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1. Introduction and preliminaries

This work deals with Appell sequences with respect to lowering (or annihilating) operators involving the Hahn's
operator, often called as g-derivative operator, here denoted as Hy:

_ flgx) = f(x)
(qu)(X) T (q—l)x ) f€¢@7
where ¢ belongs to the set C:=C— |J U,, where
n=0
U — {0} , n=0
" {zeC:"=1} , n>1.

After giving preliminary results and notations in use, in section 2 the definition and characterization of the so-
called H,-Appell polynomial sequences (with particular emphasis to the orthogonal ones) will be recalled, but also
some new results will be achieved. The main goal of this work is to obtain information concerning the quadratic
decomposition of these H,-Appell sequences, which amounts to the same as characterizing the four polynomial
sequences associated to the description of the even and odd terms of an H,-Appell sequence. This brings us to
section 3. Insofar as such quadratic decomposition gives rise to Appell sequences with respect to a new operator
(which is of second order in H.), in the last section, these new Appell sequences will be characterized, stressing
those possessing orthogonality. Finally, we will prove that these latter polynomial sequences must be the Little
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q*-Laguerre polynomials, up to a linear change of variable. The g-Laguerre polynomials will be characterized as
well as Appell sequences with respect to a precise operator.

We denote by &7 the vector space of the polynomials with coefficients in C (the field of complex numbers) and
by &' its dual space, whose elements are called forms (or linear functionals). The action of u € &’ on f e &
is denoted as (u,f). In particular, we denote by (u),:= (u,x"), n >0 the moments of u. Recall that a linear
operator T : & — & has a transpose 'T : ' — &' defined by

(Tw),f)=WuT(f)), ue P feP. (1.1)

For example, for any form u and any polynomial g, let Du=u' and gu be the forms defined as usually by

<u/7f> = —<Lt,f/> ’ <gu7f> = (u,gf>,

where D is the derivative operator. Thus, D on forms is minus the transpose of the differentiation operator D
on polynomials. We will denote by h,f the homothecy of a polynomial f with a € C— {0}, precisely, we have
(haf) (x) := f(ax). In accordance with (1.1), by duality we define the homothecy of any form u by

<hauaf> = <uvhaf> = <u,f(ax)), fe& ac (C_{O}

The g-derivative operator may be also defined as follows

1
quﬁﬁoo(hq_ly), (1.2)

where 15 represents the identity operator in &2 and . with ¢ € C is the linear application

¥ ¥ — P

p — (Op)x)= p(xi:f(c) :

This linear application 9. allows to define the division of form u by a first degree polynomial, that is (x —c¢)'u,
so that, by transposition, we merely have ((x —c¢)~'u, p) := (u, O.p), for all p € 2.

The linear operator H, has a transpose ‘H,, from &' into &', defined by duality according to (1.1):

1 —1
th = ﬁ (hq — I‘@/)x

We can define the g-derivative operator H, on &’ as minus the transpose of the g-derivative operator on &, that
is, 'Hy := —H,, so that

(Hyu, f) = —(u,H,f), f€ P, ueP, (1.3)

In particular, this yields

with the convention (u)_; =0, and

Next, we formally list some properties of this operator Hy, either on &7 or on &7, essential for the sequel:
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Lemma 1.1. The following properties hold [8, 17]

(Hof112) (x) = (haf1) (x) (Hof2) (x) + f2(x) (Hof1) (x),  fi,fo€ 2, (1.4)
(hafif2) (x) = (haf1) (x) (haf2) (x), f1,fo € P, a€ C—{0}, (15)
ha(gu) = (hy-18) (hau), g€ Puc P acC—{0}, (1.6)
Hq(gu) =g Hu-+ <Hq71g)hqu, ge Pucy (1.7)
Hq(gu) = (l’lq—lg) Hunrq_1 (Hq71g>u, g€ Puc (1.8)
Hyoh,1=q 'H in? (1.9)
/’qul OHq = qul in & (1.10)
Hyohys=ah,0oH,; in% (withaecC—{0}), (1.11)
HyoH, 1= g H,10H;, in? (1.12)
The operator H, is injective in &' (1.13)

Let {B,},>0 be a sequence of monic polynomials with degB,, = n, n > 0 (monic polynomial sequence: MPS) and
let {u, },>0 be the corresponding dual sequence, u, € &, defined by (u,,Py) := 0, k, n,k > 0. We recall from [13],
that any form u € 22" may be represented through

u=Y (u,By) uy . (1.14)

n=0

A monic orthogonal polynomial sequence - hereafter MOPS - {B,},>¢ is characterized by

{BQ()C) =1 5 B](X) ZX—ﬁo (1-15)
By2(x) = (x = But1)Bus1 (X) = Yut1 Ba(x) . n >0,
Unt] = ((”07B%+1>)_1 By t1uo (1.16)

where {uy},>0 represents the corresponding dual sequence and (B, ¥%:+1)s>0 are known as the recurrence coeffi-
cients with 9,41 #0, n > 0.

2. Appell sequences with respect to lowering operators

Consider & to be a lowering operator, that is, a linear operator that decreases in one unit the degree of a polynomial
and such that (1) =0.

Given a MPS {B, },>0, we construct another MPS {BL”(-;@’)},@O by setting

1
Pn+1 (ﬁ)

where {p,11(0)} >0 represents a sequence of nonzero constants realizing the condition @ (x"*!) = p,.1(0) X" + b, (x)

B (x;0) = O(Buni(x)) , n>0,

with degb, < n, for any integer n > 0.

Definition 2.1. A MPS {B,},>¢ is called an Appell sequence with respect to a lowering (annihilating) operator

O or simply O-Appell sequence if BLI](-7 O) = By(-) for all integersn >0, [4, 5].

Lemma 2.1. Let & represent a lowering operator such that (ﬁC”“) (x) = pnﬂ{x” I R e S }
with Mo = x—1 = Xo = 0 and supose that {B,},>0 is an O-Appell sequence. Expressing the terms of {B,},>o as

B,(x) =x"+b X" ' e, X" ..., n>0, (2.1)
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with by = c_1 = co =0, we then have

b n
bpt1 = Pt (Pi -Y v)

)
L oy by ﬁtii)

Cl
Cn+1 = Pn+1Pn+2 ( - Z

pip2 4 Pv Pv+1

n>1. (2.2)

Proof. The 0-Appell character of the sequence {B,},>0 ensures the equalities

pu1Ba(¥) = (0Bt ) (x) . n>0,
which, under the assumptions, become
Pntl (x” A MaX" ™+ Y1 X ) + by 1Pn (x"*l A M1 X2 A Y2 )
+CnPn-1 (x"*2 + M2 Y > = Pt (x” +bpx" N e X ) , n=0,

with the convention p_; =y =n_; =0 for k > 0. The comparison of the coefficients in the previous identities
provides

by bpy _ M
Pn  Pn+i Pn
Cn Cp+1 Xn+Mn bn+2 5:1 ! > 1’
Pn Pn+1 - Pn-+1Pn+2 B Pn Pn+1
yielding the relations (2.2). O

For instance, if & = H, or € =D, then we have (H,{"t!)(x) = [n+ 1]gx" and (DE"1)(x) = (n+ 1)x", n >0,
respectively. In both cases, 11, = ¥, =0, n > 0. More generally, we have:

Corollary 2.1. Let @ be a lowering operator such that <ﬁ§"“) (x) = Puy1x" for any integer n > 0. If an O0-Appell

sequence {B,}n>0 is orthogonal, then the corresponding recurrence coefficients are given by

anip“;)_p” Bo . n=0, (2.3)
1
Pr+1 2
= — —Pn) — - >
hh = oo {pl(pm Pn)71+<pl(Pn+2 Pn) = P2 (Pn+1 pn))ﬁo} , n=0, (2.4)

with the notation p,.1 := pu+1(O) for any integer n > 0.

Proof. Let us express any element of {B,},>0 as in (2.1). By equating the highest powers of x in the second
order recurrence relation (1.15), the standard relations are derived

Bn:bn_bn—H , n=0

Ya+1 = Cn — Cpt1 — ﬁrz+lbn+l , n=0,
with by = c_1 =9 =0. Under the assumptions, based on the previous lemma 2.1, we achieve the result, inasmuch
as bl = —ﬁ() and Ccl1 = ﬁg <[€2 — 1> -N. |
1

Example. Consider a MPS {B,},>0 as above and let {BLI](-;q)}@o be the MPS defined by
1

By = oy,

HyBy:1)(x),n > 0. (2.5)

The corresponding dual sequence {u,[ﬂ (q) }n>o0 of {BL”(';q)},@o is related to the dual sequence of {B,},>0 through
(see [8])
H(g)) =—n+1 >0 2
Hq Un (Q) = [l’l—i— ]qun+17 n=u. ( 6)
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An Hg-Appell sequence {B,},>0 is defined by the condition B,(-) :B,U](-,Hq), n>0.

The existence of orthogonal H,-Appell polynomial sequences is well known and it was studied from different points
of view, see for instance [1, 8].

Under the assumption that the H,-Appell polynomial sequence {B,},>0 is orthogonal, on the strength of corollary

2.1 with the natural replacement p, | = [n+1],, n > 0, the corresponding recurrence coefficients are given by
Br=PBoq", n=0, (2.7)
Y1 =4'[n+1]gn, n=0, (2.8)

where fBy and 7y, # 0 are two arbitrary constants. In addition, the H,-Appell character of {B,},>0 supplies the
[1]

equalities up ' = u,, n > 0, whence from (1.16) and (2.6), follows the relation

Hq(B,,uo) =— s l]q Byiiug, n=0.
Yn+1
The particular choice n =0, yields
Hy(uo)+v " By up=0. (2.9)
Thus, {By,}n>0 represents the Al-Salam and Carlitz polynomial sequence [1], up to a linear transformation. For
further reading see the book of Ismail [7, Ch.18]. O

3. Quadratic Decomposition of H,-Appell sequences

It is always possible to consider the quadratic decomposition (QD) of a given a MPS {B,},>0, through the
association of two other MPS {P,},>0, {R:}n>0 and two sequences of polynomials {a,},>0 and {b,},>0, with
degay,,degb, < n, according to [12, 15]

Bon(x) = Py(x®) +xap_1(x?), n>0, (3.1)
Boni1(x) = ba(X) +x Ry(x*), n >0, (3.2)
with the convention a_;(-) = 0. Providing the characteristics of {B,},>0, it is possible to infer properties about
{P}n>0, {Rn}n=0, {@n}n>0 and {b, },>0 and consequently, to get more acquainted from the original MPS {B,,},>o.

However this procedure is sometime quite hard to solve, specially when the sequence {B,},>0 is not symmetric,
since the symmetry of {B,},>0 implies a,(-) = b,(-) =0, n > 0.
Under the assumption of the H,-Appell character over the MPS {B,,},~0 we are able to derive properties concerning

the four associated sequences, as stated in the next lemma.

Lemma 3.1. Consider the quadratic decomposition of the MPS {B,},>0 according to (3.1)-(3.2). If {Bu}s>0 is
H,-Appell, then the sequences {P,},>0 and {R,},>0 are Appell sequences with respect to another g-differential
operator. Moreover,

R = e 4 Rl no (33)
Fale) = qn+ 1](121 [2n+ ﬂq j/q(il) [P"H] (x), n=0. (3.4)
bnlx) = g n+ 1]1qz 2n+3], My D [baa] (x), 1 >0, (3.5)
an(¥) = q [n+2]q21 [2n—|—3]q //;Jﬂ) [a’”rl] (x), n=0. (3.6)
with
ME = (q+1)Hp xHp — €], Hp (3.7)
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Proof. Representing by {B,}.>0 an H,-Appell sequence, we proceed to its quadratic decomposition in accordance
with (3.1)-(3.2). Operating with H, on both sides of (3.1), with n replaced by n+1, and on (3.2), we respectively
obtain

20+ 2y Bang (x) = (HyPar1 (62)) (0 + (Hy€ an(9)) (), n >0, (38)

2+ 1]B2(x) = (Hyba(E2)) (0) + (Hy& Ra(E)) (x), n>0, (3.9)

since the Hy-Appell character of {B,},>0 provides (HyB,11)(x) = [n+ 1]4 By(x), n > 0. The substitution of By,
and By, on the left hand side of the equalities (3.8)-(3.9) by their expressions given in (3.1)-(3.2), permits to
obtain two new relations, none of them depending on the elements of {B,},>0, which are:

20+ 20 {b(2) +x Ry (2) } = (Bt (63)) () + (Ho an(ED)) (), n >0, (3.10)
2n+ 1], {Po() +x a0 1(2) = (Hiba(E%) () + (HiE R(ED)) (x), n>0. (3.11)
If 6: 9 — 2 represents the linear operator defined by (6 f)(x) := f(x?), for any f € &, then the identity
Hjoo=(q+1)x0c0H, in . (3.12)
holds. Combining the latter with
Hyx=qxH;,+1p in & (3.13)
obtained from (1.4), we get
quoG:G<q(q+1)xqu+Ig;> in 2. (3.14)

Based on (3.12) and (3.14) the relations (3.10)-(3.11) become, respectively, as follows:

21420, {0 bu(x) + ¥ 0 Ry(x) } = (g+1) x (0 0 Hp) [Py (x)

too ( (q+1)Hp +15)] 0, (3.15)

2n+1],{0 Pu(0) +x 0 ar1(x) } = (a+ 1) ¥ (0 0 Hy)[bur1] (¥
+oo (q(q—l—l g +I/—>) 0. (3.16)

Equating the even and odd terms in (3.15) and in (3.16), we respectively have:
20+ 2]y Ralx) = (q+ 1) Hp[Po)(x), 130, (3.17)
20420y bu(x) = (9lg+ 1) ¥ Hp +15)[(x), 0 >0, (3.18)
2n+ 1], By(x) = ( (q+1)xHp —|—I@>[R J(x), n>0, (3.19)
2n+1]gan-1(x) = (g+1) Hp[ba](x), n=1. (3.20)

The relations (3.17) and (3.19), provide

[2n+2], [2n+ 3]y Ru(x) = (g+ 1)H,p (q(q—|— 1) xHp +1,@) [Roc1](x), n3>0, (3.21)
2n+1], [2n+2], Pu(x) = (q(q—l— 1)xHp +19)(q+ DHp[Poi1)(x), n>0. (3.22)

By taking into account the identity (3.13), with ¢ instead of ¢, and also the identities (g +1) " [2n+2], = [n+ 1,2,
with n €N, and ¢g~! = —[—1],, the achievement of the relations (3.3)-(3.4), under the definition in (3.7), comes
as consequence of the previous obtained relations (3.23)-(3.24).

The other two relations (3.5) and (3.6) that remain to be proved, may be obtained through a procedure as simple
as the previous one. Indeed, by virtue of (3.18) and (3.20), it follows

2n+2], [2n+ 3], ba(x) = (q(q+ 1) xH, +Ig) (q+ DHplbui](x), n>0, (3.23)

20+ 3], [2n+ 4]y an(x) = (g + DH,p (q(q—i—l)xqu 1 ) [an](x), n=0. (3.24)
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which, because of (3.13), may be transformed into the relations (3.5) and (3.6), respectively. O

The arisen operator ///q(s) is another example of a lowering operator. The relations (3.3)-(3.4) ensure that the two
MPS {R,}n>0 and {P,},>0 associated to QD of an Hy-Appell sequence are, according to definition 2.1, .//[q(H)
and //lq(_l)—AppeII sequences. Therefore, the characterization of these arisen ///q(g)—AppeII sequences is now the
issue. We will follow an algebraic approach operating on the dual space #?’. In order to accomplish this we
need to determine the transpose of Q///q(e) denoted by i///q(s), which, according to (1.3) and (3.7) is given by

! q(g) =(q+1) Hp xHp + [—€lq Hgp in 2’ We introduce the operator

Lyen = (q+1) HpxHp +ul—€l, Hp in & (3.25)

and thereby ///q(s) = ZLye—1. Thus, the transpose of Le y is 'Lypey = Ly in P leaving out a slight
abuse of notation without consequence, and it is injective in &’ since £ is surjective in Z.

Henceforth, we will deal with the characterization of the .Z.¢ ,-Appell sequence and, thereafter, we will seek all
the MOPS that are invariant under the action of this lowering operator.

4. The arisen .Z. ,-Appell polynomial sequence

From a given a MPS {P,},>0 we construct another MPS {an(-;(,%;g,#)}@o defined through
1
anrl(ga“QQ)

where the operator .Z.c , is given by (3.7) and {p,+1(€,1;9) := Pusi}n=0 represents a sequence of nonzero
numbers conveniently chosen in order to have

P (6 Lo ) = (LpeuPus1)(x), n=0, (4.1)

Lyen[§(X) = pur1 X, n>0.
Thereby,
Pui1=q € [n+1]p ([2n+2—|—8]q —(u+1)[e], ), n>0, (4.2)

where necessarily

(e,11) € {(x,y) EC i x#2+1) A [—agy#—[2n+2,, n> o}. (4.3)
For the sake of simplicity, we will loosely write P,El](-) = P,El] ( ;fq;g‘,“) ,n=0.
Let us denote by {u, },>0 the dual sequence of {P,},>0 and by {u,[f]}@o the dual sequence of {P,E”},@o.

Lemma 4.1. The elements of the sequence {uw}@o fulfil

Loe—u (”LH> = Pn+1 Unt1, n=0. (4.4)

Proof. The dual sequence {uw}ngo is defined by <u£,1] , P,Ll]) = Oy m, n,m > 0. The definition of the transpose of
ZLye.u enables the identities

1 1
P Bun = (0, Lo (Pu) ) = (L) Bu) . mm >0,
and, according to (1.14), the result is attained. O
There are a few other properties that ought to be determined in order to seek the .Z.. ,-Appell orthogonal

sequences, such as the action of .Z.c , over the product of two polynomials or the action of .Z.c _,, over the
product of a polynomial by a form.
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Lemma 4.2. Forany f, g€ &2 and u € &', the following relations hold

Lo (1) 8()) = F() Lo (80)) + Lo (£()) g (80)) -, x (Hpoh 2(0)) H (F)) . (45)
and
gq:esu( gu ) =y (g) gq;esu( ”) —q* (hq*“ ° Lyep (g)> u (4.6)
+q % ¢, {(x hy20H, > (g)) Hp (u) + (Hq—szq_z (g)) u} , 8€X  ucy -

where
4= cgep =202y — =gl = 1) = [2), (2 g 1)) 7

Proof. From (1.4) and after some computations according to (1.5), (1.11) and h» —I» = (q> — 1)H, the relation
(4.5) comes out, that holds for any two polynomials f and g. With the substitution of g by (hq74g), (4.5) becomes
like
Lyen (f hq—4 (8)) = f («Zq;e,u th—4 (8)) + (o%;s,u (f)) 8
g {Hyp (f (sHpohysg) ) —a2f (HyaxHpohyog)) }
which, because of (1.5) and (1.9)-(1.12), amounts to the same as

Ly (f hg-+ (g)) = q* (hq‘4 0 Lyep (3)) f+sg (-zq;s,# (f))

+cy q“‘ {qu (f (x hqu qufzg)) —f (quszqug)) } 0

This permits to infer the action of .Z.¢ , over the product of a polynomial by a form. Indeed, by duality we define
the product of any g€ & by ue #':

(ZLieulou) £) = (w8 Zyeu(f))
and, because of (4.8) it follows,
(Lienlgw) . 1) = (. Lyeu (1 hyo(9)) a7 (hy+0Lyen(s)) S
—cqq " {Hq2 <f " Xhg20H (g)) — frHg2xH (g)} >
= (hy<(8) L) . 1) = (a7 (b0 Lien(s) ) u. £)
+cq q’4< (x h,20H, > (g)) Hp(u)+ (Hq—szq—z (g)> u, f> , feP
ensuring the identity (4.6). O

We have fulfilled the necessary requirements to seek all the orthogonal polynomial sequences invariant under the
action of .Z.¢ , to state the result:

Theorem 4.1. If {P,},>0 is an Le u-Appell MOPS, then the corresponding regular form uq fulfils

q2+£ (qZ _ 1) ﬁO
((u+1)gt—g* 2 —p)

qu(xuo)—ﬁ_] (x—Bo) uo=0 with O =

#0 (4.9)
and the recurrence coefficients are given by
" (1+*(ug > +q°—pg *?) — (¢ +1) ™)
7*(¢> 1)
q*"2(q+1)Bgpnri
2
Pi

where the range for the complex parameters €, 11 is set in (4.3).

Br= o, n=0, (4.10)

Yo+l =
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Proof. Under the assumption of the existence of a MOPS {P,},>0 that is .Z.c ,-Appell, proposition 2.1 ensures
that the recurrence coefficients of {P,},>0 would be given by (2.3)-(2.4) with p,; given by (4.2). In particular,
(2.3) corresponds to (4.10). Now the goal is to simplify the expression (2.4) in order to ensure },41 # 0 and,
concomitantly, to characterize and identify the MOPS {P,},>0. Following (4.4), the .Z.¢ ,-Appell character
of {P,}n>0 vields the relation Z.¢ (un) = Pn+1 Unt1, n = 0, where {u,},>0 represents the corresponding dual
sequence, whose elements may be expressed as in (1.16), because of the orthogonality of {P,},>0. Consequently,

we have
fq;&,u (Pn(x) MO) = n Pt (x) u , nz=0, (412)
where
<M0,P2> Pn+1
A’n = Ppn = s n 2 O 413
Pt < P,%+1> Yat+1 ( )
When n = 0, the relation (4.12) becomes
-iﬂq;e,fu (”O) = AO Py (x) up. (4'14)

After the substitution n — n+ 1, and according to the product rule (4.6), the relation (4.12) may be rewritten like

hy-s (Put1) Lye—u (o) — q* hy-a (-iﬂq;e,u (Put1 )) Uuo

g4 Cq {x hy20H, > (Pn+1) Hyp (uo) +Hy2 x Hy 2 <Pn+1> uo} A1 Pioug , n=0 (4-15)
By virtue of (4.14) and also because .Z.¢ (P,,H) Pn+1 By, n >0, the equality (4.15) becomes
g tegx (hqu oH, > (P,,H(x))) Hp(up) =Apia(x)ug , n=0, (4.16)
where
An2(X) = Aps1Poya — Ao P hys (Pugt) +q~ { pus hys(P.) —Hy2xH,2(Pii1)} . n>0. (4.17)
The particular choice of n =0 in (4.16) results in another simple functional relation fulfilled by u(:
g te, x Hp(uo) = Az(x) ug - (4.18)

Depending on the polynomial A;, the latter functional equation is expected to describe the regular form uy. Before
accomplishing the computation of A, we will firstly derive more accurate conditions over the A's (and consequently
over the 7's) which will indeed provide that degA, | <n for any integer n > 1. To begin with, we will derive a new
expression for the polynomials A, and afterwards we will show that necessarily degA, < 1 implying the claimed
condition. Between (4.16) and (4.18), and on account of the regularity of ug, a g-differential-difference equation
fulfilled by the sequence {P,},>¢ is achieved:

Apsa(x) = (hqu oH, (P,,+1(x))>A2(x) ) (4.19)

(which can be transformed into a g-differential equation, upon the replacements B2 = (x — Byi1)Pot1 — Yos1Ba
and also B, = pn;ll Zyen(Pus1)). By equating the coefficients of ™2 in (4.19), we derive the relation

Apit — Aog 4t = =20 [n+1],2 (4 —20g™ ), nx=o0. (4.20)
On the other hand, the action of H,> over the relation (4.18) provides
q_4 Cq qu X qu (up) = hqu (Az)qu (uo) + q_qufz (A2) ug

and the comparison with (4.14) gives rise to new equation

4. 0l— —4c
{w - hq_z(Az)}Hq2(u0) = {q_qu_z (A2) — 6; n [ AP }uo (4.21)

g+1
Between (4.18) and (4.21) and by taking into account the regularity of ug, we derive polynomial the relation

q*“cqx{q*qufz(A) 1 C‘% P} = {qijﬂ] — iy (A2) }as
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which implies degA, < 1. From the definition (4.17) with n =0, it follows ; = g~*4¢ and therefore (4.20) becomes
like

In=q " , n>=0.
Now, recalling the definition of A, in (4.13), the previous relation provides

1
Yo+t :q4npnp71r n , nz0.

Comparing this expression for the y coefficients with the one previously obtained in (2.4), leads us to a new relation
between By and ¥;:
an Pn+l  Pntl

p1 n= pi P2

{pl(Pn-i-Z_pn) 71+(p1 (pn+2_pn)_p2(pn+l_pn))ﬁoz} , n=0,

yielding

P1 (pn+2 - pn) — P2 (pn+1 - pn)
P1(4*" p2— Puia+pn)

which can only be admissible if By # 0 (rejecting the existence of symmetric sequences). Considering the definition

of the p coefficients in (4.2), we have

P1 (pn+2 - pn) —pP2 (pn-i-l - pn) = q2(q+ 1) (q4n P2 — Pn+2 +pn) , n P 07

N = Bo* , n>=0,

whence )
+1
ne? (g+1) By
P1

g p

providing (4.11). Consequently, A, =-——+ and
(411 (q+1)B§
Ao(x) = p1((¢*+1)p1—p2) 4P (2= (g*+1) p1) —cqq*(q+1)
q°(q+1)Bo 4°(g+1)
e D) @) -p) D) )

q2(2+£) (61 _ 1)[30 q2(2+£) (q _ 1)

Based on (1.7), the functional equation (4.18) may be rewritten like
2
qu< X ug ) — Zq (q_4cq—|—A2(x)> up=0.

which corresponds to (4.9). O

From this latter we may read that an .7 ,-Appell orthogonal sequence {F, } >0 is necessarily H,»-classical [8] and
the corresponding regular form u is H -classical. Hence, we will follow the work of [8] in order to be acquainted
with this sequence within the context of the already known sequences. Consider the sequence {P,},>0 obtained
from the original .2 ,-Appell orthogonal sequence through ﬁn() :=A"" P,(Ax) for n > 0, where

o

g —1

in which 9 is given by (4.9) and a; := ¢ 2(u+1—pug ). Let us set

A=19

| A\l
a=(mg) = (u+1—uq 8)
Consequently, the regular form associated to the .2 ,-Appell MOPS {ﬁn}@o is Uy := hy-1up and fulfils
H, (x ﬁ()) (-1 aP) " (x—1+ag?) i =0. (4.22)
The corresponding recurrence coefficients are then given by
En = Bn(qzla) =g (OC+ | 1 (q2+ 1) qzn) , n=0,

and
Tt =T (@Pla) = g™ (1-¢"2) (1—ag™?), nx0.

10
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Following the discussion carried out on [8] or on the report [9], we conclude that an .Z.¢ ,-Appell orthogonal
sequence corresponds, up to a linear transformation, to the Little ¢>-Laguerre polynomials that are also H-
classical. The MOPS {P,},>0 actually depends on two parameters: ¢* and a, which in turn depends on & and
1. This compels us to more accurately write {P,(-;¢%|a)},0. The corresponding regular form iy := zip(¢*| @) is
regular if and only if & # ¢~ 2**1) n >0 and it is positive definite for

0<g*<1 and O<a<gq? OR ¢ >1 and ae}—w,O[U}—q_z,m[

Replacing ¢2 by g, the MOPS {P,(-;¢|ct)} 0 is now Hy-classical, Z . y-Appell and it corresponds to the Little
g-Laguerre polynomial sequence. With the substitution of ¢ by ¢!, the MOPS {B,(-;¢~ ") } >0 is H,1~classical,
-Appell and it corresponds to the g-Charlier | polynomial sequence [10].

"%q‘l/z;s.,#
Based on the discussion in [8, pp.96-97], the form iiy(¢?|a) may be expressed according to
2k
(04
(aqz’qz)mz((zqz)) 5q2k s O<q2< 1 s ‘(x‘ <q72
20N q-:q
o (¢l = L
Z a)kquk ., @ >1,laf<1 or <0
)eo k>0 gt

therefore, we get the integral representations for any f € & and with « := ¢*7, it holds

(12 5 (og?)*
Z(aq q )°° ’@Z()(qz;qz)k < 5qzk ) f>

-2 Y

1 9 T 2 2
T Kl/o 2 (g2x: ) £(x) dx

0<g*<1,0<a<q?

1 a6 )
2 (a:q72)= (5 iqz;qoz)k . ! P>, qg%<a<1
\ +§ Kz/_m( |x||),C|qz) f(x) dx
where
K = (q 2(r+1)/1tr (1:¢%) dt> !
0
and

with the notations

, n=0
(=14 " :q)e = [[(1—aq” 1.
(@;9)n [[(1-ag") . n>1 and  (a;q) vIJO( aq’) , |ql <
v=0 -
e . ~ ., _£
The choice of 4 = —1 provides ot = g~ 2 and .,2” ey —//qu%;g. Hitherto, from the MOPS {P,(-;¢ '|q 2)}@0

we may construct another one {P,, (x,q| 2) }n>0 by defining

~ ~ £
Py (X;‘]| %) = (=1)" Pn(—x;q_l lg72) , n=0.
which is orthogonal with respect to the form uy = h_jug = h_, 1ug that fulfills the equation

qul (x I/Nto> +q§+1(q71 — 1)71 (x—i— 1 —q7%71>ﬁo =0

11
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The corresponding recurrence coefficients are
£

Bui=PBulal = $) = —Bula la ) =q " E(1-g" +(1-q" ) g ) n>0,

- ~ ~ _& €
Tt =Y (@l = 5) =N1 (g g 2) =g " E(A—g" (1 —¢g"T2), n>0.

Hence the MOPS {P, (x;¢|%) }uso corresponds to the g-Laguerre polynomials of parameter § and it is indeed

E\Eﬁﬁl—Appell (which amounts to the same as ///\/(Fﬁ—Appell) [18].

The moment and integral representations of the aforementioned forms may, as well, be found in [8].
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