Cxi/(51752*5)' (50)
ll(v+(x17_607607r>>> Co

Next, we consider g(g(V ™ (x1, —co, co, 7)) NU). For x = (21, —Foxy /Fy + cxy, 2%) we
have

g2 (X) = (Flﬁfl(“-r&), (Fgl’flr + CﬁgxiJrTﬁz)fo(l—HﬂQ)? (F4CL’11T + Cﬁ5x1+rﬂz)xf2(l+rﬁ2))'
Therefore,

g 2(g(g(V*H(zy, —co,co,m)) DU NW,,) = VT (2, c" — ¢ c" —é,r), (51)

A, (14rB2) (B1—B2—1
Cx! 2)(B1—B2

where ¢ = ), Moreover,

g(g(VT(x1, —co, co,7)) N UH) NWe, C VT (z1,—co,co,7"), (52)

where 7' = (min{rf:,1+ 782} + 32)/B1. Therefore, due to ([47))-(52) for sufficiently small
J, almost all x € Vj satisfy |g"(x)| > 0 as n — oc. O

Lemma A.5. Consider the map g @ where 1 > 0, B1 — B < 1 and —1 < By < 0.
The origin is completely unstable fixed point of the map g (@

Proof. We decompose R} = U' UU" UU and U' = UL, UW,,, where

Ul = {(x1,29,73) : max{p,q} < J and p > ¢Fr—P2=51},

UM = {(zy,79,73) : max{p,q} <J and p < ¢' =2},

UM = (21, 29,23) : max{p,q} < d and ¢' =2 < p < ¢ P21},
Ul ={(x1,22,23) € U+ |Fyy + Fsaa| > colza|}, We, = UM\ UL,
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0 < 51 < min{1, B152(B1 — B2 — 1)/(B1 — B2(B1 — B2))}, 0 < 52 < min{1, Bo(B1 — B —
1)/(B1 — P2)} and ¢o < min{l, Fy}/2.

Due to our choice of s, sy and ¢q, for sufficiently small ¢ the subsets are mapped by
g as follows:

(g(Ul)nVs) cU™;  (g(U")NnVs) CUL. (54)

Consider x € UL U U, Due to , we can assume that x € U/, Denote p, =
max{|(g"(x))1],](g"(x))2]} and g, = |(g"(x))s]. For n — oo the iterates g"(x) as long as
g"(x) € Vs satisty
for even n: (pm Qn> ~ (Fl/qgl—la Fépn—lqgl—l);
for odd n: (pn, qn) =~ (Fépn,lq;fl_l, Fipn,lqgl_l).
Which implies that

+B2(1+
o Fign  and g, & Fgp 0,

By assumption, f; > 0 and 1 — 8y < 1, which implies that §; + G2(1 + 3) < 1, hence
the iterates g"(x) satisfy |g"(x)| > 0 as n — oc.

On the other hand, for sufficiently small x € U/! the map g can be approximated by
h(p, q) = (F|¢™, F3pq®). Therefore, arguments similar to the ones employed in the proof
of Lemma (3.9 imply that for almost all x the iterates g"(x) escape from U as n — co.
The iterates satisfy:

if x € U and g(x) € U then g*(x) ¢ W,,. (55)

By decomposing W,, similarly to (48]), proceeding as in Lemma by considering g(x)
and g?(x) for x € W,, and taking into account the above inclusions, we obtain that almost
all points in Vj either escape from Vj or are mapped by g2 to UCI0 U U, from where they
escape from Vj. n

Lemma A.6. Consider the map g (@) where B > 0, Bo > 0 and B1 + P2 < 1. The
origin 18 completely unstable fixed point of the map g @

Proof. We decompose R = U u U y U UCI0 c Ul UCIOH c UM and W, = (UT U
U\ (UL U UIT), where
Ul = {(21,29,73) : max{p,q} < d and p > ¢*r—F2=51}
U = {(x1,29,23) : max{p,q} < and p < ¢'T52},
UM = {(x1,29,23) : max{p,q} < J and ¢'*52 < p < g =P2=s1}, (56)
Ul = {(z1,22,23) € U+ |Fyxy 4 Fsaa] > cola1},
UM = {(21, 9, 25) € UM : |Fyxy + Frxa| > colan |},
with 0 < sy < min{1, Bo(1— 514+ 52)/(1452))}, 0 < s < min{1, Bo(1— 1+ P2)/(B1—F2) }

and ¢o < min{1, F,}/2.
For sufficiently small 6 we have:

(g(UM YeapVs) c UL, (g(UL)NVs) c UMY, (g(U™YNV;) cUL. (57

co ) co !
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er = (1,0,0;0,0,0)/v2, e;s = (0,1,1;0,0,0)/v2, e;3 = (0,1,—1;0,0,0)/v2,
e, = (0,0,0;1,0,0), e;5 = (0,0,0;0,1,1)/v/2, e = (0,0,0;0,1,—1)/v/2

es1 = (1,0,0;0,0,0), ey = (0,1,1;0,0,0)/v/2, ey = (0,1,—1;0,0,0)/v/2

exs = (0,0,0;1,0,0), ey = (0,0,0;0,1,1)/v/2, ey = (0,0,0;0,1,—1)//2

es; = (1,0,0;0,0,0), es; = (0,1,0;0,0,0), ess = (0,0,1;0,0,0),

es; = (0,0,0;1,0,0), ess = (0,0,0;0,1,0), ess = (0,0,0;0,0,1)

&3 = (1,0,0;0,0,0), & = (0,1,1;0,0,0)/v/2, &3 = (0,1,—1;0,0,0)/v/2

s, = (0,0,0;1,0,0), &5 = (0,0,0;0,1,1)/v/2, &35 = (0,0,0;0,1,—1)/v/2

és, = (0,1,0;0,0,0), és = (0,0,1;0,0,0), és3 = (1,0,0;0,0,0)

és, = (0,0,0;0,1,0), &35 = (0,0,0;0,0,1), &35 = (0,0,0;1,0,0)

e = (1,0,0;0,0,0), e = (0,1,1;0,0,0)/v2, es3 = (0,1,—1;0,0,0)/v/2

ey = (0,0,0;1,0,0), es5 = (0,0,0;0,1,1)/v/2, ess = (0,0,0;0,1,—1)/v/2

es; = (1,0,0;0,0,0)/v/2, esy = (0,1,1;0,0,0)/v/2, €53 = (0,1,—1;0,0,0)/v/2,
es, = (0,0,0;1,0,0), es5 = (0,0,0;0,1,1)/v/2, es6 = (0,0,0;0,1,—1)/v/2

Table 1: Local bases at the equilibria ;.

By decomposing W,, similarly to (48) and considering g(x) and g?(x) for x € W,,, we
prove that all points in Vs are either mapped by g? to UL, or they escape from Vj. For

co ?

x € UL we note that the map g(x) can be approximated by h(p,q) = (F{¢™*, Fypq™),
which implies that the iterates g"(x) satisfy |g"(x)| > 0 as n — oc. O

B Eigenspaces and eigenvalues near single-mode steady
states

In this appendix we provide data on the network that are used in the calculations.
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& RS & L; Aj Isotypic components

1 R, (0, 22,735 Y1, Y2, 43) < Slﬁﬁpﬁi > (0,22,3;0,0,0), (0,0,0;91,0,0)
(05070;07y25y2)3 (0,0,0, 0,y27 *y2)
2 pQPQ”LU ($1,$273«"3§yl;y27 —92) < 817747;/2777% > (.%'1,0,0;0,0,0), (0,.%'2,1‘3;0,0,0)

(07 07 Oa Y1, 07 0)7 (07 07 07 07 Y2, —3/2)

3 R, (r1,22,23;0,Y2,y3) < sl,vé,rfyﬁﬁ > (21,0,0;0,0,0), (0,x2,23;0,0,0),
(0,0,0;0,y2,y3)

pRy (1,2, 23;91,92,0)  p< 81,7(11,7“%%/2 > p? (21,0,0;0,0,0), (0,22,23;0,0,0),
(0,0,0;y1,92,0)

4 p2ﬁ2w ($1,l‘2,1’3;y1,y2,y2) <7“81,7“’771r/4,’)’72r/2 > ($1707O;0a0’0)3 (0,1'2,1‘3;0,0,0),
(07070;y17070)7 (07070307y273/2)

) pQPQZ (56175'327*1?%1/1,3/2»?/3) < 5137"%%/3 > (371,0,0;0,0,0), (0,$2,*$2;0,0,0),
(07 07 07 Y1,Y2, y2)7 (07 Oa 07 Oa Y2, _y2)
Table 2: Isotypic decompositions of R® © L; under A;.
& — & R® & P;; 25 [sotypic components

fl — 62 (0,$2,$3;?/1,y2, _y2) < 317T771r/2a7?r > (0,372,1‘2;0,0,0), (Oax% —T2; 07070)
(07070;y17070)7 (07070;an27_y2)

62 — 1053 (x17$2,$353/17 070) < T’Y}r/gﬂ’%%/g > (.1}'1,0,0;0, 070)7 (O,.Z'Q,.Tg;0,0,0),
(anvo;ylaoa())

53 — 51 (0,3327553;0,92793) < 517’771ra773r/2 > (07x27x2;0a070)7 (Oax% —Z2; 07070)
(Oa 0)0;07y2ay2)7 (0,0, 0507202: _y2)

51 — 54 (07x27x3;y17y27y2> < T’Y}T/Q?Slry;;/Q > (O,ZEQ,.T?);O, 070)7 (07070591707 0)7
(07070;an27y2)

§4— &5 (331,552, —53233/17?&,92) < 317’771”517’%3? > (331,070;070, 0)7 (0,552, —$2;y1>y2,y2)

55 — pgl (351,070;?/1,927%) < 7072/3 > (xl,0,0;0,0,0), (07070;91,927?43)

Table 3:  Isotypic decompositions of R® & P;; under 3;;. The plane P53 coincides with
Ps3, therefore it is not listed.
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Name Subspace FEigenvectors Eigenvalues Figenvalues
R.=& (¢,0,0;0,0,0) el A1 (radial) 2A,2°
(0,u2,u3;0,0,0) €12,€13 A2 = A13 (Ay — Ay)a?
(0,0,0;U,0,0) €14 A4 Ao + 041'2
(0,0,0;O,U, U) €15 A5 Ao + (05 + C()'):E2
(0, 0, 0; 0, u, —u) €16 )\16 )\2 + (05 - 06)1'2
P’PQ.=¢&  (¢,0,0;0,0,0) es1 As1 (A2 — Ay)a?
(0, q,q;0,0, 0) €52 M52 (radial) 2(A1 + A2)1E2
(Ov 4,—¢; 0,0, 0) €53 A53 2(A1 - A2)$2
(0,0,0; w1, u2,u2) €54, €55 Asa, Ass  p + po = 2Xg + (Cy + 3C5)2?
pipe = (A2 + (Cy + Cs)x?) x
(A2 + 2C522) — 2C32*
(0, 0, O; 0, uz, —’LLQ) €56 )\56 )\2 + (04 + 05)1‘2
Rw = 63 (0, 0, 0; q, 0, 0) €34 )\34 (radial) 2313/2
(0,0,0;0, uz, u3) €35, €36 A35, A36 (B2 — B1)y?
(U,0,0;0,0,0) es31 A31 A+ ClyQ
(0,u2,u3;0,0,0) €32, €33 A32 = A33 A1+ Caoy?
pRy = p&s (0,0,0;0,q,0) ey Asq (radial) 2B1y°
(0,0,0;u1,u2,0) €35, €36 A35, A36 (Bz — By)y?
(O,U,O;0,0,0) es1 A31 A+ Cly2
(u1,u2,0;0,0,0) €32, €33 A32 = As3 A1 + Coy?
p*PQy, =&  (0,0,0;u,0,0) e A2y (By — B1)y?
(O, 0,0;0,q, q) €eo5 o5 (radial) 2(31 + Bz)y2
(0,0,0;0,q,—q) e 26 2(B1 — Ba)y?
(q,0,0;0,0,0) €921 )\21 )\1 + (202 + Cg)y2
(0,u2,u3;0,0,0) €22, €23 Aoy = Ao3 M+ (C1 + Co)y?
P*PQ, =&  (0,0,0;0,q,q) ess A5 2(B1 — Ba)y?
(0, 0,0;0,q, —q) €46 A6 (radial) 2(31 + Bz)y2
(¢,0,0;0,0,0) e a1 A1+ (2C3 — C3)y?
(O, Ui, u2; O, 0, 0) €492, €43 )\42 = )\43 )\1 + (Cl + Cg)y2
(0,0,0;6],0,0) €44 A44 (BQ - Bl)y2

Table 4: Eigenspaces and associated eigenvalues near equilibria in the network.
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