ON QUANTIZATION AND THE CLASSICAL VARIATIONAL PRINCIPLE
FOR THE METRIC MEAN DIMENSION

MARIA CARVALHO AND GUSTAVO PESSIL

ABSTRACT. This paper investigates the relationship between quantization of measures and met-
ric mean dimension of topological dynamical systems. We introduce the concept of mean quanti-
zation dimension for invariant probability measures and establish a classical variational principle:
the metric mean dimension of a dynamical system is equal to the maximum mean quantization
dimension among all invariant measures. This approach effectively characterizes the complexity
of systems with infinite entropy by identifying a measure that captures information across all
scales; and yields a fundamental property that allows for the exchange of limits and suprema in
the Lindenstrauss-Tsukamoto variational principles, a feat that most known entropy-like maps
fail to achieve due to convexity. Nevertheless, we show that the Katok and Shapira entropies
do satisfy this property and, therefore, a classical variational principle for the metric mean
dimension, for which maximizing measures always exist.

1. INTRODUCTION

Let (X, d) be a compact metric space and T': X — X be a homeomorphism. Denote by P(X)
the set of Borel probability measures on X with the weak*-topology; by Pr(X) its subset of
T-invariant measures; by Er(X) C Pr(X) the set of ergodic elements; and, given pu € P(X),
supp(u) stands for its support.

Measure-theoretic and topological entropy are classical invariants in the theory of dynamical
systems and are related by the classical variational principle
hiop(T) = sup  hu(T) = sup h,u(T) (1)
w€Pr(X) pE€Er(X)
which sometimes provides a natural way to choose important elements from Pr(X). Entropy-
dimensional concepts have been recently developed in order to estimate the complexity of infinite
entropy systems from a better suited viewpoint. The metric mean dimension, introduced by
E. Lindenstrauss and B. Weiss in [7], is both a dynamical analog of the box dimension and a
dimensional analog of the topological entropy. In what follows, we denote the upper and lower
metric mean dimensions by mdimy (X, d, T') and mdim,; (X, d, T), respectively, thus emphasizing
their dependence on the fixed metric d on the space X where the dynamics T acts. These
concepts vanish if the topological entropy of T is finite; if, otherwise, T has infinite entropy,
they quantify the speed at which the entropy at scale € approaches +o0o as the scale goes to
zero. The choice of the metric d has impact precisely on such convergence rate.
In [8], E. Lindenstrauss and M. Tsukamoto established a connection between the upper metric
mean dimension and the rate distortion function R,,. More precisely, they showed that with the
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tame growth of covering numbers

e : Rule)
mdimy (X, d,T) = limsup sup —b—"—.
c0t pepr(x) log(l/e)

Meanwhile, in [5], Y. Gutman and A. Spiewak proved a corresponding relation between the
upper metric mean dimension and the Rényi entropy, namely

BT lnf iam h, P
mdimy(X,d, T) = limsup  sup diam(P) <& Fu(P)
e—=0T pe&p(X) log (1/¢)

where the infimum is taken over the finite Borel partitions P of X with diameter at most € and
hu(P) stands for the entropy of p with respect to P. Moreover, Problem 3 in [5] asked whether
the upper metric mean dimension could be expressed in terms of the Brin-Katok local entropy.
An affirmative answer to this problem was given by R. Shi in [12]:

—BK

e : h, " (€)
mdimy (X, d,T) = limsup sup —————~.
e 0t peen(x) log(l/e)

Apart from the ones mentioned above, many other distinct notions of measure-theoretic metric
mean dimension were shown to exist and be inspired by some version of entropy, such as Katok
metric entropy (cf. [12]), Shapira entropy (cf. [12]) and Pfister-Sullivan entropy (cf. [18]), just
to mention a few. A unified framework was provided by E. Chen, R. Yang and X. Zhou in [2],
where they considered the following family of entropy-like functions of a measure p at a given
scale ¢ (see the precise definitions in [2] and Section 3):

. {hff (£,0), T (2,0), B (e), Ty (2), Ty (2), hiS(e,0), } o)
PS,(T,e), Ry r=(c), inf  h,(P), Pu.(T,d,e) '
diam(P)<e

The authors show that, for any ergodic probability measure p € Ep(X), the limits

F F
lim sup Flue) and lim inf Flue) (3)
co+ log(1/e) e—0t log(1/e)
do not depend on the choice of F' € D (so they coincide with the upper and lower L*-rate
distortion dimensions, respectively) and that, for every F' € D,

mdimy (X,d, T) = limsup  sup M = limsup sup M (4)
e—=0t pePr(X) log (1/5) e—=0t peép(X) log (1/5)

The corresponding equalities also hold for the lower limits. We stress that, in equality (4), max-

imization over the space of probability measures is done for a fixed scale, which only afterwards

is made to go to zero. A recurring question in the literature asks whether we may exchange the

order of limsup, and sup,, in (4). An affirmative answer to this question would suggest natural

definitions of measure-theoretic metric mean dimension, namely

— F(p,e)
mdimy (X, d, T, F = limsup ——*
( et Y )(/’L) €*>0+p log(l/E)
and provide a classical variational principle for the metric mean dimension in terms of F'; more-
over, if sup,, could be replaced by max,,, this principle would single out a measure which captures

the complexities of the system on all scales €. It is known that this order can be changed under



QUANTIZATION AND THE CLASSICAL VARIATIONAL PRINCIPLE 3
the marker property (cf. [9]), but there are relevant systems that do not satisfy this condition,

as shown in [13, 15]. The following examples shed some light on this problem.

Example 1.1. [8, Section VIII] Consider the set A = {0} U {1/n: n € N}, X = A% endowed
with the metric

d(y) = 3 272, — g,

nez
and T: X — X the standard shift. Then mdimy (X, d,T) = 1/2 (cf. [17]) and
) R,.(e)
v X lim —F—_ = 0.
& Pr(X) Do+ log (1/¢)
So,
Ru(E)

mdimy(X,d,T) > sup limsup ————.
pePr(x) eso+ log(l/e)

Example 1.2. [14, Theorem 1.4] In [14] Tsukamoto constructs a homeomorphism 7' on a
compact metric space (X, d) with the following properties:

R
e For any ergodic measure v € Pr(X) we have lim sup Rule) =0
co+ log(l/e)
. . Ry(e)
e There exists n € Pr(X) such that limsup ———~ = +o0.

e—=0t log (1/6)
Consequently, one has mdimy; (X, d,T") = +o00 and

R
mdimy(X,d,T) > sup limsup “7(8).
peen(x) e—o+ log(l/e)

Yet, it is still true for this example that

mdimy(X,d,T) = sup limsup L@) (5)
nePr(X) e—0t log (1/5)

Why do they behave differently with respect to the change in the order in which lim sup, and
SUDP, e Py (X) appear? It turns out that a major role in this issue is played by the behavior of
the measure-theoretic e-entropy under ergodic decompositions. On the one hand, if the upper
metric mean dimension is finite, then the upper rate distortion dimension

R(X,d,T,p) = limsup L(g)

c—o+ log(l/e)
is a convex function of p € Pr(X) with respect to its ergodic decomposition (cf. [14, The-
orem 1.1]). Thus, in Example 1.1, the change in order between limsup, and sup,cp,(x)
produces a strict inequality. On the other hand, the system described in Example 1.2 has

mdimy (X, d, T) = +oo and the convexity no longer holds. This is the reason why (5) is possi-
ble.

The purpose of this paper is to explain that we can understand this issue more clearly by
comparing the maps F' € D with a new concept that we introduce in the next section.
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2. MAIN RESULTS

After recalling the problem of quantization of measures, we motivate the questions we address
and describe our main contributions.

2.1. Quantization. Let (X, d) be a compact metric space. Quantization of measures, as ad-
dressed in [4], consists in approximating, at arbitrarily small resolutions, a given measure by
another with finite support. Let D € {W,: p € [1,+00)} U {LP} stand for either a Wasserstein
distance or the Lévy-Prokhorov distance on the space of Borel probability measures P(X) (see
the precise definitions in Subsection 3.5).

Definition 2.1. Given p € P(X) and e > 0, the quantization number @, p(¢) of pu with respect
to D at a scale € is the least positive integer N such that there exists v € P(X) with D(u,v) < &
and v is supported on a set of cardinality N. The upper and lower quantization dimensions of
w are defined as

dimg(p, D) = limsup 108 @.(e) and dimg (p, D) = liminf M.
eo+  log(l/e) e—o0t  log(1/e)

It is known (cf. [1, Proposition 3.4]) that the quantization number of u at scale € is bounded
from above by the e-covering number of the space (see Subsection 3.3). Moreover, the quanti-
zation dimensions are related to the upper and lower box-counting dimensions of the space by
the following variational principles (see [1, Proof of Theorem 3.9]):

dimp(X,d) = dimo(p, D d  dimg(X,d) = di D). (6
imp (X, d) e img(u, D) an dimp (X, d) o dimg(p, D). (6)

2.2. Dynamical quantization. We now address the corresponding dynamical objects. Let
T: X — X be a continuous map. Given D € {W),: p € [1,400)} U{LP} and n € N, we denote
by D,, the Wasserstein or the Lévy-Prokhorov distance induced in P(X) by the Bowen metric
dp in X (defined in (16)).

Definition 2.2. Given D € {W,: p € [1,400)} U{LP}, p € P(X) and € > 0, the upper and
lower dynamical quantization numbers of p € P(X) at scale ¢ are given by

. 1 |
Qu(T, D,e) = limsup —logQyup,(e) and Q (T,D,¢) = liminf —logQy.p,(c).

n — +0o0o

The following relation between the metric entropy and the dynamical quantization numbers
of an ergodic measure was proved in [1].

Theorem 2.3. [1, Appendix A.3] Let (X,d) be a compact metric space and T: X — X be a
continuous map. Given D € {W,: p € [1,400)} U{LP} and pn € Ep(X), then

hl.t(T> = 61_i>rg+ QN(T,D,E) = 62%1+ QM(T,D,S).

We observe that, applying [1, Proposition 3.4 & (1.1)] to the space (X, d,,), we obtain

Q.(T,D,e) < h(X,d,T) Vpe PX), (7)
where

1
he(X,d, T) = limsup — log S(X,n,¢)

n—+4oo T
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and S(X,n,¢) is the maximal cardinality of the e-separated subsets of X (see Subsection 3.2).
Combining (7) with Theorem 2.3 and the classical variational principle (1), we get

hiop(T) = sup  lim Q,(T,D,e) = sup lim Q (T,D,e¢)
peEEF(X) e—0F peEp(x) e—0t H (8)
= sup lim @#(T,D,{:‘) = sup lim @ (T,D,e).
peEPr(X) e—0F pePr(Xx) e—>0t —H

Definition 2.4. The upper and lower mean quantization dimensions of a measure pu € Pp(X)
with respect to the metric D € {W,: p € [1,4+00)} U{LP} are given, respectively, by

. Q,(T,D,e
mdimg(X,d,T,D,p) = limsup M
cot  log(1l/e)
T D,e
mdim, (X,d, T, D, ) = liminf ul )

coot  log(l/e)
If they agree, the common value is denoted by mdimg(X,d, T, D, ) and called mean quantization
dimension.
We will show (cf. Lemmas 6.2 and 6.5) that, if u is ergodic, then the mean quantization
dimensions of y do not change if one replaces Q, (7, D,¢) by QH(T,D,e) in their definitions.
Also, by (7), we have

mdimg(X,d, T, D, ) < mdimp/(X,d,T) Vi e Pr(X). 9)

Our first result states that the dynamical quantization numbers can be included in the set
D, that is, they satisfy the properties (3) and (4). Moreover, the mean quantization dimension
satisfies a classical variational principle, where maximization is taken over the space of invariant
probability measures, which can be seen both as a dimensional analog of (1) and as a dynamical
analog of (6). Furthermore, measures with maximal mean quantization dimension always exist.

Theorem A. Let (X,d) be a compact metric space, T: X — X be a homeomorphism and
D e {W,:pe[l,+00)} U{LP}. Then:

(a) For every p € Ep(X) and F' € D,
e . F(p,€)
mdimg(X,d,T,D,u) = limsup ———~
o B R TYE
(b) [Variational principle I

- . @M(T,D,é’) . QH(T7D7€)
mdimps(X,d,T) = limsup sup ————— = limsup sup —F———
co0t peepx) log(l/e) c0t peepx) log(l/e)

QM(T,D,{;‘) QM(T7D75)

= limsup sup ——— = limsup sup —F———
e—=0t pePr(X) log(l/s) e—=0T pePr(X) lOg(l/E)
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(¢) [Variational principle 1]

mdimy(X,d,T) = max mdimq(X,d,T,D,
M(XLAT) = max i )

. @N(T7‘D7€)

= max limsup ——

nePr(X) o+ log(l/e)

Q,(T,D,e)

= max limsup .
pePr(X) oo+ log(l/e)

(10)

(d) Unless T is uniquely ergodic, there exist uncountably many probabilities measures with
maximal mean quantization dimension.

The corresponding statements for the lower metric mean dimension also hold.

We observe that, in general, the maximum in (10) cannot be replaced by the supremum over
the space of ergodic measures. Indeed, in Section 7 we discuss an example of a compact metric
space (Xo,dp) and a homeomorphism Tp: Xy — X for which

—BK
_ . hy (€)
mdimy (Xo,do, Tp) >  sup  limsup —————~.
pemdixg eok Tog (L/e)

By Theorem A(a), for any F € D and D € {W,: p € [1,+00)} U{LP} we have

e S— F
mdimy (XO, do, TO) > sup Il’ldlIIlQ (XQ, do, Ty, D, M) = sup lim sup M
p € E1y (Xo) p€€ry(Xo) e—0t log (1/5)

2.3. Main property. The fundamental aspect that enables us to prove (10) is that the quantiza-
tion numbers of an invariant measure are, up to normalization of scales by the weights appearing
in its ergodic decomposition, at least the quantization numbers of its ergodic components. We
express this idea using the following property.

Definition 2.5. Let K be a convex subset of P(X). A map F: K x (0,400) — [0, +00] is said
to satisfy the scaled monotonicity under measure domination (s.m.m.d. for short) in IC if there
exists a constant C > 0 such that, for every p,v € K with p > tv for somet € (0,1), one has

F(u,te) > F(v,Ce) Ve >0.

We observe that, if £ = Ppr(X) and p € K is ergodic, then the condition p > tv for some
v e K\ {u} is empty. Otherwise, v would be absolutely continuous with respect to p, hence v
is ergodic, and, as v is T-invariant, v = pu.

The s.m.m.d. property is essentially incompatible with convexity. For example, assume that
map F(-,¢) is convex in K for every ¢ > 0 and satisfies the s.m.m.d. property. Then, for any
u,v € K, we have

F(v,C2) < F((u+0)/2.¢/2) < [F(u.e/2) + F(v.e/2)]/2.
Hence,

F F
lim sup M < limsup M
c—o+ 1og(l/e) co+ log(l/e)
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and we conclude that the map
: F(p )
p = limsup ——*~
c—o+ log(l/e)
is constant in . Moreover, the s.m.m.d. property implies that, whenever =t pu; + (1 —t) o
for some t € (0,1) and pq, u2 € P(X), then

F F F
lim sup ('LL’E)) > max{limsup Flue) lim sup ('UQ’E)} (11)

e—=0t log(l/‘€ e—=0t log(l/a)’ e—0t+ log(l/a)
which is a rather strong form of concavity.

Theorem B. Let (X,d) be a compact metric space and IC be a convex subset of P(X). Assume
that F': L x (0,400) — [0, +00] satisfies the s.m.m.d. property in K. Then:

(a)

SupuElC F(lu7€) F(/J,,<€)

lim su = max limsu . 12
AP g (ife) T neR P g (1/e) 12)
(b) If, in addition, F is non-increasing in the variable €, then
su F(p,e F(u,
lim inf Puek Flie) = max liminf M (13)
e—0F log (1/¢) nek e—ot log(l/e)

(¢) The space Kpmaz C K of mazimizing measures in (12) (resp. (13)) satisfies the following
property:
e Knpazy 1 € K, X€[0,1) = (1=XNp+ Av € Knaz-

We note that if the map p € K — limsup,_, o+ % is concave, then the space ICpqz is
convex. Item (c) above states that under the s.m.m.d. property, if £ is not a singleton, then the

set ICpnaz 18 huge.

The previous result provides a generalization of item (c) of Theorem A that also answers the
next question.

Question 2.6. Under what assumptions on F': Pr(X) x (0,400) — [0, +00] can we ensure that

F
mdimy(X,d,T) = sup limsup M(?

neEPr(X) e—0t log(l/E)‘

Corollary 2.7. Let (X,d) be a compact metric space and T: X — X be a homeomorphism. If
F € D satisfies the s.m.m.d. property in Pr(X), then

—_— Flu,e)
mdimy(X,d,T) = max limsup ———. (14)
nePr(X) oo+ log(l/e)
Since F' € D is non-increasing in the variable e, the corresponding lower version of (14) also
holds. Moreover, unless T is uniquely ergodic, there exist uncountably many probabilities mea-
sures with maximal metric mean dimension.
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2.4. Variational principles for maps in D. Since all maps F' € D, as well as the dynamical
quantization numbers, have the same growth rate at ergodic measures, it is worthwhile to
investigate how each individual F' acts on invariant measures, as this is the main key to obtaining
the variational principle (10). In spite of the common probabilistic and geometric hybrid nature
of these concepts, some of them satisfy the s.m.m.d. property (as happens with Katok e-entropy
and Shapira e-entropy; cf. Remark 7.1), while others are convex (like Brin-Katok e-entropy; cf.
Lemma 4.7). This is the content of the next result.

Theorem C. The following assertions hold:

(a) Let (X,d) be compact metric space and T: X — X be a homeomorphism. Then, for
every p € Pr(X),
—K -
- h, (e €) h,(e,e)
mdimg(X,d, T, LP, ;) = limsup —*——~% = limsup ———~
ol P g (1)~ TP g (1/6)

Consequently, if F € {Eff(e), Ei(s)}, then

F
mdimy (X, d, T) = max limsupM

nePr(X) oo+ log(l/e)
The corresponding statements for the lower metric mean dimension also hold.

(b) There exists a compact metric space (Xo,dy) and a homeomorphism Ty: Xo — Xo such

that
F
mdimy, (Xo, do, Tp) > sup limsupM
pEPry(Xo) e—o+ log(l/e)

for every

PP, inf  hu(P)

K —K =S

{ by (e,0), hy, (e,6), ﬁi(e,d), h,(e,6), }

F €
" diam(P) < e

2.5. Ergodic equilibrium states. The previous discussion suggests another question, previ-
ously addressed in [2].

Question 2.8. Under what conditions on the space (X,d), on the map T: X — X, or else on
the measure-theoretic e-entropy map F can we guarantee that

e - F(p,e)
mdimy (X,d,T) = sup limsup ——~ 7
pneér(X) e—0* log(l/e)

The next two examples describe settings where this principle is valid.

Example 2.9. Let (X, d) be a compact connected smooth boundaryless manifold with dimen-
sion dimX > 2, endowed with a Riemannian metric d. A Borel probability measure A on X is
said to be good if A({z}) = 0 for every z € X and A(U) > 0 for every non-empty open subset U
of X. Denote by Homeoy (X) the space of homeomorphisms T': X — X that preserve A. This
is a complete metric space if one considers in Homeo)(X) the topology induced by the metric

p(T1,T») = max {d(T1(z), Ta(z)), d(T; " (2), Ty *(z)) }.
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G. Lacerda and S. Romaiia proved in [6, Theorems A & B] that a C°-generic homeomorphism
T € Homeo) (X) satisfies

mdimy (X,d,T) = dimX = limsup m
o cor log(1/e)
Consider the residual subset R of Homeoy (X) such that, if T € 2R, then X is ergodic (cf. [10])

and (15) holds. Combining this information with item (a) of Theorem A, we conclude that, for
every T € R, FeDand D € {W,: p € [1,400)} U{LP},

(15)

— — . F(,U,,E)
mdimy (X,d,T) = max mdimg(X,d,T,D, = max limsup ———~
u( ) p€Er(X) el 2 nEET(X) 5a0+p log (1/¢)

with A\ as a maximizing measure.

Example 2.10. Consider the set A = [0, 1] with the Euclidean metric | - |, the space X = A”
endowed with the metric
d(z,y) = Y 271wy — gl
nez

and the standard shift : X — X. Then mdimy(X,d,0) = 1 (cf. [8]). Let A = Leb? be the
product measure on [0, 1] of the Lebesgue measure on [0, 1]. Then A is o-invariant and ergodic;
and, due to [8, E. Example] and Theorem A, for D € {W,: p € [1,400)} U{LP} and every
FeD,

. F o
mdimy (X, d, o) = limsup M = mdimg(X,d, 0, D, \).
c—o+ log(1/e)
Therefore,
mdimy(X,d,0) = max limsup Flie) = max mdimg(X,d,o,D,pn).
nEE(X) ot log(l/e)  pes(x)

The previous example can be generalized. A compact metric space (A4, p) is Ahlfors regular
if there exists a Borel probability measure v € P(A) satisfying

deg, C1, Co >0: (4 gdims(A,p) < v(B(a,e)) < Co gdimp (4, p) Yaec A, V0 <e<egg

where B(a, €) stands for the open ball in A centered at a with radius e with respect to the metric
p. For instance, a finite set with the normalized counting measure or the Euclidean cube with
the Lebesgue measure are Ahlfors regular. Consider a Ahlfors regular space (A4, p,v), the shift
map on the space X = A% endowed with the metric d and the product measure A = v% € £,(X).
Given F' € D, we already know that

F
mdimy(X,d,0) > sup limsup M
nels(X) e—07+ log (1/5)
On the other hand, for any x € X, ¢ € (0,e9) and n € N,
Bp(z,e) C {y€ X: yj € B(zj,e) Y0<j<n}
S0,

A(Bu(z,¢)) < H v(B(zj,e)) < Ccy - gndims(A.p)
0<j<n
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These estimates yield (see Definition 4.5)

EEK(E) > —logCy + dimp(A, p) - log(1/e).
Therefore,
—BK
: hy™ (e) : —
limsup ———*~ > dimp(A, = mdimy (X, d, o).
P g1/ = s Ml do)
Thus,
- F F
mdimy (X, d,0) = limsup ﬁ = max limsup M
co+ log(l/e) ne&(X) o+ log(l/e)
= mdimg(X,d,0,D,\) = max mdimg(X,d,o,D,p).

MEEU(X)

Remark 2.11. Regarding the lower Brin-Katok entropy ﬁf K (¢), R. Yang proved in [20, The-
orem 3.9] that, if the Hausdorff and the upper box dimension of the alphabet (A, p) coincide,
then
BK
hE ()

— . . b (e)
mdimy;(A”,d,0) = limsup sup ————— = limsup sup ————.
em0t peg,(az) log(l/e) cm0t pep,(az) log(l/e)

For instance, if (A, p) is Ahlfors regular then this condition is satisfied. Furthermore, the previous
reasoning implies that

BK hBK e
mdimM(AZ,d’ o) = limsup L(E) = max_ limsup L()
e—07t log(l/s) HEE(AL) oo+ log (1/5)

2.6. Organization of the paper. In Sections 3 and 4 we define the main concepts we use and
gather some of their properties. After proving Theorems A and B in the ensuing sections, we
pave the way to proving Theorem C by thoroughly discussing an example in Section 7.

3. BASIC DEFINITIONS

Let (X, d) be a compact metric space and T: X — X be a continuous map.

3.1. Bowen dynamical metrics. Given n € N, the dynamical metric d,,: X x X — [0, +00),
determined by the distance d in X and the map T, is defined by

dn(z, 7) = max {d(a:,z), d(T(z),T(2)), ..., d(T"‘l(x),T”_l(z))}. (16)

It is easy to check that d,, is indeed a metric and that it generates the same topology as d.
Given e > 0, n € N and a point x € X, the (n,e)-ball centered at = with radius ¢ with respect
to the metric d,, (also called Bowen’s ball) is the set

Bp(z,e) ={y € X: dp(z,y) < e}. (17)
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3.2. Separated sets, spanning sets, open covers, closed covers. Given ¢ > 0 and n € N,
the next three quantities count the number of orbit segments of length n that are distinguishable
at scale e.

One says that a set E C X is (n,e)-separated if two distinct points in F are at least ¢ apart
in the metric d,,, that is, d,,(z, z) > € for every x # z € E. We denote by S(X,n,e) the maximal
cardinality of the (n, ¢)-separated subsets of X. When n = 1, we simplify this notation by saying
that the set F is e-separated, and denoting the maximal cardinality of the e-separated subsets
of X by S(X,d,e). We note that, for every ¢ > 0 and n € N,

S(X,n,e) = S(X,dp,¢).

A set Y C X is said to be (n,e)-spanning if for any = € X there exists z € Y such that
dn(z,z) < e. We denote by R(X,n,e) the minimal cardinality of the (n,e)-spanning subsets of
X. Again, when n = 1, we refer to e-spanning sets, with minimal cardinality denoted R(X,d,¢),
and one has

R(X,n,e) = R(X,dp,e) Ve>0VneN

Given € > 0 and n € N, let N'(X, n, ) be the minimum cardinality of any cover of X by open

balls with radius € in the metric d,,. When n = 1, we refer to N'(X,d, ¢), so

N(X,n,e) = N(X,dp,e) Ve>0VneN.
In what follows, if we need to use closed balls instead of open ones, we change the notation to
C(X,d,e). We note that, given € > 0,
N(X,d,2¢) < C(X,d,e) < N(X,d,e). (18)

Due to the compactness of X, the values of S(X,n,e), R(X,n,¢e), N(X,n,e) and C(X,n,¢)
are finite for every n € N and ¢ > 0. In addition, the previous three quantities are related by
the following inequalities (cf. [19, §7]):

N(X,n,2¢) < R(X,n,e) < S(X,n,e) < R(X,n,e/2) < N(X,n,e/2). (19)

Moreover,
N(X,n+m,e) < N(X,n,e) . N(X,m,e) (20)
so, the sequence (logN(X, n, &‘))nEN is sub-additive.

3.3. Box-counting dimension. Given ¢ > 0, recall that N'(X,d, ) stands for the smallest
number of open balls in the metric d with radius € that cover X. We observe that, for every
€ > 0, one has

S(X,d,2¢) < N(X,d,e) < S(X,d,e/2). (21)

The upper box-counting dimension of (X, d) is defined by

_ 1 X,d
dimp(X,d) = limsup log N'(X.d.¢)
cwor  log(l/e)
The lower box-counting dimension dimg(X,d) is defined by taking liminf instead of lim sup.
Notice that, due to (21), the upper box-counting dimension may be computed using e-separated
sets, that is,
S log S(X,d
dimp(X,d) = limsup log S(X. d, )
cmot  log(l/e)
(and similarly for the lower version).
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3.4. Metric mean dimension. The upper and lower metric mean dimensions are labels for
dynamical systems introduced by E. Lindenstrauss and B. Weiss in [7] to quantify the com-
plexity of infinite entropy systems. We denote them by mdimy(X,d,T) and mdim(X,d,T),
respectively, to emphasize their dependence on the fixed metric d of the space X where the
dynamics T" acts. They are defined by

limsup, _, 4o = log S(X,n,e)

mdimy (X, d,T) = limsup
M( ) e—07 log (1/¢)
l i log (X, n,
mdimy; (X,d,T) = liminf IMSUPy, -, 4o 108 5(X, 1, €)
e— 0t ]og(l/g)

Due to (19), the metric mean dimension may be computed using R(X,n,¢) or N (X, n, e) instead
of S(X,n,e). If mdimy; (X, d, T) and mdimy, (X, d, T) agree, then the common value is denoted
by mdimyy (X ,d, T) and called metric mean dimension.
In what follows, we simplify the notation by denoting
1
he(X,d,T) = limsup — log Z(X,n,¢) (22)
n—+oo N
where Z is chosen from the set {N, R, S} according to the context.
3.5. W, and LP metrics on P(X). It is known that the space P(X) of the Borel probability
measures on X is nonempty; and it is compact if endowed with the weak*-topology. More-

over, there are metrics on P(X) inducing this topology, the classic ones being the Wasserstein
distances and the Lévy-Prokhorov distance. The former are defined by

Wy (p,v) = inf (/XXX (d(z,y))" dw(x,y))l/p

m€l(p,v)

where p € [1,400) and II(u, ) denotes the set of probability measures on the product space
X x X with marginals p and v (see [16] and references therein for more details). The latter is
defined by

LP(u,v) = inf {8 >0: VE CX VY e-neighborhood V,(E) of E one has

V(E) < p(V(E) +=  and  p(B) < v(Va(E)) +¢}.

These distances are compared by (cf. [1, p. 11])

IN

q q
W, < W, < diam(X,d)'"» W, V1<q¢<p

1
LP™ < W, < (1+ diam(X,d)?)? LP» Vp € [1, +00).

We refer the reader to [3, 16] where more information can be found on these metrics.

4. MEASURE-THEORETIC £-ENTROPIES

Let (X, d) be a compact metric space, T: X — X a homeomorphism and u € Pr(X). Recall
from Subsection 3.1 the definitions of dynamical metric d,, and (n, e)-ball B, (z,¢).
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4.1. (e,0)—Katok entropy. For 0 < 6 < 1, n € N and € > 0, we denote by N, (n,e,d) the
minimum number of open (n, ¢)-balls with radius € in the dynamical metric d,, needed to cover
any set of y-measure strictly bigger than 1 — 6.

Definition 4.1. The upper and lower (e, d)—Katok entropy of u are given, respectively, by

K . log Nyu(n,€,0) K .. . log N,(n,e,9)
h, (g,0) = %giuog) — and hy, (g,6) = }L1§J1rr(1>£ — (24)

The upper and lower Katok entropy of u at scale € are defined by

Ef(a) = lim Efj(a,é) = sup Ef(a,é)

§— 0t d— 0t
K - K K (25)
hy, () = 62%@ (e,0) = 51“51% (e,0).

Remark 4.2. In the literature, we can find an alternative definition of Katok entropy, whose
values for ergodic measures are as above but the extension to invariant probabilities is done by
integrating over their ergodic decompositions. In particular, the resulting entropy-like map is
convex. Thus, the corresponding measure-theoretic metric mean dimension does not satisfy a
classical variational principle (cf. Proposition 7.2).

4.2. (g,0)-Shapira entropy. Given a finite open cover U of X, the diameter of U, which we
denote by diam(U, d), is given by maxy ¢y diam(U, d), where the diameter diam(A,d) of a set
A C X is the supremum of the distances between pairs of points in A.

Take p € Pp(X). For 0 < 6 < 1 and a finite open cover U of X, we denote by N,(U,d) the
minimum number of elements of &/ whose union has a p-measure strictly greater than 1 —4§. Set

Ei(u,é) = limsup M and Qi(u, §) = liminf w

n— +oo n n—+00 n
where U™ = /) T~/ (U).
U. Shapira proved in [11] that, if u is ergodic, then the above limits exist and are independent

of 4. However, since we are interested in all invariant measures and their interplay with 9, we
keep it in the notation.

Definition 4.3. The upper and lower (e, d)-Shapira entropies of u are given by

=S . 78 s : S
h 0) = f h 0 h 0) = f h J). 2
M(& ) diam%ZI/{l,d) <e N(Z/L ) H (67 ) diam%ZI/{l,d) <e H (U7 ) ( 6)

The next lemma describes the connection between the Katok and Shapira entropies.
Lemma 4.4. For every p € Pr(X),e>0and 0 < <1,
—K -9 —K —K
FE(e0) < Bo(e0) < BE(e/4,0) < B (/4,6/4).

and

K S
hy; (e,6) < hy;(e,0)

IA

hf(e/4,8) < hf(/4,5/4).

Proof. We prove the inequalities in the first line; a similar reasoning shows the others. Given
wePr(X),e>0and 0 < <1, fixn e Nand U such that diam(U, d) < e. For each nonempty
UeU", take zpy € U. Then U C By (zy,e) and

Nyu(n,e,8) < min{F CcU": pu(Uyer Bn(zu,e)) >1—6} < N U,9).
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Thus,

—K =S
hy (£,0) < h,(U,0)
and the first inequality follows by taking the infimum over U.

Regarding the remaining inequalities, let U be a cover of X satisfying diam(U,d) < e and
Leb(U) > /4 (which always exists, cf. [5, Lemma 3.4]). Since every Bowen’s ball B, (z,c/4) is
contained in some element of U", we have N, (U™, 6) < N,(n,e/4,6). Thus,

) -5 —K —K
RS(e,0) < B,6) < FN(e/a,6) < T (c/a,6/4).
O

4.3. Brin-Katok e-entropy. Given p € Pp(X), this notion of complexity is based on the
average decay rate of the size, measured by u, of a dynamical ball in X.

Definition 4.5. Forx € X ande > 0, the upper and lower Brin-Katok entropies of u € Pr(X)
at x with respect to the scale € are given by
—BK

1 B
h, (g,x) = limsup — o8 M( n(xaf))

" and
n— +oo n

1 B
LB (e,z) = liminf — 0g p(Bn(,¢))

n — +oco n

and the upper and lower Brin-Katok entropies of y at scale e are given, respectively, by
—BK —BK
h, (e) = /hu (e,2) du(x) and ﬁfK(e) = /th(s,x) du(x).
The following two properties will be useful later on.

Lemma 4.6. Let p € Pr(X) and e > 0. Then
— 1
th(a,x) < limsup — log S(X,n,e/2) at p-a.e. v € X.
n—+oo N

In particular,
%) < limsup ! log S(X,n,e/2)
12 — ) Y N
n—+oo N

Proof. To simplify notation, set

1
hejo = limsup — log S(X,n,e/2).

n—+oo N
For each v > 0, let
A, ={z € X: EfK(s,x) > hejo + v}

Claim: p(A,) = 0 for every v > 0.
Proof of the Claim: Fix v > 0. For each n € N, let

1
A(v”) = {x e X: — - logu(Bn(x,s)) > hepp + ’y}
= {z € X: u(Bn(z,¢)) < e_”(h’f/2+7)}.

Take n, € N such that

S(X,n,e/2) < eMhe2t3) Vn > n,.
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A, = ﬂ U Al

N>ny n>N
Fix N > n,. For each n > N, let E, be a maximal (n,e/2)-separated subset of X. Then

Hence,

ASY") C U By (y,e/2) and #E, < e"hep2t3),
ye En

For each x € A,(Yn), take y € E, satisfying © € B, (y,£/2). Then B,(y,c/2) C By(x,¢e), which
implies that p(Bn(y,e/2)) < e~ he/2+7) | Define

E';L = {y e E,: M(Bn(y’g/Q)) < e—n(h6/2+7)}.
Then ASYTL) C UyEE;L Bn(y,€/2) and we get

W(AP) < 3 w(Baly,e/2)) < #E, ¢ "Pent) < B, et < o3

yeE],
Thus,
Ny
—n 2
/,L(Av) < u( U A,(Y")) < Z e 2 = 6777 VN > n,.
n>N n>N I —ez
We finish the proof of the claim by taking N — 4o0. O

Now, Lemma 4.6 is a straightforward consequence of the claim since, given p € Pp(X) and
e>0,

_ 1
X\{:L’ € X: th(e,m) < limsup - logS(X,n,5/2)} - U A,
e ~EQN (0,400)

Lemma 4.7. For every € > 0, the maps
pePr(X) v B (e)  and  we Pr(X) — BEK(e)
are convex.

Proof. We prove the assertion for the upper Brin-Katok entropy; the reasoning concerning the
other map is similar. Fix ¢ > 0. Let (ux)ren be a sequence of invariant probability measures
and (f)ren be a sequence of positive real numbers such that ), . tx = 1. Consider p =
Y oren ki € Pr(X). For each k € N, 1 > 1y py,. Therefore, for all z € X and n € N,

log p(Bn(x,€)) > log px(Bn(z,€)) + log tx

and so
—BK —BK
h, (e,x) < h,, (&) Vre X.

We finish the proof by integrating both sides of the previous inequality with respect to g,
multiplying both sides by ¢; and adding up over k € N. O
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4.4. Rényi entropy. Denote by P any finite Borel measurable partition of X, by diam(P) its
diameter, defined by max4 ¢ p diam A and by P™ the refined partition \/;L:_& T=3(P). Given
u € Pr(X), the measure-theoretic entropy of p with respect to P is defined by

1

— 3 _ n
ha(P) = Tim - H,(P")
where H,(Q) = — > qcq #(Q) log u(Q) stands for the Shannon entropy.
Definition 4.8. Given € > 0, the Rényi e-entropy of u at scale € is defined by
inf h,(P
diam(P) << w(P)

where the infimum is taken over all finite Borel measurable partitions of X with diameter at
most €.

We refer the reader to [5, Section 3] for more information on this concept.

5. PROOF OoF THEOREM B

Assume that F': K x (0, +00) — [0, 400] satisfies the s.m.m.d. property and let C' > 0 be the
constant provided by Definition 2.5.

Clearly, for every u € K, one has

F
lim sup SUPuck (1. €) > limsup 7}9’(#,5)
cmot  log(l/e) co+ log(1/e)
and so
su F(p, e F(pu,
lim sup Puck Flu.€) > sup limsup M (27)
e—0t log (1/¢) LEK e£—0t log(1/e)

Regarding the converse inequality, set

su F(u,e
L = limsup Puek (1)
ewor  log(1/e)
If £ =0, then (27) already ensures that
lim sup subuek Fip.€) = sup limsup Fle)
e—0t log (1/¢) pek e—ot+ log(l/e)
If £ >0, let (¢})ren be a sequence of scales converging to zero such that
su Flu, &,
L — lim Ppek (;U’ E)
£— 400 log (1/¢})

Taking a subsequence if necessary, we can assume that
g <27t VvieN

Fix a sequence (ty)gen of positive real numbers with polynomial decay to zero as ¢ goes to
+o0 and such that >,y t¢ = 1. For example, we may choose t; = 6/(m £)? for every £ € N.
Then, since &), < 27¢ for every ¢ € N, the sequence ¢ = t,¢,/C satisfies

log (1/¢)

lim ———L8
¢ 5100 log (1/2))
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and so .
. . Sup, e F(/L,&@) i . Sup, e F(,u,ng /tﬁ)
L = lim ; = lim
£ +o0 log (1/¢) £ +o0 log (1/¢9)

Case 1: L < +o0.

For every N € N, there exists L(/N) € N such that
1
sup F(u,Ceyp/ty) > (1——) - L - log (1/ey) V¢ > L(N). (28)
nekr N
Without loss of generality, we may assume that
L(N +1) > L(N) VN eN.

Consider the subsequence (er(y))ven of (€¢)ren and a sequence of measures (uy)yen in K
such that

1
Flun, Cepny /t) > (1 - N) L log(1/eyyy) VN EN, (29)
Let po € K be defined by
po = B - Z tL(N) BN

NeN
where § is a normalization constant that is greater than or equal to 1 since each natural number

appears at most once in the sequence (L(N )) nen Then
po = tpnypn VN EN

so, by the s.m.m.d. property in K and the inequality (29), we get

1
F(,U«anL(N)) > F(NN,CEL(N) /tL(N)) > (1— 7) - L log(l/EL(N)) VN eN.

N
By dividing the previous estimates by log (1/e1,y)) and taking N — +o00, we obtain
F(uo,€) F(po,e(ny)

> L. (30)

lim su > limsu
Con g (1/2) = N im log (1/eL())

Bringing together (27) and (30), we conclude that

L = max limsup M
e ISP g (1)

Case 2: L = +o00.

The proof in this case proceeds in a similar way after replacing (1 — %) - L on the right-hand
side of (28) by N.
Assuming that F' is non-increasing in ¢, the limits

F su F(u,e
lim sup M and lim sup Puek (1.)
c—o+ log(l/e) e 0t log(1/¢)
are attained at any sequence g, — 07 satisfying
1
lim O €k+1
k—+oo logey

= 1.
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The equality (13) is deduced by an analogous reasoning.
The strong convex geometry of KCpq, described in (c) is an immediate consequence of (11).
6. PROOF OF THEOREM A

This section is divided into two parts, corresponding to the choice of the Wasserstein or
Lévy-Prokhorov distance to metrize the weak*-topology.

6.1. W,-mean quantization dimension. Definition 2.1 admits the following reformulation
when D is a p-Wasserstein metric for some p € [1, 4+00).

Lemma 6.1. [1, Proposition 3.2] The quantization number Q,w, () for the metric W), is the
minimal cardinality of a set F C X satisfying

/d(a:,F)pdu(x) < g
where d(z, F) = miny, ¢ p d(z,y).

The next lemma relates the Katok entropies to the dynamical quantization numbers with
respect to the Wasserstein distances.

Lemma 6.2. Let (X,d) be a compact metric space and T: X — X be a continuous map. For
every p € Pr(X) and p € [1,+00),

By (22,3/4) < Qu(T,Wi,e) < Qu(T,Wye) < hy (27/7e)

hj(26,3/4) < Q (T.Wie) < Q (T, Wp,e) < hy(27 7).
Proof. We shall prove the statement for the upper limits, starting with the first inequality. Given
n €N, let F' C X be such that

#E = Quwi e and / d(z, F) du(z) < e

By Markov’s inequality ,

u(dalc, F) 2 2¢) < %/dn(z,F)d,u(a:) < %
Thus,
u( U Bn(y,25)) > 1/2 > 1 - 3/4
yeF
and so

Qu,Wl,n(E) > Nyu(n,2¢,3/4).
We conclude the argument by applying the logarithm to both sides of this inequality, dividing
by n and taking n — 4-o00.
The second inequality is immediate since the map p +— W), is non-decreasing (cf. [16, p. 210])
r (23)). Regarding the third inequality, fix
1 € p
0<0<3 (diam(X,d))

and L
s> hy, (27Y/7¢,5).
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Then, for sufficiently large n € N, we have
Nu(n,Q_l/ps,(s) < e’
Take F' C X such that
u( U Bn(y,2_1/p6)> > 1-90 and #HE < ",

yel
Thus,
b, PP < [ b FPdn + [ du(-, FYP dp
/ e 0 U Bu(y,27'7¢) b X\ |J Bu(y,27'7¢) 0
yeF yeF
eP _ .
< 5 ,u( U By(y,2 l/pe)) + 0 - diam(X,d,)?
yeF
P
< 5+ 0 - diam(X,d)P < &P,
Thus,
and so

Q(T,Wp,e) < s.
To finish the proof, we just have to make s — 55(2*1/”6, d) and take the limit as § — 0. [
By (3), (4) and the fact that
—K —K K K
[y (26,3/9), By (2), Bl (22,3/4), BE(9)} € D
it is easy to see that Lemma 6.2 yields:
(i) For every p € Ep(X), FF € D and p € [1,+00),
— : F(p,e)
mdimg (X, d, T, W,, = limsup ———~
ot i) = P oy (1)
and, for every p € [1,+00),
P Q T,W,E Q (T7W76)
mdimy/(X,d,T) = limsup sup M = limsup sup =AM
c0t peep(x) log(l/e) e 0t peep(x) log(l/e)

Combining the previous equalities with (7), we obtain:

(74) For every p € [1,+00),

_ Q (T, W,,e Q (T, Wpy,e)
mdimp(X,d,T) = limsup sup M = limsup sup e=ThNM e
c0t peep(x) log(l/e) co0t peen(x) log(l/e)
. @#(T,Wp,s) . @#(T,WP,E)
= limsup sup —-————> = limsup sup —F— ——F
e—0t pePr(X) log(l/a) e—0t pePr(X) log(l/a)

To finish the proof of Theorem A, we need further information.
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Lemma 6.3. [1, Lemma 3.18] For every p,v € P(X) such that u > tv for some t > 0, one has
Quw. (te) > Quw,(e) Ve>0.

Applying the previous lemma to (X, d,), we obtain

QH(T, Wh,te) > Q. (T, Wh,e)
QH(T’ Wl,t€) > QV(T, W1,€)
whenever > tv for some ¢t > 0. This means that the Wi-dynamical quantization numbers
satisfy the s.m.m.d. property.
Since the map p € [1,+00) — W), is non-decreasing (see (23)), combining Corollary 2.7 with
(9) we conclude that, for every p € [1,400),

dimy (X, d,T) = dimq(X, d, T, W1,
mdimy ( ) L m img( 1, 14)

< max mdimg(X,d, T, W,, 31
< max mding( o h) (31)

< mdimy(X,d,T).

6.2. LP-mean quantization dimension. Definition 2.1 admits a reformulation when D is the
Lévy-Prokhorov metric.

Lemma 6.4. [1, Proposition 3.3] The quantization number Q. .rp(e) for the LP metric is the
least number of closed balls with radius € that cover any subset of X with pu measure at least
1—e.

Observe that if we consider the space (X,dy), the above formulation resembles the cover
number N, (n, €, 0) from the definition of the (g, §)-Katok entropy when ¢ = ¢, the only difference
being that the balls in the covers are closed. Therefore:

Lemma 6.5. For every pu € Pp(X) and e > 0,

7K J—

h, (2e,e) < Qu(T,LPe) < h,(e¢)
K K :
by (2,e) < Q(T,LPe) < h,(ee)

In particular, for every 0 < ¢ < 1/2, we have
iK R —
h, (26,1/2) < QM(T, LPe) < h, ()
hf(22,1/2) < Q,(T,LP,e) < hl(e)

and by a reasoning similar to that in the previous subsection, we prove items (a) and (b) of
Theorem A when D = LP.

To conclude, recall that, since the metric LP is at least a uniform constant factor of W;
(see (23)), we have

di X,d,T) = dimq (X, d,T, W,
mdimy ( ) uer%i)((X) mdimg( 1, /)

max mdimqg(X,d, T, LP, 32
L max - mdimg ) (52)

mdimy (X, d, T).

IN

IN
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The property (d) of Theorem A is a straightforward consequence of the item (¢) of Theorem B.
The proof of Theorem A regarding the upper metric mean dimension is finished. A similar
argument yields the corresponding statement for the lower metric mean dimension.

7. PROOF OF THEOREM C

Since the (e, §)-Katok entropy is non-increasing with respect to 0, Lemma 6.5 implies that,
for every u € Pr(X) and € > 0,

T—K K ey —K
h,u (257 26) < hu (2575) < Qy(T’ d7 LP,€) < hp, (5’5)‘

Combining this information with Lemma 4.4, we obtain, for every p € Pp(X),

mdimg (X, d, T, LP, i) li Ef(s’g) li hi(E’E)
mdim ,a, 1, /W) = lmsup ——— = lmsup ———~
“ cor log(l/e) — Lo log(1/e)

Remark 7.1. By definition, for a fixed § > 0, the (g, 0)-Katok entropy satisfies
—K —K —K
h, (,0) > h, (e,0/t) > h, (¢/t,5/t)

whenever 1 > tv for some t € (0,1). In particular, Ef(e, ¢) has the s.m.m.d. property, and the
map Ef(é‘) = limg_, g+ Efj(f:‘, 0) satisfies the following stronger version of that property:

Ry (€) > By (2) > By (/1)

The corresponding statements for the Shapira entropies also hold.

7.1. Example. Consider the interval [0,1] with the Euclidean distance, the space [0,1]% en-
dowed with the following distance, which is compatible with the product topology,

|xn - yn|
d((l‘n)nEZ) (yn)nGZ) = Z T
nez
and the shift map 0(($n)nez) = (Znt1)nez. We refer to a closed shift-invariant subset Y C
[0,1]% as a subshift.

Fix a sequence a = (ag)r>o of real numbers and a sequence b = (by)r>1 of positive integers
that meet the following conditions:

(Cl) 0=ap<a;<..<ap— 1
(C2) (ar — ax—1)x decreases to zero.
(C3)  (bg)k is strictly increasing.

To simplify the notation, we write

. = lar, — aj—1
b
and, for each k € N,
Jy = {ak,1 + jex t J € {0,...,bk—l}}.
Then,
JinJd;=0 Vi#j and e —y| > er Va,y € Jg.
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Denote X, = (Jk)Z and the subshift
+o00
X = |J X, u {1*} c [0,1%
k=1
By construction, every ergodic measure of the system (X,d, o) is either the Dirac mass 0,z

or gives full mass to X, for some k& € N. Thus, by the ergodic decomposition theorem, we may
write any invariant probability measure p € P,(X) as

wo= Z tr g + t05{12}, (34)
keN
where tg = p({1%7}) and
e € PU(X), [,Lk(Xk) =1, tr = ,u(Xk) VEkeN.

We recall that, given k € N, the topological entropy of the shift map restricted to X is log by.
So, the topological entropy of (X, o) is infinite and there exists an invariant probability measure
with maximal entropy, but it is not ergodic.

In what follows, we assume that the parameters are chosen so that

1
mdimy (X,d,0) = 1 and 08 Ck

im
k — +o0 log Ek+1
This is the case, for example, of a;, = Zﬁzl 6/mn? and by = 3.
7.2. Brin-Katok and Rényi entropies do not satisfy the variational principle (14). We
start by relating the behavior of convex entropy-like functions and the fixed point 1%.
Proposition 7.2. Consider the system (X,d,o) and a map
F: (u,e) € Py(X) x (0,400) — F(u,e).

Assume that:

(i) The map

. F(u,e)
U € Py(X) — limsup ——+~
) Bnsib s 1/e)

18 convez.

(73) For everye >0 and p € Py(X),
F(,LL, 5) < hs(SUPP(H)a d’supp(p,% U|supp(u))'
Then

Flpe) < p({1%}) limsup 7}?(5{12}’6)

o+ log(1/e) S Tog(1/e) V€ Po(X). (35)

Proof. Take p € P,(X) and consider its decomposition (34), say

wo= Z tr e + t05{1z}.
keN
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Fix K € N. Then

F(ILL7E) (Nkﬂ?) F(Mkv‘g)
limsup ———~ < t; limsup + t; lim sup
P Tog(1/) Z M g/ 2 B o

F(6412y,¢)
+ t limsu —_
0T Tlog(1/e)

g bK h&‘ (X7 d7 U)
< ti lim sup + ti limsup ——————=
Z P [ty 2 IR o

(6{12}7 )

+ tg limsup
e— 0t log(l/E)
(5{12}7 8)
= U Jk mdimys(X,d,0) + to limsup —————.
Making K — ~+o0, we get (35) since limg — 400 (U g Jk) = 0. O
Taking into account that
—BK
. ha{lz}(E)
lim sup =0

c—o+ log(l/e)
and using the properties of EfK described in Lemmas 4.6 and 4.7, Proposition 7.2 yields:

Corollary 7.3. For the system (X,d, o) we have
lim sup ESK(s) =0 Ve Py(X)
=0+ log(l/e) 7
Therefore, as mdimy (X, d, o) =1,
— ()
mdimy(X,d,0) > sup limsup ————-—.
peP,(X) e—ot log(l/e)
We have a similar statement for the Rényi entropy.

Corollary 7.4. For every u € Py(X),

Therefore, as mdimy (X, d, o) =1,

[ 1nf iam h P
mdimy(X,d,0) > sup limsup diam(P) <= hy(P)
HWEPSH(X) e—07F log (1/€)

Proof. We are left to show that the Rényi entropy satisfies the assumptions of Proposition 7.2.
We start by proving that the map

‘ fiam B h, (P
€ Py(X) — limsup M diam(P) < u(P)

D T g (1/2) (36)
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is convex. The next property was first established for ergodic measures in [5] and then extended
to the invariant probability measures in [20].

Claim: [5, 20] For every u € Py ([0,1]%),

inf iam h P h Pm
lim sup d I(P)Se w(P) = limsup p(Pm) (37)
e—0t og (1/¢) m—4oo 10g M
where m € N,
e A B }
Py = m, {[m’ = ).Z—O,...,m 1

and mo: [0,1]% — [0,1] is the projection on the 0-coordinate.

In particular, the partitions considered on the limit on the right-hand side of (37) do not
depend on the measure. Since, for each m € N, the map p — h,(Py,) is affine (cf. [19, Proof of
Theorem 8.1]), and the limsup of affine functions is convex, we conclude that the map (36) is
convex.

The second assumption of Proposition 7.2 was established in [5, Section 3. O

7.3. (¢,6)—Katok/Shapira entropy with fixed ¢. Fix §p € (0,1). Given pu € P,(X), there
exists K = K(u,80) such that u(Uy ¢ Ji) < do. Since o restricted to U, x Jr U {17} has a
finite topological entropy, one has

. 55(6750)
limsup ——— = 0
c—o+ log(l/e)

Therefore, since this equality is valid for every pu € P,(X), we conclude that
K

— . Ep, (6750)
mdimy(X,d,T) > sup limsup ————.
pePr(x) e—ot log(l/e)

By Lemma 4.4, the above inequality also holds for the (g, dp)-Shapira entropy.
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