PHYSICAL MEASURES FOR INFINITE-MODAL MAPS
VITOR ARAUJO AND MARIA JOSE PACIFICO

ABSTRACT. We analyse certain parametrized families of one-dimensional maps with infinitely
many critical points from the measure-theoretical point of view. We prove that such families have
absolutely continuous invariant probability measures for a positive Lebesgue measure subset of
parameters. Moreover we show that both the densities of these measures and their entropy vary
continuously with the parameter. In addition we obtain sub-exponential rate of mixing for these
measures and also that they satisfy the Central Limit Theorem.

CONTENTS

1. Introduction 2
1.1. Statement of the results 4
1.2. Existence of absolutely continuous invariant probability measures 5
1.3.  Stretched exponential decay of correlations and Central Limit Theorem 7

1.4. Continuous variation of densities and of entropy 9
2. Idea of the proof 10
3. Refining the partition 11
4. Auxiliary lemmas 15
5. Main estimates 22
5.1.  Returns between consecutive essential returns 22
5.2. Probability of deep essential returns 23
5.3. Time between consecutive essential returns 27
6. Slow recurrence to the critical set 29
6.1. The expected value of the distance at return times 31
7. Fast expansion for most points 32
8. Constants depend uniformly on initial parameters 34
References 34

2000 Mathematics Subject Classification. Primary: 37C40. Secondary: 37D25, 37A25, 37A35.

Key words and phrases. SRB measures, absolutely continuous invariant measures, infinite-modal maps, statisti-
cal stability, sub-exponential decay of correlations, central limit theorem, continuous variation of entropy .

V.A. was partially supported by CMUP-FCT (Portugal), CNPq (Brazil) and grant BPD/16082/2004 (FCT-
Portugal). Part of this work was done while enjoying a post-doctorate leave from CMUP at PUC-Rio and IMPA.
M.J.P. was partially supported by CNPq-Brazil/Faperj-Brazil/Pronex Dyn. Systems.

1



2 VITOR ARAUJO AND MARIA JOSE PACIFICO

1. INTRODUCTION

One of the main goals of Dynamical Systems is to describe the global asymptotic behavior
of the iterates of most points under a transformation of a compact manifold, either from a topo-
logical or from a probabilistic (or ergodic) point of view. The notion of uniform hyperbolicity,
introduced by Smale in [Sm], and of non-uniform hyperbolicity, introduced by Pesin [P], have
been the main tools to rigorously establish general results in the field.

While uniform hyperbolicity is defined using only a finite number of iterates of a given trans-
formation, non-uniform hyperbolicity is a asymptotic notion to begin with, demanding the exis-
tence of non-zero Lyapunov exponents almost everywhere with respect to some invariant proba-
bility measure.

On the one hand, the study of consequences of both notions in a general setting has a long
history, see [M, S, KH, B, BP, Y, BDV] for details and thourough references.

On the other hand, it is rather hard in general to verify non-uniform hyperbolicity, since we
must take into account the behavior of the iterates of the given map when time goes to infinity.
This was first achieved in the groundbreaking work of Jakobson [J] on the quadratic family,
which was extended for more general one-dimensional families with a unique critical point by
many other mathematicians, see e.g. [BC1, R, MS, T, TTY]. One-dimensional families with two
critical points were first considered in [Ro] and multimodal maps and maps with critical points
and singularities with unbounded derivative were treated in [LT, LV, BLS]. To the best of our
knowledge, maps with infinitely many critical points were first dealt with in [PRV].

The aim of this paper is prove that the dynamics of the family considered in [PRV], for a
positive Lebesgue measure subset of parameters, is non-uniformly hyperbolic and to deduce
some consequences from the ergodic point of view. These families naturally appear as one-
dimensional models for the dynamical behavior near the unfolding of a double saddle-focus
homoclinic connection of a flow in a three-dimensional manifold, see Figure 1 and [Sh]. The
main novelty is that we prove global stochastic behavior for a family of maps with infinitely
many regions of contraction.

FIGURE 1. Double saddle-focus homoclinic connections
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Roughly speaking, the family f,, of one-dimensional circle maps which we consider here is
obtained from first-return maps of the three-dimensional flow in Figure 1 to appropriate cross-
sections and disregarding one of the variables. This reduction to a one-dimensional model greatly
simplifies the study of this kind of unfolding and provides important insight to its behavior.
However as we shall see the dynamics of the reduced model is still highly complex.

This family of maps is obtained translating the left-hand side and right-hand side, vertically in
opposite directions, of the graph of the map f = fy described in Figure 2. This family approx-
imates the behavior of any generic unfolding of fy. Such unfolding was first studied in [PRV],
where it was shown that for a positive Lebesgue measure subset S of parameters the map f,,, for
u € S, exhibits a chaotic attractor. This was achieved by proving that the orbits of the critical
values of f,, have positive Lyapunov exponent and that f,, has a dense orbit.

Here we complement the topological description of the dynamics of f,, provided by [PRV] for
u € S with a probabilistic description constructing for the same parameters a physical probability
measure V,. We say that an invariant probability measure Vv is physical or Sinai-Ruelle-Bowen
(SRB) if there is a positive Lebesgue measure set of points x € S! such that

,}grgonch 7)) = [ oav.

for any observable (continuous function) ¢ : S' — R. The set of points x € S' with this property is
called the basin of v. SRB measures provide a statistical description of the asymptotic behavior
of a large subset of orbits. Combining this with the results from [PRV] we have that f, has
non-zero Lyapunov exponent almost everywhere with respect to v, i.e. f, is non-uniformly
hyperbolic for u € S.

The main feature needed for the construction of such measures is to obtain positive Lyapunov
exponent for Lebesgue almost every point under the action of f,;, u € S. The presence of critical
points is a serious obstruction to achieve an asymptotic expansion rate on the derivative of most
points. Therefore the control of derivatives along orbits of the critical values is a central subject
in the ergodic theory of one-dimensional maps.

The crucial role of the orbits of the critical values on the statistical description of the global
dynamics of one-dimensional maps was already present in the pioneer work of Jakobson [J], who
considered quadratic maps and obtained SRB measures for a positive Lebesgue measure subset
of parameters.

This was later followed by the celebrated papers of Benedicks and Carleson [BC1, BC2],
where the parameter exclusion technique was used to show that, for a positive Lebesgue measure
subset of parameters, the derivative along the orbit of the unique critical value has exponential
growth and satisfies what is nowadays called a slow recurrence condition to the critical point.
This is enough to construct SRB measures for those parameters.

Recently, in the unimodal setting it was established that indeed the existence of SRB measures,
and the exponential growth of the derivative along the orbit of the critical value, are equivalent
conditions for Lebesgue almost every parameter for which there are no sinks, see [ALM, AM1,
AM?2]. See also [BLS] for multimodal maps.
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In [PRV] the technique of exclusion of parameters was extended to deal with infinitely many
critical orbits. Here we refine this technique to obtain exponential growth of the derivatives and
slow recurrence to the whole critical set for Lebesgue almost every orbit. By [ABV] this ensures
the existence of SRB measures for every parameter u € S, see Subsection 1.2 and Theorem A.

Moreover we are able to control the measure of the set of points whose orbits are too close to
the critical set during the first n iterates, showing that its Lebesgue measure is sub-exponential
in n, see Theorem B. In addition, the Lebesgue measure of the set of points whose derivative
does not grow exponentially fast in the first » iterates decreases exponentially fast with n, see
Theorem C. By recent general results on the ergodic theory of non-uniformly hyperbolic systems
[ALP, G], both estimates above taken together imply sub-exponential decay of correlations for
Holder continuous observables for v, and also that v, satisfies the Central Limit Theorem, for all
u €S, see Subsection 1.3 and Corollary D. We remark that these properties are likewise satisfied
by uniformly expanding maps of S', which are the touchstone of chaotic dynamics (except that
their correlation decay rate is exponential, see [B, V]), in spite of the presence of infinitely many
points with unbounded contraction (critical points).

Furthermore analyzing our arguments we observe that all the estimates obtained do not depend
on the choice of the parameter u € S. This shows after [A, AOT] that the density dv,,/dA of the
SRB measure v, with respect to Lebesgue measure and its entropy Ay, (fu) vary continuously
with u € S, see Subsection 1.4 and Corollary E. This type of result was recently obtained in [F]
for quadratic maps on the set of parameters constructed in [BC1, BC2] using a similar strategy.

Hence statistical properties of the maps f, for u € S are stable under small variations of the
parameter, i.e. this family is statistically stable over S.

The paper is organized as follows. We first state precisely our results in Subsections 1.2 to 1.4.
We sketch the proof in Section 2. In Section 3 we explain how a sequence (&,),>0 of partitions
of S! whose atoms have bounded distortion under action of Jii 1s constructed. Basic lemmas are
stated and proved in Section 4. These are used to obtain the main estimates in Section 5. In
Sections 6 and 7 we use the main estimates to deduce slow recurrence to the critical set and fast
expansion for most points. Finally in Section 8 we keep track of the estimates obtained during
our constructs and show that they do not depend on the parameter u € S.

1.1. Statement of the results. Let f be the interval map f : [—£;,&;] — [—1, 1] given by

s\ ) az%sin(Blog(1/z))) ifz>0
FO= S enGlon ) i 20, (a-b
where 0 < aa< 1, 3 > 0 and €, > 0, see Figure 2.

Maps f as above have infinitely many critical points, of the form

x; = Xexp(—kn/B) and x_; = —x;, for each large k > 0 (1.2)

where X > 0 is independent of k. Let ko > 1 be the smallest integer such that x; is defined for all
|k| > ko, and xg, is a local minimum.

We extend this expression to the whole circle S' = I/{—1 ~ 1}, where I = [—1,1], in the
following way. Let f be an orientation-preserving expanding map of S' such that £(0) = 0 and
f' > & for some constant & >> 1. We define € = 2-xy,/(1+ ¢~ ™P), so that x;, is the middle
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FIGURE 2. Graph of the circle map f.

point of the interval (¢ *Pe, €) and fix two points xz, < § < § < &, with | f'(§)| >> 1. Then we
take f to be any smooth map on S' coinciding with f on [—7, J], coinciding with f on S'\ [—7, 7],
and monotone on each interval £[¥, 7].

Finally let f,, be the following one-parameter family of circle maps unfolding the dynamics of

f=r

f(z)+u for 0,
ful2) = { fgg —Z forig f—;]O) (1.3)

for u € (—¢,€). For z € S'\ [—¢, €] we assume only that |%fy(z)| > 2. In what follows we write
2t (1) = fulw) for [K| > ko.

Theorem 1.1. [PRV, Theorem A] For a given ¢ € (1, \/(?5) there exists an integer N such that
taking ko > N in the construction of f, we can find a small positive constant p such that for
0 < p < P there exists a positive Lebesgue measure subset S C (—€,¢€) satisfying for every u € S

(1) foralln> 1 and all ky < |k| < o0
@ |(7) (@ W)| = o™
(6 either |2(Fu(s0)| > € or | £2(u(30)) x| = €
where X,y is the critical point nearest [ (fu(x1))-
(2) liminf,_, ;. n 'log| (1) (z)| > logo/3 for Lebesgue almost every point z € St
(3) there exists 7 € S' whose orbit {f1i(z) :n> 0} is dense in St

The statement of Theorem 1.1 is slightly different from the main statement of [PRV] but the
proof is contained therein.

1.2. Existence of absolutely continuous invariant probability measures. The purpose of this
work is to prove that for parameters u € S the map f,, admits a unique absolutely continuous
invariant probability measure v,,, whose basin covers Lebesgue almost every point of S!, and to
study some of the main statistical and ergodic properties of these measures.
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In what follows we write A for the normalized Lebesgue measure on S'. Our first result shows
the existence of the SRB measure.

Theorem A. Let u € S be given. Then there exists a f,-invariant probability measure v, which
is absolutely continuous with respect to A and such that for A-almost every x € S' and every
continuous ¢ : S' — R

lnfl )
lim — Y o(f/(x) = / odv,. (1.4)
0

n—+ocon 4
J

The proof is based on the technique of parameter exclusion developed in [PRV] to prove
Theorem 1.1 and on recent results on hyperbolic times for non-uniformly expanding maps with
singularities and criticalities, from [ABV].

In our setting non-uniform expansion means the same as item (2) of Theorem 1.1. However
due to the presence of (infinitely many) criticalities and the singularity at 0, an extra condition is
needed to construct the SRB measure: we need to control the average distance to the critical set
along most orbits.

We say that f,, has slow recurrence to the critical set C = {xy : |k| > ko} U {0} if, for every
d > 0, there exists y > 0 such that

1 n—1
lim sup . Z —logdisty (fl’j(x), C) <& for Lebesgue almost every x € S', (1.5)
n—ree =0
where Y is a small positive value, and disty(x,y) = |x —y| if [x—y| <yand I otherwise.

Let fo: I\C —1Ibea C? map. We say that C is a non-flat critical set if there exist constants

B > 1 and 3 > 0 such that

S1: Ldisi(x, O <[ fy(0)] < Bdist(x,€) P -

s2:  logl#() —logl (v | < B
|log| fo(x)[ —log|fo()]] < dist(x, C)P

for every x,y € I'\ C with |x —y| < dist(x, C)/2.
The following result ensuring the existence of finitely many physical probability measures is
proved in [ABV].

Theorem 1.2. If fy satisfies (S1), (S2), is non-uniformly expanding and has slow recurrence
to the critical set C, then there are finitely many uy,...,u; ergodic absolutely continuous fo-
invariant probability measures such that Lebesgue almost every point in I belongs in the basin
of ui for some i € {1,...,1}.

The maps f, satisfy conditions (S1)-(S2) above. Indeed we define y;, = 2 - x; /(1+ e ™ B), for
each k > ko, so that x; is the middle point of the interval (yx+1,yx). We note that x; is the closest
critical point to any y € (yx4+1,yx). We also use a similar notation for k < —ko. We will argue
using the following lemmas, which correspond to Lemmas 3.2 and 3.3 proved in [PRV].

Lemma 1.3. There exists C > 0 depending on f only (not depending on € or u) such that, for
every x € (yi1,y1) and 1 > kg, respectively, x € (y;,y;—1) and | < —kq, we have
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(1) € H|* 2 —x |2 < |f(x) = f ()| < Cla|* e —x |
(2) €| 22| < [fa(0)] < Clx |2 x —x

Lemma 1.4. Let 5,1 € [y, 1,y with | > ko, respectively, s,t € [y;,y; 1] with | < —ko. Then

)~ 0| _ e =1
70 =1

where K\ > 0 is independent of |, s,t,€ and u.

On the one hand since 0 < a0 < 1, x € (y;4+1,y;) and |x;| < 1, then from item 2 of Lemma 1.3
Cla|*?pe—x| = (Cla[* 2 |x =) =2~ < (Cla|* 2l e — |~ < Cle—[ "

On the other hand since 00— 2 < 0 and |x;| < 1 we get C~!|x;|*2|x — x;| > C~!|x — x;|, showing
that (S1) holds for f, with B=Cand p = 1.
To check that (S2) also holds we write

@] _ 150 = L)+ H0)] <14 £ (%) = 2 ()]
£i()] )] - )]

and then because log(1+z) < zforz > —1 we get

£ - L0 ey
K )
O]

Thus according to Theorem 1.2 and after Theorem 1.1, we only need to show that f,, has slow
recurrence to the critical set for u € S to achieve the result stated in Theorem A. This is done
in Sections 4 to 6, where a much stronger result is obtained, since we do not use the truncated
distance disty in our arguments.

|log | fo(x)| —log| fo(y)| | <

1.3. Stretched exponential decay of correlations and Central Limit Theorem. Using some
recent developments on the statistical behavior of non-uniformly expanding maps [ALP, G] we
are able to obtain sub-exponential bounds on the decay of correlations between Holder continu-
ous observables for v, with u € §. In addition it follows from standard techniques that v, also
satisfies the Central Limit Theorem. In order to achieve this we refined the arguments in [PRV]
extending the estimates obtained therein for critical orbits to Lebesgue almost every orbit, yield-
ing a sub-exponential bound on the Lebesgue measure of the set of points whose average distance
to the critical set during the first n iterates is small, as follows.
We first define the average distance to the critical set without truncation

n—1

Gi(x) = % Z —logdist (f/j(x), C) . (1.6)

k=0

We note that —logdisty (x, C) < —logdist(x,C) for every Y > 0 and x € I. Then we are able
to prove the following.
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Theorem B. Let u € S and 8 > 0 be given. Then there are constants C1,& > 0 dependent on f,
G, ko and & only such that R (x) = min{N > 1: G,(x) < ,Vn > N} satisfies

k({x cS: R (x) > n}) <Cpee SV

We note that in particular this shows that f,, has slow recurrence to the critical set, since we
have
lgn C.(x) =0 for Lebesgue almost every x € S',
n—oo

and thus this ensures the existence of the SRB measure v, for u € § by Theorem 1.2. Moreover
this also yields that logdist(x, C) is non-integrable with respect to v, for otherwise we would
have [logdist(x, C)dv, = 0 by the Ergodic Theorem, since v, is absolutely continuous with
respect to Lebesgue, leading to a contradiction with the fact that —logdist(x, C) > —log(1 —
X,) > 0 forall x € I.

We are also able to obtain, using the same techniques, an exponential bound on the set of points
whose expansion rate up to time n is less than the one prescribed by item (2) of Theorem 1.1.
This is detailed in Section 7.

Theorem C. Ler u € S be given. Then there exist constants C»,&, > 0 dependent on f, p and kg
only such that ‘E(x) = min{N > 1: ‘(fﬁ)'(x)‘ > 6"/3,¥n > N} satisfies

x({x €S E(x) > n}) <Cy-eom,

In particular we obtain a new proof of item (2) of Theorem 1.1, which does not follow directly
from Theorem A plus the Ergodic Theorem since it is not obvious whether log | f'| is v, integrable.

Theorems B and C together ensure that for u € S there are constants C3 > 0 and &3 € (0,1)
suchthat T, = {x€S': E(x) >n or R(x) > n} satisfies

AMI,) < Cz-e &V (1.7)
for all n > 1. This fits nicely into the following statements.

Theorem 1.5. Let g : S! — S! be a transitive C? local diffeomorphism outside a non-flat critical
set C such that (1.7) holds. Then
(1) [ALP, Theorem 1] there exists an absolutely continuous invariant probability measure v
and some finite power of g is mixing with respect to V;
(2) [G, Theorem 1.1] there exist constants C,c > 0 such that the correlation function Corr, (@, y) =
|[(@og")-wdv— [@av [wadvV|, for Hilder continuous observables ¢,y : S' — R, sat-
isfies for all n > 1
Corr, (¢, ) < C- eV,
(3) [ALP, Theorem 4] v satisfies the Central Limit Theorem: given a Holder continuous
function ¢ : St — R which is not a coboundary (¢ # yo g —\ for any ¢ : S — R) there
exists © > 0 such that for every interval J C R

nli_r)gv({xesl \/—Z g’ (x)) /(I)dV EJ (%/ﬁ/ e 1 gy,
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It is then straightforward to deduce the following conclusion.

Corollary D. For every u € S the map f, has sub-exponential decay of correlations for Holder
continuous observables and satisfies the Central Limit Theorem with respect to the SRB measure
V.

1.4. Continuous variation of densities and of entropy. We note that during the arguments in
Sections 2 to 7 the constants used in every estimation depend uniformly on the values of p,c
and € which can be set right from the start of the construction that proves Theorems B and C.
This enables us to use recent results of statistical stability and continuity of the SRB entropy
from [A, AOT], showing that both the densities of the SRB measures Vv, and the entropy vary
continuously with u € S.

Let F be a family of C? maps of S! such that for any given f € F and € > 0 there exists & > 0
satisfying for every measurable subset E C S!

ME) <& = MfYE)) <&,
that is fx(A) < A. We say that a family F as above is a non-degenerate family of maps.

Theorem 1.6. Let a non-degenerate family F of C* maps of S' be given such that every f € F
has a non-flat critical set Cy and the corresponding functions E,R_ : S' — N define a family
(Tn)n>1 satisfying (1.7) with constants C3,&3 not depending on f € F. Then

(1) [A, Theorem A] the map (F ,dc2) — (L' (), || ||1), f N et (A) is continuous, where

d\
dc2 is the C? distance and || - ||1 the L'-norm,
(2) [AQT, Corollary C] the map (¥ ,dc,) — R, f = hy,(f) is continuous.

We observe that F = {f, : u € S} satisfies all the above conditions since

e fis a C™ map whose non-zero singularities, albeit infinitely many, are of quadratic type,
and near zero f is asymptotic to |z|%;
e f, is obtained from f through a local diffeomorphism extension plus two translations (or
rigid rotations when viewed on S');
e the values of B, €, 0, p can be chosen so that
— Sis given by Theorem 1.1 with positive Lebesgue measure;
— fufor u € S satisfies (1.7) with C3,&3 > 0 depending only on €,6, p — this is detailed
in Section 8.

Thus we deduce the following corollary which shows that statistical properties of f, are stable
under small variations of the parameter ¢ within the set S.

Corollary E. The following maps are both continuous:

S = (L))

v, and
M=
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2. IDEA OF THE PROOF

From now on we fix a parameter u € S and write Coo = US> (") ~!(C) for the set of pre-orbits
of the critical set. Following [PRV] we consider a convenient partition {/(,s, j)} of the phase
space into subintervals, with a bounded distortion property: trajectories with the same itinerary
with respect to this partition have derivatives which are comparable, up to a multiplicative con-
stant. This is done as follows. Let [ > ko and y; € (x;,x;—1) be as defined in Subsections 1.1
and 1.2: x; is the middle point of (y;11,y;). We partition (x;,y;) into subintervals

1(1,5) = (xy + e~ WP (3, —xp) 2 + e~ WPE=1 (3, — xp)), s> 1.

We denote by I(I,—s) the subinterval of (y;41,x;) symmetrical to I(l,s) with respect to x;.

Wy Viv1 ((l"F) N ”s) Yy

) //'”/‘,,r"/”“rr \\~\\\ 3

(D N —————— (N RS KN
\/ v

FIGURE 3. The initial partition 7.

We subdivide I(1,=+s) into (I + |s|)? intervals I(I,+s, ), 1 < j < (I + |s|)® with equal length
and j increasing as I(/,=+s, j) is closer to x;, see Figure 3. We also perform entirely symmetric
constructions for [ < —kq. Let I(%ko, 1, 1) be the intervals having +¢€ in their boundaries. Clearly
we may suppose that I(+ko, 1, 1) are contained in the region 8! \ [—7, 7] where f coincides with
f,and so | f'| > 6o > 1. Finally, for completeness, we set 1(0,0,0) = 1(0,0) = S'\ [—¢,g].

Remark 2.1. By the definition of I(1,s, j)
e~ (®/B)(J1|+]s])

|I(I,S,])| = alW and aze_(n/ﬁ)(|l|+|s|) < diSt([(l,S,j),xl) < aze—(ﬁ/ﬁ)(|l|+|s|—l)
where |I| denotes the length of the interval I,
B A(e(n/ﬁ) _ 1)2 B /B _ 1
“=Tgme M e ame <

Moreover for any m > 1 we have |x, — Xy | = £+ (1 — e ™B). e B

We will separate the orbit of a point xo € I'\ C» into sequences of consecutive iterates according
to whether the point is near C or is in the expanding region (0,0,0). When x,, = f/(xo) is near
C, we say that n is a return time and the expansion may be lost. But since we know that for u € §
the derivatives along the critical orbits grow exponentially fast, we shadow the orbit of x,, during
a binding period by the orbit of the nearest critical point and borrow its expansion. At the end of
this binding period, the expansion is completely recovered, which will be explained precisely in
Section 4.
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This picture is complicated by the infinite number of critical points and by the possible returns
near another critical point during a binding period. Iterates outside binding periods and return
times are free iterates, where the derivative is uniformly expanded.

Our main objective is to obtain slow recurrence to C, which means that the returns of generic
orbits are not too close to C on the average. However even at a free iterate the orbits may be very
close to the critical set, by the geometry of the graph of fy, which demands a deeper analysis to
achieve slow recurrence to the critical set.

Using the slow recurrence we show that the derivative along the orbit of Lebesgue almost
every point grows exponentially fast. Using the estimates from Sections 3 to 5 we are able to
obtain more: we deduce the exponential estimates on Theorems B and C in Sections 6 and 7.

Finally the dependence of the constants on the choices made during the entire construction is
taken into account in Section 8, where we conclude that the estimates are uniform on u € S.

3. REFINING THE PARTITION

We are going to build inductively a sequence of partitions Py, Py, ... of I (modulus a zero
Lebesgue measure set) into intervals. We will define inductively the sets R, (®) = {rl, ety ry(n)}
which is the set of the return times of ® € P, up ton and a set Q,(®) = {(ll 5S15.1) 5+ -5 (ly(m)s Sy(m) jY(n))},
which records the indexes of the intervals such that f (0) CI(lysiy Ji),i=1,..., Fy(n)-

In the process we will show inductively that for all n € N

Yo € P, f;’“ |w 18 a diffeomorphism, (3.1)
which is essential for the construction itself. For n = 0 we define
By ={1(0,0,0)}U{I(l,5,)): [I| > ko, s > 1,1 < j< (I+5)°}.

It is obvious that Py satisfies (3.1) for n = 0. We set Ry (1(0,0,0)) = 0 and Ro(I(l,s,j)) =
{0}, Q0(1(L,s,)) ={(L,s, j)} for all possible (I,s, j) # (0,0,0).

Remark 3.1. This means that every I(1,s, j) with |I| > ko, |s| > 1 and j=1,...,(|I| +|s])? has
a return at time 0, by definition. This will be important in Section 6.

For each (/,s) with |I| > ko and |s| > 1 such that

1 _e—(Tt/B) B 1 +e_(n/[3)
—(m/B)ls| . — % ' =_r L
e e @/P <t, ie. [s|>s(7) - log |t o @p ) (3.2)

we define the binding period p(x) of x € I(l,s) to be the largest integer p > 0 such that

i) <& and |£E(x) = £ ()] < 1f0G0) = Xngunyle ™™
or (3.3)

£iGn)[ > and |f () = £y (u)] < €' e

forall 1 <h < p, where x,,(;) is the critical point nearest f/i’ (fu(x7)) and T > 0 is a small constant
to be specified during the construction.
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Failing condition (3.2) means that /(/, s) is not close enough to C since
1 —e—(®/B)

n(y) _ —(n/B)Isl, (v, — —(m/B)lsl, 2%
|f,u (x) —x| >e i—x) >e 1+ e (@/B)

Jxi| = |
for all x € I(l,s), and in this case there is no expansion loss at time n. Indeed by Lemma 1.3 and
using the definition of x; from (1.2) we get

~0—2
™ _o)®
]

AN = 7l %72 | f ) — x| > €7 g |* 72 ety = (3.4)

Since 1 — o> 0 and |/| > ko, this ensures that |f;(x)| > 1 if we take ko big enough.

Remark 3.2. As we will explain along the proof, the values of ko and t= will both need to be
taken sufficiently big. We note that ko — o when T — 07. For more on these dependencies see
Section 8.

We define the binding period p

(1,5) of the interval I(1,s) to be the smallest binding period of
all points of this interval, that is p(l

,8) =1inf{p(x) :x € I(l,s)}.
For (1, s, j) with |I| > ko, |s| > s(t) and 1 < j < (|I| + |s])3, we write
I(l,S,j)+:I(I,Sl,jl)UI(l,S,j)UI(l,SZ,jZ),

where I(l,s1,j1) and I(l,s2, j2) are the intervals adjacent to I(l,s, j) in By. We also define the
non-return set

2 = | J{I(1.5) < 1] > ko, 5| < 5()} UI(0,0,0).
Now we assume that 7, is defined, satisfies (3.1) and R,,_, O,_1 are also defined on each
element of %,_;. Fixing an interval ® € P, there are three possible situations.
(1) If Ry—1(w) #0and n < ry,—1)+ p(lyn—1), Sy(n—1)) then we say that n is a bound time for
®, put ® € B, and set R, (®) = R,—1 (®), 0y (®) = Op—1(®).
(2) If either Ry—1(®) =0, or n > ry,_1) + P(lyn=1),Sy(n—1)) and f}(®) C Ak, then we say
that n is a free time for ®, put ® € B, and set R,(®) = R, 1(®), 0y (®) = 0,1 ().
(3) If the two conditions above fail then 7 is a refurn time for ®. We consider two cases:
(a) f,1(®) does not cover completely any I(l,s, j), with |I| > ko,|s| > s(t) and | =
1,...,(|I| +|s|)?. Because /i is continuous and ® is an interval, f}(®) is also an
interval and thus is contained in some I(l,s, j)*, for a certain || > ko, |s| > s(1)
and [ = 1,...,(|I| + |s|)?, which is called the host interval of the return. This n
is an inessential return time for ® and we set R,(®) = R,_1(®) U {n}, 0,(®0) =
On-1(@)U{(l,s,))}-
(b) f,i(®) contains at least an interval I(1, s, j), with |I| > ko, |s| > s(t) and j=1,..., (|I|+
|s|)3, in which case we say that n is an essential return time for ®. Then we consider

the sets
W), = £, "1, ) Nofor [I| > ko, |s| > s(t),1 < j < (1] +]s])*;

Wooo = f,"(A)Na.
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Denoting by I the set of indexes (/,s, j) such that &}  ; # 0 we have

o\f;"(C)= | o, (3.5)

(I,s,))ET
By the induction hypothesis flﬂm is a diffeomorphism and then each 0)’1’ 5,j 1s an
interval. Moreover f;(a ;) covers the whole I(1,s, j) for |I| > ko, |s| > s(t),1 <
7 < (JI|+|s])?, except eventually for one or two end intervals. When [l ;) does
not cover entirely /(/,s, j) we enlarge u)’l’ 5,; gluing it with its adjacent intervals in
(3.5), getting a new decomposition of \ f,""(CUA;) into intervals @, ; such that

I(L,5,]) C (1)) C I(Ls, j)* for [1] > ko, |s| > s(x), 1 < j < (1] +]s])°.

We put ;¢ j € P, for all (I, s, j) such that ®; 5 ; # 0, with || > ko. This results in a
refinement of P,_; at ®.

We set R, (05 ;) = Ro—1(®) U {n} and n is an essential return time for ®; ;. The
interval I(1,s, j)T is the host interval of ®; s ; and Qp(®;5 ;) = Qn—1(0)U{(l,5,/)}.

At last, if @ oo 7 0, then @ either contains one of 7(/,+s(t), (|/| + s[)?) for
some |I| > ko, or not.
In the latter case, we join 0)’0’0’0 with the adjacent return interval @ 4 (5(t)41),1, Te-
place @ 1 (5(1)+1),1 by the new interval @ in %, and set n as an essential return time
for @, with R,(®) = R,,—1(®)U{n} and 0,(®) = Q1 (@) U{(l,£(s(t)+1),1)}.
In the former case, we say that n is a free time for @, put 0, € %, and set
Ru(@00) = Rn—1(®) and 0, (@ g 9) = On—1(®).
To complete the induction step all we need is to check that (3.1) holds for #,. Since for any
interval J C S!
fiils is a diffeomorphism
CNfiJ)=0

all we are left to prove is that C N f;j(®) = 0 for all ® € B,.

} = fu *+11; is a diffeomorphism,

Remark 3.3. We note that if n is a free time for z, then x = f}/(z) either is in the region S\ [~¢,€]
and thus | f/j(x)| > 1, or satisfies the inequality (3.4). Hence on free times we always have
expansion of derivatives bounded from below by some uniform constant 6o > 1. We stress that
we may and will assume that Go > \/& in what follows.

Let ® € P,. If n is a free time for ® then we are done. If n is a return time for ®, essential
or inessential, by construction we have that f}(®) C I(l,s,j)* for some |I| > ko, |s| > (1),
j=1,....(JI|+]s|)? and thus CN fi (@) = 0. For the binding case we use the following important
estimate.

Proposition 3.4. Let n > 1 and ® € B, be such that n is a binding time for ®. Then

either |f,(x)| >3 or dist(f;(x),C) > po-e Pt
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Jor all x € , where r = ry,,_y) is the last return time for ® with n < r+ p(f;(®)) and py =
min{l —¢,1 —e P}

This result is enough to conclude that CN fﬁ((o) = 0, completing the induction step.

Proof. If nis a binding time for m, then because u € S, we know from 1.1(1b) that for every 7 > 1
and for all || > ko either

A fuG)) > € or |fE(fu(x) = Xy = 7P, (3.6)

where x,,(5) is the critical point closest to fﬁ (fu(x7)) as before. In the former case by the the
definition of binding period we get for all x € ® that

L@ > 1 G ) = @) = ()
1_

7@3’% > 9,

> g—g! e ) > —(1 — € )y, = 21
0

= Xt

as long as € is taken small enough, which can be achieved choosing a bigger kg if needed.
In the latter case in (3.6) we get that | f;; (x) — X (1= 1))\ is bounded by

n—Fy(p— n ry
|f,U " 1)('xly(n_])) Xm(n— y(n—1)) ‘ ‘fn( ) (xl«,(n 1))‘

> ¢ PUu-n) |f’5" rY("—l))(xl (n_l)) — Emn— o) le " (n=ry(n-1))

> ¢ PU=n-1) . (1 —g) > 0,

by definition of binding (3.3) and because we assume that p < T.

To complete the proof we consider the case when Xy is not the closest critical point to

Jii (x). We first argue that no x’ € C is between f}/(x) and f,’f 7rY("_l)(xly(n_l)). For otherwise using

(3.3) and the definition of Xy, 1) W€ would have

1 n—
§‘|x Tn(n—ryu)| < 1) = fu o)
N—Try(n_ —t(n—
< |f,u e 1)(xl'y(n—l)) _xm(n—rY(,,,l))‘ .e T(n ry(nfl))
e~ M=)
< Y [x _xm(n*ry(n—1))|’

~®n=n-1) < 1. Hence there exists ' € C such that  and Xin(n—ryy 1))

are consecutive critical points in C and both f(x) and f,J ") (z,,_,)) are between x' and

a contradiction because e
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Xm(n—ryu_))* But then
=Tyl n—Ty(_
W= £l = W= fu T O ) = 140 = fa 7 ()
1 =Ty _(n—
> S =) = U () = gl
L, 1 / —t(n—ry(n_1))
> §|x _xm(n—rY(n_l))|_§'|x _xm(n—rY(n_l))|'e wn=1)

1

/
5 |x - xm(n—rY(n_l)

v

1 (1= e )y,

Setting m = m(n— ry(n,l)) for simplicity, we observe that since x’ and x;, are consecutive critical
points we have that x’ is either x,,1 or x,,,_1, thus

W =l > 20 fu ™ () — | > 26 PC 00,

Klyn-1)

Combining the two last inequalities and taking into account that p < T gives

W — f(x)] > e P(r=ryu-)) | (1 _e—f("—ry(n—l))) > ¢ PII=r-1) (1- e—P("—ry(n_n))’

and this finishes the proof since 1 — e P "-1) > 1 —¢ P O

4. AUXILIARY LEMMAS

Here we collect some intermediate results needed for the proofs of the main estimates. In all
that follows we write C for a constant depending only on the initial map f or fjy.

Lemma 4.1 (Bounded distortion on binding periods). There exists A = A(C,t) > 1 such that for
all x € I(1,s) we have

lg‘(ﬁwa‘SA
AT (i) (fulxr))
forevery 1 < j < p(l,s) and every § € [ fu(x1), fu(x)].

Proof. We let = f,(x;) and consider 0 < i < j. There are two cases to treat, corresponding to
the two possibilities in (3.3). If | f/ﬁ(n)| < e then, by Lemma 1.4,

FUE) - HM)| _ BE =R .
) ‘SQﬁm%wmqﬂSC |

If | £i(n)| > €, then |£}(€) — f1(n)| < &'""e~¥ << € and so the interval bounded by f(§) and
fl’;(n) is contained in the region '\ [~7,], where f = f. Thus,

F1(£8) = f'(£im))
F ()

<CIfi(&) - fim)| < Ce'TTe T < Ce .
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. i—1 | f'(fu(€)=f"(fim))
Putting together all the above we get Z{:O a

‘ <CY) ,e ™ < C. Thus

F(fi(m))
[AICIES ((8)) O E)
) <,-:Zol g(H ) 1)120 agimy | =C
and the statement of the lemma follows. O

The proof of the following elementary result can be found in [PRV, Lemma 3.1].

Lemma 4.2. Given o, 0,1, B2 with g—; #* %, there exists & > 0 such that, for every x, at least
one of the following assertions hold:

|oy sinx+ Bycosx| >3 or |opsinx+PBacosx| > 9.

Using this we obtain the following property of bounded distortion for the second derivative
near critical points.

Lemma 4.3. There exists a constant C > 0 depending only on f such that for every k > ko and
t € [Yi+1,Vk] we have
< @)

1] =

IN

Proof. Indeed we have
f'(x) = alx*Housin(Blog|x|~") — Beos(Blog x| )]
f"(x) = alx|*?[Asin(Blog x| =) + Bcos(Blog x| )]

for some A and B depending only on o and B. Applying the previous lemma we get, since
f(xx) =0, that

‘xk_—l a2 min{[|A|+£|BI[} _ [£"(0)] _ ‘karl -2 |A|+|B|
Xk A[+B] TG T 5
Thus by (1.2) we obtain
e mind[AI£ B} _ 10| _ g AL+
Al+ (Bl 7 [ ()] 5
with min{||A| £ [B||} > 0. O

Lemma 4.4 (Expansion during binding periods). There are constants Ag = Ag(€,p,T) > 1 and
0<{=C(p+1)<min{1072, L, 0B } such that for n > 1 and o € B, with R,(®) # 0, if r is the

last return time for ® and f,;(w) C I(L,s, j), then setting p = p(l,s) > 0 we have
@) p< Blogc( ):
) [, £1(0)| > e 1*2C)%(|l|+|~?|)’f0r every x € o;
© I( ,fH)’(f/f(x))\ > Ag-6PTD3 > 1 for every x € o.
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Proof. To prove item (a), we use the definition of the partition and the construction of the refine-
ment. As p > 0, we have | (x) — x| < t|x;| <& for all x € ®. In particular (I, s, j) # (£ko,1,1)

and so |f;(x) —x;| > az - e~ (M/B)IlI+10) | where we used the estimates from Remark 2.1. Using
second-order Taylor approximation and Lemma 4.3 we get

1 . s L —mil@2) - ;
57100 = fuo) > 1" (ane FIPIID)2 > L VI =2(a/B ),

where [ f"(x;)| > C|x)|* 2 =C1-£%2. ¢~ plIe=2) by Lemma 1.3(2). Then, for each 0 < j <

p. there is some & between f,(x;) and f’f“(x) such that
A @ = £ )l = 1) @A) = fulw)]
> 1. plie2) ,e—E(R/B)(IlHISI)‘(fl{)/(gﬂ_ 4.1

Now since we can take |/| > kg very big, as a consequence of Lemma 4.1 and of the exponential
growth of the derivative at the critical orbits, we get the following bound

2.€_Z(W/B)(|l|+|5|)cj < |f’{+r+1(x) _f,l{+1(xl)| <2
Hence, e 2("/B)(1I+ls) g/ < 1 forall 1 < j < p. In particular,

2(/B) (11 + s))

logo

—2(n/B)(|Z[ +[s]) + plog(c) <0, implying p <

thus proving (a).
Now we prove (b). Since p+ 1 is not a binding time we must have by definition either

S ) = T @) > el et
or
|fﬁ7+1(x1) _fl§+p+1(x)| > |ff+1(xl) _xm(p)|e—f(p+1) > ¢ PPt Pt 5 o= (PHD)(PH])
where we have used Theorem 1.1(1b). We set A, | = min{e! T ¢~*P+1) = (P+0(P+1)} and

note that for some & € [f,(x7), f’f“ (x)] by Lemma 4.1 and using second-order Taylor expansion
of f,, near x; together with Lemma 4.3

Apet < 1P 00) = 20 = (D) €)] - | ful) — £ ()|
< C (DY (A @) - LA @) - 1) —al? 4.2)
< (Y ()] 202 B0 g2 2D
= P52 g3 b (pry (i () .
Hence

1 or 1 T
D/ ON> g bpow (B +26-2) 63)
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Using again Lemma 4.1 we take y € ® and write by Lemma 1.3
1 1
(SN L) = ) 1D ()]

e GG @)
R N AT AT]

> g2 B2 gy B Ly )

[6734C/AREIN

Since the previous bounds do not depend on the point x € ®, we can use (4.3) in the last expres-
sion obtaining after cancellation

1 n _
+1y/ (1 +1s1-2)
() )| 2 ey, o€ :
We observe that because 0 < € < 1 and by item (a) of the lemma we get
2n
Bper 2 €5 eI 5 e e (e p) (o 1]+ ) ~ ).

Altogether we arrive at
gltt. e‘H‘P—%
A-C3a
gltt. eT‘H’*%
> - -
- A-C3-ap
where 0 < { < {1072, Wnﬁ} as long as s(7) is big enough and p + 7 is small enough, concluding

the proof of (b).
In order to prove (c) we use Lemma 4.1 once again, the inequality (4.2), Lemma 1.3(2) and
Lemma 4.3 to get

Y ()| > exp (%—( T ")+ i)

logo

ORIHED 5 (=205 (E+is])

I

(Y @ = 10D L NP falfa )P
> CTHUD Sulc) - LR A - CTH AT ) P 1 £ () —
= CNUD Sal) |- 1 Gl - (LU S Gep - L7 G - | f () = )
> CTHUDY ul) |- L G- (DY @) - L) = £ (0)])
= CTHUDY RuCa) - [ £ )l LA ) = £ ()
> C” GP-C_I\xl\“_z-\flf“(xl)—flf*”l(xﬂ 4.4)

— 2P 592, (=2 \f,f“(xz) _fl5+p+1(x)|.

Now we must consider two cases. On the one hand, if |f +l(xl)\ > ¢ then, by the definition
of p in (3.3), we must have |2 (x)) — £t (x)| > &'t~ "P+1), Because u—2 < 0 and
x| < &, equation (4.4) implies | (£’ (fr(x)]> > C%cP g% 2. A2 (o) = £17PT 1 (x)| and we
may write |(f2)(f fr(x)|? > ClortledHte=tpt) > A3 62 PH1/3 as long as we fix T <
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min{1 — a,logc/3} and suppose € small enough. On the other hand, if |f *1(x))| < € then, by
(3.3)

A ) = S P ) > LA () = Y.

We note that now there is only one possibility accordlng to item (1b) of Theorem 1.1: |f; Pt (x1) —
oyl = e and thus |17 () — £ ()] > € lee O Hence | (7Y (£1(0)]2 >

C’IGPHS‘)‘*I((PH)(I’H) > A%-c*P+1/3 a5 long as we take €, p and T small enough. This
concludes the proof of the lemma. O

Now we will obtain estimates of the length of |f;(w)|.

Lemma 4.5 (Lower bounds on the length at return times). Suppose that r is a return time for
® € B, 1, with host interval (s, j) T, and let p = p(l,s) denote the length of its binding period.
Then for ko and s(t) sufficiently big (depending on € from Lemma 4.4) the following holds.
(1) Assuming that r* < n— 1 is the next return time for ® (either essential or inessential)
. 1-20) % (|I|+
(@) > o - IR ) > 24 fr(0)|
(2) If r is the last return time for ® up to iterate n — 1 and also an essential return, and n is
a return time for ®, then setting ¢ = n— (r + p) we have

()] 2 a1 - - & SHUED,

Proof We start by assuming »* < n— 1 as in item (1). By the mean value theorem we have

£ (@) > (£ ) (fa(©)]- | £ (@)] for some § € o.
Using Remark 3.3 and Lemma 4.4 we get defining ¢ = r* — (r+ p)

S| = |0 )] |0 (©)] i)
> Gg-e(l_zc)%(|l|+|s|)'|f;((x))‘ (4.5)
> g0 GRS | (g “46)

e~ (®/B)(I11+Is])

M ence

If r is an essential return time for ®, then I(l,s, j) C f’f((x)) and |flf(0))| > a
e—(T/B)(|11+]s])

(R

Lo 35pM+lsD)

”(oﬂ‘ > ol LRI =301+

oopUlls0)

3CE(J1+]s])
(5 TR S —— B
RN (TTFSPE

zal-cg-e_

as long as ko and s(t) are big enough in order that U > (J1] +|s|)3. This proves item (2)
by taking r* = n.

In this setting we must also have eCE(VMJD > 2 in (4.6), which together with (4.5) prove item
(1) and concludes the proof of the lemma. U
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Lemma 4.6 (Bounded Distortion). There is a constant Dy = Dy(p,T,0) > 0 such that for ® €
P.—1, n € N, and for every x,y € ® we have

HLCI.

()|~
Proof. Let Ry—1(®) = {ri,...,ry} and Qp—1(®) = {(I1,51,/1),---, (Ly, 8y, jy) }, be the sets of re-
turn times and indexes of host intervals of ®, respectively, as defined during the construction of
the partition. Let @; = fji(®), p; = p(li,s;) fori=1,...,y and, for y,z € , let y; = fl’f(y) and
k= f/f(z) fork=0,...,n— 1. Observe that ®; C I(l;,s;, j;)" for all i and

U@ S () <"1( f(z) = f' () )
= 1 - ). 4.7
o Loy = LU+ =60 .
On free iterates, if y; € [—¢, €], then by Lemma 1.4
1 (@) — f () = _ /5 ()]
o0 | sl = A o

where we define A, (®) = dist( f/’j((x)), C) = infyecq dist( fl’j (x), C) and % is the critical point closest
to yr. We observe that in this case the interval f/ﬂ‘((x)) is between two consecutive critical points,
x; and x741, and the greatest positive integer s satisfying

f@)NI(l,—s)#0 or fi(w)NI(I+1,5))#0 issuchthat s<s(t).
We then set (fk,fk) to be the index of the partition interval satisfying the above condition and
note that by the exponential character of the initial partition, we have
(@) < C-[I(l,$,1)T] and  Ag(0) > C71- 10, §) (4.9)

for some constant C > 0 depending only on f and .
Otherwise for free iterates y; € '\ [—¢,€] we get

@)= fo)| _ L L k
| < % 2=kl < = |fu ()]
ri+Pi<Zk<ri+1 f ' (yk) Vi+Pi<Zk<ri+1 © ’i+Pi<Zk<’i+1 !
[yil>e [ykl>e [yil>e
L _r W;
<= Z Gl(c) Tit1 | |fri+1(0))| <K,- A‘ 1+1| (4.10)
6 ri+pi<k<rip ri+1( )

by definition of f,, on S'\ [—¢,¢], since |f] | S'\ [—¢,€]| > G and |f} | '\ [—g,€]| < L for some
constant L. We recall also that A, , (0) < 1 by definition.

Next we find a bound for iterates during binding times. Letus fixi=1,...,Y. Then fork=r;
we have the same bound (4.8). For r; < k < r; + p; we get for some § € ®

=yl = (Y @) Lz =yl S 1Y @)1 ()]
< CTTY @) - L E) = - ool
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where we have used the Taylor expansion of f” near the critical point x;, together with Lemma 4.3.
By definition of p; we have two possibilities. On the one hand, for the first case in (3.3) there
exists w € [ fu(xz,), flfi“ (€)] such that, using second order Taylor expansion and Lemma 4.3 again

A3 ) = Fmerenle T > A1) = £ ()] @.11)
(P ) 1A E) = fulwy)
U W)L )| 1 () = x

> (AC) (D @D L ) L (8) =0,
where we have used Lemma 4.1 in the last inequality. The last two expression together show that

ok = el - £ (&) = x| < (AC) - £ (%) = Hrr—ry e~ - i
This and Lemma 1.4 provide

v

f'(z) = ') 2k — Yk 2o oty 1O ST 00) = Xngeri—1)|
J A S K K — | <AC“Kje . 7 =
F'() = M- 1 £ ) =, [y — %l
< D.eWk=n), [0 . ‘fi]f_ri () _xm(k—ri—1)|
B Al(w) |f,l]1(_ri(xli) _xm(k—ri—l)‘ - |yk - f,lll{_ri(xli)‘
) o o
< D- T ey k) A
S P e Afw) S A ()

On the other hand, for the second case in (3.3) we get a similar inequality in (4.11) providing
ok = il - £ (8) — x| < (AC?) - T T 1) |y
and thus by definition of f we get

f'(z) — ') L-la—y| o ACL iy |oi] - €

<——e TR
T () 6 6 |fu' (&) — x|
< Do —T(k—ri).ﬂ_
- By, (®)
This shows that for every i = 1,...,Y we have
ri+pi ! gl . e a\+
f(Zk)/ f(yk) S 3- ‘(Dl‘ Sl' |I(ll’slﬁ.]l) |’ (4.12)
= ) An(@) = C  [I(lsi)]

where we have used the definition of ®; and of host interval, together with the same estimate as
in (4.9). Taking into account (4.8), (4.10) and (4.12) and summing over all iterates we arrive at
n—1

/ _ql k )
§ |G S0 g, g ()
k=0 I (k) keF; Ay ()
Here the left hand side sum is over the set F; of free iterates inside [—¢, €], free iterates in between

returns together with return iterates from k = 0 to k = n — 1. The right hand side sum is over the
set F, of free iterates on S!\ [—¢€,€] which are not followed by any return, from ry+ py to n.

4L Y 1k (o). (4.13)

o keF,
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Moreover Dy is a constant depending only on €,7T and &. So if we can bound (4.13) uniformly
we then find a uniform bound to (4.7) also and complete the proof of the lemma.
The right hand side sum in (4.13) is easily bounded as follows

n—1
Y (o) <Y 6" fi(w) <C,

kEF, k=0

since |f/(w)| is always less than 1.
Now we bound the left hand side sum
/i ()]
<

kEZFI Mo S b XL

[[|[>ko|s|>1  keF
(le:56)=(1.5)

fu(@)] o 1 ")
< B
Mo S & Lo-1C )]

by (4.9), where g(I,s) = max{0 < k <n—1: (I,$) = (I,s)} and we convention that whenever

A~ q(1,5)
{0<k<n—1:(l4,8;) = (l,s)} =0 we have |f’|‘1(l s()(])) = 0. We have used the following estimate

for any given fixed value of (I, s)

Y e <iif®w Y o<
{k:$x=s} {k:(I,$0)=(1,9)}

(O] l,s .
61—1

because writing {k : § = s} = {k1 <k < --- <k} we have |f[jf(0))| <oj!- |f,lfi+1 (w)| for i =

1,...,h, where 1 < 6| =min{oy, e(l_zg)'lﬁt(kﬁl)} < min{ oy, e(l—2§)-%(|1|+|s|)}’ after Lemma 4.4(b)
together with Remark 3.3.

We observe that by construction we must have [I(1,s, j)"|/[I(1,s)| < 9(|I| + |s|)~3 and so we
arrive at

Fh(o) o
M) € EDER

>

keF, || >ko |s|>1

finishing the proof of the lemma.

5. MAIN ESTIMATES

Here we use the results from Section 4 to relate the indexes of host intervals at inessential
returns, which we call the depth of the return, with the previous essential return depth.

‘We use this information to obtain a bound on the time it takes from one essential return to the
next and also an estimation for the probability of points whose orbit has a given sequence of host
intervals at essential return times.

5.1. Returns between consecutive essential returns. Next we show that the depth of an inessen-
tial return is not greater than the depth of the essential return that precedes it.

Lemma 5.1. Let t; be an essential return for ® € B, with 1(l;,si, ji) C fi(®w) C I(Li,si,5i) T
Then for each consecutive inessential return t; < t;(1) < --- < t;(v) < n before the next essential
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return, the host interval 1(1;(k),s;(k), ji(k)) D Li(k)(m), k=1,...,vis such that |l;(k)| +|s;(k)| <
[Lil 4 sil.

Proof. By lemma 4.5(1) we have |f,lf(k)(0))| > [ i ()] > |I(Li,si, ji)|- Thus because each #;(k) is
an inessential return we get fork=1,...,v

e~ (m/B)(|[li(K)|+]si(k)]) e~ (m/B) ([l +1sil)
a T . 1 ~Aa .
(R [si(R)T)3 (] + Isil)?
As 73 e ("/B)z s decreasing for z > 0, we conclude that |1;(k)| 4 |si(k)| < |Li] + |si]. O

> 119 (@) > a

Now we prove a similar result for returns during binding periods.

Lemma 5.2. Let r be a return time (either essential or inessential) for ® € P, with f, (o) C
I(L,s,j)". Let p = p(l,s) be the binding period associated to this return. Then for |l| > ko big
enough and p small enough (depending only on 6 and € through po) and for every x € ®, if
FitR(x) € Ik, sk, i) for O < k < p with |It] > ko and |si| > 1, then [Ir] + || < |I] +|s].

Proof. Let us fix a point x € ® and k € {1,...,p— 1} such that f/f”k(x) € I(lx, sk, ji) as in the
statement. We split the proof in two cases.
On the one hand, if | f/ﬁ‘ (x;)| > €, then

@ > Il = 10 = i) > e—el*ee ™

€ 1—¢°
—(1=¢" = -
0( S P

>

> >3,
X
which cannot happen if f*(x) is indeed a return.

On the other hand, if | fl’j (x7)| < €, then by Remark 2.1, Proposition 3.4 and Lemma 4.4(a) we
get

ay - ¢ BURHFIs=1) dist(f£+k(x),C)2po-e_pk, that is
—Fl+lsd-1) 5 Po 2
B > = —D-
e > Dexp(—p-pc(l+1sD)
n 2pB _ Blog(po/a2)
- eXp[_B(‘l‘—i_‘SD.(logc_ ([ +]s]) )}
S o Bl

because 2pB/logc — Blog(po/az)/(m(|l] + |s|)) < 1if p is very small and |I| + |s| > ko + 1 is
very big. This proves the statement of the lemma. U

5.2. Probability of deep essential returns. For each x € I\ Cx, let u,(x) denote the number
of essential returns of the orbit of x between 1 and n, let 0 <1 <... <7, < n be the instants
of occurrence of the essential returns and let (I1,s1,j1),---, (lu,,Su,, ju,) be the corresponding
critical points and depths. Note that by construction ¢ (x) =0 for all x € I\ (CU(0,0,0)) and
t1(x) = 1 for any x € 1(0,0,0), see Remark 3.1.
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Lemma 5.3 (No return probability). For every n > 0 there exists no non-degenerate interval
® € B, such that ® € P,y for all k > 1. Moreover there exist constants 0 < &y < 1 and Ky > 0
(depending only on 6,6 and on C from Lemma 4.4), and ny > 1 such that for every n > ny

MUHo€ B uy [o=1}) <Kop-e ™"

Proof. If ® € B, for all k > 0, then ® is not refined in all future iterates. This means that
f;}*k((x)) has no essential returns for k > 1. Hence every iterate is either free or a binding time
associated to a inessential return. Let pg, p1, p2,. .. be the length of the binding period associated
to every (if any) inessential return time t = rg < r; < rp < ... for w after ¢, where 0 <t < n is
the last essential return time before n. Let k > 0 and r; + p; < n+k < rjy1 for some i > 0, where
we set riy1 = +oo if 7; is the last inessential return time after ¢ (it may happen that r; = +oo in
which case i = 0 and there are no inessential returns after ). Lemma 4.5 ensures that

1 [ +k*t* i: i
2> (o) > 20 fi(w)), 5.1)
for arbitrarily big values of k > 0. Note that if there are no inessential returns, then i = 0 and so
fi(w)] < 2-af" (5.2)

Otherwise there is at least a free iterate at the end of each binding period, hence
. 1—i _—(ntk+i)
[fu(@)| <27 -0 :

We conclude that | f[l(m)| = 0 which is not possible for a non-degenerate interval. This proves
the first part of of the Lemma.

Now let @ € B, be such that the restriction u, | ® of u, to ® is constant and equal to 1. Then
either ® = 7(0,0,0) with #; = 1 the unique essential return up to iterate n and f,(®) =I(l,s, j)
with (1, s, j) # (0,0,0); or o = I(l,s, j) with |I| > ko,|s| > 1 and j = 1,...,(]I| + |s|)?, having
a single essential return #; = O up to iterate n. We concentrate on the latter case and write
Po,P1,P2,-.- and 0 =t = rg < r; < rp < ... the binding periods associated to their respective
inessential return times of the orbit of ® as before. Then by (5.1) and (5.2) either n < pg or

o] <2-05°™" if po(®) <n<ri(w) < 4o, or

(n—Yico Pi())

o] <2 o, if there is i > 1 such that r;(®) < n < riy1 ().

We note that in the case of f,(w) =1(l,s, j), thatis, when #; (@) = 1, we can repeat the arguments
for ®; = f,(®), arriving at the same bounds for |0| except for an extra factor of & since | f,,(®)| >
G|m|. Hence we may write according to three cases above

Mufee u,lo=1}) < Y Jo+ Y o+ ) (@] +S3
n<po(®) ‘mlsz(){)’o(m)—n lwlszliilcgn+):;c_:lopk(w)
po(@)<n<ry (@) <+oo

ri(®)<n<rig ()
= So+3S51+85+S3,
where, by the above comment, we may assume that every sum ranges over ® € % \ 1(0,0,0)

and S3 corresponds to the sum over the partition elements in 7(0,0,0) N P}, which is bounded by
(So+S1+52)/6.
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For Sy we use Lemma 4.4(a) to deduce that the summands in Sq are the elements of 7y such
that

o : logc
el s ez B

thus by Remark 2.1, setting Cp = Bl;—;‘fc
o~ (®/B)(11]+1s) e~ (m/B)k

A T S ke —3—
|l +[s|>Con (|11 +1s!) k>Con k

—(n/B)Co-n
ai e ! —n/2
Gyt (T=eamy Koo .
We write S1 = S11 + S12 where

S = Z |(D| and S = Z |(D|§K(l)-(57n/4
po(@)<n/2 n/2<po(®)

—n/2
|o]<20

So <

and we have used the bound (5.3). We also split S = S21 + S22 according to whether n —
}(;10 pr(®) > n/2 or not, obtaining

S = Z lo| and Sy = Z (O]
jol<2!=0,"/? |m|521*i-cg"+zi_=l<)”k(“’)

n—):;(_zlo pr(w)<n/2

Since 277 < 2 we get S1 +S»1 < 2-§1; and the summands ® € By satisfy |®| < 2-0(;"/2, thus
by Remark 2.1 we get

1 3 —log(2
2 3+7/B 3+7n/B
—n/5

where C; = logoo/ (3 + m/p) for every big enough n. Then Sy; + S21 < 2K/ -6,""” by the same
calculations as in (5.3) with slightly different constants.

For Sy, we note that n— Y4t px(®) < n/2 implies Yi_{) px(®) > n/2 and so, by Lemma 4.4(b)
we get

n
ECI'Za

2> ‘fr,((o)| > e(l—ZQ)%Zi;l()Pk(w) . |(D| > enn(l—ZC)/(ZB) . ‘(D‘

and hence again by Remark 2.1, for every big enough n, we must have ||+ |s| > C; - n/4 where
Cy =n(1-28)/(3B+). We deduce that Sxp < K- e~ ("/B)C21/4 following the same calculations
in (5.3).

Putting all together we see that there are constants 0 < &g < 1, Ky > 0 and ng > 1 such that So+
S1+8>+ 83 < Ky e~ for all n > ng, with &o and K dependent on 6,0 and {, as stated. [

Given an integer u < n and u pairs of positive integers (11,01),-- ., (N, Vy), Where each v; is
larger than s(t) (recall the definition of s(t) in (3.2)), we define the event:

A’(‘m’m)’__.,(nmw)(n) ={x€l : u,(x) =u and |ffj(x)‘ eIm;,v;), i€{l,...,u}}.
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Proposition 5.4 (Probability of essential returns with specified depths). If ko is large enough
(depending on { from Lemma 4.4 and on Dy from Lemma 4.6), then for every bign > u > 1

k( ?m,m), 7(nu70u)( )) Sexp[ 5@-— g‘in,—ku ]

Proof. We start by fixing n € N, u € {1,...,n} and taking ®y € P. For m = 1,...,u we write
O = O((11,51,J1)5- -y (L Sms jm)) € B, the subset of wg satisfying

fi(om) € I(liysiyji) i € {1,...;m—1} and I(l, Smy jm) € fii" (@m) C (s Sms jim) ™

Since ®;_1 € F;_1yp forall h=0,...,t; —t;_1 — 1 by construction of the sequence of partitions,
we can estimate through Lemma 4.6

low| |0 | u If’i( )\
o0l Hm ik | CR e
e~ (®/B)([Lil+]si]) 3 -1
Q..o L, 3C(m/B) Lzt | +]si=1])
= H Do-9-a- = (ae )
u 9D0 o u u—1
= —=]exXp|—5 LI+ si)+3 Ll =+ Is;]) +3C(| o] + |s
(L s o) @ L= p 01 s 38 X (1) + 380l + o)
- 9D 3¢l +lsol) . (BE—E) T ([al+lsil)
< -V . ol+isol) , B/ Li=1 LTI
< (o) e ‘

Observing that the number of distinct elements of %, having the prescribed itinerary at essential
returns

#Hlo=o(l,s1,1),- (S jm) € B, = ([l 1si)) = i vi),i= 1, u}

is bounded by 4" - (1 +v1)... (M +v,)3, we bound A( Elm,vl), ,(nu,uu)( n)) by

(Latn+ur) (M ) e PHO) L, X000

0oEP

< (36Dg)" - ¢*57F) i=1("i+”i).(2(1_8)+ Y AU gy ﬁ(|l|+|s|)).
|1|>ko,|s|>1

Since the double sum in /, s of the last expression is bounded by some constant, we can further
bound by

e (063 5 (100 +K) = e (G- 2K F ),

Ll S VUE N
where K = K({,Dg) > 0. Finally taking kg sufficiently big, since n; > ko fori = 1,...,u, we can
bound the last expression by exp[(5C — %) “ 1 (Mi+;)] as stated. O
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Now we set using the same notations as before

At () = {xelu,()=u and [fI(x)]€Im,0)},
G = {xeliu(x)=u and Fje{l,...,u} suchthat |£/(x)|€I(n,v)},
Amuy(n) = {x€l:3r<n suchthatsis an essential return and |f;(x)| € I(n,v)},

and derive the following corollary which will be used during the final arguments.

Corollary 5.5. We have for 1 < j <u < n that
(1) X(A{T’]”D) (n)) < eCET/BYMY) for alln > ko and v > s(7);
) X(Ar(t (n)) < u-eO&=m/BM+v) apg

n.v)
(3) MApv)(n)) < M (56 m/B)(no),

Proof. We note that since

j,l/l u
A(TLU) (n) C U A(Tll,Ul),---7(711'—1,1)1'—1)a(TLU),(T]iH,Ui+1)a---,(11u,1>u)(n)
Ni>ko,0;>5(T),i#j

. u—1
then A(A7", (n)) < (leko,sZS(t) e(sc—n/s>(z+s>)  (5E-T/B)(+) < ((SC/B)NHV) 46 Tong as

ko is big enough in order to have Y 08 m/B)+s) < 1. From this we get items (2) and (3)
1>k, s>5(7)
since

cU A{;{‘,D) (n) and A U Al
~
O

5.3. Time between consecutive essential returns. The next lemma gives an upper bound for
the time we have to wait between two essential return situations.

Lemma 5.6. Let us take t; an essential return for ® € B, with 1(1;, s, ji) C f;i(®) C I(L;, si, ji) T
Then the next essential return situation tiy| < n satisfies

10m
tiv1— 6 < —(|I; ;
+1—1i < BlOgG(I il +[si])

as long as ko + s(t) is big enough (depending only on C from Lemma 4.4).
Proof. Lett;(1) < --- < t;(v) denote the inessential returns between ¢; and #;4 |, with host intervals
I(1;(1),s:(1), ji(1)),-- -, I(L;(v),si(v), ji(v)), respectively. We also consider #;(0) = ¢;; t;(v+ 1) =

tiy1; O = fﬁ(k)((x)) and gy = ti(k+ 1) — (t;(k) + px) for k = 0,...,v, where py is the binding
period associated to each return #;(k). We split the argument in two cases.

Case A: v = 0, that is, there is no inessential return in between #; and #;1.
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In this situation t;+1 —t; = po + qo. Applying lemma 4.5(2) we get that

3T (1| s log(2/ay) 3¢n
2> o] > qu 3Cﬁ(|lz|+|sz|) < l
> o1 > arofe Cso s DB Sy ),

Taking |/;| > ko sufficiently large we can write go < Blog o; (|1il+1si[) and therefore using Lemma 4.4(a)
we arrive at

5Cn

2n 2+50)m
et == P+ 0 < (] [50) 4 2 1]+l < S

LI+ |si]),
Sioger (i)
since Gy > ©, recall Remark 3.3.

Case B: v > 0, i.e., there are v inessential returns between #; and ¢, 1.
In this case tiy1 —t; = Y|_o(Pr+qk) = Po+ (ZZ;{ P+ ZZ;(I) qk) + (py+ ¢v), and we control
each of the three parts above separately.

(i) For pg we have by Lemma 4.4(a) that py < Blog6(|l |+ |si])-

(ii) For Zk: 1 Pk +Zk:0 gx we proceed as follows. By lemma 4.5 we getfork=1,...,v—1
01| > a .Ggo ) e—3§%(|li|+|sl'|) and | k11| > qk (I—ZQ)%(Ili(k)|+|si(k)|)
- o] '

Since pi < Blog Sieeg (Li(k)| + [si(k)|) writing |o,| = | TT,Z) %, and taking into account that

@, C I(L;(v),si(v), ji(v)), with |[L;(v)| + [si(v)| > ko + s(T), then |®,| < a) e~ (M/B)(ko+s(1)) and
hence

v—1 oL v—1 PLr
ay-e”WRkts@) > g exp (logco Y g =38 ([l +sil) + ) (1 =20) 2 (|(k) |+ Isz'(k)|))-
= B = b
Consequently
o s v—1 v—1 s
385 ([l + [si]) — 5 (ko + (%)) > logoo Y qr+ Y (1 —28) = (k)| + |si(k) ),
p p k=0 k=1 B
thus
v—1 v—1 1 v—1 2 v—1 s
Lo La < o (0000 ¥ ) + 5 5giag0, ( £ (=200 56001+ s(0))
2 v—1 v—1 PLr
< —(l_zc)logco(logGok:Zéqk-l-I;(l—ZC)E(|li(k)\+|s,~(k)\))
2 T L8
< T2iege;” (BEgUl+1si) — glho-+s(1)).

(1i1) For the last term p, + g, we do as follows. By lemma 4.5(1) we have

[Ovs1] S v A=20F 1)+
o, = 7° ,

and also |®,| > 2V_1\0)1\ > oy
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Hence 2 > |®,11| > |o]- |TJ)+|1| and so

207 SIS 5 gt o SR 5 2 ©vs1] S 0, (120U s ()

“on] = e =%
implying
2 T
PEE S T atiosen (- 205(H0) +150)) +4slogon)
2 2 e
S T 301oge; (0% 0y + g Ul +1si).

Putting all together we get

v—1 v—1
fis1 — i = po+ (Zpk+ qu> +(pv+av)

k=1 k=0

o Ui + s (LT (] + i) + log — = T(ko +5())

= Blo (1-20)logoo \ B B
271 6C (B/m)log(2/ay) ko + s(7)

= Blogaﬂli\ +sil) - (1+ =20 (=20 (Ll +]s) |1~|+|sl~|)
2 1+4¢  (B/m)log(2/ay) 10m

= Blogc(‘ i+ sil)- (1—22; * ko+s(7) ) = Blogo

as long as ko + s(7) is sufficiently big. O

(1] +Isi]),

6. SLOW RECURRENCE TO THE CRITICAL SET

Now we make use of the lemmas from Section 5 to prove Theorem B and consequently also
Theorem A. We start by recalling the definition of ,(x) from (1.6) and that u,(x) is the number
of essential returns of the f,,-orbit of x between 0 and n. Welet 0 <17y <... <t,, <n be the es-
sential returns times of the orbit of x and write (/1,s1,j1),---, (L,,Su,, Ju,) for the corresponding
critical points and depths at each essential return, as in Section 5. Then we define

up (x)
= Y (Il +Ise)
k=1
which is constant on the elements of %, and get the following bound.

Proposition 6.1. For every ® € B, such that u, | ® > 2 we have C,(x) < 70 Dy (x) forall x € w,
where By = Bo(o,p,T) > 0.

Proof. Letus fixx € ® € P, withu, |@>2andi€ {1,...,u,(x) — 1}. According to Remark 2.1
and the definition of essential return we have

dist(f[j (x),C) > a- o pUlll+lsil) 6.1)
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On the one hand, letting p; = p(l;,s;) denote the binding period length of the essential return ¢;,
Proposition 3.4, Lemma 4.4(a) and (6.1) ensure that

ti+pi
Clenti+p) = Y, —logdist(f4(x),C)
k:ll'
T i i+ 1

< —toga ~ pitogpo-+ 5 (4] + ) + p 2 62)
yis 2p —2logpo logay ]

< —(1+ — (1L 4 1si]) - (pi+1).
R T == R RS NS

On the other hand, we clearly get the same bound (6.1) for any inessential return ¢;+ p; < t;(1) <
.-+ < 1;j(v) < ti+1 by Lemma 5.1. Hence denoting py the binding period associated to the inessen-

tial return f,ﬁi(k) (x) for k=1,...,v we also get
T 2p —2logpo loga; ]
C(ti(k),ti(k) +pi) < |z (1+ - ([l +1sil) - (e +1).

Moreover for the free times we have the following lemma.

Lemma 6.2. Given ® € P,, let k be a free time for ® between two consecutive essential returns
ti+ pi <k <tiy1. Then

. n 3+4log(taz) +log(e — xy,)
—logdist(f}(®), C) < (3+B_ L]+ |si] ;

) - (] + Isi):

Proof of Lemma 6.2. Since by Lemma 4.4(b) expansion is recovered during binding periods, we
have that
o pUlil+sil)

k t;
> ) > @

But either f/’j((x)) isin S\ (—¢,€) or it is between two consecutive critical points x; and x;_;. In
the former case we get — log dist(f/ﬁ‘((o), C) < —log(e—xy,). In the latter case we have \f[j((x)) | <
xi_1 —x;] = (¢™P — 1) |x;|, and because k is a free time and by definition of T in (3.2) we get

@) e e BUAESD o~ Eh+1siD
dist(f* (), C) > 1+ |x| > —E - =Tap—————.
Wul), O 2 %Wl > g 2 G5 1 QU+ sl ~ "2 Q1)
Collecting the two cases we arrive at
) nt  3+log(tay)+log(e—
—logdist(fX(w), C) < (3+E_ g( ﬁ)ﬂsf( Xko)) (Il 1si)-
1 1
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Putting all together provides the bound

fip1—1 14
Y —logdist (f5(x), C) < Cltsti+po) + Y (1K), 6(k) + pi) +
k=t; k=1
m_ 3410g(ta2(€ =)\ |1 I (b o e —
<3+B \Li| + |si )(|l'|+‘sl|) (tr1 =ti=po=p1 pr=Y)

B- (|t + Isil) - (ti1—1:) < Bo- (|t + [si)*

where we used Lemma 5.6 in the last inequality. The constants are as follows

T 2p —2logpo 1 v+l
B=3+2(2+ - (10 a +3-|-10 Tar(€—x )
B( logo ) |l,~|+|sl~| & 22 g( 2( ko))
v+l 1

where we write p,1; = 1. Now since } ;7 d1 < Yi—oPk < tiy1—t;, we use Lemma 5.6 to get

2p— 210gp0) _ 10mlogay  log(tas(e—xx))

B<4+- (2+ —
logo

B
But by definition of s(t) from (3.2)

_log(tay(e—,)) _ —log(taz(e—x,)) _ —log(tas(e—x)) _ 10m
|Lif + sil - ko + (1) B ko—glog(’cg) - B

Blogo |Li] 4 |si]

as long as 7 is small enough, so B depend only on &, p and T. Moreover By = B}gg ~-B

Summing for all i = 1,...,u,(x) — 1 and noting that during the times Tuy(x) < k < n the same
bounds given by (6.1) and (6.2) still hold, whether n is a binding time for 7, () or not, we get the
statement of the result since 71(x) = 0 by Remark 3.1.

This finishes the proof of Proposition 6.1. 0

6.1. The expected value of the distance at return times. The statement of Proposition 6.1
together with Lemma 5.3 and Proposition 5.4 ensure that, to obtain slow recurrence to the critical
set, we need to bound n~! D, (x) for Lebesgue almost every x € I. Indeed we have for every big
enough n

{xerl:G(x)>8} c|J{we B un\m—l}u{xel un()zzand@n(x)>3£0.5}

and Lemma 5.3 shows that the left hand subset of the above union has exponentially small mea-
sure. We now show that Proposition 5.4 does the same for the right hand subset.

Lemma 6.3. Foreveryz e (0, 2’% 5%) there exists k; = ki (z) such that if ko > ki then [ e*V Dn(x) d\(x) <
1.

Proof. The integral in the statement equals the following series

Y exp (Z'(i(HHUk)Z)I/Z) k( (M) ,(nmvu)(”))’

u>1 k=1
(M1591)5e>(MutsOu)
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where V| > 1,V > kg and M, > ko for k =1,...,u, u > 1. Proposition 5.4 provides the bound

u

Y it /B et — Y exp((z+5C_E)Z(nk+Uk))_

u>1 u>1 B k=1
(M1,01)s(Muts0u) (M1,01)5e(Mue0u)

Now setting D = Y/ (N +vx) and
u
S(u,D) Z#{((ll,SO,---a(lu,Su)) 0 Y (+sx) =Dand [y > ko, sk > 1,k = 1,---,M}
k=1

we may rewrite the last sum as ¥,>1 Y. p>k,-uS (@, D) - eEH=7/BID_To estimate S(u, D) we ob-
serve that
2u—1

2u
D+2u—1
S(u’D)S#{(nla"'aHZM):an:DandnkZO,kzl,...,zu}:< iU >’
k=1

where (’;) = #’_k), is a binomial coefficient. By a standard application of Stirling’s Formula

we get

- D
S(u,D)g(Kl/D.(1+2”D1).(1 n 2;%1 )(2u—1>/D) <P,

since D > kg - u > 2kg ensures that the expression in parenthesis can be made arbitrarily close to
1 if ko is taken bigger than some constant k; = k;(z), where 0 < K < 1 is a constant independent
of kg and we assume that z > 0 is small. Hence we arrive at

/ EVIIDE) <Y Y AT < D st-npip o
u>1D>kou D>k "0

if 0 <z < (m/P—5C)/2 and ko > ki (z) is big enough, as stated. O

As a consequence of this bound we can use Tcherbishev’s inequality with z and kg as in the
statement of Lemma 6.3 to obtain

A ({ D> s}) = (VP > VIR ) < VIR [ VD < o TRV,
= < <
As already explained, this together with Lemma 5.3 implies that there are C,& > 0, where § =
&(d), such that for all n > 1
AM{xel: Cu(x) > 8}) < Ce V™,

Then since {x € I : R (x) > n} C Upsp{x € I : G(x) > 8} we conclude that there are constants
C1,&1 > 0 such that Theorem B holds.

7. FAST EXPANSION FOR MOST POINTS

Here we use the results from the previous sections to prove Theorem C and as a consequence
obtain Corollary D. We start by setting

E,={xe€l:3ke{l,...,n} suchthat dist(fi(x),C)<e "}

and proving the following bound.
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Lemma 7.1. There are constants C,& > 0 dependent on f, ko, €, p, and T only such that for all
n>1

K(En) <C- e~5m,

Proof. Let us take x € E, and consider k € {1,...,n}. We observe that by Remark 2.1 the con-
straint on the distance ensures that for every big enough n we have at every essential return time
with host interval 1(1, s, j)

—pn>logdist(f"f(x),C)zlogaz—g(\l\—k\s\) and so |l\+\s\> BP -n,

p
and the same holds for every inessential return time and every binding time before the next
essential return, by the results in Subsection 5.1.
During free times after some essential return (we recall that every point x has an essential
return either at time O or at time 1, see Remark 3.1 and Section 6) we have after Lemma 6.2 that

—pn>—(3+%)(ll\+|s\)+3+log(wz(e—xko)) and so [/ +s| > o0 Bp

as along as n is big enough. Thus we have shown that we can control the distance to the critical
set through the depth of the last essential return time.
Hence according to the definition of A(n,u)(n) from subsection 5.2

E, ¢ J{Amuv () :(n,0)is such thatn+v > n} thus by Corollary 5.5
k(En) < n(n+ 1) Z O m/B)+v) < M Z k- o(55T/B)k
2 b 2 ipenr(2om)
N>kg,v2s(t)

5
< Cy-exp ( 2p0 (1- %) -n) for some constant C, > 0, as stated.

0

Lemma 7.2. If n is big enough, p small enough (depending only on 6 and A from Lemma 4.1)
and x € I\ E,, then ‘(fﬁ)’(x)‘ > o"/3,

Proof. Let us take x € [\ E, and let 0 < r| < --- < ry < n be the consecutive returns (either
essential or inessential) of the first n iterates of the orbit of x, and p1, pa,..., pr the respective
binding periods. We also set ¢; = riy1 — (ri + pi) the free periods between consecutive returns,
fori=1,...,k, and gy11 = n— (re + pr) if n > ri+ py or gy = 0 otherwise.

We split the argument in the following two cases. If n > ry + py then

‘ |_H(| fql rl+pl | ‘ sz x))|) >G i= 1% Ak Gzl 1Pl>0

since 69 > 6 > ¢ and Ag > 1 by Lemma 4.4(c).
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On the other hand, if n < ry + p; then using Lemma 4.1 and that x € I\ E,,
()@ = () @[ (fa f”‘( NI ()]
| () (x)] - e P \(f" Y ()

A—l . Grk . e—prk ‘Gn rg— 1

> exp((n—1)(logo—p% —%%)) > o773,

v

v

for p > 0 small enough and n big enough since n; < n, where x; is the critical point associated to
Tk

f4*(x) and we have used also the calculation for the previous case to estimate |(f,X)’(x)|. O
Finally since {x €I : E(x) >n} C Ui {x € 1: ‘(f[j)’(x)| < 6*/3} we conclude by Lemmas 7.1
and 7.2 that there are C,&, > 0 satisfying

M{rel £ >n}) < Y ME) <Cre7®n,

k>n
concluding the proof of Theorem C.

8. CONSTANTS DEPEND UNIFORMLY ON INITIAL PARAMETERS

We finally complete the proof of Corollary E by explicitly showing the dependence of the
constants used in the estimates on Sections 2 to 7.

In the statements of the lemmas and propositions in the aforementioned sections we stated
explicitly the direct dependence of the constants appearing in each claim from earlier statements.
For constants which depend only on f we used the plain letter C.

It is straightforward to see that every constant depends on values that ultimately rest on the
choice of initial values for 6,6 and € or ko (which are related) and on the the choice of p and 7,
which are taken to be small enough and where 0 < p < 7 is the unique restriction, used solely in
the proof of Proposition 3.4.

Hence, by choosing 1 < ¢ < V6 < Go, we may then take O < p < T as small as we need to
obtain a small € > 0 (and kq big enough, as a consequence, see Remark 3.2), so that the constants
C1,C3,&1,&2, and consequently Cs, &3 on the statements of Section 1, depend only on ., B, which
depend only on f, and on G, G, p and T, but do not depend on u € S.

This concludes the proof of Corollary E.
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