ON A NEW INDEX TRANSFORMATION RELATED TO THE PRODUCT OF MACDONALD FUNCTIONS

Semyon B. Yakubovich^∗

Department of Pure Mathematics, Faculty of Science, University of Porto, Campo Alegre st., 687, 4169-007 Porto, Portugal

January 9, 2004

Abstract We deal with an integral transformation, which is associated with the product of the Macdonald functions K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) , where (x, y) ∈ R_+ × R_+ and iτ, τ ∈ R_+ is a pure imaginary index. An integration process is realized with respect to τ. In the limit case when y = 0 it gives the Lebedev transformation with the square of Macdonald functions. The Bochner type representation theorem, the Plancherel theorem and Parsevals equality are proved by using a relationship with the Mellin and the Kontorovich-Lebedev transforms. An application of the introduced transformation is given to find a solution of the Neumann weighted problem for a second order partial differential equation.

Mathematics Subject Classification: 44A20, 33C10, 35C15 Key Words and Phrases: Macdonald function, Index transformation, Kontorovich-Lebedev transform, Mellin transform, Plancherel theorem, Parseval equality, Neumann problem

1 Introduction and preliminary results

Let R_+ = (0, ∞) and (x, y) ∈ R_+ × R_+. Let f : R_+ → C be a measurable function. We consider the following transformation [Gf](x, y) ≡ [G; f(τ)](x, y) = ∗Work supported by Fundação para a Ciência e a Tecnologia (FCT) through the Centro de Matemática da Universidade do Porto (CMUP). Available as a PDF file from http://www.fc.up.pt/cmup. 1

= 2 √ π ∫_∞ 0 K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) f(τ)dτ, (1.1) where the integral is convergent in a definite sense, which we will clarify below. Here K_ν (z) is the modified Bessel function or the Macdonald function (cf. [1, Vol. II]) of the pure imaginary index ν = iτ. The function K_ν (z) satisfies the differential equation

z^2 d^2u dz^2 + z du dz − (z^2 + ν^2)u = 0, (1.2)

for which it is the solution that remains bounded as z tends to infinity on the real line. The Macdonald function has the asymptotic behaviour [1, Vol. II]

K_ν (z) = ( π 2z )_{1/2} e^{−z}[1 + O(1/z)], z → ∞, (1.3) and near the origin z^ν K_ν (z) = 2^{ν−1}Γ(ν) + o(1), z → 0, (1.4) K_0(z) = − log z + O(1), z → 0. (1.5) It can be given by the following integral [1, Vol.II]

K_ν (z) = ∫_∞ 0 e^{−z cosh u} cosh νudu, Rez > 0. (1.6)

It has another representation in terms of the inverse Mellin transform of the product of the Euler gamma-functions [3], [6]. Precisely we find

K_ν (2z) = 1 8πi ∫_{γ+i∞} γ−i∞ Γ ( s + ν 2 ) Γ ( s − ν 2 ) z^{−s}ds, γ > 0. (1.7) The product of functions K_{iτ} (x) of different arguments can be represented in turn by the Macdonald formula (cf. [1, Vol.II], [6]) K_{iτ} (x)K_{iτ} (y) = 1 2 ∫_∞ 0 e^− 1 2 ( x^{u2+y2}_{uy} +^{yu}_x ) K_{iτ} (u) du u . (1.8)

In particular, for the kernel of the transformation (1.1) we obtain the following representation K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) = 1 2 ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}K_{iτ} (u) du u . (1.9)

Meanwhile, the Mellin direct transform [1, Vol.I], [3]

f^M(s) = ∫_∞ 0 f(x)x^{s−1}dx, s = γ + it, (1.10) is defined for the Lebesgue space L_1(R_+; x^{γ−1}dx) with the norm ||f||_1 = ∫_∞ 0 |f(x)|x^{γ−1}dx < +∞ and maps it into the space of bounded continuous functions on the vertical line γ + it, t ∈ R vanishing at infinity |t| → +∞. However, if f ∈ L_2(R_+; x^{2γ−1}dx), which is normed by ||f||_2 = (∫_∞ 0 |f(x)|^2x^{2γ−1}dx )_{1/2} < +∞, (1.11) then it forms a one-to-one correspondence and isomorphically maps on the space L_2((γ − i∞, γ + i∞); dt). Integral (1.10) in this case converges in mean with respect to the norm of the latter L_2-space. The inverse operator is given by f(x) = 1 2πi ∫_{γ+i∞} γ−i∞ f^M(s)x^{−s}ds, s = γ + it, x > 0, (1.12) where integral (1.12) is convergent in mean with respect to the norm (1.11). Moreover, the operator f^M is an isometric isomorphism between two mentioned Hilbert spaces and the following Parseval equality ∫_∞ 0 |f(x)|^2x^{2γ−1}dx = 1 2π ∫_∞ −∞ |f^M(γ + it)|^2dt (1.13)

holds true.

We define now operators of the Kontorovich-Lebedev [6] and the Lebedev [2], [7] transformations by the formulas (KLf)(x) = ∫_∞ 0 K_{iτ} (x)f(τ)dτ, (1.14) (Lef)(x) = 2 √ π ∫_∞ 0 K^2_{iτ} (x)f(τ)dτ, (1.15) respectively. As it is easily seen, operator (1.15) is a limit case of the transformation (1.1) when we put y = 0. A process of integration in formulas (1.1), (1.14), (1.15) is realized with respect to the index (a parameter) of the Macdonald function. Therefore we call such a class of integral transforms as index transformations [6].

In order to prove the representation theorem for transformation (1.1) in the next section we introduce here (cf. [8], [9]) the following Banach space of functions f ∈ L^∗(R_+) or space of A-type, whose Fourier cosine transforms

(F_cf)(x) ≡ (F_c; f(t))(x) = √ 2 π ∫_∞ 0 f(t) cos txdt (1.16) lie in L_1(R_+). For the norm in L^∗ we set ||f||_L∗_{(R+)} = ∫_∞ 0 |(F_cf)(t)|dt. (1.17) As it follows from the theory of the Fourier transform elements of the space L^∗ are bounded, continuous functions, which vanish at infinity. As it is proved in [8] the Kontorovich-Lebedev transform (1.14) is a bounded operator in L^∗(R_+) and we have ||KLf||_L∗_{(R+)} ≤ π 2 ||f||_L∗_{(R+)}. Moreover the following Bochner’s type representation theorem holds true.

Theorem 1. [8]. Any f ∈ L^∗(R_+) for all τ ∈ R_+ is represented as

f(τ) = lim_{ε→0+} 2 π^2 τ sinh πτ ∫_∞ 0 x^{ε−1}K_{iτ} (x)dx ∫_∞ 0 K_{iμ}(x)f(μ)dμ, (1.18) where the convergence is pointwise.

Finally in this section we mention useful formula (2.16.33.10) in [4] for the Mellin transform (1.10) with respect to x of the kernel (1.1) ∫_∞ 0 x^{s−1}K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) dx

= √ π 2 y^{s/2}K_{s/2}(2y) Γ (_s 2 + iτ ) Γ (_s 2 − iτ ) Γ((1 + s)/2)

, (1.19)

which is true for all y, τ > 0 and γ = Res > 0. Multiplying both sides of (1.18) by y^{ω−1}, Reω > 0 we integrate with respect to y > 0. Then by using formula (2.16.2.2) in [4] we arrive at the value of the double Mellin transform [3] for the kernel (1.1) as ∫_∞ 0 ∫_∞ 0 x^{s−1}y^{ω−1}K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) dxdy

= √ π 8 Γ (ω) Γ ( s + ω 2 ) Γ (_s 2 + iτ ) Γ (_s 2 − iτ ) Γ((1 + s)/2) . 2 The representation theorem

In this section we prove an analog of Theorem 1 for the transformation (1.1). Indeed, we have Theorem 2. Let f ∈ L^∗(R_+). Then for all τ ∈ R_+ the following expansion holds true

f(τ) = lim_{ε→0+} 16 π^4 τ sinh 2πτ ∫_∞ 0 ∫_∞ 0 K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) x^{ε−1}dxdy

× ∫_∞ 0 K_{iμ} (√ x^2 + y^2 − y ) K_{iμ} (√ x^2 + y^2 + y ) f(μ)dμ, (2.1) where the convergence with respect to ε > 0 is pointwise.

Proof. By taking integral (1.19) and applying the inversion formula (1.12) for the Mellin transform with respect to x we immediately obtain that for all positive x, y, μ the product of Macdonald functions is represented as follows K_{iμ} (√ x^2 + y^2 − y ) K_{iμ} (√ x^2 + y^2 + y ) = 1 2πi √ π 2 ∫_{γ+i∞} γ−i∞ y^{s/2}K_{s/2}(2y)

× Γ (_s 2 + iμ ) Γ (_s 2 − iμ ) Γ((1 + s)/2) x^{−s}ds, (2.2) where we may choose γ ∈ (0, ε). We substitute the integral with respect to s from the righthand side of (2.2) into the inner integral with respect to μ in (2.1) and we change the order of integration. Hence we find ∫_∞ 0 K_{iμ} (√ x^2 + y^2 − y ) K_{iμ} (√ x^2 + y^2 + y ) f(μ)dμ = 1 2πi √ π 2 ∫_{γ+i∞} γ−i∞ y^{s/2}K_{s/2}(2y) Γ((1 + s)/2) x^{−s}ds

× ∫_∞ 0 Γ ( s 2 + iμ ) Γ ( s 2 − iμ ) f(μ)dμ. (2.3) The change of the order of integration in (2.3) we motivate by the use of the Fubini theorem. In fact, since f ∈ L^∗(R_+), then it belongs to the space of bounded continuous functions on R_+. Consequently, the iterated integral in the right-hand side of (2.3) is majorized by | | | ∫_{γ+i∞} γ−i∞ y^{s/2}K_{s/2}(2y) Γ((1 + s)/2) x^{−s}ds ∫_∞ 0 Γ ( s 2 + iμ ) Γ ( s 2 − iμ ) f(μ)dμ | | |

≤ const.y^{γ/2}x^{−γ} ∫_{γ+i∞} γ−i∞ | | | K_{s/2}(2y) Γ((1 + s)/2) ds | | | ∫_∞ 0 | |Γ ( s 2 + iμ ) Γ ( s 2 − iμ )| | dμ. (2.4) It is easily seen, that the product of gamma-functions in the latter integral (2.4) is continuous with respect to μ ∈ R_+. Furthermore, making use the representation [10] Γ (s 2 + iμ ) Γ (s 2 − iμ ) = Γ(s) 2^{s−2} ∫_∞ 0 cos(2μy)dy cosh^s y = Γ(s + 1) μ^22^{s+1} ∫_∞ −∞ e^{2iμy} (1 − s sinh^2 y) cosh^{s+2} y dy, (2.5) we deduce | | |Γ ( s 2 + iμ ) Γ ( s 2 − iμ )| | ≤ |Γ(s + 1)| μ^22^γ ∫_∞ 0 1 + |s| sinh^2 y cosh^{γ+2} y dy

≤ |Γ(s + 1)| μ^22^γ [∫_∞ 0 dy cosh^2 y + |s| ∫_∞ 0 dy cosh^γ y ] , μ, γ > 0. Now taking into account an inequality (cf. (1.6)) |K_{s/2}(2y)| ≤ K_{γ/2}(2y), the Stirling asymptotic formula for gamma-functions [1, Vol.I], equalities (2.5) and the latter estimate we majorize for each y > 0, γ ∈ (0, ε) the iterated integral in the right-hand side of (2.4). This gives the chain of inequalities ∫_{γ+i∞} γ−i∞ | | | K_{s/2}(2y) Γ((1 + s)/2) ds | | | ∫_∞ 0 | |Γ ( s 2 + iμ ) Γ ( s 2 − iμ )| | dμ ≤ Kγ/2(2y) ∫_{γ+i∞} γ−i∞ | | | ds Γ((1 + s)/2) | | |

× [∫_1 0 + ∫_∞ 1 ] | |Γ (s 2 + iμ ) Γ (s 2 − iμ )| | dμ ≤ K_{γ/2}(2y) 2^{γ−2} ∫_{γ+i∞} γ−i∞ | | | Γ(s)ds Γ((1 + s)/2) | | | × ∫_∞ 0 du cosh^γ u + K_{γ/2}(2y) 2^γ [∫_{γ+i∞} γ−i∞ | | | Γ(s + 1)ds Γ((1 + s)/2) | | | ∫_∞ 0 du cosh^2 u + ∫_{γ+i∞} γ−i∞ | | | | sΓ(s + 1)ds Γ((1 + s)/2) | | | | ∫_∞ 0 du cosh^γ u ] < ∞. Consequently via the Fubini theorem it guarantees the change of the order of integration and equality (2.3). Substituting the right-hand side of (2.3) in (2.1) and denoting by I_ε(τ) the corresponding iterated integral under the limit sign we write it in the form

I_ε(τ) = 1 2πi 8τ sinh 2πτ π^3 √ π ∫_∞ 0 ∫_∞ 0 K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) x^{ε−1}dxdy

× ∫_{γ+i∞} γ−i∞ y^{s/2}K_{s/2}(2y) Γ((1 + s)/2) x^{−s}ds ∫_∞ 0 Γ (s 2 + iμ ) Γ (s 2 − iμ ) f(μ)dμ. (2.6) We note here, that in a similar manner invoking the previous estimates and formulas of the asymptotic behaviour (1.3), (1.4), (1.5) for the Macdonald function it is not difficult to realize via Fubini’s theorem an integration in (2.6) in any order. Therefore calculating the inner integral with respect to x by formula (1.19) it becomes

I_ε(τ) = 4 π^3 τ sinh 2πτ 2πi ∫_∞ 0 y^{ε/2}K_{s/2}(2y)K_{(ε−s)/2}(2y)dy

× ∫_{γ+i∞} γ−i∞ Γ (_{ε−s} 2 + iτ ) Γ (_{ε−s} 2 − iτ ) Γ((1 + ε − s)/2)Γ((1 + s)/2) ds ∫_∞ 0 Γ ( s 2 + iμ ) Γ ( s 2 − iμ ) f(μ)dμ. (2.7) Hence we calculate the integral with respect to y by using relation 2.16.33.2 from [4], which gives ∫_∞ 0 y^{ε/2}K_{s/2}(2y)K_{(ε−s)/2}(2y)dy = √ π 8Γ(1 + ε/2) Γ ( 1 + ε 2 ) Γ ( 1 + s 2 ) Γ ( 1 + ε − s 2 ) .

Substituting this value into (2.7) we obtain

I_ε(τ) = Γ (_{1+ε} 2 ) 2π^2 √ πΓ(1 + ε/2) τ sinh 2πτ 2πi ∫_{γ+i∞} γ−i∞ Γ ( ε − s 2 + iτ ) Γ ( ε − s 2 − iτ ) ds

× ∫_∞ 0 Γ ( s 2 + iμ ) Γ ( s 2 − iμ ) f(μ)dμ. (2.8) The integral with respect to s in (2.8) can be treated by employing the Mellin formula (1.7) and the generalized Parseval equality for the Mellin transform (cf. [3], [5]). Thus we deduce 1 2πi ∫_{γ+i∞} γ−i∞ Γ ( ε − s 2 + iτ ) Γ ( ε − s 2 − iτ ) Γ (s 2 + iμ ) Γ (s 2 − iμ ) ds

= 16 ∫_∞ 0 K_{2iτ} (2x)K_{2iμ}(2x)x^{ε−1}dx. Consequently, after substitution this result in (2.8) we appeal to Theorem 1 to write (2.8) in the form

I_ε(τ) = 8Γ (_{1+ε} 2 ) π^2 √ πΓ(1 + ε/2) τ sinh 2πτ ∫_∞ 0 K_{2iτ} (2x)x^{ε−1}dx ∫_∞ 0 K_{2iμ}(2x)f(μ)dμ

= 2^{2−ε}Γ

(_{1+ε} 2 ) π^2 √ πΓ(1 + ε/2) τ sinh 2πτ ∫_∞ 0 K_{2iτ} (x)x^{ε−1}dx ∫_∞ 0 K_{iμ}(x)f (μ 2 ) dμ. (2.9) Finally, invoking (1.18) we pass to the limit through equality (2.9) and we easily establish the pointwise convergence of I_ε(τ) to f(τ) when ε → 0+. Theorem 2 is proved.

3 The Plancherel-type theorem

In this section we apply the theory of the modified Kontorovich-Lebedev transformation [6] in order to prove an analog of the Plancherel theorem for the transform [G; τf(τ)](x, y) (cf. (1.1)). Namely, we consider the Kontorovich-Lebedev transform of the form [KLf](x) = 4 ∫_∞ 0 τK_{2iτ} (2x)f(τ)dτ. (3.1) As it is known (cf. [6, Chapter 2]), the Kontorovich-Lebedev operator (3.1) is the isometric isomorphism between Hilbert spaces [KLf] : L_2 ( R_+; τdτ sinh 2πτ ) ↔ L_2 ( R_+; x^{−1}dx ) , (3.2) where the integral (3.1) converges in mean with respect to the norm

||f||_{L2(R+;τ [sinh 2πτ ]}−1_{dτ )} = (∫_∞ 0 τ sinh 2πτ |f(τ)|^2dτ )_{1/2} . (3.3)

Furthermore, we have the Parseval identity ∫_∞ 0 |[KLf](x)|^2 dx x = 2π^2 ∫_∞ 0 τ sinh 2πτ |f(τ)|^2dτ. (3.4) By using a relationship with the Mellin and Kontorovich-Lebedev transforms we will prove that the operator [G; τf(τ)](x, y) is the one-to-one isometric and isomorphic map:

G : L_2 ( R_+; τdτ sinh 2πτ ) ↔ L_2 ( R_+ × R_+; dxdy x ) , (3.5)

where the norm in the space L_2 (R_+ × R_+; x^{−1}dxdy) is defined by ||f||_{L2(R+×R+;x}−1_{dxdy)} = (∫_∞ 0 ∫_∞ 0 |f(x, y)|^2 dxdy x )_{1/2} . (3.6)

Thus we arrive at Theorem 3. Let f ∈ L_2(R_+; τ[sinh 2πτ]^{−1}dτ). Then as N → ∞ the integral 2 √ π ∫_N 1/N τK_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) f(τ)dτ (3.7) converges in mean to [G; τf(τ)](x, y) with respect to the norm (3.6) and a reciprocal integral

8 sinh 2πτ

π^3 √ π ∫_N 1/N ∫_N 1/N K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y ) [G; τf(τ)](x, y) dxdy x (3.8)

converges in mean to f(τ) with respect to the norm (3.3). Moreover, almost for all τ ∈ R_+ and (x, y) ∈ R_+ × R_+, respectively, the following reciprocal formulas take place f(τ) = 8 sinh 2πτ π^3 √ πτ d dτ ∫_∞ 0 ∫_∞ 0 ∫_τ 0 ξK_{iξ} (√ x^2 + y^2 − y ) K_{iξ} (√ x^2 + y^2 + y )

×[G; τf(τ)](x, y) dξdxdy x , (3.9) [G; τf(τ)](x, y) = 2 √ π ∂ ∂x∂y ∫_∞ 0 ∫_x 0 ∫_y 0 τK_{iτ} (√ u^2 + v^2 − v ) K_{iτ} (√ u^2 + v^2 + v )

×f(τ)dudvdτ (3.10) with the Parseval identity ∫_∞ 0 ∫_∞ 0 |[G; τf(τ)](x, y)|^2 dxdy x = π^3 4 ∫_∞ 0 τ sinh 2πτ |f(τ)|^2dτ. (3.11) Proof. We set f(τ) = f_N (τ) ∈ L_2 (R_+; τ[sinh 2πτ]^{−1}dτ) , N = 1, 2, . . . , and vanishes outside of the interval (1/N, N). Then in view of the uniform estimate [6] |K_{iτ} (u)| ≤ e^{−δ|τ |}K_0(u cos δ), u > 0, δ ∈ [ 0, π 2 ) , (3.12)

where K_0(z) is the Macdonald function of the index zero, it follows that integral (3.7), which we call as [G; τf_N (τ)](x, y) exists in the Lebesgue sense. Hence we can calculate its Mellin transform (1.10) with respect to x. Changing the order of integration via Fubini’s theorem and applying formula (1.19) we obtain

[G; τf_N (τ)]^M(s, y) = y^{s/2}K_{s/2}(2y) Γ((1 + s)/2) ∫_∞ 0 τΓ ( s 2 + iτ ) Γ ( s 2 − iτ ) f_N (τ)dτ, (3.13) where y > 0, s = γ+it, γ > 0. However, by using (1.7) we see that equality (3.13) represents the composition of the Kontorovich-Lebedev and Mellin transforms (3.1) and (1.10), respectively. In fact, it can be verified by substituting instead of the product of Gamma functions the value of the Mellin transform of the Macdonald function (cf. (2.16.2.2) in [4]). Then appealing to (3.12) and the Fubini theorem we invert the order of integration in the obtained iterated integral and arrive at the following composition representation

[G; τf_N (τ)]^M(s, y) = y^{s/2}K_{s/2}(2y) Γ((1 + s)/2)

[KLf_N ]^M(s) (3.14)

with

[KLf_N ]^M(s) = ∫_N 1/N τΓ ( s 2 + iτ ) Γ ( s 2 − iτ ) f(τ)dτ, s = γ + it, γ > 0. (3.15) Further, we estimate the following double integral

I_N (γ) = 1 2π ∫_∞ −∞ ∫_∞ 0 | |[G; τf_N (τ)]^M(γ + it, y) | |^2 dydt. (3.16) Making use the representation (3.14) we substitute it in (3.16). This leads to the iterated integral in the form

I_N (γ) = 1 2π ∫_∞ −∞ | | | | [KLf_N ]^M(γ + it) Γ((1 + γ + it)/2) | | | | 2 dt ∫_∞ 0 y^γ K_{(γ+it)/2}(2y)K_{(γ−it)/2}(2y)dy. (3.17)

But the integral with respect to y in (3.17) can be calculated in view of the formula (2.16.33.2) in [4] (cf. Section 1). Thus, we insert in (3.17) the corresponding result and employ the Mellin- Parseval formula (1.13). Consequently, the integral I_N can be written as

I_N (γ) = √ πΓ(γ + 1/2) 8Γ(γ + 1) ∫_∞ 0 |[KLf_N ](x)|^2 x^{2γ−1}dx. (3.18) However on the other hand, I_N can be represented in terms of the square of norm of [G; τf_N (τ)](x, y) in the space L_2 (R_+ × R_+; x^{2γ−1}dxdy). Indeed, by use of (1.13) we have

I_N (γ) = ∫_∞ 0 ∫_∞ 0 |[G; τf_N (τ)](x, y)|^2 x^{2γ−1}dxdy. (3.19) Combining (3.18) and (3.19) we arrive at the equality ∫_∞ 0 ∫_∞ 0 |[G; τf_N (τ)](x, y)|^2 x^{2γ−1}dxdy = √ πΓ(γ + 1/2) 8Γ(γ + 1) × ∫_∞ 0 |[KLf_N ](x)|^2 x^{2γ−1}dx. (3.20) So the Parseval identity (3.11) for L_2-sequence f_N will follow from (3.20) by formal substitution γ = 0 and using the equality (3.4). We show that this is indeed possible. Appealing to inequality (3.12) we find that [KLf_N ](x) ∈ L_2(R_+). Hence for all γ, 0 ≤ γ ≤ 1/2 ∫_∞ 0 x^{2γ−1}|[KLf_N ](x)|^2dx ≤ ∫_∞ 0 [ χ_{[0,1]}(x) + xχ_{[1,∞)}(x) ] |[KLf_N ](x)|^2 dx x < ∞, where χ_{(a,b)}(t) is the characteristic function of the respective interval. Therefore, I_N (γ) < ∞, 0 ≤ γ ≤ 1/2 and the limit γ → 0 on the right-hand side of (3.20) can be taken under the integral sign because of the Lebesgue dominated convergence theorem.

Analogously we treat the left-hand side of (3.20). We write ∫_∞ 0 ∫_∞ 0 |[G; τf_N (τ)](x, y)|^2 x^{2γ−1}dxdy = ∫_1 0 ∫_∞ 0 |[G; τf_N (τ)](x, y)|^2 x^{2γ−1}dxdy

+ ∫_∞ 1 ∫_∞ 0 |[G; τf_N (τ)](x, y)|^2 x^{2γ−1}dxdy. (3.21) Hence we can pass to the limit γ → 0 in the first integral on the right-hand side of (3.21) by virtue of Levi’s theorem. Then we invoke inequality (3.12) with δ = 0, formulas (1.3, (1.4), (1.5) of the asymptotic behaviour of the Macdonald function near zero and infinity and majorize the second integral as follows ∫_∞ 1 ∫_∞ 0 |[G; τf_N (τ)](x, y)|^2 x^{2γ−1}dxdy ≤ 4 π (∫_N 1/N τ|f(τ)|dτ )_2

× ∫_∞ 1 K_0 (x) dx ∫_∞ 0 K^2_0 (√ 1 + y^2 − y ) K_0 (y) dy < ∞. Therefore the passage to the limit γ → 0 is possible in the second integral due to the Lebesgue dominated convergence theorem. Finally we apply equality (3.4) and establish (3.11) from (3.20) for f_N . It remains true for the whole space (3.3) due to the continuity of norms.

Further, we have ∫_∞ 0 ∫_∞ 0 |[G; τf_N (τ)](x, y) − [G; τf_N (τ)](x, y)|^2 dxdy x = π^3 4 (∫_{1/N} 1/M + ∫_M N ) τ sinh 2πτ

|f_N (τ) − f_M (τ)|^2dτ. (3.22)

Since the right-hand side of (3.22) tends to zero as M → ∞, N → ∞, so does the left-hand side. That is, [G; τf_N (τ)](x, y) converges in mean to a function, [G; τf(τ)](x, y) say, of the class L_2 (R_+ × R_+; x^{−1}dxdy).

Now we show that apart from sets of measure zero, there is a one-to-one correspondence between [G; τf(τ)](x, y) and f(τ). Indeed, for f_N (τ) integral (3.7) has a finite range of integration and converges absolutely and uniformly by (x, y) ∈ R_+ × R_+, 0 < r ≤ √ x^2 + y^2 ≤ R.

Therefore, we integrate with respect to x and y in (3.7) and making the interchange of the order of integration we arrive at the equality ∫_x 0 ∫_y 0 [G; τf_N (τ)](u, v)dudv = 2 √ π ∫_∞ 0 τ ∫_x 0 ∫_y 0 K_{iτ} (√ u^2 + v^2 − v )

×K_{iτ} (√ u^2 + v^2 + v ) f_N (τ)dudvdτ. (3.23) If N → ∞, then for each fixed x > 0, y > 0 the left-hand side of (3.23) tends to the expression ∫_x 0 ∫_y 0 [Gf](u, v)dudv as a bounded linear functional. Thus if we prove that ∫_x 0 ∫_y 0 K_{iτ} (√ u^2 + v^2 − v ) K_{iτ} (√ u^2 + v^2 + v ) dudv ∈ L_2(R_+; τ sinh 2πτdτ), (3.24)

then as it is easily seen via the Schwarz inequality the integral on the right-hand side of (3.23) converges absolutely. Moreover, making N → ∞ for almost all positive x and y after differentiation of both sides in (3.23) we obtain formula (3.10). So this correspondence is unique in L_2-sense.

Similarly, if we prove that for each τ > 0 K_τ (x, y) = 2 √ π ∫_τ 0 ξK_{iξ} (√ x^2 + y^2 − y ) K_{iξ} (√ x^2 + y^2 + y ) dξ

∈ L_2 ( R_+ × R_+; dxdy x ) (3.25)

then in the same manner we observe that integral (3.9) converges absolutely. Furthermore, by virtue of (3.24) and the Schwarz inequality we prove that the sequence f_N , which is given by the integral (3.8) has finite norms ||f_N || in the space L_2(R_+; τ[sinh 2πτ]^{−1}dτ) and therefore, converges to the limit function ψ(τ). We have to prove that ψ(τ) = f(τ) almost for all τ ∈ R_+, and for this it suffices to show that ∫_τ 0 ξψ(ξ) sinh 2πξ dξ = ∫_τ 0 ξf(ξ) sinh 2πξ dξ, (3.26) where both integrals are absolutely convergent. In fact, invoking (3.8) we deduce ∫_τ 0 ξ sinh 2πξ ψ(ξ)dξ = lim_{N→∞} ∫_τ 0 ξ sinh 2πξ f_N (ξ)dξ

= lim_{N→∞} 8 π^3 √ π ∫_τ 0 ξdξ ∫_N 1/N ∫_N 1/N K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y )

×[Gf](x, y) dxdy x = lim_{N→∞} 8 π^3 √ π ∫_N 1/N ∫_N 1/N ∫_τ 0 ξK_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y )

×[Gf](x, y) dξdxdy x = 8 π^3 √ π ∫_∞ 0 ∫_∞ 0 ∫_τ 0 ξK_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y )

×[Gf](x, y) dξdxdy x . (3.27)

On the hand, for two functions f, θ we have, as a consequence of (3.11) and the parallelogram identity, ∫_∞ 0 ∫_∞ 0 [Gf](x, y)[Gθ](x, y) dxdy x = π^3 4 ∫_∞ 0 ξ sinh 2πξ f(ξ)θ(ξ)dξ. (3.28) We put

θ(ξ) ≡ θ_τ (ξ) = { 1, 0 ≤ ξ ≤ τ, 0, ξ > τ . (3.29)

Then from relations (3.28), (3.7) and comparing with (3.27) we obtain (3.26). We substitute (3.29) in (3.28) and we differentiate with respect to τ in both sides of (3.28). This leads us to the formula (3.9), which is valid for almost all τ > 0.

In order to complete the proof of Theorem 3 it only remains to prove propositions (3.24), (3.25). Indeed, since the integrand in (3.24) is a continuous function with respect to τ, then it suffices to show that for large Δ > 0 the integral ∫_∞ Δ τ sinh 2πτ | | | ∫_x 0 ∫_y 0 K_{iτ} (√ u^2 + v^2 − v ) K_{iτ} (√ u^2 + v^2 + v ) dudv | | | 2 dτ < ∞. (3.30)

To do this we apply the asymptotic formula for the Macdonald function with respect to the index τ → +∞ and finite range of the argument (see, for example [6, p. 20])

K_{iτ} (x) = √ 2π τ e^{−πτ /2} sin ( τ log 2τ x − τ + π 4 + x^2 4τ ) [1 + O(1/τ)].

Then we substitute it in (3.30) and by employing simple trigonometric relations and Minkowski’s inequality for the norms we obtain (∫_∞ Δ τ sinh 2πτ | | | | ∫_x 0 ∫_y 0 K_{iτ} (√ u^2 + v^2 − v ) K_{iτ} (√ u^2 + v^2 + v ) dudv | | | | 2 dτ )_{1/2}

= O ∫_∞ Δ dτ τ | | | | ∫_x 0 ∫_y 0 e^i ( τ log √_{u2+v2−v} √_{u2+v2+v} +^v √_{u2+v2} 2τ ) dudv | | | | 2 1/2

+ (∫_∞ Δ dτ τ | | | ∫_x 0 ∫_y 0 e^i ( 2τ (log^{2τ}_u −1)+^{u2+2v2}_{2τ}^)dudv | | | 2)_{1/2} . (3.31) Further we make the substitution u = tv in the inner integral of the first double integral on the right-hand side of (3.31). Hence we find ∫_x 0 ∫_y 0 e^i ( τ log √_{u2+v2−v} √_{u2+v2+v} +^v √_{u2+v2} 2τ ) dudv = O ( 1 2τ ∫_y 0 vdv ∫_{x/v} 0 √ t^2 + 1e^i ( τ log √_{t2+1−t} √_{t2+1+t} )

× d ( τ log √ t^2 + 1 − t √ t^2 + 1 + t )) , τ → +∞. (3.32) Then on integration by parts, we see that the latter iterated integral is O(1/τ), τ → +∞. Similarly, we treat the second double integral on the right-hand side of (3.31). We have, | | | ∫_x 0 ∫_y 0 e^i ( 2τ (log^{2τ}_u −1)+^{u2+2v2}_{2τ}^)dudv | | | = | | | ∫_y 0 e^{iv2τ} dv ∫_x 0 e^i(^{u2/2τ −2τ log u})

× uτ u^2 − 2τ^2 d ( −2τ log u + u^2 2τ )| | | = O ( 1 τ ) , τ → +∞. (3.33) Thus, combining (3.32) and (3.33) we deduce that (∫_∞ Δ τ sinh 2πτ | | | ∫_x 0 ∫_y 0 K_{iτ} (√ u^2 + v^2 − v ) K_{iτ} (√ u^2 + v^2 + v ) dudv | | | 2 dτ )_{1/2}

= O [(∫_∞ Δ dτ τ^3 )_{1/2}] , which guarantees (3.30).

In the case of (3.25) we derive (see (1.13), (3.1), (1.19), (3.18)) ∫_∞ 0 ∫_∞ 0 |K_τ (x, y)|^2 dxdy x = lim_{γ→0+} ∫_∞ 0 ∫_∞ 0 |K_τ (x, y)|^2x^{2γ−1}dxdy

= lim_{γ→0+} 1 2π ∫_∞ −∞ ∫_∞ 0 | |K^M_τ (γ + it, y) | |^2 dydt = π 8 ∫_∞ 0 |φ(x, τ)|^2 dx x < ∞, (3.34) where φ(x, τ) = 4 ∫_τ 0 ξK_{2iξ}(2x)dξ. (3.35) To verify that the latter integral in (3.34) is finite we split it on two integrals over 0 < x < a, a < 1 and x ≥ a. Then we use the inequality |K_{2iξ}(2x)| ≤ K_0(2x) for a ≤ x < ∞, which gives the convegrence of the corresponding integral. Indeed, the Macdonald function K_0(2x) is continuous there and according to (1.3) behaves as O(e^{−2x}/ √ 2x), x → +∞. For 0 < x ≤ a we represent the Macdonald function by its definition (cf. [1, Vol.II]) in terms of the combination of the modified Bessel functions

K_{2iξ}(2x) = π 2 I_{−2iξ}(2x) − I_{2iξ}(2x) i sinh 2πξ . Then we employ the series representation for the modified Bessel functions I_{±2iξ}(2x). By substituting it in (3.35) and changing the order of integration and summation we easily obtain that for each τ > 0 φ(x, τ) = O([log x]^{−1}), x → 0+. This fact guarantees the convergence of the integral ∫_a 0 |φ(x, τ)|^{2 dx}_x . Theorem 3 is completely proved.

4 A solution of the Neumann problem

In this final section we consider an application of the transformation (1.1) to the Neumann problem for a second order partial differential equation. Let us deduce this equation and show that the kernel (1.9) is a fundamental solution. First by straightforward calculations it is not difficult to observe that for each τ ≥ 0 integral (1.9) and its partial derivatives with respect to x ∈ [x_0, X_0] ⊂ R_+ and y ∈ [y_0, Y_0] ⊂ R_+ converge absolutely and uniformly in a region [x_0, X_0] × [y_0, Y_0]. Consequently we can differentiate through the sign of the integral in (1.9). Thus denoting by S_{iτ} (x, y) the product of Macdonald functions in (1.9) we easily find ∂S_{iτ} ∂y == − 2y x^2 ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}K_{iτ} (u)du.

Hence ∂ ∂x ( − x^2 2y ∂S_{iτ} ∂y ) = ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}K_{iτ} (u) ( − x u + 4y^2u x^3 ) du = −2xS_{iτ} (x, y) + 4y^2 x^3 ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}K_{iτ} (u)udu. (4.1) However, ∂ ∂y ( − x^2 2y ∂S_{iτ} ∂y ) = − 4y x^2 ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}K_{iτ} (u)udu. (4.2) Therefore, combining (4.1) and (4.2) we arrive at the following second order partial differential equation with rational coefficients ( ∂ ∂x + y ∂ ∂y ) ( x^2 2y ∂S_{iτ} ∂y ) = 2xS_{iτ} . (4.3)

After simple manipulations it can be written in the form xy ∂^2S_{iτ} ∂y^2 + x ∂^2S_{iτ} ∂x∂y + (2 − x) ∂S_{iτ} ∂y − 4yS_{iτ} = 0. (4.4)

So we finally get that the function S_{iτ} (x, y) = K_{iτ} (√ x^2 + y^2 − y ) K_{iτ} (√ x^2 + y^2 + y )

is a fundamental solution of the equation (4.3)-(4.4) in the domain R_+ × R_+.

Now we show that for any h(τ) = τf(τ) ∈ L^∗(R_+) the function U(x, y) = 2 √ π ∫_∞ 0 τS_{iτ} (x, y)f(τ)dτ (4.5) is a solution of the equation (4.4). Since h(τ) is a bounded continuous function on R_+ then invoking inequality (3.12) and integral (1.9) due to Fubini’s theorem we establish the following representation U(x, y) = 1 √ π ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}(KLh)(u) du u , (4.6)

where (KLh)(u) is the Kontorovich-Lebedev operator (1.14). Meanwhile, for any fixed δ ∈ (0, π/2) we have |(KLh)(u)| ≤ K_0(u cos δ) ∫_∞ 0 τe^{−δτ} |f(τ)|dτ < C_δK_0(u cos δ), (4.7) where C_δ > 0 is a constant, which depends on δ. Hence we use asymptotic formulas for the Macdonald function K_0(u) (1.3), (1.5) and uniform convergence of the corresponding integrals to verify by straightforward calculations that it admits a differentiation through the integral sign in (4.6) for all partial derivatives of the differential operator on the left-hand side of the equation (4.4). Moreover this fact allows us to conclude that A_{x,y}U = 2 √ π ∫_∞ 0 τA_{x,y}S_{iτ} f(τ)dτ = 0, (4.8) where we denote by A_{x,y} ≡ xy ∂^2 ∂y^2 + x ∂^2 ∂x∂y + (2 − x) ∂ ∂y − 4y. (4.9) Thus (4.5) is a solution of the equation (4.4).

Consider the following weighted Neumann problem for the differential operator (4.9) A_{x,y}U = 0, x ∂ ∂x U(x, 0) = g(x), x ∈ R_+, (4.10)

where g(x) is a given bounded continuous function. Our goal now is to demonstrate that integral (4.5) is a solution of this problem, where f(τ) is expressed in terms of the Lebedev type transformation of the function g (cf. [7]). Indeed, in order to satisfy the Neumann boundary condition (4.10) we return to solution (4.5). Then taking into account representation (4.6) and the above discussions we deduce x ∂ ∂x U(x, y) = 2x √ π ∫_∞ 0 τ ∂ ∂x S_{iτ} (x, y)f(τ)dτ = 1 √ π ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}

×(KLh)(u) ( − x^2 u + 4y^2u x^2 ) du u = − x^2 √ π ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}(KLh)(u) du u^2 + 4y^2 x^2 √ π ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}(KLh)(u)du. (4.11) Appealing to inequality (4.7) it is easily seen that for all x > 0

lim_{y→0+}

4y^2 x^2 √ π ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}(KLh)(u)du = 0. (4.12) Meantime, since (see (4.7)) | | | ∫_∞ 0 e^{−2 y2}x^{2 u− x22u} e^{−u}(KLh)(u) du u^2 | | | ≤ ∫_∞ 0 e^{−u− x22u} |(KLh)(u)| du u^2 ≤ C_δ ∫_∞ 0 e^{−u− x22u} K_0(u cos δ) du u^2 < ∞, x > 0, then by virtue of Lebesgue’s dominated convergence theorem we can pass to a limit in (4.11) under the sign of the integral when y → 0+. Combining with (4.12) we obtain x ∂ ∂x U(x, 0) = − x^2 √ π ∫_∞ 0 e^{−u− x22u} (KLh)(u) du u^2 = 2x √ π ∫_∞ 0 τ ∂ ∂x S_{iτ} (x, 0)f(τ)dτ

= 2x √ π ∫_∞ 0 τ ∂ ∂x K^2_{iτ} (x)f(τ)dτ = g(x), x > 0. (4.13) The latter integral in (4.13) represents a modification of the Lebedev transformation (1.15). We will use now results from [7] to find an inversion formula of the Lebedev transformation g(x) = 2x √ π ∫_∞ 0 τ ∂ ∂x K^2_{iτ} (x)f(τ)dτ (4.14) in order to express f in terms of a given bounded continuous function g. Indeed, starting from the Mellin-Barnes representation [7] 2x √ π ∂ ∂x K^2_{iτ} (x) = − 1 2πi ∫_{γ+i∞} γ−i∞ Γ (s 2 + iτ ) Γ (s 2 − iτ ) Γ(1 + s/2) Γ((1 + s)/2) x^{−s}ds, γ > 0, we substitute it in (4.14) and we change the order of integration by Fubini’s theorem. This can be motivated in a similar manner as in the proof of Theorem 2 since the corresponding iterated integral is absolutely and uniformly convergent. Invoking (3.15) we get g(x) = − 1 2πi ∫_{γ+i∞} γ−i∞ Γ(1 + s/2) Γ((1 + s)/2) [KLf]^M(s)x^{−s}ds. (4.15) Now we employ an auxiliary Lebedev’s operator [2] with a combination of the modified Bessel functions [KIψ](x) = 2 √ π ∫_∞ 0 K_{iξ}(x) [I_{iξ}(x) + I_{−iξ}(x)] ψ(ξ) ξdξ cosh ξ , x > 0. (4.16) According to [7], the kernel in (4.16) can be represented as 2 √ π cosh ξ K_{iξ}(x) [I_{iξ}(x) + I_{−iξ}(x)] = 1 2πi ∫_{γ+i∞} γ−i∞ Γ (s 2 + iξ ) Γ (s 2 − iξ ) Γ((1 − s)/2) Γ(1 − s/2) x^{−s}ds. Hence we substitute the latter Mellin-Barnes integral in (4.16) and we invert the order of integration assuming that ξψ(ξ) ∈ L^∗(R_+). Taking into account (3.15) we arrive at the formula [KIψ](x) = 1 2πi ∫_{γ+i∞} γ−i∞ Γ((1 − s)/2) Γ(1 − s/2) [KLψ]^M(s)x^{−s}ds. (4.17)

As it is easily seen by virtue of the Stirling asymptotic formula for gamma-functions [1, Vol.I] we have the estimates | | | Γ((1 − s)/2) Γ(1 − s/2) | | | 2 = O(|t|^{−1}), s = γ + it, |t| → ∞, | | | | Γ(1 + s/2) Γ((1 + s)/2) | | | | 2 = O(|t|), s = γ + it, |t| → ∞. Moreover, since ξψ(ξ) ∈ L^∗(R_+), then it implies that ψ(ξ) ∈ L_2(R_+) ⊂ L_2(R_+; ξ[sinh 2πξ]^{−1}dξ). Therefore due to Parseval equalities (1.13), (3.4) we find from (3.20), (4.17) for γ ∈ [0, 1/2] that ∫_∞ 0 |[KIψ](x)|^2x^{2γ−1}dx = 1 2π ∫_∞ −∞ | | |Γ((1 − γ − it)/2) Γ(1 − (γ + it)/2) [KLψ]^M(γ + it) | | |^2 dt

≤ const. ∫_∞ −∞ | [KLψ]^M(γ + it) |_2 dt = const. ∫_∞ 0 [KLψ](x)|^2x^{2γ−1}dx ≤ const. ∫_∞ 0 τ sinh 2πτ |ψ(τ)|^2dτ < ∞. Thus the norm (1.11) of the Lebedev operator (4.1) is finite for any γ ∈ [0, 1/2] and in particular, for γ = 0. If we let ψ = θ_τ (see (3.29)), which evidently satisfies the above conditions, then we consider the integral ∫_∞ 0 g(x)[KIθ_τ ](x) dx x = 2 √ π ∫_∞ 0 g(x) ∫_τ 0 K_{iξ}(x) [I_{iξ}(x) + I_{−iξ}(x)] ξdξ cosh ξ dx x . (4.18)

The left-hand side of (4.17) converges absolutely due to Schwarz’s inequality if we show that g(x) ∈ L_2(R_+; x^{−1}dx). Furthermore, by virtue of (1.13), (3.4), (4.15), (4.16) and the parallelogram identity we will prove the equality ∫_∞ 0 g(x) ∫_τ 0 K_{iξ}(x) [I_{iξ}(x) + I_{−iξ}(x)] ξdξ cosh ξ dx x = −π √ π ∫_τ 0 ξ sinh 2πξ f(ξ)dξ. (4.19) After differentiation with respect to τ in the latter equality we will arrive at the desired inversion formula of the Lebedev transformation (4.14) f(τ) = − sinh 2πτ π √ πτ d dτ ∫_∞ 0 g(x) ∫_τ 0 K_{iξ}(x) [I_{iξ}(x) + I_{−iξ}(x)] ξdξ cosh ξ dx x (4.20)

and establish a solution of the Neumann problem (4.10). If also g(x) ∈ L_1((0, 1); x^{−3/2}dx) then via the uniform estimate (see [2]) |K_{iξ}(x) [I_{iξ}(x) + I_{−iξ}(x)] | = O(x^{−1/2}), x > 0, it allows to differentiate with respect to τ through the sign of the integral in (4.20) to get after simple manipulations that f(τ) = − 2 sinh πτ π √ π ∫_∞ 0 K_{iτ} (x) [I_{iτ} (x) + I_{−iτ} (x)] g(x) dx x . (4.21)

So it remains to show that under the condition τf(τ) ∈ L^∗(R_+) the Lebedev transform (4.14) is of the space L_2(R_+; x^{−1}dx). In fact, employing (4.15), (1.13) and the above estimate of the ratio of gamma-functions we have for each A > 0 ∫_∞ 0 |g(x)|^2x^{2γ−1}dx = 1 2π ∫_∞ −∞ | | | Γ(1 + (γ + it)/2) Γ((1 + γ + it)/2) [KLf]^M(γ + it) | | | 2 dt

= 1 2π (∫ |t|≤A + ∫ |t|>A ) | |Γ(1 + (γ + it)/2) Γ((1 + γ + it)/2) [KLf]^M(γ + it) | | |^2 dt, γ ∈ [ 0, 1 2 ] . (4.22)

Further, since the gamma-ratio is continuous with respect to t we find with (3.4) and (3.20) that ∫ |t|≤A | | | | Γ(1 + (γ + it)/2) Γ((1 + γ + it)/2) [KLf]^M(γ + it) | | | | 2 dt ≤ const. ∫_∞ −∞ | |[KLf]^M(γ + it) | |^2 dt

= const. ∫_∞ 0 |[KLf](x)|^2x^{2γ−1}dx < ∞, γ ∈ [ 0, 1 2 ] . On the other hand, by using (2.5) and (3.15) it is not difficult to arrive at the estimate | [KLf]^M(γ + it) | ≤ const.|Γ(γ + it)| ∫_∞ 0 |(F_c; τf(τ))(2y)| cosh^γ y dy ≤ const.|Γ(γ + it)| ||τf(τ)||_L∗ . Consequently, the second integral on the right-hand side of (4.22) can be treated as follows ∫ |t|>A | | | Γ(1 + (γ + it)/2) Γ((1 + γ + it)/2) [KLf]^M(γ + it) | | | 2 dt ≤ const. ∫ |t|>A |t| | |[KLf]^M(γ + it) | |^2 dt

≤ const. ∫ |t|>A |t| |Γ(γ + it)|^2 dt < ∞, γ ∈ [ 0, 1 2 ] . Combining these estimates we immediately obtain that the left-hand side of (4.22) is finite for all γ ∈ [0, 1/2] and in particular for γ = 0. Thus g(x) ∈ L_2(R_+; x^{−1}dx).

Hence, returning to the integral on the left-hand side of (4.18) and invoking (1.13), (4.15), (4.17), (3.4) we deduce by straightforward calculations ∫_∞ 0 g(x)[KIθ_τ ](x) dx x = − 1 2π ∫_∞ −∞ Γ(1 + it/2) Γ((1 + it)/2) [KLf]^M(it) Γ((1 + it)/2) Γ(1 + it/2) [KLθ_τ ]^M(it)dt

= − 1 2π ∫_∞ −∞ [KLf]^M(it)[KLθ_τ ]^M(it)dt = − ∫_∞ 0 [KLf](x)[KLθ_τ ](x) dx x = −π √ π ∫_τ 0 ξ sinh 2πξ f(ξ)dξ. Combining with (4.18) we prove equality (4.19). Hence we get representations (4.20) and (4.21), respetively. We finally summarize the results of this section by the following Theorem 4. Integral (4.5) is a solution of the weighted Neumann problem (4.10) with a bounded continuous function g(x), x > 0, which is represented by the Lebedev integral (4.14) of an arbitrary function f(τ), such that τf(τ) ∈ L^∗(R_+). A function f can be uniquely determined in terms of the given function g by integrals (4.20) or (4.21) under additional condition g ∈ L_1((0, 1); x^{−3/2}dx). References

1. A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher Transcendental Functions, Vols. I, II, McGraw-Hill, New York, London and Toronto (1953).

2. N.N. Lebedev, On the representation of an arbitrary function by the integrals involving square of the Macdonald functions with the imaginary index, Sib. Mat. Journ., 3 (1962), 213-222.

3. N.T. Hai and S.B. Yakubovich, The Double Mellin-Barnes Type Integrals and Their Applications to Convolution Theory, World Scientific, Singapore (1992).

4. A.P. Prudnikov, Yu.A. Brychkov and O.I. Marichev, Integrals and Series: Special Functions, Gordon and Breach, New York (1986).

5. I.N. Sneddon, The Use of Integral Transforms, McGray Hill, New York (1972).

6. S.B. Yakubovich, Index Transforms, World Scientific, Singapore (1996).

7. S.B. Yakubovich, On Lebedev type integral transfomations associated with modified Bessel functions, Nieuw Archief Wiskunde, 17 (1999), N 2, 219-227.

8. S.B. Yakubovich, Index transforms associated with Bessel and Lommel functions, Journ.

for Anal. and Appl., 21 (2002), N 3, 627-638.

9. S.B. Yakubovich, On the integral transfomation associated with the product of gammafunctions, Portugaliae Mathematica, 60 (2003), N 3, 337-351.

10. S.B. Yakubovich, Index transforms associated with generalized hypergeometric functions, Math. Meth. Appl. Sci., 27 (2004), N 1, 35-46.