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ABSTRACT. We consider one typical 2-parameter family of qua-
dratic systems of 2 x 2 conservation laws, and study the geom-
etry of the behaviour of the possible solutions of the Riemann
problem near an umbilic point, following the geometric approach
presented by Isacson, Marchesin, Palmeira, Plohr, in A global for-
malism for nonlinear waves in conservation laws, Commun. Math.
Phys. (1992). The corresponding phase portraits for the rarefac-
tion curves, shock curves and composite curves are discussed.
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Conservation laws are (systems of) partial differential equations of

the form:

U+ FU), =0, UeR" zteR
that arise in mathematical models of physical phenomena when dissipa-
tive effects are neglected. They usually admit discontinuous solutions,
in particular shock waves and rarefaction waves, and therefore a ‘solu-
tion’ has to be understood in a weak sense [17].

We will deal only with the Riemann problem, where the initial con-
dition is given at ¢ = 0 by two constant states, i, for x < 0 and U,
for z > 0, and we look for solutions involving constant states, shock
waves, rarefaction waves and composite waves.

The objective here is to study the geometry of the behaviour of the
possible solutions of the Riemann problem near an umbilic point, fol-
lowing a geometric approach presented by Isacson, Marchesin, Palmeira,
Plohr [10]. They proposed an unified setting for solving that problem:
it should be possible to recover all information about the solutions,
their stability and bifurcations, from the geometry of a single mani-
fold, the fundamental wave manifold, from submanifolds connected to
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the singularities of its projections and some curve foliations on that
manifold.

The fundamental wave manifold W involves two different types of
points: the set of points (U_,Uy,s) with U_ # U, satisfying the
Rankine-Hugoniot condition and therefore corresponding to shocks,
and those in its boundary (with Y- = U, ), the characteristic mani-
fold C, corresponding to rarefaction waves. In section 2 we recollect
the main constructions and results of [10].

In section 3 we prove that, for generic conservation laws, the blow-
up described in [10] leads to a smooth manifold, and we develop the
connections of its relevant submanifolds with the critical sets of pro-
jections.

The study of the rarefaction curves leads to a implicit differential
equation on the state space, that proves to be a binary equation; the
general theory of implicit equations is presented by Davydov in [6],
and Bruce and Tari have studied the case of binary equations and
their bifurcations [3, 4]. When lifted to the characteristic manifold,
that implicit equation induces a 1-dimensional foliation, the rarefaction
foliation, on the characteristic manifold C.

We prove in section 4 that the implicit equation associated to the
rarefaction foliation for a generic 2x 2 conservation law is generic among
binary equations.

In general, 2 x 2 systems of conservation laws admit no umbilic points
but on the other hand those points are unavoidable when considering
the generic behaviour of families, even with just one parameter, of such
systems, or n x n systems of conservation laws with n > 3. Umbilic
points are also present in some equations that are relevant to appli-
cations, and thus the structure of the possible solutions near or at an
umbilic point is important both from a theoretical and an applied point
of view (see [5, 9, 10, 11, 15, 16] and references therein).

We consider generic systems, that therefore are not strictly hyper-
bolic: in general there exists an elliptic region, where the two eigen-
values are complex, and on the boundary of that region the eigenval-
ues are real but not distinct. Schaeffer and Shearer [15] classified all
systems under an assumption of symmetry that forces hyperbolicity;
mixed systems, near but away from an umbilic point were considered
by Holden [9].

The remaining part of this work is the study of one particular, but
typical in a sense to be explained later, two parameter family of qua-
dratic systems of 2 x 2 conservation laws. For the family:
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we get a precise geometric description of the fundamental wave man-
ifold, the characteristic manifold and the sonic loci (where the shocks
are no longer Lax admissible).

This family is very closely related to the normal form in [13], and
in particular these geometric descriptions could be extended to it; of
course all results are still valid also for systems that transform to one
element of our family under a suitable change of coordinates.

For that particular family, all types of generic binary equations with
umbilic points are realized: star (y < 0), monstar (0 < v < 1) and
lemon (v > 1); we show in section 5 that for the star type case, while the
implicit equations for different values of v are all equivalent, there is an
important change of behaviour for ¥ = —1 concerning the orientation
of the rarefaction foliation (subsection 5.2).

In section 6 we consider the shock curves; for our family, we show
that the primary bifurcations correspond to the critical levels of the
hyperbolic umbilic D4, singularity, for v > 1, and the critical levels of
the elliptic umbilic D,_ singularity, for v < 1, and that all secondary
bifurcations (away from the critical points of the rarefaction foliation)
are saddle points.

In section 7 we consider the composite curves and the sonic loci;
again there is a bifurcation at v = —1: if v < —1 the left sonic lo-
cus is a double cover of the characteristic manifold, and therefore the
phase portrait for the composite foliation is locally the same as that
for rarefaction foliation, but for v > —1 there are new critical points,
that turn out to be always centres. There appears also a bifurcation
at v = —1 for the projection of the right sonic locus.

We also complete a characterization of the critical points of the com-
posite foliation of [10, proposition 8.3], where some situations, that ap-
pear in particular for quadratic systems, were not considered; moreover
we show that the case v = —2 studied in [9, 16] is special even inside
the family considered here (remark 13).

The objective of this paper is to present the geometry associated
to quadratic, essentially 2 x 2, models, with umbilic points, and it is
not feasible to cover the construction of the solutions for the Riemann
problem from that geometric structure as well; part of this construction
has already been done, as in [16] for the case A = 0, v = —2 in our
family, corresponding to the standard star umbilic point. We also do
not discuss the structural stability of the foliations involved; this aspect
is discussed in [7, 8, 12, 13].

1.1. Acknowledgements. We would like to thank F. Palmeira for his
very kind remarks on a previous version of this work [2], in particular
correcting a few mistakes, and for sending us his work [8].

All figures, except fig. 1, were drawn on the basis of MAPLE plots;
MAPLE was also used for checking all computations.
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2. BASIC RESULTS AND DEFINITIONS

In this section we describe the geometric formalism of [10]; the main
point is that all information on the solutions can be recovered from the
geometric study of some manifolds and line foliations on them.

A n x n-Conservation Law is a quasi-linear system

where U € R", F' € C?(A,R") and A C R" is an open set.
The initial-value problem for (1) with initial data:

Ul 0) U, ifx <o,
U, x>0

is called a Riemann problem.

Remark 1. We assume F' € C?*(A,R"), but for some particular results
higher regularity is needed, as for instance F' € C?(A, R™) in proposi-
tions 18 and 19, even if it is not explicitly stated.

We allow discontinuous solutions, but of a very restricted type: they
are formed from a finite number of classical solutions, each defined on
an open set of the plane (z,t); the discontinuities appear only on the
curves separating those regions.

Suppose the solution U is C*! except along a line I' given by x = z(¢).
Then U must verify the Rankine-Hugoniot condition:

_dx

Cdt

where U, and U_ are, respectively, the values of U on the right and on
the left of T'.

2) sUs —U) = FU) = FAL), s

Definition 1. A shock wave with constant speed s is given by :
U_ if x < st,

(3) ZCES S
U, itz > st

such that (U_,U,, s) satisfies the Rankine-Hugoniot condition.

Definition 2. A rarefaction wave is a solution

~ /T
Uz, t) =U <?)
such that for ¢t > 0:
IDFU) —sN|U' =0, s= %

This condition can be obtained from the Rankine-Hugoniot condition
by taking the limit when Uy —U_| — 0

Triples satisfying (2) form a subset of P = R” x R” x R. Let R €
R and Q € S"! such that RQ = U, — U_ and consider the space
P :=R"xRxS" ! xR; then (U, R,Q,s) and (U, —R, —Q, s) originate
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exactly the same triple (U- = U, U, = U + RS, s). Let o be the
function that identifies those two points.

Definition 3. The blow-up of P = R" x R" x R along the set {U/_ =
U, } is the image P* of P := R" x R x S"~! x R by the identifying map
o

In the blow-up coordinates (in P), the Rankine-Hugoniot condi-
tion (2) becomes:

sRQY — (F(U+ RQ) — F(U)) =0
By Hadamard lemma [1], since F'(U + RQ) — F(U) = 0 for R = 0,
it can be written as R®(U, R, Q) with ®U,0,2) = DF(U)Q2. Then
R =0 is a trivial solution of Rankine-Hugoniot condition, and the non
trivial solutions come from solving:

(4)  FU,R,Q,s) =sQ— U, R,Q) =0, ®U,0,Q) = DFU)Q

Definition 4. The fundamental wave manifold VV is the image, by the
identifying map o, of the zero-set of F.

Geometrically, it represents the closure, in P*, of points (U_, U, s)
with U, # U_ satisfying the Rankine-Hugoniot condition (2).

Remark 2. P is a two-fold covering manifold for P*; it is more con-
venient to work on and it will be used in the sequel without further
comment.

A shock is represented by a point with R # 0, and the extra points,
rarefaction points, satisfy:

(5) R=0, [-sI+DFU)Q=0

To a rarefaction wave there corresponds a curve of rarefaction points,
s+ (U(s),U(s), s) in the original coordinates and s — (U(s), 0, €2(s), s)
after blow-up, where €)(s) is the eigenvector of DF(U(s)) corresponding
to s.

Definition 5. The characteristic manifold is the set C of rarefaction
points, a n-dimensional manifold when non singular.

A point (U, 0,9, s) belongs to C if and only if s is an eigenvalue of
DF(U) and 2 the respective eigenvector.

Let p : C — U denote the projection p(i,0,9,s) = U. The hy-
perbolic region is the set of U such that DF(U) has only distinct real
eigenvalues, the image of C under p.

Definition 6. The coincidence locus is the set € of points (U, 0,2, s) €
C such that s is a multiple eigenvalue of DF(U).

€ has codimension 1 in C, it is a (n — 1)-dimensional submanifold of
P* when non singular.
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When n = 2, the elliptic region is the set of U such that DF (/) has
no real eigenvalues. The image of the coincidence locus £ under p is the
parabolic region, where there is one double real eigenvalue, separating
the hyperbolic and elliptic regions.

Definition 7. An umbilic point is a point (U, 0,2, s) € € such that s
has geometric multiplicity greater than 1.

Umbilic points form a manifold (when non singular) with codimen-
sion 3, so, in general, 2 X 2-conservation laws do not admit umbilic
points, as there are only two variables, but 1-parameter families do, at
isolated points in the 3-space of the variables and the parameter.

Fix Uy € U and suppose that DF (Uy) has n distinct real eigenvalues.
Then there exists a neighbourhood of U, in which are defined functions
A and 7, for each ¢ = 1,...,n such that r;({/) is the eigenvector of
DF(U) associated to the eigenvalue \;(U):

[=X@) + DF@)ri() =0
We assume that Ay (U) < A (U) < -+ < A\ (U).
Definition 8. A rarefaction curve is an integral curve of the rarefac-
tion line field, induced on C by the differential equation:
(6) U =riU)
Definition 9. The locus of rarefaction singularities, denoted by By, is

the set of singularities of the rarefaction line field.

Rarefaction curves constitute a 1-dimensional foliation of C\By. Con-
sider a rarefaction wave with fixed left state U_; then the corresponding
curve of rarefaction points describes the integral curve through U_ as-
sociated to r;(U), for some 4, in the direction of increasing \;(U).

Definition 10. The inflection locus is the set Z of points of C where
s has a critical point along a rarefaction curve.

7 is an (n — 1)-dimensional submanifold (when non singular) of C.
Proposition 1. The inflection locus is the set of points of C where the
matriz (Fy$2, Fq) is singular. Singularities of the rarefaction line field
are inflection points: By =Z NE.

Fixed the left state U_, the points (U, s) such that (U_, U, , s) satisfy

(2) are the shock waves with the same left state U_; they form the fixed-
U_ shock curve. The definition of fixed-U, shock curve is analogous.

Definition 11. The left primary bifurcation locus is the set of points
where the fixed-U, shock curve is singular, the map:

(L{_,s) HF(UQ) —F(U_)—S(Z/{O—Z/l_), Z/{QZU+

having a critical point.
The right primary bifurcation locus is the set of points where the
fixed-U_ shock curve is singular.
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After the blow-up, the points (U, R,€2,s) € W such that U = Uy
form a 1-dimensional manifold in a neighbourhood of each non singular
point, the fixed-U/_ shock curve. In a similar way we can define a fixed-
U, shock curve.

Those curves can also be regarded as integral curves of the line fields
dU_ = 0 and dUU; = 0, respectively, on the fundamental wave manifold.

Definition 12. The right secondary bifurcation locus Bpg is the set of
points in W\C where the fixed-U/_ shock line field d&/_ = 0 is singular.
The left secondary bifurcation locus By, is the set of points in W\C
where the fixed-U/, shock line field di/, = 0 is singular.

Proposition 2. The locus of rarefaction singularities is the set of points
in the characteristic manifold that are in the closure of the secondary
bifurcation loci:

BrNC=DBy=B,NC

The fixed-U/_ and fixed-U, shock curves constitute a 1-dimensional
foliation of W\ (Br U By) and W\ (B U By), respectively.

All solutions considered verify the Lax criterium: a shock wave is
admissible if it is a triple (U_,U, s) satisfying (2) and such that

(7) )\k(z/[+) <s < )\k(L{_) and Ak_l(L{_) <s < /\k+1(u+)

The inequalities (7) are called Lax inequalities. If n = 1 this means

that DF(U_) > s> DF(Uy).

Definition 13. The right sonic locus Sg is the set of points in W\C
that are sonic on the right, i.e., such that s = \;(U.) for some i. The
left sonic locus Sy, is the set of points in W\C that are sonic on the

left, i.e. such that s = \;(U-).

The sonic locus Sg is defined by det(—sI/+DF (U, )) = 0, with R # 0,
in the fundamental wave manifold, and S;, and Si are n-dimensional
manifolds when non singular. Also:

S§:NC=I=8nC, BrCS8r, BLCS

Proposition 3 ([10]). The graph of s along the fixed-U_ shock curve,
with U_ = Uy, has a critical point at Uy, # Uy iff s is an eigenvalue of
DF(U,), i.e., iff the point (U_,U,, s) is sonic, belonging to Sg.

Definition 14. The exceptional inflection locus Hy is the subset of 7
where 7 is not smooth or the critical point of s along a rarefaction
curve is degenerate.

Proposition 4 ([10]). Assume the inflection locus T is smooth at p €
I\E; then the graph of s along a rarefaction curve through p has vanish-
ing second deriwative, i.e. p belongs to the exceptional inflection locus
Ho, if and only if the rarefaction curve is tangent to the inflection locus
I atp.
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Definition 15. The right hysteresis locus Hg is the subset of Sg\Br
where Sy is not smooth or the graph of s along the fixed-U_ shock
curve has vanishing second derivative. The left hysteresis locus Hp, is
the subset of Sy \B; where Sy, is not smooth or the graph of s along
the fixed-U, shock curve has vanishing second derivative.

Proposition 5 ([10]). The exceptional inflection locus is the set of
points in the characteristic manifold that are in the closure of the hys-
teresis loci:

HrNC=Hy=H.NC

Proposition 6 ([10]). Assume the right sonic locus is smooth at p =
(U_,Uy,s) € SgR\Br, with Uy # U_; then the graph of s along the
fized-U_ shock curve through p has vanishing second derivative at p,
i.€., p belongs to the exceptional inflection locus Hg, if and only if the
shock curve is tangent to Sg at p.

A similar result holds for Hy, involving now fixed-U, shock curves
and Sy,

Definition 16. The double sonic locus D consists of the points in W
that are simultaneously left and right sonic and for which R # 0.

The double sonic locus D is a (n—1)-dimensional submanifold, when
non singular; also S; NS =D and S; NSr =Z U D.

Proposition 7 ([10]). Assumep = (U_-,Uy,s) € S\ Br; the fivred-U-_
shock curve through p is tangent to Sg, at p if and only if p € D.

Consider the function
Uy if = < st
(8) Uz,t) = T (2) if st < < st,
U, it > st

where U is a rarefaction wave, U(so) = Uy, and (U_ = U(s), U, s) ver-
ifies the Rankine-Hugoniot condition (2). This represents a rarefaction
wave situated on the left of a shock wave, without intermediate state,
and it is a solution of the Riemann problem if the shock wave is a
left sonic shock wave. Those solutions are called left composite waves.
Similarly, a rarefaction wave situated on the right of a right sonic shock
wave is called a right composite wave.

U is the solution of the differential equation (6) with initial data U,
so U is uniquely determined by U. U, depends on s: it is such that
(U =U(s),U,, s) is a left sonic shock and belongs to the shock curve
through U_ = U(s).

A left composite curve is a family, depending on s, of left composite
waves with fixed Uy; it may be seen as a curve in the sonic locus:

s— (U-=U(s),Uy,s)
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This curve will be an integral curve of the line field induced on &y by
the differential equation:

The projection (U_ = U(s),Us, s) — U_ of the composite curve, and
the projection (U(s), U(s),s) — U_ = U(s) of the corresponding rar-
efaction curve coincide, they are integral curves of direction fields in-
duced by the same differential equation on U/_.
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3. SINGULARITIES OF THE FUNDAMENTAL WAVE MANIFOLD

3.1. Generic smoothness.

Theorem 1. For a generic n X n system of conservation laws, the
blow-up of the fundamental wave manifold eliminates all singularities,
i.e., it is a smooth manifold.

Proof. The fundamental wave manifold is defined by n equations in
R?"*1 with coordinates (U, V), s):

(9) s(V—U) = (F(V) - FU)) =0
Taking differentials,
(V-U)ds+ (DF(U) — s)dU — (DF(V) —s)dV =0

we see that the singularities of smallest codimension occur when U =V
and s is an eigenvalue of DF'(U), i.e. on the characteristic manifold.
Taking V — U = RQ, with R € R and Q € S"!, equations (9)
become:
sRQ— (F(U+ RQ)—FU)) =0
By Hadamard lemma [1], and since F'(U + RQ) — F(U) = 0 for R =0,

these can be written as:
FU+ RQ) — FU)=RPU,R,Q), O(U,0,Q) = DFU)Q

and, disregarding the trivial solution R = 0, the above equations be-
come

sQ—dU,R,Q) =0
with differentials at R = 0 given by:

Qds — D2F(U)(Q)dU — %DQF(L{)(Q, VAR + (s — DFU))dQ =0

We now consider the subset O of J2(R*,R") x R x S*~! x R where
these differentials are not independent and the point (U, R, (2, s) be-
longs to the characteristic manifold; we denote by O its projection on
J?(R™, R"™), forgetting (R, 2, s).

Belonging to C gives n + 1 equations (5):

R=0, (sI—DFU)Q=0

After fixing a basis, and with standard identifications, the depen-
dence of the differentials is equivalent to a matrix not having maximal
rank.

It is clear that —3D?F(U)(€2, Q) is always dependent of the columns
of —D?*F(U)(R2) and also that, as Q # 0, —D*F(U)(2) can be taken
as any n X n matrix B. On C, we see that sI — DF(U) has not rank
n, therefore at least one column is always a linear combination of the
other ones; we denote by A a n x (n — 1) submatrix of sI — DF(U).
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The set of (2, A, B) where the rank of the n x 2n matrix [Q: B : A] is
n — 1 has codimension n + 1 [1].

Thus the subset O is of course algebraic (defined by algebraic equa-
tions), closed and has codimension 2n+2. Its projection O on J?(R", R™),
forgetting (R, 2, s), is a closed semi-algebraic set of codimension n + 1.

Since O is semialgebraic and closed, it admits a regular Whitney
stratification, and from Thom transversality theorem [1], adapted to
Whitney stratified sets, the set of maps F' such that their 2-jets are
transverse to O is open and dense in the Whitney topology, i.e. generic;
looking at the codimension, transverse means not intersecting and the
theorem follows. O

Corollary 1. For a generic n X n system of conservation laws, the
blow-up of the fundamental wave manifold eliminates all singularities
of the characteristic manifold, i.e., C is a smooth manifold.

Proof. Proceeding as above, smoothness of C follows from the indepen-
dence of:

Qs — D2F(U)(Q)AU — S D*F(U)(Q, Q)R + (s — DF@))AQ = 0
dR =0

or, equivalently, from the (n + 1) x 2n matrix:

Q B BQ A
00 1 0

having maximal rank; this is clearly equivalent to [Q2: B : A] having
rank n. 0

Using the same type of arguments we can prove:

Theorem 2. After blow-up, the sonic loci S, and Sg of a generic nxn
system of conservation laws are smooth manifolds, and intersect each
other transversally; the closures of the sonic loci intersect C transver-
sally. Thus the inflection locus T and the double sonic locus D are also
smooth manifolds.

3.2. Projections and their singularities. We shall assume that the
generic properties of transversality and smoothness of theorem 2 are
verified.

Consider the projection:

W —R" 7 (U, U, s)— U

and let 7, and 7, denote its restricton to Sy and Sg, respectively;
similarly, we define 7} and 7} from:

W — R, at (U Uy, s) = UL
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We denote by p the restriction of 7~ to the characteristic manifold

C:
p:C—R" p:(UUs)—U

Proposition 8 ([10]). The projection p : C — U is singular at p € C
if and only if p € E; thus the coincidence set is the set X(p) of critical
points of p:

& =13(p)

Such singularity is a fold point for p if and only if s has algebraic
multiplicity 2 and geometric multiplicity 1.

Proposition 9 ([10]). Let p € E\By be a fold point for p : C — U.
Then the rarefaction curve through p is transverse to € and its projec-
tion on U 1is a cusp.

Proposition 10 ([10]). The projection ©™ restricted to a fized-U_ shock
curve has a critical point at p € W\(Bgr U By) if and only if p € &; if
p € E\By is a fold point for p: C — U, then the fixred-U_ shock curve
through p is transverse to £ and its projection ©+ on U is a cusp.

A similar proposition is valid for 7~. It follows immediatly from the
definition of secondary bifurcation loci that:

Proposition 11. The right secondary bifurcation locus Br is the set
Y(m7)\C of critical points of m~ outside the characteristic manifold C,
as the left secondary bifurcation locus locus By, is the set X(nT)\C and
the locus By of rarefaction singularities is the set of critical points in

C:
Br=X(r")\C, Br=%X(r")\C, By=X(r )nC=%(z")NC
Consider the projection:
W — R U U, 8) — (U, )

and let 7, and 7, denote its restriction to Sr, and Sg, respectively.
The projections 7; and 77 are defined in the same way from:

W — R (U U, 8) = (U, S)

Proposition 12 ([10]). The right sonic locus Sg is the set X(77)\C
of critical points of T~ outside the characteristic manifold C, as the left
sonic locus Sy, is the set X(7T)\C of critical points of T+ outside C and
the inflection locus I is the set of critical points in C:

Sp=S(rN\C S.=%(rNC T=3(r)NC=x(r")NC

We have stated before that By, C Sy and similarly Bg C Sg, and
this follows easily from propositions 11 and 12; we can be more precise:
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Proposition 13. The right secondary bifurcation locus Bg is contained
in the set ¥(my) of critical points of the restriction of 1~ to Sg, as the
left secondary bifurcation locus locus By, is contained in the set X(m}):

Br C X(rg), By C X(})

Proof. As 7% = (7%, 5), all critical points of 7% are a fortiori critical
points of 7%, O

Proposition 14. The right hysteresis locus Hg is the set of critical
points of the restriction of 7~ to Sgp\Bgr, as the left hysteresis locus
locus Hy, is the set of critical points of the restriction of 7+ to Sgp\BL:

Hp = S(n3)\Br, Hp=X(])\BL
Moreover:
2(71'1_%) :BRUHR, Z(T{'Z) :BLUHL

Proof. We prove Hp = 3(7g)\Bg, the other statement being similar.
Consider a point p € Hp: it follows from proposition 6 that there exists
a nonzero tangent vector = to Sg such that dU(p) - = = 0. Therefore
T,Sk and dU = 0 are not transverse, and p € X(7)\Bx.

Take now a nonzero tangent vector = to Sg at a point p € Hg\Bg
such that dU(p) - = = 0; such a vector always exits if p € 3(7;)\Bg.
It follows from the same proposition 6 that the graph of s along the
fixed-U shock curve passing through p has vanishing second derivative
and p € Hg.

Therefore Hr = X(7)\Bg-

As By, C S, and Br C Sg, it follows that the critical points of
these projections are the union of the secondary bifurcation loci and
the hysteresis loci:

E(?T]_%) :BRUHR, E(ﬂ'z) :BLUHL

We can define maps Ilg : Sg — C and Il : S — C by:
HR(U—vu—HS) = (Z/{-HM—HS): HL(U—J/{-HS) = (u—vu—vs)

Proposition 15. The images of Hr under Iz and of Hy under 11
are the inflection locus:

Mp(Hg) =Z, Up(Hy)=1T

Proof. We prove I1gr(Hg) = Z, the other statement being similar. Con-
sider a tangent vector (£,7,0) to a fixed-U_ shock curve at a point
p= (L{_,Z/I+, S) € Hg.

Then (Uy —U_)ds+ (DF(U-)—s)dU_-— (DF(U;) —s)dU and dU_
are zero on (£,7,0), and so is ds; thus o = 0, s is an eigenvalue and 7
an eigenvector of DF(Uy).

We know from proposition 6 that (£, 7, o) is also tangent to Sg; then
there is a curve in Sg passing through p with velocity (£, 7, 0), and its
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image under Il is a curve in the characteristic manifold C with velocity
(n,m,0). Therefore (n,n,0) is tangent to C at llg(p) = (U, U, s)
and we can construct a rarefaction curve (U(t),U(t), s(t)) with velocity
(n,m,0) at (U(0),U(0),5(0)) = g(p) = Uy, Uy, s).

As 5(0) = o = 0, this proves that IIz(p) € Z. O

Proposition 16. The points in the double sonic locus D and outside
the secondary bifurcation loci are contained in the set ¥(n; ), and sim-
ilarly in X (m}):

D\(BL U BR) - E(ﬂ';) N E(?TE)

Proof. This is an easy consequence of proposition 7: in fact, if p €
D\Br C S;\Bg then the fixed-U/_ shock curve through p is tangent
to Sp, at p; therefore there exists a nonzero vector = € T,S;, for which
dU_(p) -E =0, and 17,5, and dU_ = 0 are not transverse. It follows
that p € (7).

Similarly, if p € D\B, C Sg\By, it follows that p € X(77;). Thus, if
D\(BL, U Bg) then p € X(m;) N X(74). O
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4. QUADRATIC 2 X 2 SYSTEMS OF CONSERVATION LAWS

4.1. Rarefaction foliation and binary equations. A binary dif-
ferential equation is an implicit differential equation on two variables
(x,y) of the form:

a(x,y)dz® 4 2b(x, y)dady + c(z,y)dy* =0

Proposition 17 ([13]). The rarefaction foliation of a 2 x 2 system of
conservation laws corresponds to the solutions of a binary differential
equation.

Proof. Given a 2 x 2 matrix A; ;, its eigenvectors are the solutions (&, )
of the equation:

Aran® + (A1g — Aop)én — 42167 =0
As the rarefaction curves are solutions of the differential equations:
U=r;U), 7 aneigenvector of DF(U), U = (v,u)
they are also the solutions of the binary differential equation:

8F1 2 8F1 8F2 8F2 2
%du + (E - %) dvdu — de =0

O

Proposition 18. A necessary and sufficient condition for a binary dif-
ferential equation a(x,y)dx®+2b(x, y)dzdy+c(x,y)dy? = 0 to be locally
realizable as the differential equation for the rarefaction curves of a sys-
tem of conservation laws is that:

0%a b %
- 9 + —
Oy? 0xdy  Ox?
Proof. Condition (10) is easily seen to be the integrability condition
for the system of partial differential equations on Fi, F5:

(10) =0

(%(x,y) = —CL(ZL’,y)

28 @y) - G2 y) = (a,y)

\%P;(z,y) = c(z,y)

]
Generic binary differential equations and their bifurcations near Morse

singularities were studied by Bruce and Tari [3, 4]; in [4] they prove
that a generic 1-parameter family of binary differential equations

a(x,y, \)da? + 2b(z, y, \)dady + c(z,y, \)dy* = 0
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in a neighbourhood of a point where a = b = ¢ = 0, and assuming the
discriminant to have a Morse singularity at that point, is equivalent
(in a precise sense explained there) to one of 8 normal forms:

(11)

(y + N dy? + 2zdrdy — ydz* = 0 Lemon (1 saddle)

(y + N)dy* — Zxdxdy ydr? =0 Star (3 saddles)

(y + Ndy? + jazdzdy — yda® = 0 Monstar (2 saddles + 1 node)
(y + )\)dy + 2$d:17dy +ydz? =0 (1saddle)

(y + N)dy? — tzdady + yda? =0 (1 node)

(y + )\)dy - 4xdxdy +ydz* =0 (3 saddles)

(y + \)dy* + 2( — x)dzdy + ydz* =0 (2 saddles + 1 node)

(y + Ndy* — jadedy + yda? = 0 (1 saddle + 2 nodes)

The standard umbilic points are obtained by taking A = 0 in the
three first families.

It is easy to see that all these normal forms satisfy the integrability
condition (10), and therefore it is possible to construct one-parameter
families of 2 x 2 systems of conservation laws, that turn out to be
quadratic, corresponding to these normal forms in the sense that their
rarefaction foliations can be thought of as the solutions of respective
family of binary differential equations.

Proposition 19. The families (11) are generic among those satisfying
the integrability condition (10).

Proof. The conditions for the families (11) to be generic among all
binary differential equations involve only their 1-jet, except one: that
the critical points be normal; this condition does not involve the mixed
second derivatives of a(z,y), b(x,y) and c(z,y) [4].

The integrability condition (10) afects only the terms in their 2-jets
that do not belong to the 1-jet, and in particular the mixed second
derivative; they are therefore independent and the result follows easily.

O

We will consider a 2-parameter family of conservation laws, corre-
sponding to the existence of umbilic points, namely:

2 2

The introduction of the parameter v allows the simultaneous treatment
of the first three of the above families (11), obtained for v = 2, —2, 1/2
respectively; from the point of view of binary equations, for any fixed
v < 0 the corresponding family is equivalent to the star family, for
0 < v < 1 to the monstar family, and for v > 1 to the lemon family,
but we will show that there is a significant change of behaviour for

v=—1.

1 1
(12) F(v,u,)\,fy):(/\u—l— RPN vu) v #£ 41,0
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The characteristic polynomial corresponding to (12) is s*—(2+7)vs+
(1+7)v? —u(A+u). Thus the system is strictly hyperbolic only outside
the ellipse:

A 2
(13) v?v? + 4 (u + 5) =\?
and for A # 0 there is an elliptical region inside that ellipse.

Remark 3. In a quadratic model the boundary of the region of strict
hyperbolicity is a conic; Schaeffer and Shearer[15] only considered hy-
perbolic systems, and then that boundary reduces to a point, a degen-
erate conic.

For A # 0 there are no umbilic points; for A = 0, the origin is the
unique umbilic point.

4.2. Geometry of the characteristic manifold. After blow-up, in
the coordinates (v,u, R,w,s) where (v,u) = U_, Q = (cosw,sinw)
and (v+ Rcosw,u+ Rsinw) = U,, the fundamental wave manifold is
defined by the two equations:

(14)
Fi=A+u)sinw+ (1 +7)v—s)cosw+ 3R(1 +ycos’w) =0

Fo=(v—s)sinw+ucosw + Rsinwcosw =0

and the characteristic manifold by (14) together with R = 0. The sonic
loci are defined by equations (14) together with:

(15) fr=5"=2+yvs+ 1+ —ul+u)=0
for the left sonic locus, and:

(16) fr=5"—(2+7)(v+ Rcosw)s + (1 +7)(v+ Rcosw)? —
—(u+ Rsinw)(A+u+ Rsinw) =0

for the right sonic locus. Of course, we have to impose R # 0 to
distinguish the sonic loci from the characteristic manifold.
Making the linear change of coordinates:

(17)
Vv 1
A=2A, ~y=2I, V= u=U—A, s:S—l—(l—i—f)V
the equations for the fundamental wave manifold become:
(18)
1
—cosw S+ cosw V +sinw U + (5 +Tcos’w) R+sinw A =0

—sinw S —sinw V +cosw U +sinwcosw R —cosw A =0
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and those for the characteristic manifold become:
—cosw S+ cosw V +sinw U +sinwA=0

(19) —sinw S —sinw V +cosw U — cosw A =0
R=0

Proposition 20 ([11]). The fundamental wave manifold and the char-
acteristic manifold of a quadratic system (12) are smooth ruled sur-
faces.

Proof. Equations (14) for the fundamental wave manifold are linear
on the variables (v, u, R,s) with coefficients depending on (w, A,7); a
similar situation happens when considering equations (18), but these
can always be solved for V and U:

V=a1(wW)R+ b (w)S + c1(w)

(20) U =a(w)R+ by(w)S + c2(w)
where:
(21)
1 1
ar(w) = 5 cosw(l —2(T +1)cos’w) az(w) = —5 sinw(1 + 2(I" + 1) cos® w)
by (w) = cos 2w by (w) = sin 2w
c1(w) = —Asin 2w ca(w) = A cos 2w

Therefore we see that the fundamental wave manifold is a smooth
manifold generated by a 2-dimensional plane, defined by equations (20)
for fixed w, along the curve:

w — (—Asin 2w, A cos 2w, 0, w, 0)

and the characteristic manifold is a smooth manifold generated by the
line

S+ (cos2w S — Asin 2w, sin 2w S + A cos 2w, 0,w, S)
along the same curve. O

The geometric characterization of the characteristic manifold and
sonic loci will be important in the sequel.
In the new coordinates, equation (15) becomes:

(22) S2—V2-U*+ A =0

and, for a fixed w and R = 0, equations (18) can be interpreted as
defining one plane each in the space (V,U,S); it is easy to see that
these planes are both tangent to the one leaf hyperboloid (22) at:

V=—-Acotw, U=—-A, S=—-Acotw,
and

V=—-Atanw, U=A, S=Atanw
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respectively.

An one leaf hyperboloid is a bi-ruled surface: the intersection of
any tangent plane with the surface gives two straight lines in the hy-
perboloid. Moreover these lines can be obtained as the intersection
of the hyperboloid with the tangent planes through the circumference
V24 U? =A%, S =0, for the above form (22), and they project down
on the plane S = 0 as tangents to that circumference.

The intersection of any tangent plane with S = 0 is a straight line
intersecting that circumference in two points, and the projection of the
tangency point can be obtained as the intersection of the two tangents
to the circumference at those points.

It is then clear from fig. 1 that the intersection of the planes is a
straight line [(w), tangent to the hyperboloid (22), passing through the
point I with coordinates V = —Asin(2w), U = Acos(2w), S = 0; its
projection on the (V,U)-plane is tangent to the circumference at that
point, and connects the projections of the two tangency points of the
planes (18), assuming R = 0.

(o)

FIGURE 1. Construction of [(w): T} and T5 are the pro-
jections of the tangency points of the two planes, [(w)
the common tangent.

As w varies, [(w) describes twisted cylinders in P = R x R x §* x R
and in P*, the former being a double cover of the latter.
4.3. Geometry of the sonic loci.

Proposition 21 ([11]). The sonic loci of the quadratic system corre-
sponding to (12) are smooth ruled surfaces.



THE GEOMETRY OF CONSERVATION LAWS 21

Proof. Equations (18) corresponding to the Rankine-Hugoniot condi-
tion can always be solved for the variables (V, U), as seen above, leading
to:

V=a(w)R+ b (w)S+ c1(w)
U =a(w)R+ by(w)S + c2(w)

Substituting in the equation (16) for the right sonic locus, after the
change of variables (17), gives also a linear equation on R and S:

(23) ag(w)R + bg(w)S + c:;(w) =0

where:

1
az(w) = Z<1 —8(I' + 1) cos® w — 4(I'* — 1) cos* w)

bs(w) = (34 2(T' — 1) cos? w) cosw
c(w) = —A(1+2(T — 1) cos® w) sinw

Note that ag and b3 cannot be simultaneously zero (as I' # —1/2, or
v # —1), therefore equation (23) can always be solved for R or S, and
consequently Sg can be smoothly parametrized by (w, R), or (w,S).

Proceeding as above, the substitution of the solution (V,U) of equa-~
tions (18) in the equation (15) for the left sonic locus, after the change
of variables (17), gives also a linear equation on R and S:

(24) as(w)R 4 bs(w)S + E3(w) =0
where:

1
asz(w) = 1t (14+T)cos’w — (1 —I'?)cos*w

by(w) = —(3 —2(1 —TI') cos® w) cosw
e3(w) = A(1 —2(1 —T) cos® w) sinw

As before, since az and bz cannot be simultaneously zero (as I # —1/2),
Sy, can be smoothly parametrized by (w, R), or (w,.S).

It is easy to see that for both sonic loci, the parametrization by
(w, R), respectively (w, S), is linear in R, respectively S. O

It is clear that we can always solve one of the equations (18) for R,
since the derivatives with respect to R cannot be simultaneously zero
(as ' # —1/2, or v # —1). Say R(V,U, S,w, A, T") is that solution, and
substitute it into the other equation; this elimination of R gives:

(25) a(w)S + b(w)V + ¢(w)U + d(w)A =0
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with:
a(w) = (1+2(T — 1) cos® w) sinw
b(w) = (1 +2(I' + 1) cos® w) sinw
c(w) = (1 —2(I' + 1) cos® w) cosw
d(w) = (3 +2(I' — 1) cos® w) cos w

Thus, for a fixed w, the projection of the left sonic locus in the space
(V, U, S) is the intersection of the plane (25) with the hyperboloid (22);
in the space (V,U, R, S) it is the graph of the map R(V,U, S,w,A,T")
on that set.

A straightforward computation shows that:

a(w)? —b(w)? — c(w)?* +d(w)* =0

and therefore the plane (25) is tangent (for A # 0) to the hyper-
boloid (22) at the point:

_ aw) __bw) __dw) _
(26)  Siy= g3 V= —gigh Va= =gy fu =0

The last equality follows from substituting Sy,, Vi, and Uy, into (18);
we begin by verifying that:

(a(w) 4+ b(w)) cosw — (d(w) — c(w)) sinw =0
(b(w) — a(w))sinw — (c(w) + d(w)) cosw =0

which, multiplying by —A/d, gives:

(Vig — Stg) cosw + (A + Uyy) sinw = 0
(Vig + Sig) sinw — (Uyy — A) cosw =0

and thus Ry, = 0.

Thus, for a fixed w, the intersection of the plane (25) with the hy-
perboloid (22) is given by two straight lines tangent to the hyper-
boloid; they project on the (V,U)-plane as tangents to the circumfer-
ence V2 4+ U? = A?, with S = 0.

The tangency points of these lines with the circumference are ob-
tained by solving the equations (22,25) for S = 0, taking in account
that a(w)? — b(w)? — c¢(w)? + d(w)? = 0, thus leading to:

—bw)d(w) Fa(w)ew) \ - —c(w)dw) £ a(w)db(w) )
b(w)? + c(w)? ’ b(w)? + c(w)?

Tio = (Vig, U1,2) = <
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This gives:
Vo —4(1 + 2I" cos? w) sinw cos w
P14 4T+ 1) cos?w + 4(T2 — 1) costw
U 14+4T —1)cos?w+4(I + 1) cos*w
"1 440+ 1) cos?w + 4(T2 — 1) costw
R —4sinw(1+2(T — 1) cos* w)
"1+ 4T + 1) cos?w 4 412 — 1) costw
(27) S1 =0
and
Vo = —2Asinwcosw = —Asin 2w
Us =A(2cos*w — 1) = A cos 2w
RQ :0
(28) Sy =0

The second solution (28) belongs to the characteristic manifold, in
fact it gives a parametrization of the coincidence locus &£, and the
corresponding tangent describes the characteristic manifold C.

The left sonic locus is generated by the tangent to the hyperboloid
passing through (V;, Uy, 0); we denote by &£ the corresponding curve
on the sonic locus, parametrized by w (for A and ~ fixed):

(29) & wr— (V,Up, Ry,w,0)

Remark 4. The denominator of Vi, Uy and R; is never zero (I' # —1/2):
if we interpret it as a quadratic equation on I', its discriminant will be:

—64 cos® wsin®w
and I' = —1/2, when w = 0, is the only possible real root.

This way we see that the left sonic locus is formed by straight lines,
tangent to the hyperboloid, on which R is not identically zero, as those
where R = 0 are exactly the ones forming the characteristic manifold,
as explained above.

For A = 0 the hyperboloid becomes a cone and the circumference a
point, and the left sonic locus is defined by the equations:

S2—VE-U?=0, a(w)S+bw)V +cwlU=0

Now the plane defined by the second equation is not tangent to the
cone. The corresponding solutions can be written as:

—a(w)b(w) + c(w)d(w) a(w)e(w) F b(w)d(w)

b(@)? 1 c(w)? e+ W)y C

V=

S, U=—
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and therefore we have the two solutions:
1+4(T —1)cos?w +4(T? + 1) cos? w
144(T 4+ 1) cos?w + 4(T2 — 1) cost w
4(1 + 2T cos? w) sin w cos w
144 +1)cos?w +4(I2 — 1) costw

‘/i:

U =

and
Vo= S(2cos?w — 1) = S cos 2w
Us = 2Ssinw cosw = S sin 2w

Along the second one we have Ry = 0 (and thus is the characteristic
manifold), and along the first one:
4(3+2(T' — 1) cos? w) cosw
1+ 4T+ 1) cos?w +4(I? — 1) costw
The left sonic locus can be parametrized by:
(w,S)— Vi(w,S),Ui(w,S), Ri(w,S),w,S)

To study the right sonic locus we make a change of variables:

Ry

X 1
A=2A, ~=2T, x:?, y=Y — A, s:Z+<1—|—f)X

where r = v+ Rcosw, y = u+ Rsinw, and follow the procedure above.
It is easy to see that the only change is that the coefficients of R in
the analogue of equations (18) are the symmetric of the previous ones;
therefore R(X,Y, Z,w, A,T') has a symmetric expression, and the result
of the elimination of R between the two equations is the same as before.

Proposition 22. For A # 0, the inflection locus I coincides with the
tangency points of the plane a(w)S + b(w)V + ¢(w)U + d(w)A = 0 with
the hyperboloid S? — V2 — U? + A? = 0.

Proof. The inflection locus is the intersection of the characteristic man-
ifold with the left (or right) sonic locus Sp; from the geometric charac-
terization of those sets, it follows that the inflection locus coincides with
the tangency points of the plane a(w)S + b(w)V + ¢(w)U + d(w)A =0
with the hyperboloid S? — V2 — U% + A% = 0, since that is the inter-
section of the two tangents, one in C and the other in §;. Thus 7 is
given by the parametrized equations (26). OJ

The situation for A = 0 will be discussed in 5.2.

Proposition 23. For quadratic 2 X 2 systems the double sonic locus
1s empty if v < —1.

Proof. A point belongs to left sonic locus if it verifies the Rankine-
Hugoniot condition and if s is an eigenvalue of DF' at the left state,
ie., if [DF(U-) — sI| = 0. In the same way, a point belongs to the
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right sonic locus if it verifies the Rankine-Hugoniot condition and if
|DF(U,) — sI| = 0.
Suppose that (U_,U,,s) € D. Then we have, from equations (15)
and (16):
|DF(U_) —sI| =0
|IDF(U,) —sI| =0
It is also known, and verifiable by direct computation, that for qua-

dratic systems the Hugoniot-Rankine condition implies that s is an
eigenvalue of DF' at the middle point between U_ and U, :

‘DF(Z{;E)—SI

But if U # U, , that would mean that the quadratic equation on t:
IDF((1 —t)U_+tU,) —sI|=0

had three different roots, t = 0, 1/2 and 1, for the fixed values of
(U_,U,,s). Then we should have all coefficients in the quadratic equa-
tion identically zero:

(2(14+T)cos?w—1)R?2=0
(30) —2(2I'Vecosw+ (1 4+ T')Scosw — Usinw)R =0
S2—V2-U*+ A =0

=0

Thus the double sonic locus is empty whenever v < —1 (I' < —1/2),
since the first condition cannot be fullfilled.

The third condition is again belonging to the left sonic locus, and the
second one becomes an identity on &y, for w solving the first condition.
Therefore the double sonic locus is given by the two straight lines d;

and ds:

w = = arccos = tarctan(1 4 2I")

v
V2(1+1)
1 I R+ 1+T
2,20+T)  V1+2r
1 [2(1+20)
(31) U=%3\V 157 &
1 r
S=-v2(1+1) R+ ——A
4 ( ) v142I

if v > —1, or I' > —1/2. Their intersection with C is in Z and projects
on the points:

A

1+T
Ve=gF—=A U=0
Tt
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Remark 5. There are points simultaneously sonic on the left and on
the right when v < —1, but they are contained on the characteristic
manifold, i.e., they are such that R = 0. More precisely, the set of
those points coincides with the inflection locus.

4.4. Rarefaction and composite foliations. The differential equa-
tion (6) for the rarefaction curves:

where r; is an eigenvector of DF(U), is an implicit differential equation
in the space of the variables U whenever the eigenvalues are not always
distinct. The corresponding integral curves can also be defined by a
differential 1-form a:

o 8F1 8F1 o 8F2 8F2
o= <E—s> dv+%du, or oc—%dij <%—s>du

as s is an eigenvalue of DF(U).

Here and subsequently we abuse notation denoting by the same sym-
bol two 1-forms that define the same foliation.

On the characteristic manifold C the foliation induced by that equa-
tion can also be defined by a differential 1-form a¢ = 7ja:

(32)
B 0F; 0, 0F,
e = <——s> dv+%du, or Oéc—adv—i‘ <%—5> du
where ¢ : C — R? 7e(U,U,s) =U.
Alternatively, we can think of a as a 1-form on the space (v,u, s),
and then:

oac =i«
where ¢ is the inclusion of C in that space.

As we have seen before (section 2), a left composite curve is a curve
in the left sonic locus:

s— (U-=U(s),Uy,s)

that is an integral curve of the line field induced on Sy, by the differential
equation U = 7;(U). The projection (U_ = U(s),U,,s) — U_ of the
composite curve, and the projection (U(s),U(s), s) — U_ = U(s) of the
corresponding rarefaction curve coincide, when they are both defined.

If 7, denotes the projection 7= : (U_,Uy, s) — (U_, s) restricted to
Sy, then the left composite foliation is formed by the integral curves
of p= (17 )* .

Similarly, the right composite foliation can be defined by a 1-form
v = (7})" @ on Sg, where 7} denotes the projection 7+ : (U_, U, s) —
(U, s) restricted to Sg.

Proposition 24. The left and right composite foliations are diffeo-
morphic.
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Proof. 1t is easy to see that ® : S — Sg, where:
(ID(U,,Z/A, S) = (Z/{+,Z/{,, S)

is a diffeomorphism, and the following diagram commutes:

St L>SR

™ l lnﬁ
id

]RnJrl RnJrl
Therefore ®*v = p. O

Remark 6. We also have the following commutative diagram:

S, —— Sg

| |
R+l id R+

where 7,7 and 75 are the projections 7% and 77 restricted to Sz, re-
spectively to Sg. Thus we will study only the left composite foliation.
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5. RAREFACTION CURVES

The differential equation (6) for the rarefaction curves in U induces
a differential 1-form «¢ on the characteristic manifold C, as seen before
(32).

5.1. Rarefaction foliation. In our case, and in view of (5), the equa-
tions become:

sinwv—coswu=0 or sinwdv—coswdu=20

since ) = (cosw, sinw) is an eigenvector of DF'(U) corresponding to the
eigenvalue s. In the coordinates (V,U, R,w, S) the differential equation
becomes (multiplying by I'):

ac =sinw dV —T'cosw dU =0
and, as described before, we can parametrize the characteristic mani-
fold C by (S,w) — (Scos2w — Asin2w, Ssin2w + A cos2w,0,w, S) to

obtain:

(33)
ac = —sinw(l —2(1 —T') cos*w)dS +
+ [2Asinw(l — 2(1 = T) cos’w) — 2S cosw(T 4 2(1 — I') sin® w)] dw

The critical points are the solutions of:

1 1
(34) w=0 or cos2w:2(1_r):2_7

and

A
S=0<=V =—-Asin2w <= v = —-2—sinwcosw
7

thus they are given by:

JI=7 . 1-
(35) P = (0,0) ]%3::<12 T\ - VA)
Y2=7) " 2-9
in the (v, u)-plane, where P, and P are well defined only for v < 1.

The straight lines in C corresponding to:

1
w=0, w=Z+arccos ——
V2—7
are separatrices of the respective critical points. In the coordinates
(V,U) the critical points become:

1-2I r
P, = A Poa= |+ A A
(36) 1= (0,A) 2,3 ( -1t M1oT )
Calculating the eigenvalues of the system at critical points we can
easily verify that P, and P; are saddle points independently of v < 1,
while P; is a node if 0 < v < 1 and a saddle when v > 1 or v < 0.
Thus we conclude that:
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a. for v > 1 the system has only one critical point, a saddle.
b. for 0 < v < 1 the system has 3 critical points, two saddles and a

node.
c. for v < 0 the system has 3 critical points, three saddles.

w=m/2

£

w=—71/2

QL

U

lemon, y>1 monstar, 0 <y<1 star, y<0

FIGURE 2. Rarefaction foliation and phase portrait of
rarefaction curves for A = —3 (A = —1): in the space
(V,U,w), in the space (V, U, S), and projected on (V,U)

The situation for A # 0 is depicted in fig. 2, where the characteristic
manifold is represented in the spaces (V,U,S) and (V,U,w), and the
rarefaction foliation is projected on the plane (V,U).

For A = 0, the hyperboloid in the space (V,U,S) representing the
characteristic manifold becomes a cone, but the characteristic manifold
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lemon, y>1 monstar, 0 <y<1 star, y <0

FiGure 3. Rarefaction foliation and phase portrait of
rarefaction curves, A =0 (A = 0): in the space (V,U,w),
in the space (V,U,S) rotated by m/2, and projected on
(V.U)

is still smooth, as can be seen in its projection on the (V) U, w)-space:
there is a common separatrix to the existing critical points, correspond-
ing to the vertex of the cone, that projects down on the origin.

The rarefaction foliation gives a phase portrait in the plane (V,U)
corresponding to the classical umbilic points: lemon, monstar and star

(fig. 3).
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5.2. Inflection Locus. To a rarefaction wave there corresponds a rar-
efaction curve with an orientation: the corresponding eigenvalue should
increase along it. Therefore in general that orientation changes on the
inflection locus.

The variable s has a critical point along a rarefaction curve, and the
corresponding point belongs to the inflection locus, if there is a nonzero
vector contained simultaneously in the rarefaction line field and in the
hyperplane ds = 0. These points can also be characterized as the left
and right sonic points belonging to the characteristic manifold.

5.2.1. X # 0. As remarked before, in our model and assuming \ # 0
(or equivalently A # 0), the inflection locus is given by (26):

(. 1+2(T+1)cos’w

342 —1)cos?w

_ 1-2('+1)cos’w

(37) 342 —1)cos?w

1+2(T—1)cos?w

Atanw

S = At
3+2('=1)cos?w anw
(R=0
In fact there is another component when v = —1; we compute the

inflection locus differently: we have seen before that it can be thought
of as the intersection of the (closure of the) sonic loci, which is contained
in the characteristic manifold. But here we have f; = 0, and instead
of the equation fr = 0 we use the equation:

%(fL —fr) =0

(dividing by R to avoid the trivial solution given by all the character-
istic manifold) and then we make R = 0, so finally:

coswV +sinwU —cosw S +Asinw =0
—sinwV +coswU —sinw S — Acosw =0
—2lcosw V —2sinw U —2(1 +I")cosw S =0
R=0

(38)

The matrix of the coefficients of the system for (V, U, R, S) has rank
4, except for:

1
(39) w= g V  w = farctan (§ —3(1+ 2F))
where the last values make sense only for I' < —1 (or v < —1).
When A # 0, there are no solutions corresponding to these singular
values unless I' = —1/2 (or v = —1), and then:

I'=——, w=0, V=5 U=A
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The singular points of the rarefaction curves belong to the inflection
locus, more specifically, By = ZNE (Proposition 1); so there should be
a change of behaviour at v = 1, for A # 0.

The asymptotes of the projection of the inflection locus (37) are as
follows:

For w = 7/2, we have a horizontal asymptote:

2\
U= —3 or equivalently, u = Y

For w = + arctan <\/—3(1 + 7)/3) and 7 < —1, we have two other
asymptotes:

_ =T —3(1+2r)voru:_(27+5)Ai%/—3(1+7)v
32+1) I'+2 3(y+4) v+4

At v = —1, the projection of the asymptotes of the curve given by
(37) is:

242 A 24/2
T\/_\A], U= -3 o lv| > Tf]A\, U=
Finally, we can easily verify that if —4 <y < =3 or —1 < v < 0 there
are 4 points whose tangent is vertical, while there are only two points
in those conditions if —3 < v < —1 and none for v > 0 or v < —4.
This property distinguishes the cases —1 <y <0 and 0 <y < 1.
Therefore, for A # 0, the projection of the inflection locus has rele-
vant changes at v = —4, —3, —1, 0 and 1, i.e., at [ = =2, —%, —%, 0
and 1 (fig. 4); the asymptotes:

Vi=

1-T —-3(1+20
U=- (1 +2) V
3(I'+2) I'+2
become vertical and then change the sign of their slopes at I' = —2

(v = —4), and at that value of I there are 1 horizontal asymptote and
2 vertical asymptotes:

U:—%A, V=—-A', V=AT

Consequently, for v < —3 (y # —4), the projection of the inflection
locus has a self-intersection, but different as v > —4 or v < —4, while
if ¥ = —3 there is a cusp at the origin.

Those self-intersections and the cusp exist only on the projection,
and thus are noticeable in the phase portrait on the (v, u)-plane. On
the characteristic manifold only the changes at v = —1, 0 and 1 affect
the behaviour of the rarefaction curves. Figure 5 shows that bifurcation
for v = —1 in the (V, U)-plane.
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3>y >-4

FIGURE 4. Bifurcation of the inflection locus in the
(V,U)-plane, A # 0

5.2.2. A =0. Making A = 0 in equations (38) we obtain:

coswV +sinwU —cosw S =0

—sinwV 4+coswlU —sinw S =0

—2lcosw V —2sinw U —2(1 +T')cosw S =0
R=0

(40)
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VAN 4\
v VY X
A('(\& \ N

vV N

0>y >-1 1>y >-4
FI1GURE 5. Orientation of the rarefaction curves, A # 0

Now the only nontrivial solutions are the singular ones (39), with
A=0:

( 1
T w = + arctan (— -3(1+ 2F))
YT oir O
(41) V=—9 and V= 11_—FS
U=0 —3(142I")
T A Sl Mt}
\U 1-T 5

We are interested in the projection of the inflection locus in the plane
(V,U), or (v,u), in order to study the orientation of the rarefaction
curves.

Thus for A = 0 the points of bifurcation are v = —1 and v = —4
(fig. 6), as the projection of the inflection locus in the (v, u)-plane gives

the straight lines:
LV =3 +7)

u=0, u=+t—"+————"9
v+4
In the (V, U)-plane the projection is given by:
—3(1 + 2I)
U=0 U=4++————-
’ I'+2

Thus, even if the phase portrait for the rarefaction curves in the
plane (v,u) is the same for all values v < 0, there is a change in the
orientation of the rarefaction curves when v = —1 (fig. 7), for instance.

5.3. Exceptional inflection locus. We can easily verify that, in our
model, Z is smooth if A # 0. A point p = (U,0,Q,s) € Z\& is a
degenerate critical point for the graph of s along the rarefaction curve
through p if and only if the rarefaction curve is tangent to Z at p
(proposition 4).
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|

|

|

| \
|

|

|

|

|

| /
|

y =—4 y <-4

FIGURE 6. Bifurcation of the inflection locus in the
(v, u)-plane, A =0

-1>y>-4

0>y > -1

FIGURE 7. Orientation of the rarefaction curves, A =0

A rarefaction curve is an integral curve of the rarefaction line field
ac = 0. So, the rarefaction curve is tangent to Z at p = p(w) if and

only if
av dUu

sinw— — I'cosw— =0

dw dw



36 J. BASTO-GONGCALVES AND H. REIS

with V' and U given by equations (37), the parametrization of the
inflection locus for \ # 0. This leads to:
(4(I'? = 1) cos*w + 4 cos?w — 1) sinw

A=
(3—2(1 =T cos?w)? cos? w 0

with solutions:
w=0, w==xarctan(v1+2I'), w = farctan(v1—2I")

Remark 7. We can easily verify that, for the singularities of the parametriza-
tion:

3
w = j:g, w = F arccos m

the condition for being an inflection point is never satisfied unless A = 0.

The solution w = 0 corresponds to the critical point of the rarefaction
line field P, = (0, A) (in coordinates (V,U)).

The other critical points, Ps3 = (:I: VlljlgrA, %A), of the rarefac-

tion line field are obtained for w = Farctan(y/1 — 2I'), respectively.
Those points are in &, but the points P,5 = (i— Lil A,O), cor-

Vit+ar
responding to w = Farctan(v/1 + 2I'), respectively, are not. These
points are well defined only for I' > —% (v > —1), and then:

1+T r
Ho={Fy, P>} U +————A,0,0,Farctan v 1 + 2T, 7/\)}
0= 1 Pa) {( 1+ 20 * VT

={P, P} U(DNC)

The inflection locus for A = 0 is given by the solutions of equations
(41) together with the line {V = U = S = R = 0}; the rarefaction
curve is never tangent to Z except along the trivial solution {V =
0,U=0,5S=0,R=0}. Thus, for A=0:

Ho = {(0,0,0,w,0)}
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6. SHOCK CURVES

To study the shock curves, let (v,u) = U_ and (z,y) = U,; the
fundamental wave manifold is defined by two equations:

s(x—v,y—u) = F(x,y,\,v) — F(v,u,\,7)
and eliminating s between them, we arrive at:
(42) v* + (v — Dyz*— (v + Dyo* — (v + Dua® + 2vux + 2vyz —
—uy® + 2y —u)? —yu® + 1 + (v — Duw? =0

The projection of the characteristic manifold, forgeting s, is given
by:

(43) r=v, y=u, Y0+ 2u+I)?>>N\

the projection of the coincidence locus corresponding to v?v? + (2u +
A2 =\

If we consider (z,y) as variables and (v,u, A,v) as parameters, the
shock curves can be seen as the solutions of a bifurcation problem:

(44) v+ (v - D2’y +r(z,y,v,u,\,7) =0, r(x,y,0,0,0,7) =0

(where the terms of r in x and y are of order at most two) with core the
D,y singularity y3 + (v — 1)z?%y, the elliptic umbilic for v < 1 and the
hyperbolic umbilic for v > 1. The structure of the shock curves can be
obtained from the knowledge of that singularity and its unfolding.

Remark 8. The singularities of the bifurcation locus can be simpler, in
general, than those of the function (44): when the projection (v, u, z,y, s) —
(v,u,z,y) has singularities along a level set of F, the singularities in

the smaller space are more complex than in the space above.

6.1. Primary Bifurcation Locus. Here we deal with the singulari-
ties of the shock curves before blow-up, and only those that are affected
by it: at rarefaction points.

We begin by studying the universal unfolding of the umbilics, in the
form:

H=Y?+AX?Y +aX +bY +cY?

with parameters (a, b, ¢); the elliptic, respectively hyperbolic, case cor-
responds to A < 0, respectively A > 0. We reproduce the main points
in the analysis of the respective catastrophes from [14], where different
but equivalent unfoldings are used.

The catastrophe set, where H has critical points, is defined by:

(45) a=—-2AXY, b=-3Y?—-AX?-2Y
These critical points are Morse except when they belong to the cone:

(46) —12AX* 4+ (6Y +¢)* = ¢
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The image of this set under the map:
(47) @ :(X,Y,e)— (a = —2AXY, b= —3Y? - AX? - 2¢Y,c=c)

is the bifurcation set.

y >1 y <1
FIGURE 8. Bifurcation set: hyperbolic umbilic (y > 1)
and elliptic umbilic (y < 1)

In general the direction along which the second derivative of H is
degenerate does not coincide with the directions:

Y =0, V—AX, —V—AX

along which the cubic part is zero; but this happens on the lines:

X =0, Y =
v —Ac c
X=——m Y71
—Ac c
4 = YV = =
(48) A 1

In the (X,Y,c) space, we can think of these lines as generatrices
on the cone (46). Their image under ® in the parameter space is the
cuspidal edges of the bifurcation set.

A complete description of the critical points and critical levels of
H appears in [14, chapter 9]; the main result is that the nature of the
critical point is completely determined by its position in the catastrophe
set relatively to the bifurcation set and the special lines on it. We will
just recall that the critical points in the catastrophe set but not on the
bifurcation set, and outside the cone, i.e. where —12AX?+(6Y + ¢)? >
c?, are saddle points; there are fold points on the bifurcation set outside
the cuspidal edges, and cusp points on those.
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Going back to our equation (42), we see that after the change of
coordinates:

1
X:x—i_ia Y:y_ina 521}7 n=u
v—1 v—1

it becomes
(49)  YP+(y—1)X*Y+a(&n, A\ N)X +b(En\7)Y +
+ (&, m A )Y?+d(En N y) =0

with:
4y
Ay)= —1
a(§, 1, A7) 7_1577
2
v, 8A 8y+4
b(§,m A\, y) = — § n+ n
( ) y=17  y=1" (y—1)
2
€ may) =22+ 222,
v—1
2
v 2 2X 2y 2
50 dfﬂm,’y:él(— § + n+ 77)77
(50) d&m A G- Tao T o

Thus the nature of the critical points of (42) is determined studying
the intersection of the image of the map:

W (&N y) = (al&,n, A7), b(&n, A7), c(€,n, A, 7))

with the bifurcation set. It is easy to see that, for fixed (A, # —2),
that image is (diffeomorphic to) a Whitney umbrella, a surface in 3-
space given by:

T = st, y:32, z=1
Remark 9. When v = —2, the image of U is a subset of the plane
¢ = 2, containing the origin in its interior.

We have already seen how to describe the characteristic manifold in
the variables (v, u, z,y); in the coordinates (X,Y,&,n), (43) becomes:

i 2 202 2 2
51 X =— Y =——— +(2n+ N> )\
(51) 7_15, sl YE+(2n+A) >

or equivalently
(52)

-1 -1
=X, p=—Y, (P (- Y AP 2 X
Lemma 1. In the space (X,Y,a,b,c), the characteristic manifold is
contained in the catastrophe set, the coincidence locus in the bifurcation
set and the critical points of the rarefaction foliation in the cusp lines.
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Proof. In the space (X,Y,a,b,c) we view the characteristic manifold
as a surface S, parametrized by (£, 7n) such that v2¢% + (2n + \)? > \?
(for fixed A and ~):

(61 = (56 ==, a(€m). D& 1) o)

The projection of S on the space (X,Y,¢) is given by:
c=22—(v+2)Y, (v=1X*+((y - DY =2 >\

writing ¢(&,n) in terms of Xand Y. We can rewrite the inequality,
solving ¢ = 2\ — (v 4+ 2)Y for A, to obtain:

c=2\—(y+2)Y, —12(y-1DX?+(6Y +¢)*>¢?
when v — 1 < 0, otherwise:
c=2\—(y+2)Y, (6Y+c)><12(y—1)X*+¢

Thus, in any case, the projection of S on the space (X, Y, ¢) is the part
of the plane ¢ = 2\ — (v + 2)Y outside and on the cone of non-Morse
singularities (Fig. 9).

c=2h- (y +2)Y 4,

FIGURE 9. Characteristic manifold in (XY a,b, ¢) space

Writing the equality (y—1)?X%2+ ((y —1)Y — A)? = A\? in terms of ¢
and 7 we obtain the equation of the coincidence locus, and similarly we
see that the intersection of the cusp lines with that plane corresponds
to the critical points.

Therefore the proof will be finished if we show that S is contained
in the catastrophe set:

{(X,Y,a,b,c): (a,b,c) =P(X,Y,c)}
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or equivalently, that:

v 2
=—2(v—-1)—¢& | —
alé,n) = — 204 >V_1s( 7_177)
N 2 9 2
b =—(v-1)(—— —-3|—-— —
&n=—0-1 7_1£> 3( 7_177)
2 2
— 22X — 2) | ——
(A o )( 7—1n>)( 7—177>
This is easily verified by a straightforward computation. O

Remark 10. If A = 0, the plane ¢ = 2\ — (7 4+ 2)Y intersects the cone
just at the origin; all points correspond to saddles, except the origin: for
v < 1 the critical point is equivalent to the monkey saddle Y3 — X2V,
and for v > 1 the critical point is equivalent Y3+ X?2Y . The respective
critical levels are: three straight lines through the origin, ¥ = 0 and
Y = +X, or just one line Y = 0.

We are interested in the bifurcations of the level sets of (49); their
connection with the critical points of H is given by:

Lemma 2. For fized (§,1n, A, ), the zero set level of (49) is the critical
level of H for the corresponding values of (a, b, c).

Proof. The critical values of H are obtained when (a, b, c) = ®(X,Y, ¢),

on the catastrophe set; we have proved above that (a(&,n),b(£,n),c(&,n)) =
O(X(&,n),Y(En),c(€n)). Again the proof is just a computation, as

we only need to show that:

H(X(&n),Y(&,),b(8,m), (€ n),alé,n)) +d(&,n) =0
and that is easily verified. O

From the lemmas we get a complete description of the primary bi-
furcations:

Theorem 3. All points in the characteristic manifold are in the pri-
mary bifurcation set; the bifurcations of the shock curves correspond to
saddle points outside the coincidence locus, to fold points on the coin-
cidence locus and to cusp points at the critical points of the rarefaction
foliation. At X\ = 0 there are only saddle points and a critical level at
the origin, either three straight lines through the origin if v <1 or one
straight line if v > 1.

6.2. Secondary Bifurcation Locus. Here we only consider singu-
larities of the shock curves outside the characteristic manifold; these
are not affected by the blow-up process. On the other hand, as it will
become clear, all primary bifurcations but those at the critical points
disappear in that process.



42 J. BASTO-GONGCALVES AND H. REIS

We have seen before that the fundamental wave manifold can be
written as the graph of the map:
W:(R,w,S)— (V,U)
defined by:

V =a1(w)R+ b1 (w)S + c1(w)
U = az(w)R + ba(w)S + ca(w)

with the coefficients given in (21).
Then it is clear that:

Proposition 25. The right secondary bifurcation locus Bg is the sub-
set of the graph of the map W corresponding to its critical points.

Therefore, the set By is the subset of the fundamental wave manifold
where:

rank DW(R,w,S) <2 and R#0
This leads to the equations:

(53) sinw (1 —2(1—=T)cos’w) =0
—cosw (1+4T+2(1 = T)cos?w)R+4S =0

The solutions of the first equation are exactly the same ones we found
in (34) as the values of w corresponding to critical points of the rar-
efaction foliation:

v
51 -1)

Solving the second equation for S, with the above values for w, and
using the expression for W, gives:

w =10, w = Zdarccos

(54)
( + arccos !
w = r —

(© =" I3 Her = 1 /ATT
1—9oT V1=, T@r-1)y/21-r
V=—"R and<v_$ -t Mt T arone &
U=A ’ U AN (2 — 1)y/2( = 1)(2r — 1)
g3+, “ior T 4T =12

\ 4 S_(2F+1) 2(1—F)R
\ a 4(1_F)

These are three (one, for I' > 1/2) straight lines whose projections on
the (V, U)-plane are tangent to the projection of the coincidence locus
V2 4+ U? = A? at the critical points of the rarefaction foliation, and
given by:

1-T Vv1—=2T

— A - A+
(55) U=A Us=-—7 v
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where the two last solutions make sense only for v < 1 (or I' < 1/2).
The important point here is that R does not vanish identically along

these lines, therefore they do not belong to the characteristic manifold;

in particular there are no secondary bifurcations on the characteristic

manifold outside the critical points of the rarefaction foliation.
Returning to coordinates (v, u), (54) become:

1 —
— u:—’y/\:t\/l—vv
g
g
= ’ 1—7)(2— 2 )2 —
R=21—"v PV €l ) P k) YR B
7y =1) -1

Each solution is also a straight line in the (v, u)-plane passing through
the critical points of the rarefaction curves, and its slope in the (v, u)-
plane is defined by tanw for the corresponding value of w.

It has been remarked in [11] that they coincide with the projection
of separatrices on that plane.

This can also be seen as follows: the second (or third) equation in
(53) can be solved for R; as R is not involved in the first equation, we
see that the lines of secondary bifurcations project on the ruled surface
C as one of its lines, with fixed w; comparing with the corresponding
values for the separatrix w = constant (34) through the same critical
point, the result follows.

To sudy the left bifurcation locus By, we have to consider the critical
points of the map:

Wg: (R,w,S) — W(R,w,S) + (I'Rcosw, Rsinw)

for R # 0 and, as before, we see that the condition: rank DWg(R,w, S) <
2 leads to two independent equations:

{sinw (1-2(1—=T)cos’w) =0

56
(56) —cosw (3—2(1 —T)cos?w)R +4S =0

The first equation is the same as the first in (53), and solving the second
one for S, with the above values for w, and using the expression for
Wg, gives:

(57)

.
w = £ arccos

o V20 —1T)

1_9T o V1=2r I'v2(1-T)
Ve B V=g A ap oy P
U=A ’ g T \/2(1—F)(1—2F)R
g_ltor, DS AR A TC R O
( 1 2(1-1)
s=Y¥""_/p

4(1-T)

\
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These lines belong to Sy and their projections on the (V,U)-plane
coincide with those of Bg:
1 Vv1-=2I

-T
=A, U= A+
(58) U=A U=-—7 v

Theorem 4. All secondary bifurcations correspond to Morse critical
points of the function (44), in fact to saddle points.

Proof. We verified that the secondary bifurcation loci are formed by
straight lines passing through the critical points of the rarefaction fo-
liation.

Going back to the coordinates (X,Y,&,n), these lines in the space
(X, Y, ¢) are still straight lines passing through the points corresponding
to the critical points, are tangent to the cone of non-Morse singularities
at those points, but they do not belong to that cone; therefore all points
corresponding to R # 0 are outside that cone, and correspond to saddle
points of the function (44).

Along those lines, apart from the critical points, the singularities
of the level sets of F and those of the function (44) are the same, as
explained in remark 8. [
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7. COMPOSITE CURVES

In order to study the behaviour of the composite foliation, and since a
composite curve may be seen as a curve in the sonic locus, the geometry
of the sonic locus has to be analysed, specially its projection on the
space of the variables (V,U).

7.1. Geometry of the sonic loci. The right sonic locus and the
left sonic locus are similar, as seen in the proof of proposition 21, so
it should be sufficient to study the behaviour of the left sonic locus,
and both projections on U_ and U,. Instead, we consider both loci
separately and their projection on the same space, U_.

Remark 11. We will always assume A > 0 (or A > 0) from now on; the
results for A < 0 are absolutely analogous.

We consider the curve &, on the sonic locus, parametrized by w (for
A and 7 fixed):

SL LW (‘/17U1,R1,W,O)
as in (29).

Proposition 26. The image of the restriction of 7, to &y, is contained
in the circumference V2+U? = A? and moreover the image of £;, under
Iy : S, — C, defined by Uy (U_,U;,s) = (U_,U_,s) is contained in

the coincidence locus:
HL(gL) cé&

If v < —1 that restriction is a double cover of V + U? = A?, if
v > —1 its image is the part of that circumference where U > —-A,

1+T
and Q12 = &1, (:l: arctan /1 + 2F) are fold points.

Proof. It is clear that the image of £, by 7, is contained in the cir-
cumference V2 4+ U? = A% This also leads to II.,(£) C &.
If we consider U;(w), we see that:

d
d—Ul(w) =0= w=0,+7/2, £ arctanv—1 — 2", £ arctan v'1 + 2T’
w

but only the last values are also zeros for dVj(w)/dw. They are well
defined only when I' > —1/2, or v > —1, and then correspond to
nondegenerate minima of U, assuming A > 0.

Thus, when I'" > —% and A > 0, there are two fold points:

V1+2r r V2(1+2T)(1+41)
= A A, F2I A, £ arctanv1 + 20
QL? (ZF 1 +F ) 1 +F y T (1 +2F)(1 +F) ; arctan + 70

otherwise (with A\ # 0) 7/ (€L) = (Vi(w),Ui(w)) has nonzero velocity
everywhere and passes twice at any point of V2 + U? = A2 O
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Proposition 27. The critical set of the projection ©; : S — R? is
the union of €1, as defined in (29), and the double sonic locus D = dj »:
Z(W;) == EL uD
The points in (Er, U dy2) —{Q12} are the fold points for mp, and Q12 =

dy 2 N EL are degenerate cusp points, for v > —1.

Proof. As we have seen before, for fixed (w,A,T"), the projection of
the left sonic locus on the (V,U,S)-space is the intersection of the
hyperboloid (22) with a tangent plane (25); the tangency point (26)

(), e, o aw)
Pt = (g a0 o)

belongs to the inflection locus, and that intersection is given by the two
straight lines /4. passing through that point defined by the directions

B 2 —a® —bcFad ]
G abtecd ab+ecd’

Using the relation a? — v* — ¢ + d? = 0, we get:
(o ]
ab+cd’ ab+cd
therefore v, are well defined directions, the two first components giving
a unit tangent vector of V2 4 U? = A2

It is easy to see that &, (w) € [;; the tangent vector L(w) to S
corresponding to v, has components (7'(w), p(w),0,0(w)) such that:

1 2 2
T(w)—ab+cd(c a, —bc — ad)
() = 1 (ab+cd — c* + a?)cosw + (be + ad) sinw
P = b+ ed 1/2 4T cos?w

(59) olw)=1
as R on &y is given by:
_(S=V)cosw — (U+A)sinw V4SS A-U
k= 1/24 T cos?w or f= cosw * sin w

We can parametrize Sy, by:
(60)  W:(w, &)= E(w)+¢ Lw), Lw)=(Tw),p(w),0,0w))

It is clear that L(w) is never tangent to &, thus the parametrization
is well defined.

To study the singularities of the projection 7, , defined on Sy, we
only have to consider the (V,U) coordinates of Sy ; these we can think
of as parametrized as follows:

O (w,§) = N(w), Uh(w)) + €T (w)



THE GEOMETRY OF CONSERVATION LAWS 47

At the singular points we must have:

(61) L [Pw) + €7()] | T(w)

where P(w) = (Vi(w),U(w)). This is verified on £ = 0, and also for
arbitrary & at values of w such that:

d d

L Pw) = 7 (Vi(w), Ui(w)) = 0
The first condition, £ = 0, gives the points in £, and, taking in account
the proof of proposition 26, the second condition gives the points on
the straight lines d; o through ()12, the double sonic locus as defined
in (31).

The points in &, — {Q12} are fold points, since for & = 0 the two

vectors in (61) cross each other with nonzero velocity, fixing w and
varying &:

{P(w) -T'(w) =0 and %P(w) = pw)T(w) # 0] = z—Z(w) §T(w)

where p(w) # 0 follows from proposition 26. Thus:

d [ d dTr

—<q— [P T ANT =—(w) AT 0
i PO+ T@IATE = T@ATE) 7

The same is true at the points on dy 2 — {Q12}; now the two vectors
cross each other with nonzero velocity, fixing £ # 0 and varying w: as
proved in proposition 26, {Q;2} correspond to nondegenerate minima

of Uy, therefore
d*P
dw?

dr
(w) # 0 and %(w) = O] —

= 0 # Z—Z(w) = %(w) T(w) = —%(w) - P(w) = %(@ ¥ T(w)

and

A PO +T@INTE) ) = €50 AT) 20

For the points {@Q1 2} both derivatives computed above are zero, but:

d d (d d*T

——<—|P T T = — T

i | P+ ET@IATE) = T AT 20

and therefore they are cusp points for 7,. Their degeneracy comes
from the fact that they are the intersection of two lines of critical
points, Ql,g = gL N d172. O]

The change of behaviour at v = —1 for the projection of £, can be
seen in fig. 10.

The image of the projection 7; on the plane (V,U) can be thought
of as the set of tangents of the circumference V2 + U? = A? at points



48 J. BASTO-GONGCALVES AND H. REIS

W =7/2

w=-71/2

y=-1+c¢

y=-1-¢

FiGurg 10. Bifurcation of the fold curve in the sonic
locus, A # 0

(Vi(w), Uy (w)) for which Uy (w) > AT'/(141); for v < —1 this restriction
is irrelevant.

All points in the circumference above AI'/(1 + I') appear twice, and
the terminal points:

) JIFT. T
T (@r2) = <qE 1+T A’1+FA)

appear once; the tangents at those points, corresponding to lines d; o
on Sy, are:
V1420 14T

p— A
(62) U=+"rV+—

In the original coordinates:

u = :I:\/m v+ %
are the terminal tangents, at the points (:F*/III?A, —HLFA
tively, and the part of the ellipse covered is defined by U > 14%FA5 this
is shown in fig. 11, for A # 0, and in fig. 12 for A = 0, along with the
number of points of the sonic locus that project in one point of the
plane (V,U).

) respec-

Proposition 28. For v < —1 (I' < —1/2), the (closure of the) left
sonic locus 1s a double cover of the characteristic manifold.

Proof. The left sonic locus Sy, is a ruled surface, it can be parametrized
as before by ¥(w,§), w beeing the parameter along the curve £ and
¢ the parameter along the straight line corresponding to a tangent to
the hyperboloid at (Vi (w), U;(w),0) in the (V, U, S)-space.
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V>0 0>y>-1

FIGURE 11. Projection of the left sonic locus, A > 0

Y >0 0>y>-1

FIGURE 12. Projection of the left sonic locus, A =0

Similarly, the characteristic manifold can be parametrized by (6,&) €
[—7/2,7/2] x R, 0 being the parameter along the coincidence locus €
and £ the parameter along the line corresponding to a tangent to the
hyperboloid at (—Asin 26, A cos 26,0).

The coincidence locus £ is clearly diffeomorphic to the circumference
V2 4+ U? = A? with the standard parametrization, and we proved above
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(proposition 26) that &, is a double cover of that circumference. Thus
&p is a double cover of £, and extending that by the identity along the
lines, we get a double cover of the characteristic manifold C by the left
sonic locus Sy.. O

Remark 12. The case v = —2 is specially simple, since the map:
(v,u, R,w,s) € S — (v,u,0,—2w,—s) € C

induces a double cover of the characteristic manifold by the left sonic
locus.

The characteristic manifold is a twisted cylinder, and the sonic loci
are also cylinders (twisted in the opposite direction, when v < —1).

Proposition 29. The set X(mg) of critical points of the projection
of the right sonic locus on the (V,U)-plane (or on the (v,u)-plane)
s formed by a curve Ip and the lines vy, 112, with Hr = I and
Br = {ro, m2}; all the critical points are fold points, except for the
two degenerate critical points X1 9 =Zr N1y .

Moreover, the image of Ir under Ilg : Sg — C, defined by

MpU-,Us,s) = Uy, Uy, s)
1s the inflection locus:
gr(Zr) =71

Proof. The projection of S in (V, U)-plane is the image of 7 : Sp —
R? defined by:

(V.U R,w,S) = (V,U)

As seen before, equations (18) corresponding to the Rankine-Hugoniot
condition and equation (16) for the right sonic locus can be written as:

V=a(w)R+b(w)S + c1(w)
U =ay(w)R+ by(w)S + c2(w)

and
(63) az(w)R + b3(w)S + c3(w) =0

The map 75 being singular gives another linear equation on R and

S

(64) ag(W)R + by(w)S + c4(w) =0



THE GEOMETRY OF CONSERVATION LAWS 51

where:
1
as(w) = 3 (11 4 20T — 2(9 + 7T — 8T%) cos® w +
+4(3 —4T)(1 = T?) cos* w — 8(1 — I)?*(1 +T') cos® w) Cosw

)
by(w) = -2+ (5 — 2F> cos®w — 2(1 — 3T + 2I'*) cos* w + 2(1 — I')? cos® w

1
cy(w) = §A<1 4+ 4T — 8I'(1 = T') cos® w — 4(1 — I')? cos* w) sinw cos w

These two last equations (63,64) form a linear system of equations on
(R, S) whose determinant is:

1
3 (14 (8T — 1) cos®w + 4(30* — 4’ — 1) cos* w — 4(3T* — 2" — 1) cos’ w)
with zeros:

1
wo =10, wj2=+arccos ——————, ZLarccos

V2(1=T) —2(1+3T)

Solving the system for (R, S) and substituting in the expressions for V
and U leads to the line of critical points:

Tr:wr (Vo(w),U(w), R(w),w, Se(w))

where:
R
_ 2
Uelw) = = 11+ 22(21;111))(::;22
Row) =47 +12z3i(£ le) 10)ozsif;n w
(65) S.(w) = (1+20)(3 —2(3+T)cos’w) cosw

(1+23'+ 1) cos?w) sinw

To w = 0 and to the last pair of zeros of the determinant there
correspond the asymptotes of Zy inside the surface Sg.

To the special values wy = 0 and w; 5 there correspond solutions that
are straight lines:

o — 1 or
(66) TO:RH(— - R,A,R,O,BZ R)

(67) T2 R (‘/1,2(3), U1,2(R), R,WLQ, Sl,Q(R))
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where:
D L er-n2ArT-Ter-i
el = =g T 4T 1)

These are three (one, for I' > 1/2) straight lines whose projections on
the (V,U)-plane are tangent to the projection of the coincidence locus
V2 4 U? = A? at the critical points of the rarefaction foliation. These
three lines 79 and ry 5 form the secondary bifurcation locus Bg (54);
their projections on the (V) U)-plane coincide with separatrices of the
critical points.

For I' < 1/2, the straight lines r; 5 intersect transversally (inside the
surface Sg) the curve Zy in two points Xj 5, which are the images of
the intersection of the lines w = wj o with the graph of R.(w) in the
(w, R)-plane; if I' = —1 the two lines r; 5 are asymptotes of Zp, and
there is no intersection. These two critical points X o are not folds nor
cusps: they are degenerate critical points in the sense that their type
of singularity does not appear in generic projections of surfaces on a
plane.

Equation (23) defines a surface in the (R, S,w)-space, as does equa-
tion (64); they intersect transversally at all points except Xj,: the
matrix

az(w) b3(w) as(w)R+b5(w)S + ch(w)
as(w) by(w) aj(w)R+ bj(w)S + cj(w)

can only have characteristic one on the lines 7 5, and that gives a linear
condition on R and S, independent of (23) and (64); since clearly there
is no transversality at X o, those are the only points where the loss of
transversality occurs.

It is easy to see that mp 0 Zg, mp 079 and g o r1 2 have no critical
points, assuming I' ¢ {1/2,0,—1/2} or v ¢ {1,0,—1}, so then there
are no cusp (or more complex) critical points: except for X 5, all other
critical points are fold points. O

Remark 13. The points X 5 are well defined when I’ < 1/2 and I' # —1
(or v < land v # —2); for I' = —1 there is a bifurcation: for that value
of I' the zeros w; 2 have multiplicity 2, and the lines ry, 712 coincide
with the asymptotes of Zp and Zp Nry o = 0.

Remark 14. The projection of the intersection of Hy with C gives the
points P, and Ps, as we can easily verify. By proposition 2, the points
Py and Pj are also the projection of the intersection of Hj with C.
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The projection of the right sonic locus on the (V,U)-plane, when
A # 0, is depicted in fig. 13.

& & >< \ s . /
g &
&R N
v >1 1>y >0 0>y >-1
£\ | /1
N ! .
AN S &
N 52//
7N\
'—1>Y >—2\. ly <_2\

FiGURE 13. Projection of the right sonic locus on the
(V,U)-plane, A > 0

When A = 0, the projection of the right sonic locus on the (V,U)-
plane covers all the plane, except for 0 > v > —1 (fig. 14).

0>y >-1

F1GURE 14. Projection of the right sonic locus on the
(V,U)-plane, A =0
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If a point U does not belong to the projection (U_,Uy,s) — U_ of
the left and right sonic loci, and if we fix it as the left state, then any
shock verifying the Rankine-Hugoniot condition is not sonic, and it is
always Lax admissible.

7.2. Composite foliation. We begin by finding the critical points
for the composite foliation. Proceeding as before, in the proof of the
proposition 29, we have:

V=a(w)R+ b(w)S+ c1(w)
U =ay(w)R+ ba(w)S + c2(w)

and
as(wW)R + b3(w)S + &3(w) =0

as equations for the left sonic locus, and the map 7, being singular
gives another linear equation on R and S:

(69) As(wW)R 4 by(w)S + E4(w) =0
where:
1
as(w) = ~3 <1 +4T +2 (34 9I' + 8I%) cos®w + 4(1 — 4T') (1 — I'*) cos* w —

—8(1 = T)(1 —T?)cos® w) COS W

1
by(w) =1+ <4F - 5) cos?w +2(1 — 3T + 2I'*) cos* w — 2(1 — T)? cos® w
1
cy(w) = —§A<1 4+ 4T — 8I'(1 — T') cos® w — 4(1 — I')? cos* w) sinw cosw

The last two equations form a linear system of equations on (R, S)
whose determinant is:
1 1

i 5(1 + D) cos?w+ (3+40 +T?)cos*w —2(1 +T)(1 —I'?) cos® w

with zeros (modulo 7, and with ' # +1):

; :EarCCOS\/1+Fj: ? 20+1)
NoESs) 2(1-17)

Solving the system for (R, .S) and substituting in the expressions for
V and U leads to the line of critical points:

w12 = T arccos

Er i w i (Vo(w), Us(w), Re(w), w, Se(w))
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where:
- 1+ 2l cos® w
Ve(w) =—4 Assi
() 1+4(1+T)cos?w —4(1 —I'?) costw SHlweosw
O.(w) = 1—4(1—-T)cos?w+4(1 +I'?) cos*w

1+ 41+ T cos?w —4(1 —TI'?)costw
1-2(1-T)cos*w

Asi
1+4(1+T)cos?w —4(1 —I'?) costw S

Re(w) = —4
S.(w) =0
To wy 2 there correspond solutions that are the straight lines d; o:

(70) 5L1,2 = d1,2 tR— (‘/1,2<R)7 U1,2(R)7 R, w1,2, 51,2(3))

where:
14T 1 r
Via(R) = - = R
w2l =% == T A
1 /2(1+2D)
UialR) = F 30 =

r 1
(71) Si2(R) :i\/ﬁA—l—Z\/Q(l—l—F)R

The other formulee for the zeros of the determinant do not correspond
to any w (for I # —1/2).

Remark 15. The lines d » form the double sonic locus D (section 4).

For our quadratic model, we can describe more precisely the critical
points:

Theorem 5. The critical ponts of the composite foliation are singular
points of the projection 7, , and therefore they all belong to E,UEL, UEL, :

o [or~y > —1, the points in (L U &L, UEL,) NI that project down
on:

(iﬂiv A\ A)

291+~ 2
which are centres.

o All points whose image by 7, is also the projection of some critical
point of the rarefaction foliation; they have the same type as the
corresponding ones for the rarefaction foliation.

Remark 16. The second type of critical points was not considered in
[10, proposition 8.3]: the existence of a left eigenvector [ and a right
eigenvector r of DF'(U) such that [r # 0 is not verified whenever they
correspond to an eigenvalue with algebraic multiplicity two and geo-
metric multiplicity one.
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Proof. We consider the 1-form:

a:@dv—l—(@—s)du
ov

on the (v,u,s) space; on the (V,U,S) space, and after multiplication
by I', it becomes:

a=U-NdV -T(V 4+ 8)dU
The composite foliation is defined by 7, *a = 0 on Sy, as described
in 4.4. Its critical points are:

e the points whose image under 7, is a critical point of o on the
(V,U)-plane, i.e. a critical point of the projection of the rarefac-
tion foliation:

1-2T r
08, (£55A a)

Note that for these points we have S = 0;

e the points in the critical set for 7, the curve £, and the lines d; o,
at whose projection by 7, the 1-form « is zero on the discriminant
set of 7, (the image by 7 of its critical set).

Let us consider the first case:
The vector field b(w, R)0/0w — a(w, R)0/OR, where a(w,R) and
b(w, R) are given by:
—-2(1-T 2
a(w, R)dw + b(w, R)dR = 3 =2 ) cos”w T ",

sin w

defines the composite foliation near these critical points; the eigenvalues
of its linear part at (0,A,0,0,0) are:

ATA, 2A(1—2I)

and therefore the critical point is a saddle, for I' < 0 and I" > 1/2, and
a node for 0 <T" < 1/2.
At the other critical points:

v1=2T r 1
+ A A, 0, F arccos ————,0
2(1-T)

1-T '1-T
the eigenvalues of the linear part of the same vector field are:
1-20I
1-T
and therefore they are saddles (when defined, I' < 1/2).

For the second case, we remark that the discriminant set is part of
the circumference V2 + U? = A? together with its tangents dj ».

ATA, —4TA
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We have S = 0 on the circumference V2 + U? = A2, and the condi-
tions:
a(U,=V)=VU-T({U+AN)V =0
or a(U,~V)=(U-MANU+TV?=0
have as solutions exactly the critical points (36), i.e. the critical points
of the rarefaction curves.

The projections on the (V, U)-plane of the lines d; » have the equa-
tions:

147 1 T

Via(R) = - R

) = rt s 2(1+1)
1 [2(1+2r

o) =3

and along them we have:

r 1
Sio(R)=4+—— A+ -+/20+ )R
12(R) 1+or 4 ( )

as we have seen before (71).
At a critical point we should have:

1 r :Fl 2(1+42I")
2\/210+T) 4V 14T
These conditions lead to linear equations on R, whose solutions are
R = 0 and therefore the critical points are:
14T r
V=F———A, U=0, R=0, w=wy S=%——A\
T Trar b VI+2T
Again the vector field b(w, R)0/0w—a(w, R)J/IJR defines the composite
foliation near these critical points; the eigenvalues of its linear part are:

+2v2TA i

and therefore the critical points are centres. It also follows that these
extra critical points are in the inflection locus Z, where R = 0, and
moreover their projection on the U-plane is:

a(Via(R),Ui2(R), S12(R)) (

< 1+7T Ao)
:F\/1+2F '

i.e., the points P, 5 in H,. O
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, 7 < —1; on the dashed

lines only the critical points belong to the domain of the

A > 0, and from left to right and from the top down,
parametrization.

F1cure 15. Composite foliation on (w, R) coordinates:

¥y>1,1>y>0,0>v> -1
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FIGURE 17. Composite foliation on (V,U,w) coordi-
nates: A > 0, and from left to right and from the top
down,y>1,1>7v>0,0>v>—-1,7v< —1.
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\/

1

‘!\\!‘éﬁi'!ll!’
< ”

‘\” ) l

FIGURE 18. Projection of composite foliation on (V, U)-
plane: A > 0, and from left to right and from the top
down,v>1,1>7v>0,0>v>—-1,7v< —1.
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