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Abstract

This paper establishes the projective equivalence between the Knizhnik–Zamolodchikov connection and the
Hitchin connection in genus 0 with at least 3 marked points. The Knizhnik–Zamolodchikov connection is defined
on the sheaf of conformal blocks in the Tsuchiya–Ueno–Yamada model of conformal field theory. The Hitchin
connection is defined on the Verlinde bundle via geometric quantisation of the moduli space of flat connections.
Pauly’s isomorphism establishes the equivalence of these two vector bundles. The main theorem of this paper
is that the isomorphism intertwines these two connections up to a scalar-valued one-form. In addition, this
theorem is used to construct a Hitchin connection through an auxiliary metaplectic correction. As a corollary
of the main theorem, this construction of the Hitchin connection is projectively unique and projectively flat.

1 Introduction
Classical Chern–Simons theory was developed originally in [25] and first discussed as a quantum theory in
[27, 57], which was further expanded on in [68, 12, 52]. The Hitchin connection, originally studied in [12],
mathematically constructed in [36], and researched and generalised further in a large number of subsequent
publications including [64, 3, 5, 44, 4, 49, 20, 21], governs the dynamics of states in quantum Chern–Simons
gauge theory under deformations of the Riemann surface on which they depend and establishes the topological
nature of quantum Chern–Simons theory. The Knizhnik–Zamolodchikov connection, based on the Knizhnik–
Zamolodchikov equations derived in [39], determines the Riemann surface dependence of covacuum states of
Wess–Zumino–Novikov–Witten conformal field theory, developed in [66, 67] and formalised in [38, 62, 63].

Quantum Chern–Simons gauge theory for compact gauge groups and Wess–Zumino–Novikov–Witten confor-
mal field theory were first suggested to be equivalent theories on physical grounds by Witten in [68], and this
equivalence was formalised mathematically in various stages in [13, 40, 50, 42]. In full generality, the theorem
states that there is an isomorphism, which shall be referred to as Pauly’s isomorphism, which is natural up to
projective equivalence, between the geometric quantisation of the moduli space of flat connections over a marked
and labelled Riemann surface and the vector space of covacua over the same marked and labelled Riemann
surface in the Tsuchiya–Ueno–Yamada model of conformal field theory.

The main theorem of this paper, Theorem 9.1, proves that Pauly’s isomorphism gives a projective equivalence
of the Knizhnik–Zamolodchikov connection on the bundle of covacua over Teichmüller space and the Hitchin
connection on the Verlinde bundle, also over Teichmüller space, whose fibres are obtained by applying geometric
quantisation to the moduli space of parabolic bundles, for all simple complex Lie groups in genus zero. Unlike in
higher genera, the genus zero case cannot be deduced from the non-parabolic counterpart. As a consequence of
the theorem, a new construction of the Hitchin connection is developed via an auxiliary metaplectic correction,
and this Hitchin connection is shown to be in general projectively unique and projectively flat.
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The proof of the main theorem is achieved via the construction of a geometric model of the Knizhnik–
Zamolodchikov connection as a differential operator on the GIT quotient of a product of flag varieties via Bott–
Borel–Weil theory. This GIT quotient shares a dense Zariski-open subset with the moduli space of parabolic
bundles on which the two second-order differential operators can be compared. Via a careful analysis of the
scaling behaviour of both differential operators under increasing powers of the line bundle, their difference can
be determined to vanish in both the second and the first order. Thus the difference is given by multiplication
by a holomorphic function on the dense open subset. Making use of the fact that both operators preserve the
sections that extend holomorphically, this function must itself extend holomorphically to the compact spaces
and therefore be constant, proving their projective equivalence. While the constructions rely on a substantial
amount of pre-existing work, the proof consists purely of elementary arguments.

The results of [62, 63], which include the Knizhnik–Zamolodchikov connection construction in genus zero, was
used in [8, 9, 10, 11] to develop a topological quantum field theory based on Tsuchiya–Ueno–Yamada conformal
field theory that is equivalent to the Witten–Reshetikhin–Turaev (WRT) topological quantum field theory, for
which genus zero is decisive. This equivalence makes it possible to perform calculations and proofs concerning the
combinatorial WRT topological quantum field theory (TQFT) with geometric methods and arguments involving
the moduli spaces of flat connections, such as Andersen’s the Asymptotic Faithfulness Theorem [2].

A closely related result was proven in [43], showing that the Hitchin connection and the Tsuchiya–Ueno–
Yamada connections coincide for genus at least 3 without parabolic points.

In [19] a connection on the Verlinde bundle was introduced in terms of heat kernels, which was identified
in [21] with the Tsuchiya–Ueno–Yamada connection. The heat kernel is not a priori connected to the original
construction of the Hitchin connection in [36] and its generalisation in [3, 5]. Hence the work done in [20, 21] is
at this point in time logically independent of the results in this paper. However, by combining the result in this
work with that of [20, 21], it can therefore be concluded that the connection constructed from the heat kernel
is a Hitchin connection in genus zero in the sense of [3, 5], coinciding with the metaplectic-corrected Hitchin
connection. Further important work on the Hitchin and Knizhnik–Zamolodchikov connections in the genus zero
case was done in [29, 53, 59, 56, 54, 14, 51].

This work has furthermore a clear relation to quantum computing, given the work of Freedman and collab-
orators [31, 32], which has established that the WRT-TQFT braid-representation of the genus zero mapping
class group at level k = 3, 5, 7, 8, . . . is a theoretical universal quantum computer, when combined with the iso-
morphism established in [8, 9, 10, 11] linking these combinatorial isomorphism to the Knizhnik–Zamolodchikov
representations studied in this work. In particular, one gets a topological code, which supports universal quan-
tum computing, yet is efficient, given the low codimension, which the space of conformal blocks has inside the
tensor product of the corresponding irreducible representation. Further, its TQFT connection and our sym-
plectic reduction picture developed in this paper, links it to the symplectic reduction view point on quantum
low density parity check codes (qLDPC) initiated in [46, 34, 35] and further developed in a large number of
references, see e.g. the review [65] and references therein.

2 The Knizhnik–Zamolodchikov connection
In this paper, K will be a simple, connected, and simply-connected compact real Lie group with complexification
G, and k and g their respective Lie algebras. This section introduces the Knizhnik–Zamolodchikov connection on
a trivial bundle over the open configuration space of points in the projective line, whose fibres are the g-invariant
subspace of a tensor product of g-representations. We recall how this connection preserves the subbundle
consisting of the spaces of conformal blocks.

Choose a Cartan subalgebra t ⊂ g and a set of positive roots Φ+ ⊂ Φ in the root system of g relative to t.
Fix an invariant inner product ⟨·, ·⟩ on g normalised so the longest root θ of g has norm squared equal 2. Let
Vλ be the irreducible g-representation corresponding to a dominant weight λ of g. Write h for the dual Coxeter
number of g.

For the remainder of the paper, k will denote a positive integer that will be referred to as the level. A weight
λ is said to be k-admissible if 0 ≤ ⟨λ, θ⟩ ≤ k and the set of k-admissible weights will be written as Λk.

For a tuple of dominant weights λ⃗ = (λ1, . . . , λn) let Vλ⃗
:= Vλ1 ⊗C · · · ⊗C Vλn . There is a diagonal action of

g on Vλ⃗ and we denote by V g

λ⃗
⊂ Vλ⃗ the invariant subspace under this diagonal action.

Let Cn(X) be the open configuration space of n points on a Riemann surface X. Since PSL(2,C) acts simply
transitive on C3(P1), for n ≥ 3 the moduli space of genus zero smooth curves with n ordered marked points Mn

is
Mn = Cn(P1)/PSL(2,C) ∼= Cn−3(C× − {1}).

Definition 2.1. The Knizhnik–Zamolodchikov connection is the connection in the trivial V g

λ⃗
-bundle over Mn
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given by

∇KZ = d +Ω where Ω =
1

k + h

∑
1≤i<j≤n

Ωij dzi − dzj
zi − zj

(2.1)

and Ωij is the action of the Casimir element Ω ∈ g⊗ g on the ith and jth component of Vλ⃗.

It is well known that the Knizhnik–Zamolodchikov connection is flat. Recall that the Knizhnik–Zamolodchikov
connection preserves the subbundle consisting of the Tsuchiya–Ueno–Yamada (TUY) spaces of covacua and in-
duces the TUY-connection on this subbundle of covacua constructed in [62] [63, Proposition 3.5.1].

Theorem 2.2 ([62, Equation 2.2-16]). If λ⃗ is an n-tuple of k-admissible weights, the TUY sheaf of covacua
construction applied to Mn gives a subbundle V†

λ⃗,k
of the trivial V g

λ⃗
-bundle over Mn which is preserved by ∇KZ

and the induced connection on the subbundle V†
λ⃗,k

coincides with the TUY connection ∇TUY.

Remark 2.3. Throughout the rest of the paper the notation V†
λ⃗,k

will also be used for the fibre of V†
λ⃗,k

over any
p⃗ ∈ Mn, even if this subspace inside V g

λ⃗
does depend on p⃗. It should be clear from the context which p⃗ is being

considered.
We further recall the isomorphism constructed in [11] restricted to the genus zero case considered in this

paper.

Theorem 2.4 ([11, Theorem 6.10]). The representation of the mapping class group of a genus zero surface
with n marked points and fixed tangent vectors, which arrises form the Knizhnik–Zamolodchikov connection
restricted to the subbundle V†

λ⃗,k
is equivalent to the combinatorially constructed WRT–TQFT representation

for K = SU(N) at level k.

3 Geometrisation of the Knizhnik–Zamolodchikov connection
This section uses Bott–Borel–Weil theory to provide a geometrisation of the Knizhnik–Zamolodchikov connection
via the real coadjoint orbit construction.

The real coadjoint orbit Oλ ⊂ k∗ through λ can be identified with the quotient Oλ
∼= K/Zλ, where Zλ ⊂ K

is the centraliser of λ. The Kostant–Kirillov–Souriau symplectic form on Oλ is given at α ∈ Oλ by

ωα(ξ(α), η(α)) := α([ξ, η])

on the vector fields ξ, η ∈ X(Oλ) generated by the action of Lie algebra elements ξ, η ∈ g. The character
χλ : Zλ → U(1) given by exp(2πiξ) 7→ exp(2πi⟨ξ, λ⟩) defines the Hermitian line bundle

Lλ := C×Zλ K ↠ Oλ.

There is a unique Hermitian connection ∇ in Lλ whose curvature is the Kostant–Kirillov–Souriau symplectic
form ω, making it a prequantum line bundle. Recall further that λ determines a parabolic subgroup Pλ ⊂ G
and a corresponding flag variety Fλ := G/Pλ.

Lemma 3.1 ([37, Section 7.4]). The natural identification Fλ
∼= Oλ induces a complex structure on Oλ com-

patible with the symplectic form ω making it a Kähler manifold.

The identification Fλ
∼= Oλ will be used freely throughout the paper. The complex structure on Oλ and the

hermitian connection equip Lλ with the structure of a holomorphic line bundle.

Theorem 3.2 (Bott–Borel–Weil [22, Theorem V]). The space H0(Fλ, Lλ) of global holomorphic sections of
Lλ over Fλ as a Lie algebra representation is the highest weight representation Vλ, with the Lie algebra action
g×H0(Fλ, Lλ) → H0(Fλ, Lλ) given pointwise at g = gPλ ∈ G/Pλ by

(ξ · s)(g) = (∇ξ
g
s)(g)− iλ(Adg−1ξ)s(g).

for all s ∈ H0(Fλ, Lλ).

Defining Fλ⃗
:= Fλ1 × · · · × Fλn and Lλ⃗

:= Lλ1 ⊠ · · ·⊠ Lλn it is immediate that

Vλ⃗
∼= H0(Fλ1 , Lλ1)⊗ · · · ⊗H0(Fλn , Lλn) ∼= H0(Fλ⃗, Lλ⃗)

as g-representations and therefore V g

λ⃗
∼= H0(Fλ⃗, Lλ⃗)

g.
We now consider the GIT quotient Fλ⃗

:= (Fλ⃗//G). If the line bundle Lλ⃗ ↠ Fλ⃗ descends to a line bundle Lλ⃗

over Fλ⃗, then by the Kempf–Ness Theorem, the GIT quotient of the cross product of the coadjoint orbits can
be identified with the symplectic reduction Fλ⃗//G

∼= Oλ⃗//µK along the canonical moment map

µ : Oλ⃗ → k∗ : (α1, . . . , αn) 7→
∑
i

αi,
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where again Oλ⃗
:= Oλ1 × · · · × Oλn . This gives the following isomorphisms:

V g

λ⃗
∼= H0(Fλ⃗, Lλ⃗)

g ∼= H0(Fλ⃗,Lλ⃗). (3.1)

We will for now assume the line bundle descends and return to this condition later in the paper. In these
cases we get the above geometric realisation of the invariant subspace V g

λ⃗
⊆ Vλ⃗ in terms of holomorphic sections

of the line bundle Lλ⃗ over Fλ⃗, which will makes it possible to give a geometric model in terms of differential
operators acting on holomorphic sections of Lλ⃗ over Fλ⃗ for the operator Ω and thereby giving a geometrisation
of the Knizhnik–Zamolodchikov connection. To this end we introduce an orthonormal basis B of k.

Theorem 3.3. On the space of G-invariant sections H0(Fλ⃗, Lλ⃗)
g the action of Ωij is given by the following

second order differential operator acting on sections of Lλ⃗ over Fλ⃗

Ωij =

((∑
ν∈B

∇Xi
ν
∇

X
j
ν
−∇[πνi,π⊥νj ]

)
− i∇αi

j+αj
i − ⟨αi, αj⟩

)
, (3.2)

where Xi
ν , [πνi, π⊥νj ], and αj

i are K-equivariant vector fields that are tangent to level sets of the moment map
µ : Oλ⃗ → k∗ and thus descends to Fλ⃗ just as the functions ⟨αi, αj⟩ does.

Proof. It suffices to show that the differential operators Ωij for i ̸= j are equal on G-invariant sections to ones
defined in terms of functions and vector fields on the level set of the moment map that are G-equivariant. Write
the infinitesimal coadjoint ξ-action on the ith component as ξi(α⃗) = (0, . . . , 0,− ad∗

ξαi, 0, . . . , 0) ∈ X(Oλ⃗) and
similarly write αi = ξi if α = ξ∨ = ⟨ξ,−⟩ ∈ k∗ is dual to ξ. Then at α⃗ ∈ Oλ⃗ the operator is given by

Ωij =
∑
ν∈B

(∇νi − iαi(ν))(∇νj − iαj(ν)) (3.3)

=
∑
ν∈B

∇νi∇νj − i

(∑
ν∈B

αi(ν)∇νj +
∑
ν∈B

αj(ν)∇νi

)
−
∑
ν∈B

αi(ν)αj(ν)

=
∑
ν∈B

∇νi∇νj − i∇αi
j+αj

i − ⟨αi, αj⟩,

where the last equality uses that the ν are an orthonormal basis for g and ∇νj commutes with αi(ν) because νj

is a vector field on the jth component while αi is a function on the ith component and i ̸= j by assumption.
The functions α⃗ 7→ ⟨αi, αj⟩ and the vector fields αi

j + αj
i are manifestly K-invariant and (αi

j + αj
i)µ(ξ) =

−αj(adξα
∨
i )− αi(adξα

∨
j ) = −⟨αj , ad

∗
ξαi⟩ − ⟨αi, ad

∗
ξαj⟩ = 0 by symmetry and ad-invariance of ⟨·, ·⟩.

That leaves only the first term. Write π : TFλ⃗ → TFλ⃗ for the tangential projection on the diagonal G-orbit
and π⊥ = id−π for the orthogonal projection under the Kähler metric on Fλ⃗. Then G-invariant sections s
satisfy ∇πXs = 0 for any vector field X. As such,∑

ν∈B

∇νi∇νj s =
∑
ν∈B

∇πνi+π⊥νi∇πνj+π⊥νj s =
∑
ν∈B

(∇π⊥νi∇π⊥νj +∇πνi∇π⊥νj )s

=
∑
ν∈B

(
∇π⊥νi∇π⊥νj +∇π⊥νj∇πνi −∇[πνi,π⊥νj ] − iω(πνi, π⊥νj)

)
s

=
∑
ν∈B

(
∇π⊥νi∇π⊥νj −∇[πνi,π⊥νj ]

)
s,

where the symplectic term vanishes because the coadjoint orbits are Kähler with respect to the canonical struc-
tures [15, 8.112] and the complex structure is preserved by the diagonal g-action.

Both terms factor through the Casimir element
∑

ν∈B ν ⊗ ν, which means they are independent of choice
of orthonormal basis B. It follows that the vector field

∑
ν∈B [πν

i, π⊥νj ] is K-equivariant, because the adjoint
action is orthogonal. In addition it preserves µ since for any η ∈ k

L[π⊥νj ,πνi]µ(η) = ω(η, [π⊥νj , πνi]) = −Lπνiω(η, π
⊥νj)− ω([πνi, η], π⊥νj) + (Lπνiω)(η, π

⊥νj)

= −Lπνi0− ω(π(adην)
i, π⊥νj) + 0 = 0,

using that Kostant–Kirillov–Souriau form is invariant and that ω(g, π⊥νj) = 0 since Imπ⊥ is by definition
orthogonal to the diagonal g-orbit with respect to the metric defined by ω.

This leaves only the final term ∇π⊥νi∇π⊥νj to be presented in terms of K-equivariant vector fields that
are tangent to the level sets of the moment map. The vector fields π⊥νi do not satisfy these criteria, but the
operator ∇π⊥νi∇π⊥νj is equal to one defined in terms of vector fields that obey these conditions when acting
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on G-invariant sections. Define eµ := exp(⟨µ,−⟩) : Oλ⃗ → K to be the exponential of Lie algebra element dual
to the moment map under the Killing form. Then define the vector fields

Xi
ν := π⊥Adeµν

i,

which is manifestly K-equivariant using the equivariance of µ. This vector field preserves µ because

LXi
ν
µ(η) = ω(η, π⊥(Adexpµν)i) = 0

by the same reasoning as above. Moreover,∑
ν∈B

∇Xi
ν
∇

X
j
ν
=
∑
ν∈B

∇π⊥Adeµνi∇π⊥Adeµνj =
∑

ν,β∈B

∇π⊥(Adexpµν)i∇π⊥⟨Adeµν,β⟩βj

=
∑

ν,β∈B

∇π⊥Adeµνi⟨Adeµν, β⟩∇π⊥βj

=
∑

ν,β∈B

⟨Adeµν, β⟩∇π⊥Adeµνi∇π⊥βj + Lπ⊥Adeµνi⟨Adeµν, β⟩∇π⊥βj

=
∑
β∈B

∇π⊥βi∇π⊥βj + 0 =
∑
ν∈B

∇π⊥νi∇π⊥νj ,

because Lπ⊥νiµ = 0 and the adjoint action on g is orthonormal.
Therefore on G-invariant sections s ∈ H0(Fλ⃗, Lλ⃗)

g, the operator has the presentation

Ωijs =
∑
ν∈B

(∇νi − iαi(ν))(∇νj − iαj(ν))s =

((∑
ν∈B

∇Xi
ν
∇

X
j
ν
−∇[πνi,π⊥νj ]

)
− i∇αi

j+αj
i − ⟨αi, αj⟩

)
s

in terms of G-invariant vector fields that preserve the moment map. It follows that it descends to a second-order
differential operator on Oλ⃗//µK

∼= Fλ⃗//G.

4 The moduli space and stack of parabolic bundles
We want to identify the space vacua V†

λ⃗,k
, given as a sub-space of global holomorphic section of Lλ⃗ over Fλ⃗ with

the space of holomorphic sections of the determinant line bundle over the moduli space of semi-stable bundles.
We refer to [58] for the general notions of (semi)-stable parabolic bundles over marked Riemann surfaces. We
only need the genus zero case here. Consider p⃗ ∈ Cn(P1).

Definition 4.1. For a tuple µ⃗ = (µ1, . . . , µn) ∈ (t∗)×n, denote by Mµ⃗ the moduli space of semi-stable parabolic
vector bundles over P1 with parabolic structure over the marked points p⃗ with weights and parabolic types
given by µ⃗. For dominant integral k-admissible weights λ⃗ ∈ Λ×n

k and an integer k, we will use the notation
Mλ⃗,k

:= Mµ⃗ for µ⃗ = λ⃗/k.

It will be useful to note that the codimension of the singular locus grows linearly with the number of parabolic
points when the weights are regular.

Lemma 4.2. Let λ⃗ ∈ Λ×n
k be an n-tuple of k-admissible weights and assume that each λi is regular. If the

moduli space Mλ⃗,k contains stable points, then the codimension of the locus of bundles that admit a destabilising
parabolic reduction to a parabolic subgroup P ⊂ G is at least 1

2
(n−2)(dimG−dimP )−dimZ(P ). In particular,

the codimension of the singular locus is arbitrarily large for sufficiently large n.

Proof. Two strictly semistable parabolic G-bundles E1 and E2 with destabilising parabolic reductions σ1 : P1 →
E1/P and σ2 : P1 → E2/P are S-equivalent if and only if the parabolic reductions σ∗

1E1 and σ∗
2E2 have

isomorphic projections Gr(E1) := p∗σ
∗
1E1

∼= p∗σ
∗
2E2 =: Gr(E2), where p : P → L is the projection to the Levi

subgroup (see e.g. [55, Proposition 3.12]).
Therefore any two semistable parabolic G-bundles destabilised by parabolic reductions to P ⊂ G whose

parabolic reductions are isomorphic are necessarily S-equivalent. Thus the dimension of the locus of strictly
semistable parabolic G-bundles destabilised by a parabolic reduction to a proper parabolic subgroup P ⊂ G is
upper bounded by the dimension of the moduli of parabolic P -bundles with inherited weights. The dimension of
the moduli space of parabolic P -bundles with inherited weights is maximal if the inherited weights are likewise
regular in P .

By [16, Theorem II], for any complex reductive group H the dimension of the smooth locus of the moduli
space of parabolic H-bundles in genus 0 is equal to dimZ(H)+(g−1) dimH+

∑
i dimH/Pi. By the assumption

of regularity, dimG/Pλi =
1
2
(dimG−r) and dimP/Pµi ≤ 1

2
(dimP−r) for r = rkG = rkP , since P ⊂ G contains

the Borel subgroup, which contains a maximal torus.
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Then the codimension is bounded from below by

dimMG − dimMP ≥ dimZ(G)− dimG+
1

2

∑
i

(dimG− r)− dimZ(P ) + dimP − 1

2

∑
i

(dimP − r)

=
1

2
(n− 2)(dimG− dimP )− dimZ(P ),

which is uniformly unbounded in n for all proper parabolic subgroups.

We need the stack point of view on holomorphic G bundles in order to establish the required results on Picard
groups and to have the tools to setup the basis for our the main theorem. We follow the setup and notation of
[42] and [61] closely. Let Pi be parabolic subgroups i = 1, . . . , n and let P⃗ = (P1, . . . , Pn).

Denote by MP⃗ = MP⃗ (P
1, p⃗) the moduli stack of quasi-parabolic bundles of type P⃗ over (P1, p⃗). For weights

µ⃗ denote likewise the moduli stack of parabolic bundles as Mµ⃗. Moreover, the moduli stack of µ⃗-semi-stable
bundles Mss

µ⃗ ⊂ Mµ⃗, is the substack consisting of quasi-parabolic bundles that are semi-stable parabolic bundles
when equipped with weights µ⃗. We correspondingly use the notation Mλ⃗,k

:= Mµ⃗ for µ⃗ = λ⃗/k.

Theorem 4.3 ([61, Theorem 2.7]). The moduli space of parabolic bundles is a moduli space for the stack of
semi-stable parabolic bundles and the open subspace of stable parabolic bundles is a moduli space for the stack
of stable parabolic bundles.

Let LG be the loop group of G and let L+G be the subgroup of loops extending over the formal disk and
consider

Q := LG/L+G.

as defined in [42, 3.6]. The identity in LG gives a base point 1 ∈ Q.
Set Xp⃗ = P1 − p⃗ and let G[Xp⃗] denote the group of algebraic maps from Xp⃗ to G.

Theorem 4.4 ( [42, Theorem 8.5]). The stack of (quasi-)parabolic G-bundles of type P⃗ over (P1, p⃗) can be
realised as

MP⃗
∼= G[Xp⃗]\(Q× Fλ⃗).

Moreover, the quotient map induces an isomorphism of Picard groups giving an identification

Pic(MP⃗ )
∼= Z×

n∏
i=1

X (Pi),

where X (Pi) denotes the character group of Pi.

For (ℓ, µ⃗) ∈ Z ×
∏n

i=1 X (Pλi) the corresponding line bundle is denoted by L(µ⃗,ℓ). In order to applying the
metaplectic-corrected construction of the Hitchin connection we need to know when a square root of the canonical
bundle exist and identify it.

Corollary 4.5. The canonical bundle over the moduli stack MB is K = L(−2ρ⃗,−2h), thus it admits a square root

δ = L−ρ⃗,−h,

where ρ⃗ = (ρ, . . . , ρ) ∈ X (B)×n and ρ = 1
2

∑
α∈Φ+ α is the Weyl vector.

Proof. By Theorem 4.4 this follows from the fact that the canonical line bundle of Q corresponds to the element
(−2h, 0, . . . , 0) ∈ Z ×

∏n
i=1 X (B) ∼= Pic(MB) [40, Theorem 5.4] and the fact that the canonical bundle of

F = G/B corresponds to −2ρ in X (B) since

KF
∼=
⊗

α∈Φ+

L−α = L−2ρ.

As ρ ∈ X (B), we see that (−h,−ρ⃗) ∈ Pic(MB) defines the unique square root δ of the canonical bundle.

We consider the inclusion ι : Mss
λ⃗,k

↪→MP
λ⃗
.

Proposition 4.6. Let λ⃗, µ⃗ be n-tuples of integral dominant weights. If each λi is regular and n is large enough
then Mλ⃗,k has stable bundles. If moreover the character

∑
i µi defines the trivial representation Z(G) → C×,

then the line bundle ι∗Lµ⃗,ℓ descends to a line bundle Lµ⃗,ℓ over Mλ⃗,k.

Proof. By [28, Théorème 2.3], a linearised line bundle descends if and only if the stabiliser of each point acts
trivially on the fibre over that point. By Lemma 4.2 and Hartogs’ Theorem it is sufficient for large enough n
that the line bundle descends over the stable bundles, whose stabiliser is the centre Z(G). The character

∑
i µi

gives precisely the linearised action of Z(G) on Lµ⃗,ℓ, which by hypothesis is trivial.
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In the specific case of G = SL(r), a stronger result can be found in [50, Théorème 3.3], without the assumption
on the size of n or the regularity of λ⃗.

Lemma 4.7. If n is even and the vector of weights µ⃗ ∈ Λ×n
k are all regular, then the moduli space Mµ⃗ admits

a square root of its canonical bundle.

Proof. The flag type of regular weights is the maximal flag type and by Corollary 4.5, the moduli stack of
parabolic bundles for the maximal flag type admits the unique square root L−h,−ρ⃗ = K1/2 of its canonical
bundle. The canonical bundle of the moduli space pulls back to the canonical bundle of the moduli stack, so it
follows that 2

∑n
i=1 ρ = 2nρ : Z(G) → C× is trivial, irrespective of n. As such, 2ρ defines a trivial representation

Z(G) → C× and therefore L−h,−ρ⃗ descends to the moduli space whenever n is even.

5 The needed isomorphisms and injections
In this section we establish all the required isomorphism and injections between (sub-)spaces of global holomor-
phic sections of various holomorphic line bundles over various symplectic quotients, moduli spaces and stacks.

The following theorem related the spaces of holomorphic sections over moduli space of parabolic bundles and
over the stack of parabolic bundles.

Theorem 5.1 ([60, Theorem 9.6]). For any λ⃗ ∈ Λ×n
k for which Lλ⃗,k desends to Mλ⃗,k we have that

H0(Mλ⃗,k,Lλ⃗,k)
∼= H0(Mλ⃗,k,Lλ⃗,k)

and for i > 0

Hi(Mλ⃗,k,Lλ⃗,k)
∼= Hi(Mλ⃗,k,Lλ⃗,k) = 0.

Theorem 5.2. Let λ⃗ ∈ Λ×n
k . If the space of conformal blocks V†

λ⃗,k
is non-zero, then

1. The Bott–Borel–Weil bundle Lλ⃗ ↠ Fλ⃗ descents to the GIT quotient Lλ⃗ ↠ Fλ⃗, with this line bundle given
by Lλ⃗

:= (Lλ⃗//G) over Fλ⃗
:= (Fλ⃗//G);

2. The centre of the group acts trivially on Vλ⃗ and
∑

i λi is in the root lattice;

3. The line bundle Lλ⃗,k ↠ Mλ⃗,k descends from the stack to the moduli space Lλ⃗,k ↠ Mλ⃗,k.

Proof. Since we assume V†
λ⃗,k

̸= 0 it follows in particular that 0 ̸= V g

λ⃗
∼= H0(Fλ⃗, Lλ⃗)

g. As such, Lλ⃗ ↠ Fλ⃗ has a
non-zero g-invariant section, which therefore descends to the GIT quotient and defines a line bundle, meaning
that Lλ⃗ descends.

By Kempf’s Descent Lemma [28, Théorème 2.3], this implies that stabilisers act trivially on the line bundle
Lλ⃗ ↠ Fλ⃗. Since the centre acts trivially on the flag variety, it follows that it acts trivially on Lλ⃗ and therefore
on Vλ⃗. The centre acts via the character

∑
i λi, which must therefore be in the root lattice, since the quotient

of the weight lattice by the root lattice is the center of G [33, p. 373].
By Pauly’s isomorphism H0(Mλ⃗,k,Lλ⃗,k) ̸= 0 so there is at least one isomorphism-invariant section of Lλ⃗,k,

which therefore descends to the moduli space to generate the line bundle Lλ⃗,k → Mλ⃗,k.

Given a tuple of weights µ⃗ = λ⃗/k, each flag structure defines a (not necessarily semi-stable) parabolic bundle
structure on the trivial G-bundle. Since semi-stability is an open condition in both the bundle and the GIT
sense, and the set of parabolic bundles with trivial underlying bundle is Zariski-open in the moduli space, there
is a Zariski-open subset Ũλ⃗,k ⊆ Fλ⃗ of flags that are semi-stable in both senses. Write F ss

λ⃗
⊆ Fλ⃗ for the subset of

flags that are semi-stable in the GIT sense.
Since, by [61, Proposition 4.2(b)] semi-stable bundles of type (λ⃗, k) exist if and only if semi-stable bundles

based on the trivial bundle exist, and further flag configurations that give semistable parabolic bundle struc-
tures on the trivial bundle are in particular GIT-semistable, as GIT-semistability coincides with the absence of
destabilising trivial bundles for parabolic structures on the trivial bundle by [61, Remark 4.3], we see that the
subset Ũλ⃗,k is non-empty whenever Mλ⃗,k is non-empty. The quotient Uλ⃗,k of Ũλ⃗,k by S-equivalence therefore
defines a non-empty Zariski-open subset of both the moduli space Mλ⃗,k and the GIT quotient Fλ⃗ = Fλ⃗//G. This
is summarised in the commutative diagram below.

MP
λ⃗

G[Xp⃗]\(QG ×Fλ⃗) QG × Fλ⃗

Mss
λ⃗,k

Ũλ⃗,k F ss
λ⃗

Mλ⃗,k Uλ⃗,k Fλ⃗

∼=

(1,−)

q ι

(5.1)
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Since the map Ũλ⃗,k → Mλ⃗,k is manifestly G-invariant, as the group action does not change the isomorphism
type, it induces a map q : Uλ⃗,k ↪→Mλ⃗,k with Uλ⃗,k = Ũλ⃗,k//G by the universal property, which restricts to an
isomorphism with the stable parabolic bundles based on the trivial bundle.

Lemma 5.3. If the space of conformal blocks does not vanish, Diagram 5.1 induces an explicit isomorphism
q∗Lλ⃗,k

∼= ι∗Lλ⃗.

Proof. The inclusion (1,−) : Fλ⃗ ↪→QG×Fλ⃗ induces via pullback a projection on the second coordinate of Picard
groups Pic(QG)×Pic(Fλ⃗) ↠ Pic(Fλ⃗). By Theorem 4.4, the quotient map to the stack induces an isomorphism of
Picard groups and therefore L(λ⃗,k) ↠ M pulls back to the restriction of the Bott–Borel–Weil bundle Lλ⃗ ↠ F ss

λ⃗
,

corresponding to the element λ⃗ ∈ Pic(Fλ⃗)
∼=
∏n

i=1 X (Pλi). Therefore, by commutativity of the diagram, the
pullbacks of the restrictions of Lλ⃗,k and Lλ⃗ pull back to the same line bundle over Ũλ⃗,k.

Under the assumption on the conformal blocks, these line bundles descend to Mλ⃗,k and Fλ⃗ by Theorem 5.2.
Thus ι∗(Lλ⃗)

∼= q∗Lλ⃗,k as line bundles over Uλ⃗,k, by commutativity of the diagram.

Lemma 5.4. If V†
λ⃗,k

̸= 0, then the identification q∗Lλ⃗,k = ι∗Lλ⃗ =: Lλ⃗ from Lemma 5.3 gives the equality

Im q∗ = ι∗[V†
λ⃗,k

],

under the injections

q∗ : H0(Mλ⃗,k,Lλ⃗,k) → H0(Uλ⃗,k, Lλ⃗), ι∗ : H0(Fλ⃗,Lλ⃗) → H0(Uλ⃗,k, Lλ⃗),

where V†
λ⃗,k

⊂ H0(Fλ⃗,Lλ⃗).

Proof. By [60, Theorem 9.6], the maps Mλ⃗,k ↞ Mss
λ⃗,k

↪→ MP
λ⃗

induce isomorphisms

H0(Mλ⃗,k,Lλ⃗,k)
∼= H0(Mss

λ⃗,k
,Lss

λ⃗,k
) ∼= H0(MP

λ⃗
,Lλ⃗,k).

By [42, Theorem 1.2.1], the pullback along QG × Fλ⃗ → MP
λ⃗

is an isomorphism from the space of sections
H0(MP

λ⃗
,Lλ⃗,k) to the conformal blocks V†

λ⃗,k
. The pullback over (1,−) is then immediately G-invariant (again

because the G-action does not change the isomorphism type and thus is trivial on the moduli space) and must
descend to the GIT quotient. The commutativity of the Diagram (5.1) then implies that the sections pulled
back to Uλ⃗,k must be identical, proving the result.

We have thus established the following theorem.

Theorem 5.5. The maps q and ι instantiate Pauly’s isomorphism for the Bott–Borel–Weil model of the space
of conformal blocks:

Φ := (q∗)−1 ◦ ι |∗V†
λ⃗,k

: V†
λ⃗,k

→ H0(Mλ⃗,k,Lλ⃗,k).

This isomorphism of vector spaces is natural in the complex structure and therefore defines an isomorphism
of vector bundles over Mn between the sheaf of conformal blocks and the Verlinde bundle Hλ⃗,k ↠ Mn whose
fibres are given by H0(Mλ⃗,k,Lλ⃗,k).

We will need to shift weights and levels in order to construct the Hitchin connection in Section 8.

Theorem 5.6. For λ⃗, ρ⃗ = (ρ, . . . , ρ) ∈ Λ×n
k there is a natural inclusion of vector spaces

π̃ : H0(Mλ⃗,k,Lλ⃗,k) ↪→H0(Mλ⃗+ρ⃗,k+h,Lλ⃗+ρ⃗,k+h ⊗ δ).

Proof. The projections G/B ↠ G/Pi induce a projection π : MB ↠ MP
λ⃗

via the presentation from Theorem 4.4,
giving rise to the following diagram.

MP
λ⃗

MB

Mss
λ⃗,k

Mss
λ⃗+ρ⃗,k+h

Mλ⃗,k Mλ⃗+ρ⃗,k+h

π
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The pullback bundle π∗Lλ⃗,k ↠ MB of Lλ⃗,k ↠ MP
λ⃗

is isomorphic to Lλ⃗,k ↠ MB , as the projection G/B ↠ G/Pλi

induces an inclusion X (Pλi) ↪→X (B) because each character of Pλi defines a (unique) character on B ⊆ P , so
π∗ : Pic(MP

λ⃗
) ↪→Pic(MB) is an inclusion via Theorem 4.4.

By Corollary 4.5, the unique square root of the canonical bundle of MB is L−ρ⃗,−h. Since the projection
Mss

λ⃗+ρ⃗,k+h
→ Mλ⃗+ρ,k+h maps the canonical bundle to the canonical bundle, it follows that the pull back of

Lλ⃗+ρ⃗,k+h ⊗ δ coincides with the restriction of Lλ⃗+ρ⃗,k+h ⊗ L−ρ⃗,−h
∼= Lλ⃗,k.

Any holomorphic section of Lλ⃗,k ↠ Mλ⃗,k pulls back to one of Lλ⃗,k|Mss
λ⃗,k

↠ Mss
λ⃗,k

by definition of Lλ⃗,k, which

extends uniquely to a section on Lλ⃗,k ↠ MP
λ⃗

by Theorem 5.1. The pullback along π can then be restricted to
the semi-stable substack Mss

λ⃗+ρ,k+h
⊂ MB , which descends uniquely to the moduli space Mλ⃗+ρ⃗,k+h again via

Theorem 5.1. This defines a natural map, which is injective because the pullback π∗ is injective and all other
maps are isomorphisms of spaces of sections.

Again, this map is natural in the complex structure and hence extends to an inclusion of vector bundles

Hλ⃗,k ⊂ δHλ⃗+ρ⃗,k+h

where δHλ⃗+ρ⃗,k+h ↠ Mn is the vector bundle over Mn whose fibers are given by H0(Mλ⃗+ρ⃗,k+h,Lλ⃗+ρ⃗,k+h ⊗ δ).
Likewise, combining Theorem 5.6 with Theorem 5.5 gives a similar map for the sheaf of conformal blocks.

Theorem 5.7. There is a natural inclusion of vector bundles over Mn

Ψ := π̃ ◦ Φ : V†
λ⃗,k

↪→ δHλ⃗+ρ⃗,k+h.

Theorem 5.6 and 5.7 will be essential for us when we construct the Hitchin connection and compare it to the
TUY-connection in V †

λ⃗,k
.

For the construction of the metaplectic correction, it will be important to understand the growth of the
codimension of the singular locus with the number of marked points.

Lemma 5.8. Assume n ≥ 3 and λ⃗ ∈ Λ×n
k a tuple of k-admissible weights. For a positive integer m let

λ⃗m = (λ⃗, 0⃗) ∈ Λ
×(n+m)
k be λ⃗ followed by m zeros and ρ⃗ = (ρ, . . . , ρ) ∈ Λ

×(n+m)
k . Then for sufficiently large m

H0,1(Ms
λ⃗m+ρ⃗,k+h

) = 0.

Proof. For sufficiently large m there are always stable bundles, so by Lemma 4.2 the codimension of the
complement scales positively with (n + m − 2). So for sufficiently large m, Hartogs’ Theorem implies that
H0,1(Ms

λ⃗m+ρ⃗,k+h
) ∼= H0,1(Mλ⃗m+ρ⃗,k+h). Since Mλ⃗m+ρ⃗,k+h is rational and both Mλ⃗m+ρ⃗,k+h and projective space

are proper, it follows they are properly birational, witnessed by the closure of the graph of the birational map.
Therefore [45, Corollary 5] implies H0,1(Mλ⃗m+ρ⃗,k+h)

∼= H0,1(Pr) = 0, since Mλ⃗m+ρ⃗,k+h is of finite type and
therefore Nagata, and because the singular locus has arbitrarily high codimension the conditions S3 from [45,
Corollary 5] and pseudo-rationality in codimension 2 are vacuously satisfied.

6 The moduli space of flat connections
Since we want to identify the Hitchin connection construction in the bundle over Teichmüller space, whose fibres
are obtained by applying geometric quantisation to the moduli spaces of flat connections, we now consider the
moduli space of flat connections over a smooth surface S2 of genus zero with marked points with respect to the
compact simple real Lie group K. Principal bundles over surfaces with simply connected structure groups are
trivialisable, so we may and will assume we are considering the trivial K-bundle over S2 and identify connections
with connection 1-forms. Fix a finite set of marked points s⃗ = (s1, . . . sn) on S2 and α⃗ = (α1, . . . , αn) ∈ t×n.
Let Σ◦ be the complement of the points s⃗.

Definition 6.1. The moduli space Mα⃗ of flat K-connections with holonomy α⃗ ∈ k×n is defined to be

Mα⃗ := {A ∈ Ω1(Σ◦, k) |FA = 0 and [HolA,i] = [exp(2πiαi)]}/K,

where HolA,i is the the holonomy of A around si, [·] denoting conjugacy class, FA the curvature and K =
C∞(Σ◦,K) is the gauge group.

The irreducible locus M′
α⃗ ⊆ Mα⃗ is the subset of equivalence classes of connections whose stabiliser in K is

the centre of K. For an integer k ≥ 1 and a tuple of dominant integral weights λ⃗ ∈ Λ×n
k , write Mλ⃗,k

:= Mλ⃗/k,
where the canonical isomorphism t ∼= t∗ via the normalised Killing form has been used to identify weights and
coweights.

The irreducible locus is a smooth manifold, while the moduli space itself may have singularities at the
complement, the reducible locus.
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Lemma 6.2 ([18, Lemma 2.2]). At an irreducible connection A, the tangent space T[A]M′
λ⃗,k

is isomorphic to
the image of H1

c (Σ
◦, dA) in H1(Σ◦,dA), where Hi

c denotes the compactly supported de Rham cohomology.

This description of the tangent bundle to M′
λ⃗,k

and the fixed inner product in the Lie algebra induces the
Atiyah–Bott symplectic form ωλ⃗,k on M′

λ⃗,k
. See also [18] in the genus zero case, where the representation variety

version of this moduli space

Mλ⃗,k
∼=
{
ρ ∈ Hom(π1(Σ

◦),K) | ∀i : ρ(Si) ∈ [exp(2πiλi/k)]
}
/K

is used to present a finite dimensional group cohomology construction of ωλ⃗,k.

Theorem 6.3 ([48, Section 3.3], [24, Theorem 1.1]). Let λ⃗ ∈ Λ×n
k such that M′

λ⃗,k
̸= ∅. If

∑
i λi is in the root

lattice, then the Chern-Simon bundle construction gives a pre-quantum line bundle (Lλ⃗,k,∇, ⟨·, ·⟩) over M′
λ⃗,k

,
e.g. the curvature of the connection ∇, which is Hermitian with respect to ⟨·, ·⟩ is

F∇ = −iωλ⃗,k.

Furthermore, the action of the mapping class group Γ lifts to Lλ⃗,k.

7 The Teichmüller family of complex structures
We will consider the natural family of complex structures on M′

λ⃗,k
parametrised by the appropriate version

of Teichmüller space, namely the one used in [11]. This requires fixing directions v⃗ = (v1, . . . vn), where vi ∈
(TsiS

2 −{0})/R+ and denote by T = T(S2,s⃗,v⃗) the Teichmüller space of (S2, s⃗, v⃗). See Definition 2.1 in [11]. We
have a natural projection map p : T → Mn. The mapping class group Γ of (S2, s⃗, v⃗) acts on T , p is invariant
under this action and indeed induces an isomorphisms T /Γ ∼= Mn. When we consider the vector bundle p∗V†

λ⃗,k

over T , we will omit p∗ and simply write V†
λ⃗,k

. For n1 < n2 we have the forgetful map from Mn2 to Mn1 which is
covered by the corresponding maps of Teichmüller spaces further compatible with natural group homomorphisms
of the respective mapping class groups.

Let us now recall the identification of the moduli space of flat K-connections with the moduli space of
parabolic holomorphic G-bundles. So far our notation for the moduli space of semi-stable parabolic holomorphic
G-bundles has suppressed the dependence of the choice of a point in Mn, but for any σ ∈ T we will use the
notation Mλ⃗,k,σ when we are considering this moduli space with respect to p(σ).

Theorem 7.1 (Mehta–Seshadri Theorem [47, Theorem 4.1], [17, Théorème 2.5]). For each σ ∈ T there is a
homeomorphism

Φ
λ⃗,k

(σ) : Mλ⃗,k → M
λ⃗,k,σ

(7.1)

which restricts to a diffeomorphism on the smooth locus, given by assigning to each flat K-connection the
corresponding semi-stable holomorphic bundle structure on the trivial G-bundle with respect to σ together with
the parabolic subgroups Pλ⃗ at p⃗ = p(s⃗).

We can pull back the complex structure on Mλ⃗,k via Φ
λ⃗,k

(σ) to get a complex manifold structure on M′
λ⃗,k

,
which we denote M′

λ⃗,k,σ
. This creates a family of Kähler structures on (M′

λ⃗,k,σ
, ωλ⃗,k) parametrised by σ ∈ T .

By considering the (0, 1)-part of the prequantum connection with respect to each σ, we get a holomorphic line
bundle structure on Lλ⃗,k, which we correspondingly denote Lλ⃗,k,σ over M′

λ⃗,k,σ
, also parametrised by σ ∈ T .

Lemma 7.2 ([26, Theorem 5.8] [7, Corollary 4.3]). We have a natural isomorphism of holomorphic line bundles

Φ
λ⃗,k

(σ)∗(Lλ⃗,k,σ) |M′
λ⃗,k,σ

∼= Lλ⃗,k,σ.

We will also denote by Hλ⃗,k the pull back along p of the bundle Hλ⃗,k, now regarding as a bundle over T
whose fiber at σ is the vector space

Hλ⃗,k,σ = H0(Mλ⃗,k,σ,Lλ⃗,k,σ) ⊂ H0(M′
λ⃗,k,σ

,Lλ⃗,k,σ)

where the inclusion is an equality if the codimension of the singular locus in Mλ⃗,k is strictly greater than 1. We
observe that there is an action of the mapping class group on bundle Hλ⃗,k covering the action of the mapping
class group on T .

As we saw in Section 5, for m large enough the singular locus of Mλ⃗m+ρ⃗,k+h is of codimension at least 2, so
we see that

H0(M′
λ⃗m+ρ⃗,k+h,σ

,Lλ⃗m+ρ⃗,k,σ)
∼= H0(Mλ⃗+ρ⃗,k+h,σ,Lλ⃗+ρ⃗,k+h,σ)

for each σ ∈ T . Observe that Mλ⃗m+ρ⃗,k+h,σ has a unique square root δσ (its structure as a holomorphic line
bundle depends on σ, thus the subscript), which via Φ

λ⃗,k
(σ) pulls back to a square root of the canonical bundle
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of M′
λ⃗+ρ⃗,k+h,σ

, which we also denote δσ. Similarly, we also denote by δHλ⃗+ρ⃗,k+h the pull back of the holomorphic
vector bundle δHλ⃗+ρ⃗,k+h along p and the fibre at σ is of course given by

δHλ⃗+ρ⃗,k+h,σ := H0(M′
λ⃗+ρ⃗,k+h,σ

,Lλ⃗+ρ⃗,k+h,σ ⊗ δσ). (7.2)

Combining the isomorphism and inclusions from Section 5 we arrive at the following theorem.

Theorem 7.3. There are natural inclusion of bundles over T

π̃ : Hλ⃗,k ↪→
δHλ⃗+ρ⃗,k+h and Ψ : V†

λ⃗,k
→ δHλ⃗+ρ⃗,k+h

which are compatible with the action of the mapping class groups.

Note that we in the formulation of the above theorem have suppressed the need pull-backs between the
relevant Teichmüller spaces and the corresponding homomorphism of the relevant mapping class groups. Further
by Theorem 5.5 the images of the these two inclusions agree.

8 The metaplectic-corrected Hitchin connection
In [3] a generalisation of the of the original Hitchin contruction in [36] was given, which slightly reduced the
differential geometric assumptions for the existence of a Hitchin connection. However, the proportionality of the
first Chern class and the class of the symplectic form prevents the application of the main theorem of [3] to be
applied to moduli spaces of flat connections on punctures surfaces.

To overcome this [5] proposed a construction via the metaplectic correction to circumvent this topological
obstruction. We briefly review this construction for a general symplectic manifold (M,ω) with a prequantum
line bundle (L,∇, ⟨·, ·⟩), where ⟨·, ·⟩ is a Hermitian structure in L preserved by the connection ∇ whose curvature
is

F∇ = −iω.

Fix a family of complex structures on M , which are all compatible with ω, parametrised by a manifold T . For
σ ∈ T denote by Mσ the resulting Kähler manifold. Under the assumption that the second Stiefel–Whitney class
w2(M) vanishes and H0,1(Mσ) = 0 for all σ ∈ T , there exists a unique square root δσ of the canonical bundle
Kσ of Mσ for all σ ∈ T , which has an induced connection from the Levi-Civita connection, whose curvature is
iρσ, where the (1,1)-form ρσ is the Ricci form. Consider then the subspaces

H0(Mσ, L
k
σ ⊗ δσ) ⊂ C∞(M,Lk ⊗ δσ)

for each σ ∈ T . The moduli spaces applications which we have in mind all satisfies that these subspaces are
all finite dimensional, thus we will now assume this and denote by δH(k) ↠ T the resulting subbundle of the
trivial bundle δH(k) := C∞(M,Lk ⊗ δσ) × T . In order for the constructions of [5] to apply, the family of
complex structure parametrised by T must be rigid as defined in Definition 5.3 in [5]. That is, the infinitesimal
deformations of the complex structures parametrised by this family are contained in ω ·H0(Mσ, S

2TMσ ).
Suppose now V is a vector field on T and let G(V ) ∈ H0(Mσ, S

2TMσ ) be such that the infinitesimal change
of the complex structure on M along V is given by ω · G(V ). Recall by Definition 3.2 in [5] that there is a
natural connection ∇r in H(k) called the reference connection.

Theorem 8.1 ([5, Theorem 1.2]). Under the above assumptions the metaplectic-corrected Hitchin connection

δ∇H := ∇r − u

preserves δH(k) ⊂ δH(k) where u ∈ Ω1(T ,Diff(L⊗k ⊗ δ)) is given by

u(V ) :=
1

4k

(
∆G(V ) − β(V )

)
(8.1)

Here ∆G(V ) is the second order differential operator with symbol G(V ) defined in [5, Diagram 16] and β ∈
Ω1(T , C∞(M)) is a solution to

∂Mβ(V ) =
i

2
Tr∇(G(V )ρ).

guaranteed to exist and be unique up addition of Ω1(T ) if H0(Mσ) = C for all σ ∈ T .
This theorem in particular implies that the metaplectic-corrected Hitchin connection is given by local dif-

ferential operator, and so it makes sense to consider it restricted to any open subset of M times any (open)
submanifold of T .
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We now observe that all the above stated assumptions in this section is satisfied for the moduli space
M′

λ⃗+ρ⃗,k+h
with the symplectic form ωλ⃗+ρ⃗,k+h and the Teichmüller family T of Kähler structures on it for

sufficiently large m. Thus we get the following theorem.

Theorem 8.2. If m is sufficiently large, then the assumptions of Theorem 8.1 are satisfied and the bundle
δHλ⃗m+ρ⃗,k+h,σ is equipped with a metaplectic-corrected Hitchin connection δ∇H which is invariant under the
action of the mapping class group Γ. Moreover this connection is projectively flat.

Proof. Since the Knizhnik–Zamolodchikov connection is flat, our main theorem below, Theorem 9.1, implies
that the Hitchin connection is projectively flat.

Note that we do not in the proof of our main theorem below use the flatness of the connection constructed
in this section.

9 Projective equivalence of the Hitchin and Knizhnik–Zamolodchikov
connections
This section presents the main theorem of the paper, the projective equivalence of the Hitchin and Knizhnik–
Zamolodchikov connection, as well as two important consequences of this theorem. Specifically, the metaplectic-
corrected Hitchin connection of the shifted level and weights also defines a Hitchin connection for the original
level and weights, and that there is a projectively unique Hitchin connection. In particular, this implies that the
heat kernel construction of the Hitchin connection in [21] coincides with the definition of the Hitchin connection
from [3, 5].

Theorem 9.1 (Main Theorem). Assume n ≥ 3 and let λ⃗ ∈ Λ×n
k such that

∑
i λi is in the root lattice and

assume the moduli space Mλ⃗,k has smooth points. Then for sufficiently large m the metaplectic-corrected Hitchin
connection restricts to a connection in the bundle of covacua V†

λ⃗,k
∼= ImΨ ⊆ δHλ⃗m+ρ⃗,k+h which is projectively

equivalent to the Knizhnik–Zamolodchikov connection on V†
λ⃗,k

.

In particular, it follows that the metaplectic-corrected Hitchin connection δ∇H by combining with Theorem
5.5 also preserves the subbundles π̃(Hℓλ⃗,ℓk) ⊆

δHℓλ⃗m+ρ⃗,ℓk+h for positive all integers ℓ and sufficiently large m.
This means in particular that we get an induced connection in Hλ⃗,k under the assumptions of our main theorem,
since π̃ is an isomorphism of bundles onto its image.

The proof of our main theorem will be performed for all ℓ simultaneously and the results for different values
of ℓ will be compared to obtain the result. The strategy will be to show the different orders of the differential
operator scale differently with ℓ and therefore the second and first order must vanish.

Proof. If V†
λ⃗,k

= 0 the statement is vacuous, so assume that it does not so that all the results in Section 5 apply.
The proof will be a comparison of the two differential operators defining the two connections. To this end they
must be viewed on the same space.

For λ⃗m = (λ⃗, 0⃗) ∈ Λ
×(n+m)
k , there are natural isomorphisms Mλ⃗m,k

∼= Mλ⃗ and Fλ⃗m
∼= Fλ⃗ since the trivial

weight 0 induces a trivial flag structure F0 = G/P0 = G/G = {∗}, as well as isomorphisms V†
λ⃗m,k

∼= V†
λ⃗,k

and

H0(Mλ⃗m,k,Lλ⃗m,k)
∼= H0(Mλ⃗,k,Lλ⃗,k). By appending zeroes to λ⃗, therefore, it may be assumed without loss

of generality that m is sufficiently large in the sense of Theorem 8.2 and λ⃗ = λ⃗m so that δHλ⃗+ρ⃗,k+h carries a
metaplectic-corrected Hitchin connection.

Recall the non-empty Zariski opens Uλ⃗,k introduced in Diagram (5.1). For any positive integer ℓ, the open
Uℓλ⃗,ℓk = Uλ⃗,k because the moduli stability condition depends on the ratio λ⃗/k, and Lℓλ⃗,ℓk

∼= L⊗ℓ

λ⃗,k
↠ Uλ⃗,k.

The forgetful maps G/B ↠ G/Pλi and G/B ↠ {∗} induce a map Fℓλ⃗+ρ⃗ → Fλ⃗, which restricts to a partial
map Uℓλ⃗+ρ⃗,ℓk+h 99K Uℓλ⃗,ℓk = Uλ⃗,k, whose domain is a non-empty Zariski-open, since Uλ⃗,k ⊆ Fλ⃗ is a non-empty
Zariski-open. Without loss of generality, the domain of this partial map may be assumed to be all of Uℓλ⃗+ρ⃗,ℓk+h,
as the structure of the proof will only use that it defines a non-empty Zariski-open of both the GIT quotient
and the moduli space.

The sequence of weight vectors {(ℓλ⃗ + ρ⃗)/(ℓk + h)}ℓ∈N converges to λ⃗/k and is thus bounded. As such,
parabolic reductions of sufficiently high degree are never destabilising for any ℓ. Therefore a finite number of
open conditions which determine bundle semistability for each ℓ separately. As the semistability conditions are
linear in the weights, for every possible combination of weights inherited by any reduction, each condition is
either eventually satisfied or eventually violated for sufficiently large ℓ. Since there are only finitely many degrees
for reductions to be considered, and only finitely many possible combinations of weights to be inherited, there
is an ℓ0 such that any quasi-parabolic structure on the trivial bundle equipped with weights (ℓλ⃗ + ρ⃗)/(ℓk + h)
is either semistable for all ℓ ≥ ℓ0 or unstable for all ℓ ≥ ℓ0.
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Hence, we may choose Uℓλ⃗+ρ⃗,ℓk+h = Uℓ0λ⃗+ρ⃗,ℓ0k+h for all ℓ ≥ ℓ0. Write therefore U :=
⋂

ℓ Uℓλ⃗+ρ⃗,ℓk+h for the
finite intersection of non-empty Zariski-opens, with symplectic form ωλ⃗,k that is the curvature of the restriction
of (Lλ⃗,k,∇).

Finally, Theorem 3.3 gives a presentation of the Knizhnik–Zamolodchikov connection in terms of covariant
derivatives with respect to vector fields defined explicitly in terms of g-action. Since the map G/B ↠ G/Pλ

is G-equivariant, these vector fields can canonically be lifted from Uλ⃗,k to U . Following the observation in the
proof of Theorem 5.6, the line bundle L⊗ℓ

λ⃗,k
= Lℓλ⃗,ℓk ↠ U coincides with Lλ⃗+ρ⃗,ℓk+h ⊗ δ ↠ U , where δ is the

metaplectic bundle, which exists by Lemma 4.7, since we may assume n even without loss of generality by
appending a zero to the weight vector if needed, just like before. Therefore the differential operator Ω defining
∇KZ on sections of L⊗ℓ

λ⃗,k
↠ Uλ⃗,k in terms of covariant derivatives along these vector fields with respect to the

Bott–Borel–Weil connection ∇ canonically pulls back to a differential operator on the pullback of (L⊗ℓ

λ⃗,k
,∇) to

U . Thus the Knizhnik–Zamolodchikov connection and the metaplectic-corrected Hitchin connection are both
defined in terms of second-order differential operators on L⊗ℓ

λ⃗,k
↠ U and their difference may now be considered.

For a positive integer ℓ and a tangent vector V ∈ TσT , write the difference δ∇H
V −∇KZ

V as

uℓ(V ) := δ∇H
V −∇KZ

V =: ∇2
Gℓ(V ) +Dℓ(V ) ∈ Diff≤2(U, Lℓλ⃗,ℓk)

∼= Diff≤2(U, Lℓ
λ⃗,k

)

where Dℓ(V ) is a first-order differential operator, Gℓ(V ) ∈ C∞(S2TU ) is the second-order symbol, and ∇2 is
given by ∇2

X⊗Y = ∇X∇Y −∇∇LC
X

Y where ∇LC is Levi-Civita connection with respect to the Kähler metric.
By construction, the metaplectic-corrected Hitchin connection preserves the space holomorphic sections of

L⊗ℓ

λ⃗,k,σ
over any open subset of M′

ℓλ⃗+ρ⃗,ℓk+h,σ
and the Knizhnik–Zamolodchikov connection preserves specifically

the image of H0(Fλ⃗,k,Lλ⃗,k) under Φσ inside H0(M′
ℓλ⃗+ρ⃗,ℓk+h,σ

,L⊗ℓ

λ⃗,k,σ
) as in Lemma 5.4. Therefore it follows

from [5, Lemma 5.1] that ∇0,1uℓ(V )s = 0 whenever s ∈ H0(U, L⊗ℓ

λ⃗,k
) is the restriction of an element in ImΦσ =

ImΨσ ⊆ H0(Mℓλ⃗+ρ⃗,ℓk+h,σ,L
⊗ℓ

λ⃗,k,σ
).

This is equivalent to the commutator [∇0,1, uℓ(V )] vanishing on ImΨσ. Together with the observation that
uℓ(V )[ImΨσ] ⊆ H0(Mℓλ⃗+ρ⃗,ℓk+h,σ,L

⊗ℓ

λ⃗,k,σ
) this will imply the theorem by evaluating the ℓ-scaling behaviour.

Without loss of generality, Gℓ(V ) may be assumed to be of purely holomorphic type, since the difference is
seen to be a first-order differential operator, as for any holomorphic section s and vector fields X,Y

(∇X∇Y −∇X1,0∇Y 1,0)s = (∇X∇Y −∇X∇Y 1,0 +∇X∇Y 1,0 −∇X1,0∇Y 1,0)s

= (∇X∇Y 0,1 +∇X0,1∇Y 1,0)s = 0 + (∇[X0,1,Y 1,0] + ℓωλ⃗,k(X
0,1, Y 1,0))s

using that ℓωλ⃗,k is the curvature of ∇ on Lℓ
λ⃗,k

and

2∇X∇Y − {∇X ,∇Y } = [∇X ,∇Y ] = ∇[X,Y ] + ℓω(X,Y )

where the anti-symmetriser is {∇X ,∇Y } = ∇X∇Y +∇Y ∇X . As such, without loss of generality, this first-order
differential operator can be taken as part of Dℓ(V ), so it may be assumed that Gℓ(V ) ∈ C∞(S2,0(TU)).

Working out the bracket [∇W ,∇2
Gℓ
] gives

[∇W , {∇X ,∇Y }] = {[∇W ,∇X ],∇Y }+ {∇X , [∇W ,∇Y ]}
= {∇[W,X] + ℓωλ⃗,k(W,X),∇Y }+ {∇X ,∇[W,Y ] + ℓωλ⃗,k(W,Y )}

= {∇[W,X],∇Y }+ {∇X ,∇[W,Y ]}+ 2ℓ(ωλ⃗,k(W,X)∇Y + ωλ⃗,k(W,Y )∇X)

+ ℓ(ωλ⃗,k(∇
LC
X W,Y ) + ωλ⃗,k(∇

LC
Y W,X) + ωλ⃗,k(W,∇LC

X Y +∇LC
Y X)),

where ∇LC is the Levi-Civita connection, and

[∇W ,∇∇LC
X

Y ] = ℓωλ⃗,k(W,∇LC
X Y ) +∇[W,∇LC

X
Y ]

[W,∇LC
X Y ] = (LW∇LC)XY +∇LC

[W,X]Y +∇LC
X [W,Y ]

so
[∇W ,∇2

Gℓ(V )] = ∇2
[W,Gℓ(V )] + ℓ(2ωλ⃗,k(W )⊗∇− + ωλ⃗,k(∇

LC
− W ))Gℓ(V )−∇(LW∇LC

− )Gℓ(V ) (9.1)

with

[W,X ⊗ Y ] := [W,X]⊗ Y +X ⊗ [W,Y ];

(ωλ⃗,k(W )⊗∇−)(X ⊗ Y ) := ωλ⃗,k(W,X)∇Y ;

ωλ⃗,k(∇
LC
− W )(X ⊗ Y ) := ωλ⃗,k(∇

LC
X W,Y );

(∇LC
− )(X ⊗ Y ) := ∇LC

X Y.
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By construction of the Hitchin and the Knizhnik–Zamolodchikov connections in Equations 8.1 and 2.1, uℓ, Gℓ,
and Dℓ scale with ℓ as

uℓ =
k + h

ℓk + h
u1 Gℓ =

k + h

ℓk + h
G1 Dℓ =

k + h

ℓk + h
D1.

Since Equation (9.1) is valid for all ℓ, each component with different scaling must be 0 independently so it
follows that (2ωλ⃗,k(W ) ⊗ ∇− + ωλ⃗,k(∇

LC
− W ))Gℓ(V ) = 0 for all smooth W = W 0,1. At any point x a smooth

function f with f(x) = 0 reduces this equation to (ωλ⃗,k(W,−)⊗ df)Gℓ(V ) = 0. Since this holds for all f and all
antiholomorphic vector fields, it follows that Gℓ(V ) = 0 by the non-degeneracy of the type-(1,1) form ωλ⃗,k.

Therefore uℓ(V )s|U = Dℓ(V )s|U for any s ∈ ImΨσ. Writing Dℓ(V ) = ∇Zℓ(V ) + fℓ(V ), without loss of
generality Zℓ(V ) = Z1,0

ℓ (V ) ∈ C∞(T 1,0Uλ⃗,k), because anti-holomorphic vector fields act trivially on holomorphic
sections. Then

[∇W , Dℓ(V )] = [∇W ,∇Zℓ(V )] +W (fℓ(V )) = ∇[W,Zℓ(V )] + ℓωλ⃗,k(W,Zℓ(V )) +W (fℓ).

By the same scaling argument ωλ⃗,k(W,Zℓ) = 0 for all ℓ, so that the non-degeneracy of ωλ⃗,k of type (1,1)
again implies Zℓ(V ) = 0 and therefore W (fℓ(V )) = 0.

Therefore uℓ(V )s|U = fℓ(V ) · s|U for fℓ(V ) ∈ H0(U) whenever s ∈ ImΨσ, which defines a meromorphic
function f̃ℓ(V ) on Mℓλ⃗+ρ⃗,ℓk+h.

Assume for the sake of contradiction that f̃ℓ(V ) has a pole of order n > 0. Then, considering that ∇KZ
V

preserves ImΨσ ⊆ H0(Mℓλ⃗+ρ⃗,ℓk+h,L
⊗ℓ

λ⃗,k
), it follows that for any 0 ̸= s ∈ ImΨσ there is an integer m such that

(∇KZ
V )ms = (δ∇H

V − f̃ℓ(V ))ms

is not holomorphic, in contradiction with the fact that ∇KZ
V and δ∇H

V preserve the holomorphicity of s ∈ ImΨσ.
Therefore f̃ℓ(V ) is holomorphic and since Mℓλ⃗+ρ⃗,ℓk+h is compact, it is constant. This concludes the proof.

Combining Theorem 9.1 and Theorem 5.6 immediately gives the following.

Corollary 9.2. The metaplectic-corrected Hitchin connection δ∇H on δHλ⃗+ρ⃗,k+h for the moduli space Mλ⃗+ρ⃗,k+h

pulls back along the inclusion π̃ from Theorem 5.6 to a Hitchin connection on the Verlinde bundle Hλ⃗,k for the
moduli space Mλ⃗,k.

Moreover, the proof strategy above can be applied to state an important uniqueness theorem for Hitchin
connections on Verlinde bundles.

Corollary 9.3. For any λ⃗ ∈ Λ×n
k , where n ≥ 3, any two Hitchin connections in the Verlinde bundle Hλ⃗,k are

projectively equivalent.
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