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EXPANSION
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ABSTRACT. We consider smooth maps on compact Riemannian
manifolds. We prove that under some mild condition of eventual
volume expansion Lebesgue almost everywhere we have uniform
backward volume contraction on every pre-orbit for Lebesgue al-

most every point.

1. STATEMENT OF RESULTS

Let M be a compact Riemannian manifold and let Leb be a volume
form on M that we call Lebesgue measure. We take f: M — M any
smooth map. Let 0 < a; < as <ag < ... be a sequence converging to
infinity. We define

h(x) = min{n > 0: |det Df"(x)| > a,}, (1)
if this minimum exists, and h(z) = oo, otherwise. For n > 1, we take
[, ={z € M: h(z) > n}. (2)

Theorem 1.1. Assume that h € LP(Leb), for some p > 3, and take
v<(p—=3)/(p—1). Choose any sequence 0 < by < by <bg < ... such
that byb, > bpyn for every k,n € N, and assume that there is ng € N
such that b, < min {a,,Leb(l',)"7} for every n > ng. Then, for Leb
almost every x € M, there exists C,, > 0 such that | det D f"(y)| > Cyby,

for every y € f"(x).
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We say that f: M — M is eventually volume expanding if there
exists A > 0 such that for Lebesgue almost every x € M

1
sup — log|det D f"(z)| > . (3)
n>1 T
Let h and T',, be defined as in (1) and (2), associated to the sequence
An
an, = e

Corollary 1.2. If f is eventually volume expanding, then for Lebesque
almost every point x € M there are C, > 0 and o, — oo such that
|det Df"(y)| > Cyoy for every y € f~"(x). Moreover, given o > 0
there is 0 > 0 such that
(1) if Leb(T,) < O(e=2"), then we may take o, > ;
(2) if Leb(T',) < O(e=®"") for some T > 0, then we may take
o, > e

(3) if Leb(T,) < O(n™%) and a > 2, then we may take o, > nP.

Specific rates will be obtained in Section 4 for some eventually vol-
ume expanding endomorphisms. In particular, non-uniformly expand-

ing maps such as quadratic maps and Viana maps will be considered.

2. CONCATENATED COLLECTIONS

Let (U,), be a collection of measurable subsets of M whose union
covers a full Lebesgue measure subset of M. We say that (U,), is a

concatenated collection if:
relU, and f"(x)eU, = z€Upmn.

Given z € (J,5, Un, we define u(z) as the minimum n € N for which
x € U,. Note that by definition we have x € Uy ;). We define the chain

generated by x € U, Un as C(z) = {z, f(x),..., fr@=1(2)}.

Lemma 2.1. Let (U,), be a concatenated collection. If

S Leb(f(u™ (n))) < oo,

n>1 j=0

then we have sup { u(y) : y € U1 Un and z € C(y) } < oo for Leb-
esque almost every v € M.
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Proof. Assume that for a given x € M there exists an infinite num-
ber of chains C; = {y;, f(y;),..., [ (y;)}, j > 1, containing z
with s; — o0o. For each j > 1let 1 < r; < s; be such that z =
f7(y;). First we verify that limr; = oo. If not, then replacing
by a subsequence, we may assume that there is N > 0 such that
r; < N for every j > 1. This implies that y; € UZ]\LI f(z) for ev-
ery j > 1. Since #(UX, f~(x)) < oo and the number of chains is
infinite, we have a contradiction. Since r; — oo and x = f"i(y,) €
fri(u™'(s;)), then we have 2 € |J,~, U;:(} fi(ut(n)) for every k > 1.
Since we are assuming >~ -, Z;.:Ol Leb(f/(u™t(n))) < oo, we have
Leb (Unzk U;:Ol f7(u™(n))) — 0, when k — oo. This completes the
proof of Lemma 2.1. O

Lemma 2.2. Let (U,), be a concatenated collection. If
sup{u(y) : y € Up>1U, and z € C(y) } < N,
then f~™"(x) CU,U---UUy,n foralln > 1.

Proof. Assume that sup { u(y) : y € Up>1U, and = € C(y) } < N, and
take z € f~"(x). Let z; = fi(z) for each j > 0. We distinguish the
cases ¢ € C(z) and z ¢ C(z). If x € C(2), then n < u(z) < n+ N.
Hence z € Uyz) CUpU---UUpyn. f o ¢ C(2), then letting ug = u(z)
we must have ug < n. Let u; = wu(zy,). If g +u; < n we take
Uy = U(Zugtu, ). We proceed in this way until we find the first s < n
such that n < wg+ -+ + us. Note that us = u(2zyg+...tu._, ), and by the
choice of s we must have x € C(zyy4..tu, ,). Our assumption implies
that u(zygtotu,_,) < N, and so ug+---+us < n+ N. By construction
we have
z € U,

fU(2) = 2y, € Uy,

fuo—HLl (Z) = Zuptu; € UU2

frOre(2) = Zug o,y € U,
By the definition of a concatenated collection we conclude that z €

UUO+u1+~~~+us' U
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3. PROOFS OF MAIN RESULTS

Let us now prove Theorem 1.2. Suppose that h € LP(Leb), for some
p > 3. This implies that 3 -, n” Leb(h™'(n)) < 0o, and so there exists
some constant K > 0 such that

Leb(h™'(n)) < Kn™P, for every n > 1.

Now, taking 0 < v < (p — 3)/(p — 1) we have for some K’ > 0

Zn (ZLeb(h_l(k))) Zn K'/nP~1)1™7 < 0.

Defining
Up,={x e M :|det Df"(z)| > b},

then we have that (U,), is a concatenated collection with respect to

the Lebesgue measure. Moreover, setting

Ur=U,\(U1U..uU,_1)
one has Uy C U,,>, h~"(m), for otherwise there would be z € U; N
h~'(m) with m < n, and so a,, > b,, > |det Df™(z)| > a,,, which is

not possible. As |det D f7(x)| < b; for every x € U} and j < n, we get
Leb(f(U})) < b; Leb(U;) for each j < n. Hence

> YL < Y b Lenw;)

n=no+1 j=0 n=no+1 j7=0
no—1
< Z > b Leb(U;) Z Zb Leb(U?)
n=no+1 j=0 n=no+1 j=ng

IN

no—1 0 n—1
OZ bi+ Y Y bjLeb(Uy)
j=0

n=no+1 j=ng
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Now we just have to check that the last term in the sum above is finite.
Indeed,

i ZbLebU* Z ZbZLeb
n=no+1 j=ng n=nop+1 j=ng
< i nanLeb(h_l
n=ngp+1 k=n
v =
< Z <Z Leb(h (k;)) > Leb(h™!
n=ng+1 k=n
1—y
= Z <Z Leb(h ) < Q.
n=ng+1

Applying Lemmas 2.1 and 2.2, we get for each generic point x € M
a positive integer number N, such that if y € f~"(x) then y € U,y
for some 0 < s < N,. Therefore, |det Df""(y)| > bpys > b,. Then,
taking C, = K™= where K = sup{|det Df(z2)|: z € M}, we obtain
the conclusion of Theorem 1.1:

| det D "= (y)|
| det D f*(z)|

|det Df"(y)| = > C.Lb,.

Now we explain how we use Theorem 1.1 to prove Corollary 1.2.
Recall that in Corollary 1.2 we have a,, = e* for each n € N. Assume
first that Leb(I',) < O(e™“™) for some ¢ > 0. Then it is possible to
choose ¢ > 0 such that b, = e“", for n > ny. The other two cases are

obtained under similar considerations.

4. EXAMPLES: NON-UNIFORMLY EXPANDING MAPS

An important class of dynamical systems where we can immediately
apply our results are the non-uniformly expanding dynamical maps
introduced in [2]. As particular examples of this kind of systems we
present below quadratic maps and the higher dimensional Viana maps.
Quadratic maps. Let f,: [=1,1] — [—1, 1] be given by f,(z) = 1 —az?,
for 0 < a < 2. Results in [3, 8] give that for a positive Lebesgue

measure set of parameters f, in non-uniformly expanding. Ongoing



6 JOSE F. ALVES, VILTON PINHEIRO, AND ARMANDO CASTRO

work [5] gives that for a positive Lebesgue measure set of parameters
there are C, ¢ > 0 such that Leb(I',)) < Ce " for every n > 1.

Thus, it follows from Corollary 1.2 that we may find 3 > 0 such for

Lebesgue almost every x € I there is C, > 0 such that |(f") (y)| >
C,e’™ for every y € f"(z).
Viana maps. Let ag € (1,2) be such that the critical point z = 0 is
pre-periodic for the quadratic map Q(z) = a9 — 2. Let S = R/Z and
b:S' — R given by b(s) = sin(27s). For fixed small o > 0, consider
the map f from S! x R into itself given by f(s,z) = (9(s),d(s,z)),
where §(s,z) = a(s) — 2% with a(s) = ag+ab(s), and g is the uniformly
expanding map of S' defined by §(s) = ds (mod Z) for some integer
d > 2. For a > 0 small enough there is an interval I C (—2,2) for
which f (S' x I) is contained in the interior of S* x I. Thus, any map
f sufficiently close to f in the C° topology has S! x I as a forward
invariant region. Moreover, there are C,c¢ > 0 such that Leb(I',) <
Ce=V™ for every n > 1; see [1, 4, 9].

Thus, it follows from Corollary 1.2 that we may find 3 > 0 such for
Lebesque almost every X € S* x I there is a constant Cx > 0 such that
|det Df™(Y)| > Cxe®V™ for every Y € f(X).
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