SONINE PAIRS, DISCRETE CONVOLUTIONS AND DISCRETE
MITTAG-LEFFLER FUNCTIONS

RUI A. C. FERREIRA

ABSTRACT. We investigate discrete Sonine pairs associated with Volterra-type convolution opera-
tors. We prove that a kernel admits a unique Sonine partner if and only if its initial value is nonzero,
and derive explicit representations of the corresponding partner through recursive convolution ex-
pansions. In the second part of the paper, we study the discrete Mittag-Lefler function arising as
the solution of a linear Caputo-type fractional difference equation. We establish its monotonicity
with respect to the fractional order for the full range of the parameter for which such monotonicity
holds. We then address an open problem concerning the sign pattern of the solution in the case of
negative parameters below the stability threshold. In particular, we prove that, when the parameter
is less than minus one, the solution either oscillates for all indices or is eventually negative, depend-
ing on a sharp threshold which in turn depends on the fractional order. Finally, we determine the
asymptotic behaviour of the discrete Mittag-Leffler function in all parameter regimes.

1. INTRODUCTION

The study of fractional difference equations is a matter of the XXI century. The books [4, 10]
provide a good account of the results developed so far within the theory. Nevertheless, the theory
continues to evolve, both in the classical fractional-difference setting [2, 8, 9, 12, 13]) and in broader
frameworks involving nonlocal and Volterra-type discrete operators. Recently the authors initiated
the theory of discrete convolution equations using the notion of Sonine kernels [5].

Sonine pairs play an important role in fractional calculus and in the theory of Volterra-type
convolution equations. In the continuous setting, a pair of kernels is called a Sonine pair when their
convolution is equal to the constant function one. Such identities are closely related to the inversion
of fractional integral operators and to the construction of fractional derivatives.

The study of discrete Sonine pairs and fractional difference equations (or more generally, Volterra
difference equations |3, Chapter 6]) was initiated and fairly developed in |5, 6.

For the sake of clarity, we now introduce the concepts nedeed in the sequel. We work on the
lattice

N, ={a,a+1,a+2,...}, a€R, Nj=N

Given two functions f,g: N, — R, we consider the discrete convolution
t—1
(f*g)a(t):Zf(t_7_1+a)g(7_)a tENa-
T=a

Throughout this text we assume that empty sums are equal to zero, i.e., ZZ;}L f(k) =0, for every
a € R and any function f. Therefore, (f % g),(a) = 0 for all functions f and g. It is well known

that the convolution is commutative and associative.
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We say that f and g form a discrete Sonine pair if

(f * g)a(t) =1, t € Ngyi.

This definition is natural from the point of view of discrete Volterra equations: the problem of
finding a Sonine partner of a given kernel is precisely one of the matters solved in this work. Indeed,

we prove that a function f : N, — R admits a unique Sonine partner if and only if

f(a) # 0.

The proof is elementary and relies on the recursive structure of the convolution. We then obtain an
explicit representation of the Sonine partner in terms of iterated discrete convolutions. Although
this formula is fully explicit, it may be difficult to evaluate in concrete examples. For this reason,
we also emphasize the use of generating functions, which provide a simple and effective way of
constructing Sonine pairs.

In the second part of the paper we consider the fractional difference equation
OV&u(n) = —du(n), A#-1,neNy, 0<a<]l,

with initial condition «(0) = 1, whose solution wuy x(n) is called discrete Mittag-Leffler function
(here, ©V§ denotes the nabla Caputo fractional difference, see [10]). In [6] the author showed that,
if A > 0and 0 < a < 1, then uqx(n) is completely monotonic, i.e., (—1)™A™uq x(n) > 0 for all
m,n € Ny, where A™ is the mth order forward difference operator (cf. [4]). Motivated by the recent
results in 7] concerning the classical Mittag-Leffler function, we investigate here the monotonicity
of the discrete Mittag-Leffler function as a function of the fractional parameter . We characterize
such monotonicity for the full range of A and n.

Another relevant part of this work consists in characterizing the geometry of u, » when A\ < —1.
This issue was left as an open problem in [6] and is herein solved by using complex analysis methods.
Finally, as a consequence of the results proved to solve the mentioned open problem, we revisit and
characterize the asymptotic behaviour of uy x(n) as n — oco.

The paper is organized as follows. In Section 2.1 we delve into discussing Sonine pairs, specifically
proving an existence and uniqueness theorem, and derive explicit examples using both convolution
expansions and generating functions. In Section 2.2 we study the monotonicity of the discrete
Mittag-Leffler function with respect to the parameter a. Some bounds for the solution of the
aformentioned initial value problem are made explicit. In Section 2.3 we solve the aforementioned
open problem and in Section 2.4 we present the asymptotic behaviour of u, ) for every (possible)

choice of the parameters o and A.

2. MAIN RESULTS

2.1. Sonine pairs. Bearing in mind the definition of Sonine pairs, a natural question arises: given
a function f : N, — R, does it have a Sonine pair g? If so, is it unique? It turns out that the answer

is positive to both questions. That is the content of the next
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Theorem 1. Fiz f : N, — R. Then, there exists a unique g : Ny — R such that (f * g)q(t) =
1 for allt € Ng41, if and only if f(a) # 0.

Proof. Suppose firstly that (f*g),(t) = 1 for all ¢ € Nyy1 holds. Then, in particular, (f*g),(a+1) =

f(a)g(a) =1, hence f(a) 0.
Now, assume that f(a) # 0. Then, for ¢t € Ny, we get

(f *g)a(t) =1
t—1
Y flt—T—-1+a)g(r)=1

t—2

& flagt—1)=1=> f(t—7—1+a)g()
Sglt-1)=4 1+ a)g(r) (1)
g\ = = T = a)g\T),
fla)
from which we immediately conclude that ¢ is uniquely determined. The proof is done. O

We can actually determine explicitly the Sonine partner of a function f. In order to do it,
we introduce the following notation: For a function ¢ defined on N,, we put q,(ll)(t) = ¢(t) and
-1
q((ln)(t) = (g * qC(Ln ))a(t), n € Na.

Corollary 1. Fiz f : N, — R. Let q(t) = f(t+ 1), t € N, and suppose f(a) # 0. Then the
solution g of (f * g)a(t) =1, t € Ngt1, is given by

1 t—1 1\ ket =l
gt) = — 1+ (—) dFet(s) ], teN,. 2
O 7@ ( 2\ wg) e )
Proof. By (1) we have that g satisfies the equation
1 | =t
) = - t—714+a)g(r), teNg,
910 = Fiay ~ Fiay 2 0=+ o)
which is equivalent to
1 t
g(t) = qit — 74+ a)g(t —1), teN,.
0= Fia ™ Tl 3 o=kt =
Now the result follows by (3.4)—(3.5) in [5]. O

Even with simple functions f, the right hand side of equality (2) might be cumbersome to

compute. For example, for f(t) = 1/(t +1), t € Ny, we know from |9, Example 9| that, with

g(t) =4 01 Fégz:)t) dz, we have (f*g)o(t) = 1 for all ¢ € Ny. By uniqueness of solutions to the linear

Volterra difference equation, we immediately deduce from Corollary 1 that

1 Iz + t k:+1 -1 (k1)
t!/o I'(x) _1+Z Squo (s), te€ Ny, (3)

where ¢(t) = 1/(t + 2). In passing, we emphaswe the novelty of equality (3), at least to the best of

our knowledge.
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We would like to obtain g(t) = 4 01 F(Z(’Jr)t) dz in a different manner from what was done in [9,

Example 9]. To do that, we use generating functions. So, denote by F,(z) = > 7 u(k)z* the
generating function of u : Ny — R. It is readily seen by the convolution theorem that (f*g)o(t) =1
is equivalent to Fy(z) = 1/((1 — 2)F¢(2)), |2| < 1. Since Ff(z) = M then

1 » (®)
g(t):t!<_(1—z)log(1—z)> (0), te Np.

Now we just have to observe that

z ! —
T 2)log1—2) _/0 SR

to obtain the desired formula.

Remark 1. We may write the left hand side of (3) using Stirling numbers, obtaining

1/ F(w—i—t / 1
¢! T(z) ), ~ ¢
k=0

2.2. Monotonicity in the parameter of the discrete Mittag-Leffler function. In [5], an

t

k=0

explicit representation for the solution of

“Vou(n) = —du(n), neN, A#—-1, 0<a<l,
u(0) =1,
or, equivalently, of the Volterra difference equation
)\Z ’““ b+ . neN, (@)
was given. It reads as
n-1 k k-1 k—r)a k=)o
Uar(n) = 1+1A (1 + ; (ﬂ) 2(—1)'“(;) ”F(((k);)’;(+ 1)) ) , neN, (5)

The solution to (4) is known by the discrete Mittag-Leffler function. In [6] the author shows that, if

A > 0 then the discrete Mittag-Leffler function is completely monotonic with respect to the variable
n.

More recently, in [7| the authors study monotonicity properties with respect to the parameter
a of the Mittag-Leffler function F,. We wonder about the monotonic behaviour of the discrete
Mittag-Leffler function with respect to the parameter o, when \ and n are fixed.

If A < —1 there is no monotonicity in general: See Figure 1, for when A = —2 and n = 3.

Observe that, if n = 1 then u, )\ = 1%\ and, therefore, there is nothing to study in this case.

Now we state and prove our main result in this section.

Theorem 2. Letn € Ns.
(1) If =1 < XA <0, then oo — uq \(n) is strictly increasing on a € (0,1];
(2) If X > 0, then a — uq x(n) is strictly decreasing on o € (0,1].
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FIGURE 1. w4, _2(3) for a € (0,1).

Proof. Let —1 < A < 0. By [10, Lemma 3.141]| the solution of (4) may be represented by the series:

o0

B Y ['(ka +n)
Now, differentiate with respect to o to obtain!
d Ll w L (ka+n) B
da o™ = T ; RN ) W+ ) = (k£ 1)) > 0, (7)

in view that the digamma function v (z) is strictly increasing for x > 0. Therefore, (1) is proved.
Suppose now that A > 0. By [6, Formula (11)], we have
(1—2) 14+ A1—-2)"

F, = 1
QLa,)\(Z) 1 + )\(1 _ Z)_a ? ’Z‘ < )
or ( -
1—2)*"" 4+ A
F, = 8
@) = S 0
Let us differentiate (8) with respect to a. We get, after some simplifications
d (1—z)ot

@Fua’k(z) = Azlog(l — 2) O (- Z)a)2.

Define now

Sa—l

oar(s) = —, s>0.
)=
The function s — s~ ! is completely monotonic (in this context, a function f : RT — R is completely
monotonic if (—1)"f(™)(s) > 0 for all s > 0 and n € Ny) being, therefore, s — s* a nonnegative

function with a completely monotonic derivative. Since

. 1
(A +s)%
IThe following series is absolutely convergent. Indeed, since
n—1
I'(ka+n) n_1 . n_1 1
_— L — . < n n s - k 1) = . S n—1,
o) = 155 (ke 9) < eak™en > 0) wlhot ) —wha+ 1) = 3 s < s

we get

> k(=N Fle i (ke +0) — bk + 1) < s Y R7IAR,

from which the assertion follows.
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is completely monotonic, then by Theorems 1 and 2 in [14] we conclude that o, ) is completely

monotonic. Since

00 k
(SR (=1Dfoa(1)
— = = — 2k,
(A4 (1 = 2)9) P k!
and -
zlog(1l — 2)
k=1
we get
00 k)1
d ZJ+1 ka( A ) k
%Fuﬂ N = —)\Z Z - z,

from which we infer that (taking the coefﬁ(nent of z )

noz D000

d 3 =) aa (1)
— pu— —A : 0
daua’k(n) = J L B
and the proof is concluded. ]

Remark 2. Observe that o = 0 is allowed in (5), and we obtain upr(n) = 1/(1 4+ X). Since
ura(n) = 1/(14+ X\)™ we get, by Theorem 2, the following bounds:
(1) If -1 < XA <0,

1
« 71 A\ N7
T3 St < gy nel
(2) IfFA> 0,
1 1
T < Ug —, No.
T <t <oy nel

2.3. Answer to an Open Problem. In [6] a problem was left open at the end of the manuscript.
Essentially, it was asked about the geometry of the solution to (4) when the parameter A < —1. For
A > —1 the solution is known to be, e.g., positive.

Recall that, when o = 1 we get,
1

U1,/\(n) = ma

It is readily seen that, for A < —1, the sequence oscillates in the sense that u; x(n)u; x(n+1) < 0 for

n € Ny.

all n € Ng. For the fractional problem, i.e., for when 0 < av < 1 what is the behaviour of u, \(n)?
In the rest of this section we characterize exactly that pattern, thus answering positively to what
was a numerical evidence provided in [6].

We begin by deducting a novel representation for u, x(n).

Lemma 1. Let 0 < a <1 and A < —1. Put p= —X\ > 1 and define r = p/* —1 > 0.
Then

Ua,,u(n) = (*1)”0047“(71), n € Ny,

where
1

ar™

Capu(n) = — + (=1)" g pu(n),
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and
1 o] ta—l ng
1 = —psi t+ 1) "dt.
) = psin(ra) [ 1)
Moreover,
l—-—«a
0<Iou(n) < for every n € Ny.
o

Proof. We start with the generating function (8), introducing the notation:
p—(1+2)t
%% =F —2) =
oz,,u(z) ua,y,( Z) ,LL . (1 + Z)O‘
Observe that Wy ,(2) = Yoo o(—1)Fuq u(k)zF so, if we define ca,, to be the coefficient of 2" in
Wa.u, then
Cau(n) = (=1)"ua,u(n).

If we define by Ga yn(2) = Wa,u(2)/2" ! we get, by Cauchy’s coefficient formula,

1
Capu(n) = / Gaoun(z)dz, 0<p<r,
270 Jjzl=p
and then,

Let now R > max{1,r} and € > 0. Define the slit annular-type region
Dr.={2€C:|z| <R, |z+1]>e}\{zeR: —R<z < —1—¢}.

The contour I'g . is the positively oriented boundary of Dg. and is depicted in Figure 2. It
consists of four pieces: the large circular arc C'g, the upper side of the cut L}, ., the small clockwise

circular arc around the branch point C. and the lower side of the cut L _.

Im z

s+10

branch cut (—oo, —1]. 5 — i()u

FIGURE 2. Keyhole contour around the branch cut (—oo, —1].

We have,

Gapun(z)dz = Gopun(2)dz+ /+ Gaun(2)dz +/ Goun(z)dz +/ Ga,un(2)dz.
LR’5 C.

FR,& CR 172,5
(10)
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The two cut integrals combine to

R . .
Weau(— 0) — Wy u(—s—10
/ Gapun(z)dz+ Gopun(z)dz = (=5 +10) =) (=8 =10) ds.
L. Ly, 14e (=s)"
Since (—s)" ! = (=1)"*1s" 1 and W, ,(—s — i0) = W, u(—s +i0), we end up with
R
2i(—1)" ! / Im Wy, (—s +i0)s " ds. (11)
1+e

We have,
R
lim / Im W, (—s +i0)s™ " lds < oo.
e—0T,R—o0 1+e

To prove the convergence of the above integrals, define
o0
Ip = / Im W, (—s +i0)s~ " ds.
1

A direct computation yields

psin(ma)t*=L(t + 1)

Tm W (s + i0) = L t=s—1,
m Woyp (=5 +10) w? — 2 cos(ma)t® + 2 §
hence,
o) tafl
Jn = psi t+ 1) "dt.
n = psin(ma) /0 w? — 2 cos(ma)t™ 4+ tQO‘( +1)

Since p? — 2pcos(ma)t® + 2% = (u — cos(ma)t®)? + (sin(ra)t*)? > 0 for ¢t > 0, then J, > 0.

Moreover,
1
g, < Jy="0=)
a
i.e. J, are well defined for all n € N.
Moving on to the remaining two integrals in (10), we obtain upon using Theorem 4.3.1 and

Theorem 4.3.2 in [1],

lim Gapun(z)dz =0, (12)
e—=0t Jo.
and
Rli_r)rloo . Gaoun(z)dz = 0. (13)
Thus,
lim Gopn(z)dz = 2i(—1)"! / Im W, (—s +i0)s " ds. (14)
e—0t,R—o0 The 1

By the residue theorem, we obtain

2i(—1)”+1Jn = 27i (Res;—0 Ga,un(2) + Res.—p Ga un(2)),

as r is a pole of W, ,,. It is easilly seen that z = 7 is a simple pole and Res.—, G yn(2) = —

The proof is done. 0
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Remark 3. In view of (5) and the previous Lemma, we get the interesting equality:

n—1 k k-1 (k—r)a _ .(k—7)a
1 1+Z< ,u, > Z(—l)r<k>n k
1—pn —\1-n) = r) T((k—r)a+1)

~a(pt/e—1)n WMSIH(WO[) 0 M2 —2pcos(ra)t® + 2>

We are now ready to state and prove the main result within this section.

ta_l

(t+1)""dt, neN.

Theorem 3. Suppose that 0 < o < 1.
(1) If =2% < X\ < —1, then ug r(n)uar(n+1) <0 for all n € Ny.
(2) If X < =29, then ug x(2n+ 1) < 0 for all n € Ny and uq \(n) < 0 for all n > ng, where ng

18 some positive integer.

Proof. Let —2¢ < X< —1 Then, 1 < u <2% and 0 < r <1 in Lemma 1. Therefore 1>

1
Tar™ — o’

If n is even, then

1 1 1-«
Ca,u(n) = W — Ia,u(n) Z a — o =1 > 0
If n is odd, then
1
Cap(n) e + Lou(n) >0

Therefore,
U, (Mg pu(n+1) = (=1)"cau(n) (1) equ(n+1) = (=1)*" e, y(n)cau(n+1) <0, n € Ny,

and (1) is proved.
Assume now that A < —2% i.e., u > 2% Then, r > 1.
If n is odd then, again, cq ,(n) > 0, hence uq ,(n) = —ca,pu(n) <O0.

If n is even then
1
Cau(n) = Pt Iou(n),

and we will show that ¢, ,(n) < 0 for n > ng. Since
|? — 2ucos(ra)t® + 2% < p? +2u, 0<t<I,

then,

sin(ma)
Iopu(n) > (1 +2)

Moreover, for t < 1/n with n > 1, we have

1
/ Lt + 1) 7.
0

N 1

(t+1)7"> (1+) > -,
hence,

sin(ma) " 1 sin(ma)
1 > — 1 dt = ———————n~ .
anln) 2 em(p+ 2) /0 emo(p + 2)”
Since r > 1 we immediately conclude that there exists ng € N such that
1 1 sin(ma)

-1 < — <0 > .
an(n) < arn ewa(u—i—Z)n » RZTo

Ca,u(”) = ey

The theorem is now proved. O
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2.4. Asymptotics. In this final section we would like to study the asymptotic behaviour of u, ).

From the results obtained in [6] (cf., in particular, Page 8), we know that

If A >0, then lim wu,x(n)=0. (15)
n—oo
Moreover,
If —1<A<0, then lim uq\(n) = +o00. (16)
n—oo

Indeed, by [6, Lemma 1 and Corollary 2]

) n—1
toa() = [ € LB (M),
0

L'(n)

where F, denotes the Mittag-Lefler function of parameter . Since —1 < A < 0, we have

(o9}

—\t@)k —At*
—At%) , t>0,

kzo I'ka+1 F(a +1)

hence
o0 = 1 -\ o0 tn_1+a —\ F(n+a)
—t o —t
— AMN)dt > —— dt = — — .

/0 ¢ Py PN 2 / © Tm) YT T+l Lm ~oomnTAe

The previous agssertions (15) and (16) were proved about 10 years ago by other methods [11].

We end this work providing the asymptotic characterization of u, x for when A < —1.

Theorem 4. Let 0 < o <1 and A < —1.
(1) If —2% < X < —1, then limy, ;o0 ug A (2n) = +00 and lim,, o0 e x(2n + 1) = —00.
(2) If X = —2%, then lim, 00 U A (2n) = 1/ and limy, o0 ug x(2n + 1) = —1/a.
(3) If X < —2%, then lim,, o0 uq A (n) = 0.

Proof. Recall that

1 00 ta—l
J— 3 —n
In,(n) = —u sin(mwa) /0 T~ 2 cos(ra)io 1 20 (t+1)""dt,

where 0 < oo < 1 and g > 1. Since
2 « 20 __ [y« . 2 2 2 2 2
ue —2pcos(ma)t® + t°* = (t% — pcos(ra))” + p” sin“(ra) > p”sin(ra), t >0,

we obtain
1 > a—1 n _ 1 a F(TL — a)
el A G R ey ey

=0, hence lim;,, o0 In,u(n) = 0.

0< Ioz”u(n) < n € N.

But lim;,—so %

By Lemma 1,
1
lim uq,(n) = lim [(—1)”} ,

n—00 n—00 ar™
where, again, r = ,ul/o‘ —1.
Now, if —2¢ < A < —1, then 0 <7 < 1 and (1) follows immediately.
If A = —2% then r = 1 and (2) holds.
If A < —2% then r > 1 and (3) follows.
The proof is done. 0
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