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Abstract

We establish the boundedness properties in L, for a class of integral transformations
with respect to an index of hypergeometric functions. In particular, by using the Riesz-
Thorin interpolation theorem we get the corresponding results in L,(R4), 1 < p < 2
for the Kontorovich-Lebedev, Mehler-Fock and Olevskii index transforms. An inversion
theorem is proved for general index transformation. The case p = 2 is known as the
Plancherel type theory for this class of transformations.
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1 Introduction

We deal with a special class of integral transforms over semi-axis R, of the form

(Gu, f)(x / H,(z,7)f(T)rdr. (1.1)
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This class was introduced in [10] and studied in Lo-weighted spaces. Here we assume that
f: Ry — C is a measurable function, which generally belongs to the space L,(R4;dr), 1 <
p < oo over the measure dr

00 1/p
||f\|Lp<R+;dT>=(/O If(T)V’dT) < oo, (1.2

1112 (rsar) = 55 suprer, [(T)] < o0. (1.3)

The kernel H,(z,7) is given as a Mellin type integral

1 Y+ioco . :
H,(x,7) —/ r (s + %—) r (S - %) p(s)x™%ds, x >0, (1.4)
Y

210 Sy _iso

where I'(z) is Euler’s Gamma-function (cf. [1, Vol. I}), ¢ : C — C is a multiplier of the kernel
and s = v +it, 7 > 0,t € R is a complex number. A multiplier ¢(s) is a complex-valued
continuous function, which is defined on a vertical strip or semi-plane of the complex plane s
and satisfies some conditions of the integrability, which give a definite sense of the convergence
in (1.4). It is essentially known, that integrals of type (1.4) define a class of hypergeometric
functions, when ¢ is a ratio of products of shifted Gamma-functions. In this case integral (1.4)
is called the Mellin-Barnes integral. Such type of integral operators (1.1) in a slightly different
form has been considered in [7], [9]. As we will see below all familiar integral transforms as the
Kontorovich-Lebedev (KL), Mehler-Fock, Olevskii, Lebedev transforms [4], [7], [11] belong to
this class.

Our main goal in this paper is to prove an analog of the Parseval equality for the KL-
transform and the Hausdorff-Young inequality for the general operator (1.1) in order to es-
tablish the corresponding boundedness and inversion properties in L,. We will appeal to the
classical Hausdorff-Young inequality for the Fourier transform [5] and the Riesz-Thorin in-
terpolation theorem. We note that for the KL-transform the Hausdorff-Young inequality has
been proved recently in [12]. Another approach was given in [6], [8] to study the L,- bounded-
ness of the Mehler-Fock transform, basing on its composition structure and relationship with
the Kontorovich-Lebedev and the Hankel transforms [5].

If we put in (1.4) ¢ = 1 then by using the table of the Mellin transform from [3] we obtain

1 Yy+ico . .
y= - r (3 + %) r <s — g) v °ds = Ki;(2v/x), © > 0, (1.5)

where K, (z) is the modified Bessel function of the second kind or the Macdonald function [1,
Vol. 1I]. The corresponding operator (1.1) is the modified KL-transform and it can be written
in the form

(KLf)(x) =2 / " K (V) () (1.6)
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Letting in (1.4) p(s) =T'(1/2—pu—s)/T(1/2+s), n € R, under the condition 0 < v < 1/2—p,
we obtain the integral representation for the generalized Legendre function [1, Vol. I}, namely

2
D+ = a2 Ry ()

_ % R (s + %) r (s - %) F(%éf/;i;s)x_sds. (1.7)

y—100

The corresponding transform (1.1) is the generalized Mehler-Fock operator

(MFf](z) = 2 Y2(1 + 2)/? /O NNGER L WP <§ + 1) f(ryrdr.  (1.8)

The classical Mehler-Fock transform [4] is the one with ;1 = 0. We note, that the Mehler-Fock
transform is quite important in the theory of elasticity, in particular in the analysis of stress
in the vicinity of an external crack.

If we take the multiplier function ¢(s) = I'(c —a —s)/T'(s+a),a < ¢,0 < Res = v <
c—a,c# 0,—1,—2,... | then appealing to the table of the Mellin transform [3] we obtain
from (1.4) the kernel of the Olevskii transformation [7], [10]

IT(c—a-+ir/2)?
I'(c)

: : ]
Hy(z,7) = (14 2)* % F (a + z, a—"Tie _E> ) (1.9)

2 2 el

where oF}(a,b;c; z) is the Gauss hypergeometric function [1, Vol. I]. Putting a = 1/2 we
immediately arrive at the generalized Mehler-Fock transform (1.8).

In the next section we will study the L,-boundedness of the KL- transform (1.6). We will
see that it generalizes its Lo-properties, which are proved in [10]. Indeed, it forms a bijection
KL: Ly (Ry; ——d7) < Ly (Ry ;27 dx) with the Parseval equality

sinh w7

| iwLp@re = [ i (1.10)

sinh w7

When f € Ly (Ry;dr) C Ly (Ry; 7-—dr) then by the elementary inequality sinh 7 > 7,7 > 0
we have from (1.10) that

| wLo@r < <an [ 1o (111)

which means that the KL-operator (1.6) is of type (2,2) with the norm ||KL|| < 2y/7.
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2 The Kontorovich-Lebedev transform

We will prove that main theorem of this section, which stays the boundedness and inver-
sion properties in L, of the KL-operator (1.6). These results will be used to establish the
corresponding properties of the general index transformation (1.1).

We have

Theorem 1. Let f € L, (Ry;dr),1 <p < oco. Then integral (1.6) exists for all x > 0 as
a Lebesque integral. For 1 < p < 2 the KL-transformation is of type (p,p’)

L,(Ryidr) — Ly (Rysatda), pt+p =1

and when 1 < p < 2 an analog of the Hausdorff-Young inequality takes place

([T ener )" <om ([“isopar)” 2.

The inversion formula in this case is given for almost all T € Ry by the integral

272 T

1) = 5L [T koL@ (2:2)

where

~

K(ra) = [ kv (23

Finally, if f € L,(Ry;dr), g € Ly (Ry;dr),1 < p < 2, then the following generalized
Parseval equality holds

i [ (KL KL oo = 4 /0 T T i) (2.4)

e—0+ J, sinh w7

Proof. We show the existence of the integral (1.6) invoking the Holder inequality and the
uniform estimate [7] for the Macdonald function

| K ()| < eI Ko (2cos 8), 6 € (0,7/2). (2.5)

Hence we obtain
[(KLf)(z)| < 2/0 | Kir (2v/2) f(7)|7dT < 2[|Kir (2/2)7 [ | f1],

where accordingly

o0 1/p 0o 1/p
K vrlly = ([ maevarar) < Koeyaeoss) ([ oeora)
0 0



GENERAL INDEX TRANSFORMS

= Cs,y Ko(2y/z cos §) < 00,p’ # 00,

where z > 0,0 € (0,7/2) and Cs, is a constant depending on ¢, p’. When p’ = oo we use the
following representation of the Macdonald function (cf. [1, Vol. II]

oo
7K (x) = x/ e~ cohu ginh u sin Tudu, (2.6)
0
and we estimate the corresponding norm as

|| Kir (2V2)T||0o = sup (71K, (2y/1)) < 2\/5/ e~ 2VEeoshuginhudu = e V% < 1,2 > 0.
0

TER

Thus the integrand in (1.6) is summable for any f € L,(Ry), 1 <p < oo.

Let 1 < p < 2. In order to demonstrate the boundedness in L, of the KL-operator (1.6)
and to prove the inequality (2.1) we first show that (1.6) is an operator of type (1,00) and
then we apply the Riesz-Thorin interpolation theorem (cf. [12]). In fact, by using (2.6)
we substitute the corresponding integral in (1.6) and we change the order of integration via
Fubini’s theorem. As a result we find

(KLf)(z) =2V 27rx/ e~ 2vEeoshu ginh u(F, f) (u)du, (2.7)
0
where (Fsf)(u) is the sine Fourier transform of f [5]. Consequently,

|((KLf)(z)| < 2V2mx sup |(Fsf)(u)] /OO e~ 2vaeoshu ginh udu
0

u€ER 4

= V2re V7 sup |(Fof)(u)| < 2||f]]s-

ueR ¢

Therefore, the KL-transform is of type (1, 00) and we have

KLl o0ty < 2[[ ]2,

where we put

(o) dr 1/p
KL e = ([ 1LD@P 2) <<, 25)
0

K LAl e Ry s1az) = €58 Super, [(KLS) ()] (2.9)

Taking into account inequality (1.11) we immediately obtain via the Riesz-Thorin interpolation
theorem the boundedness of the KL-transform (1.6) as an operator KL : L,(Ri;dr) —

Ly (Ry;27'dr), 1 < p < 2 and we prove inequality (2.1). It can be written in terms of the
norms (1.2), (2.8), (2.9) for all p € [1,2]

HKLfHLp/(R+;:c—1dx) < 27T1/p/Hpr-
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Further, we derive the generalized Parseval equality (2.4). Indeed, since K; (2/x) is a
real-valued function (see (2.6)) we have that (K Lg)(z) = (KLg)(x). Hence we insert the
value of (K'Lg)(z) by the related integral (1.6) into the left-hand side of (2.4) and we change
the order of integration. This gives the following equality for each € > 0

| KLN@ERLIES =2 [ 5 [ Ko evaK L. (210

0

The change of the order of integration is motivated by using the absolute convergence of the
iterated integral (2.10) and appealing to Fubini’s theorem. In fact, with the Hélder inequality,
the inequality (2.1) and the estimate (2.5) we obtain

o0

/0 Tl /0 Oog;‘f—l}KiT(Q\/E)(KLf)(xﬂdxdTg /0 9(7)|r ( /Omxp€_1| K, (2 ﬁ)\pdx)l/pdT

o] 0 1/P
)| K LS|, (R, o-tan) < / e lg(r)|rdr ( / x”e-l\K()(Mcosé)\pdx)
0 0

0 1/P [e%¢} 1/P
2| £, < </ €p5TTpdT> </ 2?7 | Ko(2v/x cos 5)‘pda:>
0 0

<2 || fllll9ll = Cosell Fllllally < oo,

since 0 € (0,7/2),e > 0 and the Macdonald function has the asymptotic behaviour [1, Vol.
11]

T2
K, (2) = (5) e [1+0(1/2)],  z— oo, (2.11)
and near the origin
K,(z)=0 (z") | 2 -0, (2.12)
Ko(z) = —logz+O(1), z — 0. (2.13)
Returning to equality (2.10) and combining with (2.4) the problem is reduced to prove that
T g / K (VD) (K L) (2)da — 2n’r F)|dr=0 (2.14)
e=0+ Jo g 0 7 sinh w7 - :

However, the latter limit equality (2.14) is an immediate consequence of the theorem from
[12], which says that

2w

f(7)

sinh 77

r / " K (VR (K L) () —

o
p
when € — 04. Precisely, applying again the Holder inequality we find

/ooo ‘m [ / K V)KL (@)ds — / (T)]

0 sinh 77

23T

dr
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22T

< llglly Tlmz“ﬁﬁﬂh@XKLﬂ@Mx— £(r)

— 0,

inh
sinh 77 »

when ¢ — 0+. Thus we obtain the relation (2.14) and we arrive at the equality (2.4). Now

we put
1, ifyel0,7],
o) = { & el
07 lfy e (7—7 m)?

and we get (KLg)(z) = K(r,z) (see (2.3)). We show that for each 7 > 0 K(r,z) €
L,(Ry;27dr),1 < p < 2. Indeed, integrating by parts in (2.6) we easily find the repre-
sentation

K (x) = / e~ cos Tudu, x> 0. (2.15)
0

Hence |K;-(z)] < Ko(z) and from (2.3) we obtain |K(r,z)| < %QKO(Q\/E). Taking into
account the asymptotic formula (2.11) for the Macdonald function Ky(24/x) we conclude that
K(7,z) € L,((a,00); ™ dz) for any a > 0. So, choosing 0 < a < 1 it is sufficient to show that
K(7,z) € Ly((0,a); 27 'dz),1 < p < 2. This fact follows from the asymptotic behavior of the
kernel (2.3) when 2 — 0+ (cf. [7], [10]). Precisely, we get K (7,z) = O([logz] '),z — 0+ and
the result follows. Now we write the equality (2.4) in the form

lim w(KLf)(m)K(T,x)foxs = 2n /0 ' L f(y)dy. (2.16)

=0+ J, sinh 7y

However, we can pass to the limit through the integral sign in the left-hand side of the equality
(2.16). In fact, since for all € € [0, 1] the integrand in the left-hand side of (2.16) is less than
or equal to the majorant ®(7,x), where

o(r. 2) — {wmmn<><r>L if o € 0,1,
T UELD@E (), e e (1,00),

Furthermore, for each 7 > 0 ®(7,x) € Li(R;dx) since

/ Ta:dx—</ / > (1, 2)dx < |[KLf[|1,®w1dr)
0
1 R dr 1/p 00 . 1/p
« ( / K(r, x)|p—> + < / PP |K(T,x)\de)
0 x 1

) -2 00 ) 1/p
< KLfllr, ®w1dr) [||K||LP(R+;x1dz) t3 (/ P/ Kg(Q\/E)d:p) < 0.
1
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Consequently, passing to the limit under the integral sign in (2.16) by virtue of the Lebesgue
dominated convergence theorem we derive

| wepkea s = [y

sinh 7y

Hence for almost all 7 € R we arrive at the inversion formula (2.2) for the KL-transform
(1.6) and we complete the proof of Theorem 1.

Remark 1. For the case p = p’ = 2 we can pass to the limit with respect to e — 04 under
the integral sign in the left-hand side of (2.4). Then we immediately arrive at the Plancherel
theorem for the KL-transformation (see in [10]). In particular, it gives the Parseval equality
(1.10).

3 General index transform

In this section we establish boundedness properties in L,-spaces for the general index trans-
formation (1.1). We will prove that transformation (1.1) represents a bounded operator
Gu, : Ly(Ry;dr) — Ly Ry Yda), pt+p " = 1for 1 <p <2 v >0, where
the latter space L,/ is over the measure 27 ~1dz and under sufficient conditions for the mul-
tiplier ¢(s) of the kernel (1.4). An inversion theorem in L, for this transformation will be
proved in the next section.

We begin to treat the kernel (1.4) by using the following integral representation for the
product of Gamma - functions (cf. formula (1.104) from [7] with integration by parts and the
use of the inverse sine Fourier transform)

: : % sin(ry) tanh yd
s+ Z)r(s- 2 :22(15)F(2s+1)/ sin(7y) S Res > 0. (3.1)
2 2 0 cosh™ y

Hence we substitute this into (1.4) and invert the order of integration. As a result we find

[ * sin(ry) tanh
TH,(z,7) = —/ 2219 (25 + 1)g0(s):t_s/ Sm(Ty)#dyds
2mi ), 0 cosh™y

—100

= / ®(z cosh® y) tanh y sin(7y)dy, (3.2)
0
where we denoted by

1 y+i0o
O(z) = —/ 221=9)T(25 4 1)ip(s5) 2 *ds. (3.3)
gl

271

—100
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The change of the order of integration is motivated by the Fubini theorem if we suppose that
o(y+it) € Li(R;T'(2(y +dt) + 1)dt) or

/jm IT'(2s 4+ 1)p(s)ds| < oo. (3.4)

Indeed, we have the estimate

y+ioco
/ 22079 (25 + 1)ip(s)a | /
Y—100

y+ioo % tanh
x/ I0(2s + 1)¢ ds|/ WY dy < o0, 7> 0, (3.5)
il

sin(Ty tanhyd s

< 2201=7) =7
cosh2s

cosh27

which guarantees the change of the order of integration. Now we are ready to prove that
operator (1.1) Gg, : L1 (Ry;d7) — L, (Ry;dr) is bounded, where the norm in the space
L, ~ (Ry;dx) is defined by (see (1.3))

—100

1] e Ry = €55 sUPer, 27| f(2)] < 00, 7 > 0. (3.6)

Precisely, we substitute the latter integral in (3.2) into (1.1) and we change the order of
integration appealing again to the estimate (3.5) and using the fact, that f € L; (Ry;dr).
Hence invoking the definition of the sine Fourier transform we derive

(Gu, f)(x) = /000 f(r) /000 ®(z cosh? y) tanh y sin(7y)dydr

= \/gfooo O(x cosh? y) tanh y(Fsf)(y)dy. (3.7)

Further with (3.3) we get

22(1—7) T Y+ioco 00 tanhy
7 (G x)| < — sup |(F. F'2s+1)p ds/
(G0 < =55 s (BN | 1T ] s
< GlIflls v >0,
where C, > 0 is a constant, which depends on v > 0 and it is equal to
22(1—’7) Y+ioco % tanh y -2y Y+ioco
C, = / ['(2s + 1)p(s)ds / = / I'(2s 4+ 1)p(s)ds| .
e ] iy = |, M@+ D)

Thus we obtain
Gu, fllLy @ dry < CHlIf]]1, (3.8)
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and we have proved the desired boundedness for the operator (1.1). It says that operator (1.1)

is of type (1,00). We will show that Gp,, is also of type (2,2). However first we prove that for

any f € L,(Ry;dr), 1 <p <2 integral (1.1) exists for all > 0 as a Lebesgue integral.
Indeed, with the Holder inequality we find

1/p'

(G, f)(@)| < /OOO\Hw(w,T)f(T)ﬂdTSHfHLp<R+;dr> (/OOOTPWH@(mrp’czT) (39)

Meantime, employing the generalized Minkowski inequality we derive

> ’ / 1/p/
(/ T | Hy (2, )P dT)
0
4 ! 1/p'
1 Yy+i00 : ; P
5 [/_ioo r (s + %) r (3 - %) o(s)x™%ds dr)
T T
Ms+Z)r(s- 2
(+3)r(-5)

In order to estimate the latter integral we appeal to the Hausdorff-Young inequality (cf. in
[5]) for the sine Fourier transform

= / ™ dr
0

7 y+ioco d o] .
< —
<o [ el ([

y—100

_1
2

155 < (2)" 1l (310

S =

Hence invoking (3.1) we arrive at the inequality
. ‘ / 1/p' 1 1/
e P 2\ 7 * tanh? yd P
/ s+ 20 (s=2)] ar] < (2) 2209r@s+1) / e
0 2 2 s o cosh®7y

=C, (254 1)|.
Combining with (3.9) we obtain

o) C%px—'y y+ioo
i | Hy (2, 7) f(r)rdr| < ———IlfllL, R0 [T'(2s + 1)p(s)ds| < oo

y—100

for all > 0. This fact implies the existence of the Lebesgue integral (1.1).

Further we study transformation (1.1) in Ly. For this we use the Lo-theory of the Mellin
transform [4], [5]. We observe that due to condition (3.4) ¢(vy+it) € L1(R; T'(2(y+it) + 1)dt)
and since the integrand in (3.4) is continuous with respect to ¢t € R it follows that the product
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o(y+it)I'(2(y +it) + 1) is bounded. Assuming that f belongs to the space S(R.) of rapidly
decreasing smooth functions and invoking (1.4), (3.1) we write G, in the form

(G, 1)(@) = %\/g /_ Q200D 4 it) + 1)y + it)a

> (Fyf)(y) tanhy
X WY gyt 3.11
/0 cosh?0+#) Y (3:11)

where we change the order of integration by the Fubini theorem. Then making the substitution
e = cosh? y in the latter integral with respect to y we appeal to the Parseval equalities [5] for
the Mellin and the Fourier transforms to represent the Ly-norm for the operator Gy, as

||gH¢f||%2(R+;x27_ldx) - /0 |(gH<pf(x)|2I2fy_1dI

o] 2
= 2—47/ lo(y + it)D(2(y + it) + 1)|? dt

gA/

= 27rA/ e~ 2| (F, f)(arccoshe®/?) [2d¢ < 2’/TA/ |(F,f)(arccoshe®/?) |?d¢
0 0

/ e~ OHE(F f)(arccoshe®/?)d¢
0

2

dt

/ e~ OIS f)(arccoshes/?)dé
0

ord / T N(Ff) ()2 tanh ydy < 2 A / (B )Py

oA / F)12dy = 27 A F12, (3.12)

where A > 0 is an absolute constant. Thus we obtain the norm inequality
|Gt [l L@y a2r-1de) < V2TA||f]| 2Ry 5am), (3.13)

which takes place for the dense subspace S(Ry) C La(Ry;dr). Let f € Ly(Ry;dr). Hence
for Cauchy’s sequence {f}, € S(R.), which converges to f we have

||gHg,fn - gwam||L2(R+;m27*1dx) <V 27T14||fn - fm||L2(R+;dT) — 0,n,m — oo.

Consequently, {(Gp, f.)(x)} is a Cauchy sequence in the space Ly (R ;2*'~'dx), which con-
verges to the limit (Gg, f)(x) with respect to the norm. Therefore we get by the continuity
of norms that (3.13) is true for any f € Ly(Ry;dr). Moreover, the limit function (Gg, f)(7)
coincides with transformation (1.1), since via (3.9) the corresponding sequence {(Gg, fn)()}
converges uniformly to the same limit. Precisely, we find

27 |G, )(@) = (Gr, o) (2)] = 27 |G, (f = fu))(@)] < const||f = fullLamyiar) — 0,n — 0.

11
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Thus we conclude that operator Gy, is of type (2,2). Taking into account that this trans-
formation is also of type (1,00) via the Riesz-Thorin interpolation theorem we arrive at the
following

Theorem 2. Let the multiplier function ¢(s) of the kernel (1.4) satisfy condition (3.4)
and 1 < p < 2. Then transformation (1.1) is a bounded operator Gy, : L, (Ry;dr) —

L, (R+;:p7p/*1dm) Cpt+p =1, >0 and
||gH«ﬂf||Lp/(R+;zW'—1dx) < Byl f 1l (Ressan); (3.14)

where By, > 0 is a constant depending on p,~y. Moreover, for all x > 0 integral (1.1) exists
in Lebesgue’s sense.

4 Inversion theorem

Here we prove an inversion theorem for the general transformation (1.1) basing on the Mellin
transform theory in L, (see [5], Chapter IV). We begin with a different integral representation
for the operator (1.1). Indeed, by using the results of the previous section, precisely the
estimate (3.9) under condition (3.4) we substitute integral (1.4) into (1.1) and we change the
order of integration. Thus we arrive at the representation

G0 =5 [ w905 ds (4.1

27 ) ino

O (w) = /Ooor (w + %) r (w - %) ()

_ VAlQw+1) [ (Fif)(y) tanhy

S 22w /0 cosh® y
Hence if we prove that ¢(y+it)Os(y +it) € L,(R;dt), 1 < p < 2 then from (4.1) via Th. 86
from [5] we obtain that functions (v + it)©(y +it), (Gu,f)(x) realize a Mellin transform
pair from L,(R;dt) into L, (R+;x7p/*1dx) ., pl4+p " =1, v>0. To do this we use the
generalized Minkowski inequality, the Hélder inequality, inequality (3.10) and representation
(3.11), (4.2) for the dense set of S(R;)- functions. But first we observe that due to condition
(3.4) and since ¢(s) is continuous it follows that I'(2(y +1it) + 1)¢(y +it) is bounded by ¢t € R.

We have

</_OO lp(y 4 it)O (v + z't)ypdt) l/p = W@ (/OO lp(y + it)D(2(y + it) + 1)

(e 9] —00

where (see (3.1))

dydt. (4.2)

X

[l by,

P 1/p o
cosh?01 4 dt) = const. ( /_ (v + )T (2(y +it) + 1)
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p 1/p o0
X y dt) = const. (/ lo(y +it)T(2(y + it) + 1)

/Oo (st)(y) tanhyd

h2(r+it) y

COS

o) p 1/p oo
X / e_(”"t)g(st)(arccosheé/Q)df‘ dt) < const. / e ‘(st)(arccosheéﬂ)‘ d¢
0 0

oo 1/p o 1/p
X (/ lo(y + it)T(2(y +it) + 1) dt) < const. (/ e_pﬁd{)
0

—00

1/p’

00 , 00 , 1/p’
X (/ ‘(st)(arccosheg/z)‘p d£> = const. (/ |(Fsf)(y)|” tanh ydy>
0 0

o 1/p
< const ([ TUEDWI ) < constfll e <
0

where all constants depend on p, 1 < p <2 and v > 0. Thus we obtain

oo 1/p
(/ lo(y +it)Os(y + z't)]%lt) < const. || f||,® ) (4.3)

[e.9]

and this is true for all f € L,(Ry;dr),1 < p < 2 by the continuity of norms. Further, we
prove that inequality (3.14) keeps true for v = 0 and the corresponding constant is depending
on p. Indeed, from (3.13) and the Fatou lemma we immediately obtain that

G u, flla®ee1de) < V2TA|fl| LR iar)- (4.4)

Meantime, returning to the representation (3.7) we assume that the function ®(z), which is
defined by (3.3) satisfies the condition ®(x) € L1((0,1); 2~ dz). Moreover due to condition
(3.4) we immediately find that ®(x) € Li((1,00);z 'dx) since z7®(z) is bounded, v > 0.
Thus ®(z) € L1(R,;z 'dx). Hence with elementary substitutions we find the estimate

‘(gwa)(x)| < \/; sup |[(Fsf)(y |/ ®(z cosh? y)| tanh ydy

yeRy

1 s
= —\/j sup |(F.f)(y !/ |— < \/j!!fl!Ll(m;dr)H@Hm(m;x—ldx) <oo. (45
2 2 y€R+ 2

Thus combining with (4.4) via Riesz-Thorin theorem we arrive at the inequality

G, fllz, ® erde) < Byl fllL, R (4.6)

where the constant B, depends only on p.
Now let us introduce for each 7 € R similarly to (2.3) the following kernel

H(r, x) = /OT yHy(z,y)dy, (4.7)

13



14 SEMYON B. YAKUBOVICH

which contains a different multiplier function . We note that the corresponding function
(3.3) U(2) is given by the integral
1 y+ioco
U(z) = - / 220907 (25 + 1)h(s)2*ds, (48)
v

Comi

where we assume the multiplier condition (v + it) € Ly (R; T'(2(y + it) + 1)dt).
Hence as in (3.2) we can write correspondingly

THy(1,2) = / U (x cosh? y) tanh y sin(7y)dy. (4.9)
0

Under condition above on the multiplier ¢ it is not difficult to show that the latter integral
converges uniformly with respect to 7 € [0,T], T > 0. Consequently, we can integrate through
in (4.9) with respect to 7 and invoking (4.7) we obtain

oo 1 _
H(r, ) :/ W (2 cosh®y) tanhy%dy. (4.10)
0
On the other hand (see (4.1)) we have
1 Y+i00
H(r,x) = —/ »(s)O(T, s)xr*ds, (4.11)
270 oo

where

o= [ (54 )1 (o= ).

Thus if we show that for each 7 € Ry the kernel (4.7) H(r,z) € L, (Ry;27 'dz), 1 <
p <2, v >0, then from (4.11) via Th. 86 from [5] we obtain that functions H(7,z), ¥ (y —
it)O (7, y—it) realize a Mellin transform pair from L, (R.y; 277~ 'dz) into Ly (R;dt) p ' 4p =
1, v > 0. Making the substitution x cosh?y = w in (4.10) we majorate the kernel H(r, ) as
follows

dw

d :2/ U(w .
Y x I ”warccosh\/w/x

Therefore appealing again to the generalized Minkowski inequality we obtain
p) 1/p

o) 1/p o0
(/ |H(T,2)[" Iw_ldx> <2 / 2P
0 0

[e%¢] dw w x’yp—l 1/p o0
<2 U (w)| — dx = 21+1/p/ U (w)|w ™ dw
o /0 [P (w) w </0 arccosh” \/w_/x > 0 ¥ (w)

tanh y

|H(T,z)| < 2/000 | (z cosh? y)|

[
x warccoshy/w/x
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*  tanhu 1/p
X ———du <oo, l<p<2,v>0, 4.12
(/0 uP cosh®? y ) P 7 (4.12)

if we assume that U(w) € Li(Ry; w 'dw). If also ¥(w) € Ly((0,1); w™'dw) then from (4.12)
it easily follows that for each 7 € R, the kernel H(r,z) € Li(Ry;z 'dz). Indeed, under
condition on the multiplier function ¥(s) we get ¥(w) € Li(R4;w ! dw) and it attains the
value v = 0 in the estimates (4.12). These preliminary discussions lead us to the inversion
theorem for the transformation (1.1).

Theorem 3. Let 1 < p < 2, f(r) € Ly(Ry;dr). Let also p(y +it) and (v + it) from
the space Li(R;T(2(y + it) + 1)dt),y > 0 be two multipliers, which define ®(x) and V(x) by
formulas (3.3), (4.8), correspondingly and satisfy the equality

lim sup |p(y +it)Y(e —y —it) — 1| = 0. (4.13)
e—0+ teR
If ®(z) € L1((0,1); 27 dz) and ¥(x) € Li(Ry;z" tdx) N Li((0,1);27 dx), K € <0, i] , then

for almost all T € Ry the inversion formula for the general index transform (1.1) holds true

£(7) Lwd;‘i /0 " H(r 1) (G ) (a;)i—x, (4.14)

472 T

where the kernel H(t,x) is defined by (4.7) and the latter integral is a Lebesgue one.
Proof. In fact, as we concluded above under conditions of the theorem functions ¢(y +
it)Os(v+it), (Gu, f)(z) realize a Mellin transform pair from L,(R;; dt) into L,y (Ry; 277 ~dz)

with 1 < p < 2,7 > 0. Meantime for any € > 0 we choose 7 > 0 such that e—~ € (O, %) Thus

under conditions of the theorem we find that functions H(r,z), ¢ (e — v — it)O(7,e — v — it)
form a Mellin transform pair from L, (R+; x(E*W)pfldm) into L, (R;dt). Consequently, due to
Th. 88 from [5] the following relation takes place

> y+ioco
/0 (Gu, ) (@) H(T, 2)2" o = % By Oy (5)O(7,€ — s)p(s)Y(e — s)ds
1 Y+i00 1 oo
=o= | Os)8(re—s)lp(s)le —s) —Uds+ o~ | Oy(s)0(r,c — 5)ds
= I(1,¢) + Ix(1,¢). (4.15)

Hence by using Theorem 1 and relations (1.4), (1.5), (1.6), (2.3), (4.2), (4.11) in the same
manner via Th. 88 from [5] we obtain that

I(r,e) = = /PY N O(5)O(1,e — s)ds = Q/OOO(KL]C)<I)K(T, x)z* dx. (4.16)

27 ) ino
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Hence invoking equality (2.16) and making ¢ — 0+ we find

lim Ih(7,¢) = 4n° /OT Y f(y)dy. (4.17)

e—0+ sinh 7y

Meanwhile with the Hélder inequality we estimate I (7, ¢) as follows

1 . . y+ioco
|Ii(1,¢e)| < o 32111) lo(y +it)p(e — vy —it) — 1] |©¢(s)O(r,e — s)ds|

y—100

1 y+ico 1/p
< grswloty+ e~ = i) =11 ([T jos(e)las])
vy

teR —i00

e—y+1i00 , 1/pl
([ Trewar )
£—y—100

where the norm ||Oy||L, (R4 is finite for any f € L,(R;dr) due to (4.3). Moreover, employing
an analog of the Hausdorff-Young inequality for the Mellin transform (cf. Th. 74, 86 in [5])
we establish that the latter integral is also finite . Indeed, since via (1.5) the kernel (2.3)
and function O(r, s) realize a Mellin transform pair then by taking into account asymptotic
properties of the kernel K (7, z) (see the proof of Theorem 1) we deduce

e—y+ioco , 1/p oo, ) 1p
(/ 6(7, 2)" IdZI) <C, (/ ‘K(T7 x)‘ x(e—wp—ldx)
£—7y—100 0
! » 1/p
<G < / d:):) < 00.
0

Therefore appealing to (4.13) we derive

K(T,m)‘pd—x—i-/loo‘f((ﬂx)

xz

|I1(7,¢e)| < const.sup |p(y +it)Y(e —vy—it) — 1| - 0, e > 0+.
teR

Combining with (4.15), (4.17) we arrive at the equality

lim Oo(gwa)(x)H(T, r)z* tdr = 4r? /OT J f(y)dy, 7 € R;. (4.18)

=0+ J, sinh 7y

On the other hand we will motivate the passage to the limit under the integral sign in the
left-hand side of (4.18) via the dominated convergence theorem. In fact, the integrand is less
than or equal to the majorant M (7, x)

Mr.z) = {x-w(gmfx:cm(r, o), ifzelo),
e (G, D@ ), e (1,00),
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which belongs to L (Ry;dz). The summability of M(7,x) can be verified by using (3.14) the
chain of estimates (4.12) and the condition ¥(z) € Li(R;x" 'dr) with r = %. Precisely, we
have

| M ade = [ 1Gu NS + [T G, () o

s(/@lugmf)( 'dx) (/ H(r, ) )p+(/1m\<gmf><x>|p’xw'1d:c)1/pl

([ ) < 160 1y [ v

+const./ U (w)| wP L dw| < oco.

0

Hence equality (4.18) becomes as
| @ pmieo =1 [ s er (1.13)
0 He r o sinhmy Y16y, * '

Differentiating through this equality with respect to 7 we finally arrive at the inversion formula
(4.14), which takes place for almost all 7 € R;. Theorem 3 is proved.

5 Examples

In this final section we consider some classical index transformations in L,, which are particular
cases of the general transform (1.1). Namely, we will mention the results of Section 2 for
the Kontorovich-Lebedev transform (1.6) and we will establish boundedness and inversion
properties for the generalized Mehler-Fock transform (1.8) and for the Olevskii transform
(1.9). The Lo case for these transformations is considered in [10].

1. The Kontorovich-Lebedev transform. We put in (1.2) ¢(s) = ¢(s) = 1. By using
the Stirling asymptotic formula for the Gamma - function (cf. [1, Vol. I]) we see that these
multipliers evidently satisfy condition (3.4). So, via (1.5) we obtain the modified KL-transform
(1.6), for which Theorem 1 holds true. Calculating the corresponding Mellin integrals (3.3),
(4.8) we invoke relation (8.4.3.1) from [3] and we get ®(x) = ¥(z) = 4y/ze~2V*. We note that
all conditions of Theorem 3 are clearly satisfied and we arrive at the inversion formula (4.14),
which coincides in this case with (2.2).

2. The generalized Mehler -Fock transform. Let us consider transformation (1.8),
where the corresponding multiplier function is equal to ¢(s) =T'(1/2—pu—s)/I'(1/2+ ), u <

17
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1/2. Tt satisfy the condition (3.4). Substituting the value of ¢(s) into (3.3) and employing the
duplication formula for the Gamma - function we derive

Y+i0c0 o, Y+ico
O(z) = L/ P20 (95 4 1)L 2 =1 =8) ey 4L / T(s+1)
vy

270 )i I'(1/2 +s) \/_27m oo
T'(1/2 s = “L1(3/2 -
xIP(1/2 = p—s)x S—ﬁ (3/ —M)W,

where the latter integral is calculated via relation (8.4.2.5) from [3]. It is clear that the
function ®(z) € Li(Ry;x 'dz), u < 1/2. Thus according to Theorem 2 and inequality (4.6)
the generalized Mehler-Fock transform (1.8) is a bounded operator MF : L, (Ry;dr) —
Ly (R ~ldz), pt +p " =1,1<p<2 0<~<1/2—pu Inorder to establish
the corresponding inversion formula (4.14) we look for the kernel (4.7) for this case with
Y(s) =T(1/2 —s)/T(1/2 — p+ s). Appealing to the relation (8.4.41.12) from [3] we obtain

T 2
2 2 [ Y pa Z4+1)dy.
H(T7 .Z') T ( + 33) \/0 COSh(Tfy/Z) (iy—1)/2 (l’ + Yy

Furthermore, the multipliers plainly satisfy condition (4.13). From (4.8) we have for this case

1ot [(1/2 - s)
() = — 221=91(25 + 1 —*d
@) =50 /Hoo st Urap—get %

4 1 /WOO L(s+1/2)T(s+ 1)I(1/2 — s) .y

= —_— x%ds.
VT2 e I'(1/2—pu+s)

The latter integral via relation (8.4.49.14) from [3] can be expressed in terms of the Gauss

hypergeometric function. Namely, we get

4 1 [T T(s+1/2)T(s+ 1DI(1/2 —
Y=t = e / — é&/fj MOLZS) v,
y—ioo p+s)
2 3 1
\/EF<1—,U/)2 1< 727 s I)’ x> 1,
dcosmul'(3/2 4 p) x 4\/xsinmp 1
U =y = _ (1 (11 1
(@) <(@) NZs (1+:U)3/2+M T (L+p)oky | 1, +N727 z|,

where 0 < z < 1. Moreover, it satisfies W5 (1) = W_(1). Thus, ¥(z) € Li(Ry; 2" 1dx) N
L1((0,1); z7 dx), where x € (0,1/2) C (O, %] and the corresponding inversion formula for the

generalized Mehler-Fock transform can be written in the form

B 1 sinh(7 / —u/
f(r) = i T dT/ /0 cosh( 7ry/2 ;;y_l ( +1> A+ ) EME fl@ydyde.
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3. The Olevskii tranformation. Our final example is the Olevskii transformation with
the kernel (1.9), which generalizes the Mehler-Fock transform (1.8)

o110 =g [T (e=e+ 5) 2

As we could see in Section 1 in this case p(s) =T'(c—a—s)/T'(s+a),0 < a < ¢,0 < Res =
v <c—a,c#0,—1,—2,... . Hence we observe that condition (3.4) is guaranteed. Analogously
we write the function (3.3) for this case

2 2

. . ]
o ) (a+ E,a — z;c; —;) f(r)rdr. (5.1)

1 [rtee [(c—a—s) 4 1 [rtiee
d(xr) = — 22(1=s)1(2 1)————F 2 %ds = ——/ ['(1/2 r 1
(=) 27”'/7—100 (25 +1) I'(a+s) v V2T i (/24 9)0(s+1)
I'(c—a—s)
“ds.
I'(a+s) °

Omitting calculations of the latter Mellin-Barnes integral for 0 < < 1 and * > 1 we
use its asymptotic behavior (or the asymptotic behavior of the corresponding Meijer G-
function) [3] when x — 0 and # — oo. For other values of x > 0 it converges uni-
formly and represents a continuous function. So we find that ®(z) = O(2'/?),z — 0
and ®(x) = O(x¢),z — oo. Therefore it plainly belongs to the space Li(R.;z 'dx).
Thus by Theorem 2 we conclude that the Olevskii transform (5.1) is a bounded operator
O:L,(Ryidr) — Ly (Ry;27 ~ldx), p? +p  =1,1<p<2, 0<~y<c—a.

Similarly by taking ¢(s) = I'(a —s)/I'(c —a+s), we satisfy condition (4.13) and via
relation (8.4.49.14) we arrive at the following kernel (4.7) for this case

-

. 2 . .
@ [ 1y 1y 1y 1
= — r = F = a——;¢c—— | dy.
H(T,ZL’) F(C)/O (CL—|— 2) 2 1(CL+ y @ 3 G ZL‘) Yy

2 2
The related function W(z) is continuous for # > 0 and behaves as ¥(z) = O(z'/?),r —
0 and ¥(z) = O(z™*),x — oo. Consequently, if a < 719 then U(x) € Li(Ry; 2" 'dz) N

L1((0,1); 27 dx), where k € (0,a) C (O, %] Hence via Theorem 3 the inversion formula for
the Olevskii transform
iy
T e
(a + 9 )

()= 47r21r(c) sth(m)% /OOO /0

xx " HOf(z)dydzx

2 1y 1y 1
2 F1 (a t 50— 536 —5>

holds valid for almost all 7 € R,..
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