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Abstract

The goal of this paper is to present a basis of identities B for the
variety of all strict pseudosemilattices. We will then use B to obtain
some properties for the variety of all strict pseudosemilattices.

1 Introduction

A regular semigroup is a semigroup S for which every x € S has an
2’ € S such that xa’z = x. We shall denote the set of idempotents of a
regular semigroup S by E(S). We define the following two binary relations
on E(S):
ew'f & e=fe and ewf o e=ef.

We consider also the binary relation w = w” Nw' on E(S). Then w” and w'
are quasi-orders on E(.S), while w is a partial order on E(S). We shall denote
by w”(f) the set of idempotents e such that ew” f. Similarly, we define w!(f)
and w(f).

Locally inverse semigroups are regular semigroups for which any two
idempotents e and f have another idempotent g such that w"(e) N W'(f) =
w(g). This idempotent g is unique for each pair of idempotents e and f, and
shall be denoted by e A f. Thus, any locally inverse semigroup .S originates
a new binary algebra (E(S), A) called the pseudosemilattice of idempotents
of S. These new binary algebras form a variety PS defined by the following
three identities together with the left-right duals of the last two (Namboori-
pad, [8]):

(i) x Nx =~ x;



(17) (xANy)AN(zAz)=(zAYy) Az
(1i1) (xAY)A@EA)A(xAw)=(xAy)A(zA2)A(xAw)).

Abstractly, a pseudosemilattice is a binary algebra satisfying these five iden-
tities, and so, any pseudosemilattice is the pseudosemilattice of idempotents
of some locally inverse semigroup.

An e-variety of regular semigroups is a class of these semigroup closed
under formation of homomorphic images, regular subsemigroups and direct
products (see [3, 4]). The class LI of all locally inverse semigroup is an
example of an e-variety of regular semigroups. Auinger [2] showed that the

mapping
¢: L(LI) — L(PS), V+— {(E(S),N)|S eV}

is a well-defined complete homomorphism from the lattice £.(LI) of e-varie-
ties of locally inverse semigroups onto the lattice L(PS) of varieties of pseu-
dosemilattices.

Pseudosemilattices are not semigroups in general. The largest variety of
pseudosemilattices whose algebras are also semigroups is the variety NB of
all normal bands and the smallest variety of pseudosemilattices with algebras
that are not semigroups is the variety SPS of all strict pseudosemilattices.
It is well known that NB C SPS. A strict pseudosemilattice is the pseu-
dosemilattice of idempotents of some [combinatorial] strict regular semigroup
and a strict regular semigroup is a subdirect product of completely simple
and/or 0-simple semigroups.

Free pseudosemilattices have been studied in [5, 7] and one solution for
the word problem for free pseudosemilattices has been presented in [9]. The
free strict pseudosemilattices were studied by Auinger [1] who gave also a
solution for the word problem for them. In this paper we shall present a
basis of identities for the variety SPS of all strict pseudosemilattices and
draw some consequences from it.

In the next section we present a model for the free pseudosemilattice on X
involving labeled connected cycle free bipartite graphs. Several other models
have been presented in [10]. However, the model presented here seems to
be more effective for our intentions. In Section 3 we reduce our scope of
identities for defining varieties of pseudosemilattices. We define the notion
of elementary identity and prove that, for varieties of pseudosemilattices, any
identity satisfied by all strict pseudosemilattices is equivalent to a finite set
of elementary identities.



In Section 4 we define a set B of elementary identities and prove that B is
a basis of identities for SPS. Then, we use this basis to obtain some properties
for SPS. For instance, we shall prove that SPS has infinite axiomatic rank
and no independent basis of identities. We shall prove also that SPS is
A-irreducible in the lattice of varieties of pseudosemilattices.

2 Free pseudosemilattices

Throughout this paper we shall denote by X an arbitrary alphabet and
by (F»(X),A) the absolutely free binary algebra on X. A bipartite graph
can be described as a triple (L, D, R) where L U R is the set of vertices with
LNR=0and D C L x R is the set of edges. Let B be the set of all 6-tuples
(I,L,D, R,r,¢) such that

(a) (L, D, R) is a connected cycle free bipartite graph with (I,7) € D;
(b) ¢: LUR — X is a labeling for the vertices of (L, D, R).

Let Dy = {(ap,bp) : (a,b) € D} U{(ap,ap) : a € LU R}.
We shall now inductively associate a 6-tuple a, = (ly, Ly, Dy, Ry, Ty 0u)
from B to each word u € F5(X):

(i) |Lz| = |D;| = |Rs] =1 and lpp, = ryp, = x for any = € X;

(17) if u =2 Ay with z,y € X, then |L,| = |Dy| = |Ru| =1, lup, =  and
TuPu =Y,

(7i1) if u = vAw, then ay, = (ly, Ly ULy, Dy UDyU{(ly, 7))}, RyURuy, Ty 0u)
where ¢, is the natural labeling induced by ¢, and ¢,, (note that we
are assuming that L,, L,, R, and R,, are pairwise disjoint sets).

Clearly each «, belongs to B. The reverse is not so evident but it is still
true, that is, we can construct, for each a« € B, a word u € Fy(X) such
that a = «,,. In fact, we can usually construct several words for each . In
Section 3 of [9] we introduced an equivalence relation o on Fy(X). We can
check easily that a, = «, if and only if (u,v) € o for each u € F5(X) such
that |c(u)| > 2, where ¢(u) is the content of u, that is, the set of letters from
X that appear in .

Next, we introduce the concepts of labeled subgraph and strong labeled
subgraph for members of B. These concepts will be useful later. Let «; =
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(l;, Li, D;, Ry, i, ;) € B for i = 1,2. We say that « is a labeled subgraph of
iy if there exists an injective map v : L1 U Ry — Ly U Ry such that

(1) D1y = {(ay),by)) : (a,b) € D1} C Dy;
(17) aps = aypy for all a € Ly U Ry.

Observe that we must have L) C Ly and Ry C Ry since Diyp C Do, If
we have also [11) = I, and r1@ = ry, then we say that a; is a strong labeled
subgraph of as.

Let A be the set of 6-tuples (I, L, D, R, r,¢) from B:

(c¢) with no degree 1 vertex a & {l,r} such that ap = by for (a,b) € D or
(b,a) € D; and

(d) with neither (a,c),(b,¢) € D nor (c,a),(¢,b) € D such that ap = bp
and a # b.

The 6-tuples from A correspond to the R-reduced o-equivalence classes in-
troduced in [9].
We introduce an operation A on A as follows. Given

) = (ll,Ll,Dl,Rl,T’l,QOl) € A and Qg = (ZQ,LQ,DQ,RQ,TQ,QOQ) & .A,
consider the 6-tuple
O/ — (llu Ll U L27 Dl U DQ U {(ZIJTQ)}7R1 U R2)T27 SO/) € B

where ¢’ is the natural labeling induced by ¢, and ¢,. Then, we apply the
following rules to o while possible:

(1) delete degree 1 vertices a & {l1,r2} if ap’ = by’ and (a,b) or (b,a) is
the only edge with vertex a;

(i7) if ap’ = by’ for (a,c), (b,c) € Dy U Dy U {(ly,re)} or for (c,a),(c,b) €
Dy U Dy U{(l1,72)}, then identify the vertices a and b (and the corres-
pondent edges).

From [9, Proposition 4.8] this process always ends up with the same 6-tuple
a=(l1,L,D,R,ry,p) € A, where ¢ is the expected labeling induced by ¢’
(there is no ambiguity in defining ¢ since we are either eliminating vertices



or identifying vertices with the same label). We define a3 A ay = a. From
[9, Theorem 5.7], (A, A) is a model for the free pseudosemilattice on X.
The maximal subsemilattices of A are the disjoint sets

Am7y:{<l,L,D,R,T‘,gp)€A: Z(P:LC and TSOZZ/}

for z,y € X; and for oy = (I;, L;, D;, Ry, 1, 05) € A, i = 1,2, we have
a1 w ag if and only if ap is a strong labeled subgraph of 4. Thus, if a; w as,
then [a, ap] is a finite semilattice with maximal subchains with at most
|L1U Ry| — |LaU Ry| + 1 elements. Further, as is an w-cover of «; if and only

if
o [1UR; =LyURyU{ay, - ,a,} and 03 = ©1|1,0R,;
e Dy =DyU{(a;_1,a;) : 1 <i<n};
® agpr = a1pr = - = Ap_1p1 and app1 F agPr-

Lemma 2.1 With the notations introduced above, if oy = «, for some u €
Fy(X) and ag is an w-cover of aq with Lip; N Ry = 0, then as = «, for
some v € Fy(X) obtained from u by replacing either a subword agpr N a1¢1
or a subword aypy N\ agpr with agp;.

Proof: Observe that n = 1 if Lip; N Ry, = (0. It is now obvious how to
obtain a word v € Fy(X) from u satisfying the conditions in the statement
of this lemma. [

3 Elementary identities
Let u,v € Fy(X) with ay, a, € A and assume that
lu(pu = lv(pv y TuPu = TvPo Dugou = Dvgpv and Lugou N Ru(pu = (Z)

Let « = (I, L,D,R,r,90) = a1 A ay. Then Dy = Dy, and Ly N Ry = .
Let

(1) a =away_qw -+ way =, be a maximal subchain of [«, a,]; and

(17) 0 = W A1 W -+ WAy, = q, be a maximal subchain of [«, a,].



Observe that if a; = (I;, L, D;, Ry, i, ;) for 1 < i < m, then l;p; = lyp,
rip; = rp and D;p; = Dp. Thus L;p; N Ryp; = ().

Since a,w @, 1w -+ wa; is a maximal subchain of [, o] and L;p; N
Rip; = 0 for 1 < ¢ < n, each «o; has one more vertex than «;_;. Further, if
Q= Qup, for some w, € F5(X), then from Lemma 2.1 we can construct a
sequence of words w,,, w,_1, --- , wy such that

o a; =y, for 1 <i < n;

e cach w; is obtained from w;_; by replacing either x; A y; or y; A x; with
x; for some x;,y; € X.

Similarly, we can construct a sequence of words w,, wy,1, -+ , W, for the
maximal subchain o, wa, 1w -+ way, of [a, a,l.

Lemma 3.1 With the notations introduced above, a variety V of pseudose-
milattices satisfies the identity u ~ v if and only if it satisfies all identities
w; X wiq forl <i < m.

Proof: Let § be the congruence on 4 such that A4/ is the free algebra on V.
Then V satisfies u ~ v if and only if (v, a,) € . Let © = lp and y = ro.
Since A, is a semilattice and a = a, A o, then (ay,a,) € ¢ if and only
if (g, ;41) € 0 for all 1 < i < m, and thus if and only if V satisfies all
identities w; =~ w;y1 for 1 < i < m. |

Let 8= (I,L',D',R',r,¢') € A be an w-cover for o = (I, L, D, R,r, ) €
A. Hence, we can assume that LU R = L' U R' U {a}, D has one more
edge than D' and by = by’ for each b € L'’ U R'. Assume Ly N Ry = ()
and let (I,s) € D' with s # r. Then ay = ([, L,D,R,s,¢) € A and 5, =
(I,L',D',R',s,¢') € A. Further, f; is an w-cover for a;.

Lemma 3.2 Let p be a congruence on A. With the notations introduced
above, (a, 8) € p if and only if (cq, B1) € p.

Proof: Let
ar = (LA AW ) Ark roer) and ag = ({1 AL s) ) {s} s, 0s)
where ¢, = ¢|1 and @, = ¢ and observe that
alNag=a; and oy Ao, = v .

Similarly, 5 A as = 1 and B A . = 3, and thus (a, 8) € p if and only if
(a1, Br) € p. u



If a € R, then there exist b € L and ¢ € R’ such that (b,a), (b,c) € D; let
o =(b,L,D,R,c,p) and ' = (b, L', D', R',c,¢'). If a € L, then there exist
b € R and ¢ € L' such that (a,b),(c,b) € D; let o = (¢,L,D,R,b, ) and
B'=(c,L',D' R b,¢"). Clearly o and ' belong to A, and ' is an w-cover
for o/. Applying Lemma 3.2 and its dual several times if necessary, we obtain
the following corollary:

Corollary 3.3 Let p be a congruence on A. Then (a, B) € p if and only if
(o', ') € p.

Let u,v € F5(X). We shall say that u ~ v is an elementary identity if:
(1) Qu, 0 € A;
(Z’l) (lugp’m DuSOu, Tugpu) = (lv%;, DvSOv, rv(p'u) and Lugpu N Rugpu = (2)7

(7i1) there exists (z,y) € Dy, such that either l,p, = = and v is obtained
from w by replacing the first z in uw with (x A y), or r,¢, =y and v is
obtained from u by replacing the last y in v with (z A y).

We shall say that a pair («, 5) of 6-tuples from A is elementary if there exist
words u,v € Fy(X) such that o = ay, f = a, and u = v is an elementary
identity.

The following result follows now from Lemma 3.1 and Corollary 3.3:

Corollary 3.4 For varieties of pseudosemilattices, an identity u ~ v sa-
tisfying the first two conditions of the definition of elementary identity is
equivalent to a finite set of elementary identities.

Let uy,v; € Fy(X). Auinger [1, Corollary 4.4] proved that u; ~ vy is
satisfied by all strict pseudosemilattices if and only if

(b Puss Dy Py s Ty Pur) = (Lo oy s Doy Py s oy Puy)-
In particular ¢(uy) = ¢(v1) = {z1,--- ,2,} € X. Consider a set
Y:{xl,ly L1, o5 Tngd, xn,r} QX

such that no two letters from Y are the same. Let «' and v be the word
obtained from u; and v; by replacing each letter z; with x;; A x;,. The two
identities u; &~ v; and v’ ~ v’ are clearly equivalent.
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Recall the two rules introduced earlier to transform some a € B into
o € A. If we apply these two rules to «,, we obtain a, € A for some
u € Fy5(X). The identity v’ ~ u is satisfied by all pseudosemilattices due
to [9, Proposition 4.10]. We can do the same for ' and obtain a word wv.
Thus, for varieties of pseudosemilattices, the identity u; ~ vy is equivalent
to the identity u ~ v. Clearly u ~ v satisfies the two first conditions in the
definition of elementary identity. If we consider now the Corollary 3.4, we
obtain the following result:

Proposition 3.5 Let uy ~ vy be an identity satisfied by all strict pseu-
dosemilattices. Then, for varieties of pseudosemilattices, the identity uy ~ vy
15 equivalent to a finite set of elementary identities.

A byproduct of the previous proposition is that every variety V of pseu-
dosemilattices containing SP'S has a basis of identities constituted by elemen-
tary identities only. Further, to prove that a set B of elementary identities
satisfied by all pseudosemilattices from V is a basis of identities for V it is
enough to show that every elementary identity satisfied by all pseudosemi-
lattices from V is a consequence of the identities in B.

Let V be a variety of pseudosemilattices containing SPS. There exists a
congruence p on A such that A/p is the free algebra in V on the set X. This
congruence p is fully invariant in the sense that (aw, 5¢Y) € p if (a, ) € p
for all endomorphism v of A. Assuming X is countably infinite, a set I of
elementary identities is a basis of identities for V if and only if the congruence
p is the fully invariant congruence on A generated by the set of elementary
pairs

Yr={(ay, ) s uxvel}.

Let o; = (I, Li, Dy, Ry, iy 0i) € A, i = 1,2, 3, such that ag is a labeled

subgraph of a; induced by 6, : LsU R3 — L1 U Ry and a3 is a strong labeled

subgraph of oy induced by 65 : L3UR3 — Ly UR,. Consider the disconnected
labeled bipartite graph

(I1, L1 U Ly, Dy U Dy, Ry U Ry, 11, 01 U pa),

and identify all vertices a € Ly U Ry and b € Ly U Ry (and the corresponding
edges) such that cf; = a and cf, = b for some ¢ € L3 U R3. We obtain a
6-tuple

a=(li,L,D,R,r1,p) € B.



Now, we apply the two rules introduced in Section 2 to transform « into an
element of A. We shall denote this element of A by oy A4, . Observe that
oy is always a strong labeled subgraph of ay Ay, as.

Let ¥ be a set of elementary pairs of A and observe that if 1 is an
endomorphism of A and (ay,ay) € X, then ay1) is naturally a strong labeled
subgraph of as). A pair («a, §) of elements of A is said to be X-derivable if
there exist:

® a sequence a = g, V1, - * , Yo = [ of words from A;
e clementary pairs (qy, §;) € 3, for 1 <i < n; and
e endomorphisms ; of A, for 1 <7 < n;

such that either ;1) is a labeled subgraph of v;_1 and v; = vi—1 A,y Biti,
or oy is a labeled subgraph of v; and vi_1 = v Ag,y, Bits, for 1 <@ < n.
The sequence g, v1, -+ , Vn is called a Y-derivation. Observe that if v =
(I, Liy Di, Ry, iy 07) for 0 < i < n, then D;_1p;_ 1 = D;p; since the pairs in
Y. are elementary.

We end this section with a standard result in this field of research. We
omit the proof since the argumentation is the usual one.

Lemma 3.6 Let 3 be a set of elementary pairs of A and let p be the fully
invariant congruence generated by X2. Then («, 5) € p if and only if («, ) is
Yi-derivable.

4 The variety SPS

Let n > 2 and let {x1, 22, -+ ,x2,} be a set of 2n distinct letters from X.
Let

e L,={2i+1:0<i<n} and R,={2i : 1<i<n};
e D,={(i,j) : i€ Ly, jE€ R, and |i —j| = 1};

e R =R,U{0}, D), =D, U{(1,0)} and ¢/, : L, U R, — X such that
0p!, = 9, and iy, = iy, for 1 <i < 2n+ 1.



Let a, = (1, Ly, Dy, R, 2,05) € Aand o), = (1, L,,, D), R, 2,¢,) € A.
Observe there is only one word w, € Fy(X) such that a,, = «, and
/

only one word v, € Fy(X) such that a,, = «/. The identity u, =~ v,
is clearly an elementary identity, and thus they are satisfied by all strict

pseudosemilattices. Further, u, ~ v, implies u,, =~ v,, for m < n. Let
B =Au, = v, : n>2}

We shall prove that B is a basis of elementary identities for SPS.

Let L* = R,, R: = L, and D = {(a,b) : (b,a) € D,}, and define u} €
F5(X) such that ay: = (2, Ly, D, Ry, 1, p,). Similarly we define v} € F5(X)
and obtain elementary identities u; ~ v} .

Lemma 4.1 For varieties of pseudosemilattices, the identity u,.1 = Vpi1
implies the identity u), ~ vy .

Proof: Consider a homomorphism 6 : F5(X) — F5(X) such that x,0 = x,
;0 = x;_y for 1 <i < 2n+2, and 9,190 = x9, Axy. Thus, if u = oA (up410)
and v = x9 A (vy410), then u, 41 =~ v,y implies u ~ v. Observe now that
ay,: € A is the 6-tuple obtained from o, € B applying the two rules in-
troduced earlier; whence u ~ wu is satisfied by all pseudosemilattices. In
the same way we can verify that v ~ v} is satisfied by all pseudosemilat-

tices. Therefore, for varieties of pseudosemilattices, the identity u,+1 ~ vp11
implies the identity u; ~ v} . ]

Theorem 4.2 The set B is a basis of identities for SPS.

Proof: Obviously, every strict pseudosemilattice satisfies the identities from
B. Thus, to prove this proposition, it is enough to show that B implies every
elementary identity. Let u &~ v be an elementary identity. Then «, has one
more edge than «,: (l,,a) for a # r, or (a,r,) for a # [,. By duality and
Lemma 4.1 we can assume that (,,a) is the edge in a, not in a,. Then

Oy = (lu’ Ly, D, U {(lw a)}> R, U {a}a Ty va)a

where by, = bp,, for b # a and ay, is such that (I,p., ap,) € D,.
Let (b,¢) € D, such that (bpy, cpy) = (lupu, ap,) and let

a=(,L,D,Rry)
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be the smallest (connected) labeled subgraph of «, containing the edges
(ly,a) and (b, c). Let B be the 6-tuple obtained form « by deleting the vertex
a and the edge (I, a); then 3 is a labeled subgraph of «,. Let v/, v" € F5(X)
such that o, = 8 and a,y = a. Obviously, for varieties of pseudosemilattices,
the identity u’ ~ v implies u &~ v by construction of v’ and v'.

Let 7 be the number of vertices in 5 and let n be the smallest integer such
that ¢ < 2n+1. It is not hard to check that v’ ~ v’ is a consequence of u,, = v,
(we just have to relabel the vertices of «,, and «,,,, and choose a different
pair for (I,r)). Thus, for varieties of pseudosemilattices, the identities from
B imply u ~ v. We can now conclude that B is a basis of identities for SPS.
]

Let w,, € F5(X) such that
Qu, = (1, Lp, D, U{(2n 4+ 1,0)}, R), 2, 1)

with 0y, 1 = x5 and ip, 1 = ip, for 1 <¢ < 2n+1. Then «,, € A. Observe
that o, and o, are the only elements of A with D, ¢!, = Dy, ¢n1 = Dy, ¢n
for which «,, is an w-cover.

Let u;,,w;, € F5(X) such that o, = (2n + 1, Ly, Dy, Ry, 2n,¢,) and
aw = (2n+1,L,, D, U{(2n + 1,0)}, R,,2n,¢,1). By Corollary 3.3, the
identities w,, ~ w, and u], ~ w!, are equivalent for varieties of pseudosemi-
lattices. Further, u/, ~ w] and w, &~ v, are also equivalent identities since is
just a question of relabeling the vertices. Hence u, ~ v, and u, =~ w, are
equivalent identities for varieties of pseudosemilattices.

Lemma 4.3 Let I be a set of elementary identities. Then u, =~ v, 1S a
consequence of I if and only if it is a consequence of some u~v € I.

Proof: Obviously, we just have to prove the direct implication. Assume u,, ~
vy, is a consequence of I. Then (ay,,, a,, ) is X-derivable. Let

aun:fyO?Fyl)...?’yk:avn

be a Yj-derivation. We can assume that v; # 7y, and thus one of these
bipartite graphs is a proper strong labeled subgraph of the other.

Observe there is no proper strong labeled subgraph (I, L, D, R, r, ) of a,,
such that Dy = D, ¢,. Thus 79 must be a proper strong labeled subgraph
of 71, and there exist (o, ) € ¥; and an endomorphism 1) of A such that
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a1) is a labeled subgraph of vy and 71 = 9 Aoy B9. Let u = v € I such that
a = a, and [ = .

Since a,, and a,, are the only elements from A w-covered by «,, such
that Dy, ¢u, = Dy, 0u, = Duw,Pw,, we must have a,, € [y1,7%)] or ay, €
(71, %)]. Thus (a,,, ., ) or (,,, a,,) belongs to the fully invariant congru-
ence on A generated by {(«, 5)}; whence u,, = v, or u,, &= w, is a consequence
of u ~ v. By the comments made prior to this lemma, u,, ~ v, and u,, ~ w,
are equivalent identities, and therefore u,, =~ v,, is a consequence of u ~ v € I.
[

Lemma 4.4 Let u =~ v be an elementary identily. If u ~ v implies u,, = vy,
then |c(u)| > 2n — 2.

Proof: We begin assuming that R, = R, U {a} for some vertex a. By the
proof of the previous result there exists an endomorphism 1 of A such that
a,) is a labeled subgraph of «,, and «,, is a strong labeled subgraph of
Qy,, Ny Y. In particular, o, is a proper strong labeled subgraph of a,).

Let x = l,p, and a = 1. Since D, = D,, and o, # a1, a1 must
contain two distinct labeled subgraphs a. Further, there must exist b € L,
with by, = l,p, such that b and [,, induce two different labeled subgraphs o
in a,. Let {(a;—1,a;) : 1 <i<m} be the set of edges in the path from [,
to b.

Clearly a,, is the only labeled subgraph of o, that appears in two diffe-
rent places. Since a1 is a labeled subgraph of «,, , we conclude that o = v, ,
and so

ay) = (i, Ly, Dy, Ry, j, on) with (i,j) € D,, .

Observe now that {a;¢, : 0 < i < m} must contain at least 2n distinct
letters from X for b to exist since L, N R, = 0. We have shown that if
R, = R, U {a}, then |c(u)| > 2n.

Assume now the other case, that is, L, = L, U {a} for some vertex a.
From Lemma 4.1 the identity v ~ v implies u;_;, ~ v;_,. By duality, we
conclude that |e(u)| > 2n — 2 for this case. ]

A variety V of pseudosemilattices has finite axiomatic rank if there exist
k € N and a basis of identities I for V such that |c(u)| < k and |c(v)] < k
for every u = v € I. Otherwise, we say that V has infinite axiomatic rank.
Clearly, any infinite axiomatic rank variety has no finite basis of identities.
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Proposition 4.5 The variety SPS of all strict pseudosemilattices has infi-
nite axtomatic rank.

Proof: 1f I is a basis of elementary identities for SPS, then there is no k € N
such that |c(u)| = |c(v)| < k for all u ~ v € I by Theorem 4.2 and Lemmas
4.3 and 4.4. Further, by Proposition 3.5, if v’ ~ ¢’ is an identity satisfied
by all strict pseudosemilattices with |c(u')| = |c(v)| = k, then « ~ o' is
equivalent to a finite set I; of elementary identities such that |c(u)| = |¢(v)| <
2k for all u ~ v € 1.

Let I’ be a basis of identities for SPS. Then, we can replace each identity
from I’ by a finite set of elementary identities and obtain another basis of
identities I for SPS constituted by elementary identities only. Since there
is no k € N such that |c(u)| = |c(v)| < 2k for all u &~ v € I, then there is
no k € N such that |c¢(u)| = |¢(v')| < k for all v/ ~ o € I'. Therefore, the
variety SPS has infinite axiomatic rank. n

A basis of identities I for a variety V is said to be independent if no
proper subset of I is a basis of identities for V.

Proposition 4.6 The variety SPS of all strict pseudosemilattices has no
independent basis of identities. Further, if I is a basis of identities for SPS,
then every co-finite subset of I is also a basis of identities for SPS.

Proof: The first part of this proposition follows immediately from the second
part. Thus, we shall prove only that if I is a basis of identities for SPS, then
every co-finite subset I’ of I is also a basis of identities for SPS.

By Proposition 3.5 and Lemma 4.3, each identity u, ~ v, € B is a
consequence of some u ~ v € I. Since each identity u, = v, implies all
identities uy ~ v, with k < n, either I’ or I; = I \ I’ implies all identities
from B. Since [; is finite, it cannot be Iy by Proposition 3.5 and Lemmas
4.3 and 4.4 . Therefore I’ implies all identities from B and it is a basis of
identities for SPS. [

Let £ be a lattice. An element a € L is A-irreducible if whenever a = bAc¢
for some b,c € L, then a = b or a = ¢. The element a is A-prime if whenever
bAc<a,then b <aorc<a. Itiswell known that a A-prime element is
also A-irreducible.
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Proposition 4.7 The variety SPS of all strict pseudosemilattices is N\-pri-
me and A-irreducible in the lattice L(PS). Further, SPS has no covers in
L(PS).

Proof: 1t is well known that the lattice £(PS) is the disjoint union of the
intervals [T, NB] and [SPS, PS| with NB C SPS, where T is the variety of
all trivial binary algebras. Thus, for U, V € L(PS),

UAV CSPS - UCNB Vv VCNB

Assume that SPS = U AV and let I and I; be basis of identities for U
and V, respectively. Then IUI; implies all identities from B. As in the proof
of the previous result, we can conclude that I or I; implies all identities from
B. Thus U = SPS or V = SPS. We have shown that SPS is A-prime and
A-irreducible in L(PS).

Assume now that U is a cover for SPS. Then, there exists u, ~ v, € B
not satisfied by all pseudosemilattices from U. Let V be the variety of pseu-
dosemilattices generated by the identity u, =~ v,. Then U is not contained
in V, and so SPS = UA V. Since V # SPS, we must have U = SPS,
which means that U is not a cover for SPS. Therefore, SPS has no cover in
the lattice L(PS). n
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