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Abstract. We establish Extreme Value Distributions for the closest encounter between
trajectories generated by different maps defined in the same reference phase space. For a
class of strongly mixing maps, we show that the limit distribution depends on the length
of the different trajectories and the co-dimension of the associated invariant measures. It
is also modulated by an Extremal Index, that informs on the tendency of nearby points
to diverge along with the evolution of their respective dynamics, serving as an indicator of
their compatibility. We give a formula for this quantity for a class of chaotic maps of the
interval and for the co-dimension in the case when the respective measures admit densities
with isolated zeros and singularities. We present diverse examples of systems satisfying these
assumptions and compute the different parameters modulating the limit distribution.

1. Introduction

The statistical behaviour of the shortest distance between orbits and trajectories of dynamical
systems has been studied for several decades, beginning at least with the pioneering work
of [16] and its subsequent developments in [15]. In recent years, however, the subject has
attracted renewed attention, partly due to its connection with sequence matching in symbolic
dynamics, observed in [6].

Distributional results for trajectories generated by the same dynamical system were obtained
in [20, 10] using techniques from extreme value theory, while almost sure (a.s.) convergence
results for the shortest distance between two orbits appear in [6], and for multiple orbits
in [7]. These a.s. results were later generalised to observed systems [17, 9] and to slowly
mixing systems [33]. These a.s. developments were carried further in the work [35], which
considers two trajectories driven by different maps and derives asymptotic results for the
shortest distance, while the observed counterpart for distinct dynamical systems was recently
investigated in [8].

Further developments include the study of shortest distances between partial orbits [32] and
extensions to conformal iterated function systems [36]. Very recent advances on the minimal
distance between random orbits were obtained in [28].

In this work, we study multiple trajectories generated by possibly distinct maps and establish
full distributional results for their minimal mutual distance. In this setting, an extreme event
corresponds to a strong form of synchronisation: two or more trajectories, starting from
independent initial conditions and evolving under different dynamics, approach each other
arbitrarily close at the same time. We derive the limiting distribution, identify the associated
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modulating parameters — namely the co-dimension Cq and the Extremal Index θ — and
provide several explicit examples illustrating the theory.

The co-dimension plays an important role in the normalising sequences that assure distri-
butional convergence. It essentially accounts for the irregularities of the invariant measure,
namely, when zeros or singularities of the density arise with a significant impact or when its
support is made out of fractal sets, for example. In the case of smooth invariant densities the
co-dimension is 1.

The Extremal Index which changes the limiting law is seen here to serve as an indicator of
the compatibility between the factor dynamics. Essentially, it detects when the factor dy-
namics have a tendency to remain synchronised, once a synchronisation occurs. Typically,
different dynamics have irrelevant compatibility, in the sense that the most of same initial
conditions lead to different trajectories (in measure-theoretic terms), which reflects into an
Extremal Index equal to 1. This is because, in these extreme value approach, as in [20, 19],
we consider an observable function that takes maximal values when the orbits synchronise
and then, since when the trajectories synchronise there is no strong propensity for the system
to remain synchronised, then we have no clustering of high observations and the Extremal
Index takes the value 1. By contrast, when the factor dynamics coincide, namely, when one
studies trajectories generated by the same map, as in [16, 15, 20, 10], synchronisation persists
indefinitely once it occurs. In particular, this means that when we have near-synchronisation,
corresponding to the observation of an high value, there is a clear predisposition to remain
close to synchronisation, which creates clustering of high observations, reflected in an Ex-
tremal Index less than 1. Then, as observed in [16], the Extremal Index can be interpreted
as an average of the rate of expansion of the factor dynamics. In more physical terms, the
Extremal Index reflects the positive Lyapunov exponent, in low dimensional dynamics and
the metric entropy in higher dimensions, as insightfully pointed out in [20]. This is because
these quantities essentially express the ‘tendency’ of the orbits to move away from each other.

In this work, we introduce examples in which the factor dynamics are compatible without
being identical. More precisely, the dynamics coincide on part of the phase space and differ
on its complement. In this setting, the Extremal Index becomes a weighted average of the
two regimes: it captures the average expansion rate on the region where the dynamics agree,
while taking the value 1 on the complementary region. The corresponding weights are given
precisely by the relative measures of these two parts of the phase space.

We will use spectral methods of perturbed Perron-Frobenius operators introduced by Keller
and Liverani in [30, 31] to establish an abstract result which will enable us to apply their
framework to the problem of obtaining distributional limits for the closest distance between
trajectories generated by possibly distinct dynamics. Then, we will develop applications of
this result to illustrate the roles of the co-dimension and, specially, the Extremal Index in the
interpretation of the different regimes.

The structure of the paper is as follows. In Section 2, we establish the setting and formulate
the problem to be studied. In Section 3, we revise Keller and Liverani’s framework, introduce
the notation and gather the main tools. In Section 4, we prove the abstract result that we
will use subsequently to study the distributional limits mentioned earlier. In Section 5, we
provide general conditions that allow us to prove that the Extremal Index is less than 1,
corresponding to the typical case, when the factor dynamics is incompatible, which means
that we have unclustered synchronisation profiles. In Section 6, we obtain our main results
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regarding the computation of the co-dimension. In Section 7, we show the usefulness of
the Extremal Index as an indicator of the compatibility of the factor dynamics, using the
developed tools to compute it for linear dynamical systems, with which we play to provide
an example of distinct factor systems with a compatible component. In Section 8, we provide
further applications of the theory developed to handle factor dynamics such as perturbed
linear maps.

2. The setting

Let M be a compact metric space equipped with a distance d. For some q ∈ N, q ≥ 2,
we consider the dynamical systems (M, T1, µ1), (M, T2, µ2), . . . , (M, Tq, µq), where for each
i = 1, . . . , q, Ti : M → M is a discrete transformation that leaves the probability measure µi

invariant. We will denote µ := µ1 × µ2 × · · · × µq the product measure with support in Mq,

and T : Mq → Mq the product map

T (x) := (T1(x1), . . . , Tq(xq)), (2.1)

where x = (x1, . . . , xq) ∈ Mq.

Definition 2.1. We call the co-dimension of the measures µ1, . . . , µq the following quantity
(if it exists):

Cq(µ1, . . . , µq) := lim
r→0

log
∫
M
∏q

i=2 µi(Br(x)) dµ1(x)

(q − 1) log r
, (2.2)

where Br(x) denotes the ball of radius r centred at x ∈ M.

Remark 2.2. By Fubini, we have that Cq is symmetric in µ1, . . . , µq. Moreover, when µ1 =
µ2 = · · · = µq, then Cq(µ1, . . . , µq) = Dq(µ1), which stands for the generalised Rényi dimen-
sion of order q of µ1.

We define the observable function

φ : [0, 1]q −→ R ∪ {∞}
(x1, . . . , xq) 7−→ − log max

j∈{2,...,q}
d (x1, xj) , (2.3)

which will serve as a synchronisation indicator. We define now the process (Yi)i simply by
evaluating φ along the orbits of the system:

Yi(x) := φ ◦ T̄ (x̄) = − log max
j=2,...,q

d(T i
1(x1), T

i
j (xj)),

where x ∈ Mq is drawn from µ.

Note that Yi = ∞ means that the system is synchronised at time i as all factors are in the
same state, i.e., T i

1(x1) = T i
2(x2) = . . . = T i

q(xq).

As usual, in order to study the Extreme Value properties of this process, we take a sequence
of thresholds (un(s))n, s > 0, satisfying

µ(Y0 > un(s)) ∼
e−s

n
. (2.4)

Since the q trajectories are independent (chosen with respect to the product measure),

µ(Y0 > un(s)) =

∫
M

q∏
i=2

µi(Brn(x)) dµ1(x) ∼ e−un(s)Cq(q−1), (2.5)
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where rn = e−un . Matching (2.4) and (2.5) gives

un(s) =
log n

Cq(q − 1)
+

s

Cq(q − 1)
.

The quantity µ(Y0 > un) corresponds to the probability that all points x1, . . . , xq lie in the
ball Brn(x1), i.e., that the product dynamics enters the target set

∆n =

{
x ∈ Mq : max

j=2,...,q
d(x1, xj) < rn

}
. (2.6)

Following [23], we define
Mn := max{Y0, . . . , Yn−1}. (2.7)

Observe that the event {Mn ≤ un} corresponds to the dynamics never entering ∆n, during
the first n steps, which means that the systems never came close to being synchronised. Also
note that the value of Mn is related to the shortest distance reached by q trajectories up to
time n.

3. A spectral approach to study Extreme Value Laws

In [30], Keller and Liverani introduced a powerful framework of spectral perturbation meth-
ods, which, later, they developed further and applied to the study Rare Events and Escape
Rates in [31]. This framework has since then been exploited to study Extreme Values in
[29, 5, 3, 4], for example. We will use these spectral perturbation techniques to obtain our
main results and, therefore, we start by describing them and recalling their main features.

3.1. Abstract perturbation results. Let (V, ∥ · ∥) be a real or complex normed vector
space with dual (V ∗, ∥ · ∥). Suppose that we have a family of operators (Pε)ε∈E , satisfying

∥Pε∥ ≤ M, (A0)

where E ⊆ R is a closed set of parameters having ε = 0 as an accumulation point. Suppose
that there are λε ∈ C, φε ∈ V, νε ∈ V ∗ and linear operators Qε : V → V such that

λ−1
ε Pε = φε ⊗ νε +Qε (A1)

Pε (φε) = λεφε, νεPε = λενε, Qε (φε) = 0, νεQε = 0 (A2)
∞∑
n=0

sup
ε∈E

∥Qn
ε ∥ =: C1 < ∞. (A3)

Conditions (A1)+(A2) imply that νε (φε) = 1, for all ε ∈ E. We also control the size of φε

relatively to the size of φ0.

ν0 (φε) = 1 and sup
ε∈E

∥φε∥ =: C2 < ∞. (A4)

Define
δε := ν0 ((P0 − Pε) (φ0)) (3.1)

and suppose that there exists C3 > 0 such that

ηε := ∥ν0 (P0 − Pε)∥ → 0 as ε → 0 (A5)

ηε · ∥(P0 − Pε) (φ0)∥ ≤ C3 |δε| . (A6)

The main abstract result in [31, (Theorem 2.1)] tells us that under assumptions (A0)-(A6),
then, one of the following holds
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(a) There is ε0 > 0 such that λε = λ0 if ε ≤ ε0 and δε = 0.
(b) If δε ̸= 0 for all sufficiently small ε ∈ E and if

pk =: lim
ε→0

pk,ε := lim
ε→0

ν0
(
(P0 − Pε)P

k
ε (P0 − Pε) (φ0)

)
δε

(A7)

exists for each integer k ≥ 0, then

lim
ε→0

λ0 − λε

δε
= 1−

∞∑
k=0

λ
−(k+1)
0 pk. (3.2)

Moreover, as seen in [30], the following conditions are sufficient to verify (A0)-(A4):

(B1) The operator P0 has the form

P0 = φ0 ⊗ ν0 +Q0, where ν0 (φ0) = 1, ν0Q0 = 0, Q0φ0 = 0, (B1.1)

and the spectral radius of Q0 is strictly less than 1.
(B2) There exists r ∈ (0, 1), D > 0 and a semi-norm |·|w ≤ ∥ · ∥ in V such that

The residual spectrum of Pε is contained in {z ∈ C : |z| ≤ r}. (B2.1)

∀ε ∈ E, ∀f ∈ V, ∀n ∈ N, |Pn
ε f |w ≤ D |f |w (B2.2)

∀ε ∈ E, ∀f ∈ V, ∀n ∈ N, ∥Pn
ε f∥ ≤ Drn∥f∥+D |f |w (B2.3)

(B3) There exists a decreasing upper-semicontinous function πε : E → (0,∞) such that

lim
ε→0

πε = 0 and ∀f ∈ V,∀ε ∈ E : |Pεf − P0f |w ≤ πε∥f∥. (B3.1)

Remark 3.1. The following notation will be useful. Let R : V → V be a linear operator. We
define

|||R||| := sup {|Rf |w : f ∈ V, ∥f∥ ≤ 1} . (3.3)

With this notation, we can write the last part of condition (B3) as |||Pε − P0||| ≤ πε.

3.2. Extreme Values from a spectral approach. Following [29], we consider the so called
Rare event Perron–Frobenius operators (REPFO) setting. Let [0, 1]q be the phase space, and
Leb the reference measure defined on the Borel subsets of [0, 1]q. Assume that V is a Banach
space of functions continuously embedded and dense in L1 ([0, 1]q,Leb) which contains the
constant functions and P0 is the transfer operator of a non-singular map T : [0, 1]q → [0, 1]q

with respect to the reference measure Leb. Recall that in this setting, Leb defines a functional
on V , by associating to each f ∈ V the number

∫
f dLeb. We assume that ν0 = Leb. We also

assume that there exists a family (An)n∈N of sufficiently regular subsets of [0, 1]q such that

(R1) For all f ∈ V , 1An · f ∈ V .
(R2) The operators Pn, defined by Pnf = P0

(
1[0,1]q\An

f
)
satisfy assumptions (B1)-(B3),

with |·|w = ∥ · ∥L1([0,1]q ,Leb).
(R3) There exists C > 0 such that for all f ∈ V , |ν0 (1Anf)|·∥1Anφ0∥ ≤ C∥f∥·|ν0 (1Anφ0)|.

We note that since (B1) is satisfied, µ := φ0 Leb is the unique invariant measure that is
absolutely continuous with respect to the reference measure Leb. In what follows, we will
also denote h = φ0.

Lemma 3.2. Assume that V is a space of functions on [0, 1]q that is a Banach algebra and
is continuously embedded in L∞ ([0, 1]q,Leb). Suppose that infx∈

⋃
n An

h > 0. In addition,

suppose that ∥1An∥ is uniformly bounded. Then (R3) is satisfied.
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Proof. Let f ∈ V . Since V ⊆ L∞ ([0, 1]q,Leb),

|ν0 (1Anf)| =
∣∣∣∣∫ 1Anf dLeb

∣∣∣∣ ≤ ∥f∥L∞ ·
∣∣∣∣∫ 1An dLeb

∣∣∣∣ .
Using the fact that the injection of V in L∞ is continuous, we get

|ν0 (1Anf)| ≤ C1∥f∥ ·
∣∣∣∣∫ 1An dLeb

∣∣∣∣ .
The assumption that infx∈

⋃
n An

h > 0 allows us to evaluate 1An with respect to the measure
µ := hLeb: ∣∣∣∣∫ 1An dLeb

∣∣∣∣ ≤ 1

infx∈
⋃

n An
h

∣∣∣∣∫ 1Anh dLeb

∣∣∣∣ .
Since (V, ∥ · ∥) is a Banach algebra and ∥1An∥ is uniformly bounded, we conclude that

∥1Anh∥ ≤ C ′
2∥1An∥ · ∥h∥ ≤ C2.

Putting all of this together,

|ν0 (1Anf)| · ∥1Anh∥ ≤ C1C2∥f∥
infx∈

⋃
n An

h

∣∣∣∣∫ 1Anh dLeb

∣∣∣∣ ≤ C∥f∥ · |ν0 (1Anh)| ,

which concludes the proof. □

Now, we illustrate how one can establish the existence of a limiting EVL in a REPFO setting.
According to [29, Proposition 1], the operators (Pn)n satisfy conditions (B1)-(B3), so

Pn = φn ⊗ νn +Qn and sup
n

∥Qk
n∥ ≤ K3r

k, where 0 < r < 1.

Letting δn :=
∫
1Anh dLeb = µ (An) ̸= 0, for all sufficiently large n, we have by (3.2) the

expansion:

lim
n→∞

1− λn

δn
= θ := 1−

∞∑
j=0

pj , (3.4)

if we assume now that for each k ∈ N, the following limit exists:

pk = lim
n→∞

pk,n :=
µ
(
An ∩ T−1Ac

n ∩ · · · ∩ T−kAc
n ∩ T−(k+1)An

)
µ (An)

. (3.5)

The first hitting time to the set An is τn(x) = inf{i ≥ 0 : T ix ∈ An}. Since ν0 = Leb and
that ν0 (φn) = 1, we have

µ ({τn ≥ k}) =
∫
{τn≥k}

h dLeb =

∫ k−1∏
i=0

(
1[0,1]q\An

◦ T i
)
h dLeb

=

∫
P k
nh dLeb

= λk
nνn (h) +O

(
λk
n∥Qk

n∥ · ∥h∥
)
.

The quantity νn (h) → 1 as n → ∞. Suppose that nµ (An) → s for some s > 0. Then,

lim
n→∞

µ ({τn ≥ n}) = lim
n→∞

exp (−nµ (An) θ + o (µ (An)) · n) = e−θs. (3.6)
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In particular, returning to our original synchronisation problem described in Section 2, if φ :
[0, 1]q → R∪{∞} is given as in (2.3) and there exists a sequence un such that nµ ({φ > un}) →
s and if the sets ∆n = {φ > un} satisfy (R1)-(R3), then

lim
n→∞

µ (Mn ≤ un) = e−θs.

4. Abstract limiting results for the product of interval maps

In this section we prove the existence of an extreme value law for the process (Yi) of Section 3
using the spectral approach. We considerM = [0, 1]q and denote by µi = hi Leb the absolutely

continuous invariant probability measures. We assume that the product map T̃ : [0, 1]q →
[0, 1]q is piecewise smooth with branches indexed by j to distinguish from the indices i =

1, . . . , q of the factors; we write Tj,i for the restriction of the factor Ti of T̃ to the domain of

injectivity of the the j-th branch of T̃ .

4.1. Quasi-Hölder space and Lasota-Yorke inequality. Before stating our main result,
we need to introduce the functional space where we will work on. It was introduced by Saussol
in [34]. We define the quantity

|f |α = sup
0<ϵ≤ϵ0

ϵ−α

∫
[0,1]q

osc (f,Bϵ (x)) dx. (4.1)

and the α-Quasi-Hölder space by

Vα = {f ∈ L1([0, 1]q,Leb) : |f |α < ∞}. (4.2)

The norm considered in Vα is || · ||α = || · ||L1([0,1]q ,Leb)+ | · |α. As shown in [34], Vα is a Banach

space, compactly embedded in L1, continuously embedded in L∞, and is a Banach algebra.
The space Vαis independent of the choice of the parameter ϵ0, and different choices of ϵ0 yield
equivalent norms.

We will assume that the transfer operator of the map T̃ satisfies a Lasota-Yorke inequality
for the first iteration:

(LY) There exist η ∈ (0, 1) and D > 0 such that, for all f ∈ Vα,

∥Pf∥α ≤ η∥f∥α +D∥f∥L1 . (LY)

4.2. Synchronisation distributional limits. We now state and prove the main result of
this section. Consider the set [0, 1]q, where q is an integer greater or equal to 2. Let Leb be
the reference measure. Consider the product dynamical system T̄ : [0, 1]q → [0, 1]q and the
synchronisation observable function φ : [0, 1]q → R∪{∞} given in (2.1) and (2.3), respectively.

Theorem 4.1. Assume that the transfer operator of T̄ satisfies conditions LY and (B1) and
that h is bounded away from zero, i.e., there exists c > 0 such that h ≥ c. Let µ := hLeb.
Assume that there exists a sequence (un)n such that

lim
n→∞

nµ (∆n) = lim
n→∞

nµ ({φ > un}) = s, (4.3)

for some s > 0, and, moreover, assume that for each k ≥ 0, the limit

pk := lim
n→∞

µ
(
∆n ∩ T̄−1∆c

n ∩ · · · ∩ T̄−k∆c
n ∩ T̄−(k+1)∆n

)
µ (∆n)

(4.4)
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exists. Then,

lim
n→∞

µ (Mn ≤ un) = e−θs, (4.5)

where θ := 1−
∑∞

k=0 pk.

Remark 4.2. This theorem guarantees the existence of an EVL, once we verify that a sequence
(un)n satisfying (4.3) exists and that the limits pk exist. These conditions will be addressed
in Sections 5, 8 and 7.

Proof. From discussion in the previous section, in order to prove Theorem 4.1, it suffices to
check conditions (R1)-(R3) for the space (Vα, ∥ · ∥α). The indicator function 1∆n over the
strip along the diagonal, ∆n = {φ > un}, belongs to Vα: its boundary has (q−1)-dimensional
Lebesgue measure O(rn) (where rn = e−un), so |1∆n |α = O(1). This together with the fact
that Vα is a Banach algebra implies (R1). It is clear that all the assumptions of Lemma 3.2
are satisfied, so (R3) holds. It remains to check condition (R2). Starting by condition (B3),
we see that

∥Pnf − P0f∥L1 ≤ ∥P0 (1∆nf)∥L1 = ∥1∆nf∥L1

≤ ∥f∥L∞ · ∥1∆n∥L1 ≤ Cµ (∆n) ∥f∥α.

This means that condition (B3) is satisfied, with πn = Cµ (∆n). Condition (B2.2) follows
from the fact that

∥P k
nf∥L1 = ∥P k

0

(
1∆c

n
f
)
∥L1 = ∥1∆c

n
f∥L1 ≤ ∥f∥L1 .

To prove condition (B2.3), we note that, using LY:

∥Pnf∥α = ∥P0

(
1∆c

n
f
)
∥α ≤ η∥1∆c

n
f∥α +D∥1∆c

n
f∥L1

≤ η|1∆c
n
f |α + (1 +D)∥f∥L1 .

To estimate |1∆c
n
f |α we proceed as in [19, p3326] and we obtain

|1∆c
n
f |α ≤ |f |α(1 + Cqrn),

where Cq depends only on the dimension q and the parameter ϵ0, and rn = e−un . Condition
(B2.3) then follows for all large n ≥ n0 by setting r = η(1 + Cqrn0) < 1 and by iterating the

inequality for P k
n . Condition (B2.1) follows from the fact that the unit ball of (Vα, ∥ · ∥α) is

compact in the L1-norm. □

4.3. Application to the product of piecewise expanding maps. In practice, to check
the assumptions of Theorem 4.1, we will need several results from Saussol [34] that we recall
below.

We say that a map T̃ : [0, 1]q → [0, 1]q is piecewise expanding if there exists an at most
countable family of disjoint open sets Uj ⊆ [0, 1]q and Vj such that Uj ⊆ Vj and maps

T̃j : Vj → Rn satisfying, for some 0 < α ≤ 1 and ϵ0 > 0, the following properties:

(PE1) T̃j |Uj = T̃ |Uj .

(PE2) For all j, T̃j ∈ C1(Vj), T̃j is injective and T̃−1
j ∈ C1(T̃j(Vj)). Moreover, the determi-

nant is uniformly Hölder: for all i, ϵ ≤ ϵ0, z ∈ T̃j(Vj) and x, y ∈ Bϵ(z) ∩ T̃jVj ,∣∣∣detDxT̃
−1
j − detDyT̃

−1
j

∣∣∣ ≤ c
∣∣∣detDzT̃

−1
j

∣∣∣ ϵα. (4.6)
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(PE3) Leb
(
[0, 1]q \

⋃
j Uj

)
= 0.

(PE4) There exists σ < 1 such that for all u, v ∈ T̃ (Vj), with d(u, v) ≤ ϵ0, we have

d(T−1
j u, T−1

j v) ≤ σ d(u, v).

(PE5) Define G(ϵ, ϵ0) := supx∈[0,1]q G(x, ϵ, ϵ0), where

G(x, ϵ, ϵ0) :=
∑
j

Leb
(
T−1
j Bϵ (∂T (Uj)) ∩B(1−s)ϵ0 (x)

)
Leb

(
B(1−s)ϵ0 (x)

) .

The quantity η(ϵ0) := σα + 2 supϵ≤ϵ0
G(ϵ)
ϵα ϵα0 is such that supδ≤ϵ0 η(δ) < 1.

In order to check condition LY, we have the following lemma.

Lemma 4.3 ([34, Lemma 4.1]). Let P be the transfer operator associated with a map T̃
satisfying (PE1)-(PE5). Then, provided ϵ0 is small enough, there exist η ∈ (0, 1) and D < ∞
such that, for all f ∈ Vα, we have that Pf ∈ Vα, with

|Pf |α ≤ η |f |α +D∥f∥L1([0,1]q ,Leb). (4.7)

A product map T̃ : [0, 1]q → [0, 1]q such that each factor Ti : [0, 1] → [0, 1] is piecewise C1+α

with finitely many monotonicity intervals and uniformly expanding, i.e. inf |T ′
i | > 1, clearly

satisfies conditions (PE1)–(PE4).

Regarding condition (PE5), [34, Lemma 2.1] shows that the condition is satisfied whenever

η := σα +
4σ

1− σ
Y

γq−1

γq
< 1,

provided that the dynamical partition is finite and its boundaries are contained in piecewise C1

embedded compact codimension-one submanifolds. This applies in particular to the present
product-map setting. Here, γq denotes the volume of the unit ball in Rq, and Y is the maximal
number of smooth boundary components of the domains of injectivity intersecting at a single
point. In the present setting, we have Y = 2q.

Remark 4.4. In the case where all the factor maps Ti are piecewise onto, it is not necessary
to take the discontinuity into consideration, and we can directly set η = sα, see for example
the computations in [2].

According to [34, Theorem 5.1], if the map T̃ satisfies conditions (PE1)–(PE5), its transfer

operator is quasi-compact on Vα, and the map T̃ admits a spectral decomposition. In order
to guarantee that there exists a unique ergodic and mixing component, and then to guarantee
condition (B1), we will use the following condition (adapted from [1, Proposition 2.9]) which
imposes some sort of topological exactness, and also ensures that the unique invariant density
if bounded uniformly away from 0.

Proposition 4.5. Suppose that the partition Uj associated to the map T̃ is finite. Assume

that for any ball B of [0, 1]q, there exists n ∈ N such that T̃nB = [0, 1]q (up to Leb-measure
zero), then there exists a unique absolutely continuous invariant probability (acip) h ∈ Vα for

T̃ . Furthermore, the support of h is [0, 1]q and h is bounded away from zero.



10 R. AIMINO, T. CABY, J. M. FREITAS, AND D. S. PINHO

Proof. For h an invariant density in Vα, take B to be the ball described in Lemma [34, Lemma
3.1]. Let c be the infimum of h|B. Then, for Leb-almost every x ∈ [0, 1]q,

h(x) = Pn
0 h(x) ≥ cPn

0 (1B) (x) = c
∑
j

1T̃n
j B (x)

∣∣∣∣detDx

(
T̃n
j

)−1
∣∣∣∣1T̃n

j Ui,n
(x).

Here, Ui,n denotes the partition associated to Tn. Since T̃nB = [0, 1]q, there must exist some

i such that x ∈ T̃n
j B. This means that

(
T̃n
j

)−1
(x) ∈ B ∩ Ui,n, so x ∈ T̃n

j (Ui,n). Therefore,

h ≥ c inf
j
inf
x

∣∣∣∣detDx

(
T̃n
j

)−1
∣∣∣∣ > 0, (4.8)

which concludes the proof. □

5. Unclustered synchronisation profiles

Throughout this section, we assume that q = 2, so M = [0, 1]2. The product map T has
smooth branches denoted by T̄j : [0, 1]

2 → [0, 1]2, and Tj,1 and Tj,2 denote the respective first
and second factor maps.

In Section 8, we will study examples where the assumptions of Theorem 4.1 are verified. Here,
we will address first the issue of estimating the quantities pk given in (4.4).

We assume that our dynamical system T̄ : [0, 1]2 → [0, 1]2 satisfies all the conditions of
Theorem 4.1, with α = 1. However, we recover the notation used to describe conditions
(PE1)-(PE5). For example, we write that T̄j |Uj

is a bijection between Uj and [0, 1]2. The

component maps are assumed to be piecewise C2 unidimensional expanding. This implies
that each of the factor maps has a BV ([0, 1]) invariant probability absolutely continuous with
respect to Leb, which we call h1 and h2. The invariant density of the product map T̄ is

h : [0, 1]2 → [0,∞) , (x, y) 7→ h1 (x)h2 (y) .

The sets ∆n can be chosen in the following way:

∆n =
{
(x, y) ∈ [0, 1]2 : d (x, y) < ηs/n

}
,

where

η =
1

2
∫ 1
0 h (x, x) dx

=
1

2
∫ 1
0 h1 (x)h2 (x) dx

.

5.1. Preparatory results. Let D be the diagonal of [0, 1]2. We need this simple but useful
result:

Lemma 5.1. We have the following inclusions:

• ∆n ⊆ {(x, y) : d ((x, y) , D) < ηs/n}
• T̄j |−1

Uj
(∆n) ⊆

{
(x, y) ∈ [0, 1]2 : d

(
(x, y) , T̄−1

j D
)
< ηs/n

}
, in case ηs/n ≤ ε0.

Proof. To prove the first inclusion, we note that, since d is the Euclidean distance,

(x, y) ∈ ∆n ⇐⇒ d (x, y) < ηs/n =⇒ d ((x, x) , (x, y)) < ηs/n.
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Regarding the second inclusion, if T̄j (x, y) ∈ ∆n then, by the first inclusion, there exists
(w,w) ∈ D such that d

(
T̄j (x, y) , (w,w)

)
< ηs/n. But then

d
(
(x, y) , T̄−1

j (w,w)
)
= d

(
T̄−1
j T̄j (x, y) , T̄

−1
j (w,w)

)
≤ σ d

(
T̄j (x, y) , (w,w)

)
< σ · ηs/n < ηs/n,

which concludes the proof. □

Under the conditions described above, we can prove the following result:

Proposition 5.2. If T̄j |−1
Uj

D ∩ D = ∅, then there exists n0 such that for all n ≥ n0, the

intersection T̄j |−1
Uj

∆n ∩∆n is empty.

Proof. We first observe that the sets ∆n and T̄j |−1
Uj

∆n are shrinking neighborhoods of D and

T̄j |−1
Uj

D, respectively. Since these sets are compact and disjoint, the distance between them is

strictly positive, so we can find n0 such that for all n ≥ n0, the intersection T̄j |−1
Uj

∆n ∩∆n is

empty. □

5.2. Intersecting points with distinct derivatives. Before going through more results,
it will be useful to study the following inequality of real numbers∣∣∣∣az + b

z2

2

∣∣∣∣ ≥ |za|
2

. (5.1)

If ab = 0, then every real number satisfies the inequality. On the other hand, if ab > 0, the
set of solutions of the inequality is (−∞,−3a/b]∪ [−a/b,∞). In the case of ab < 0, this set is
(−∞,−a/b]∪ [−3a/b,∞). Hence, the inequality is satisfied for all z ∈ R, such that |z| ≤

∣∣a
b

∣∣.
Another important remark is that if we replace b by b′ in the inequality, where |b′| ≤ |b|, then
the set

{
z ∈ R : |z| ≤

∣∣a
b

∣∣} is still contained in the set of solutions of the inequality.

Recall that the factors of T̄j : Vj → R2 are denoted by Tj,1 and Tj,2. Since the domains of the
maps T̄j are rectangles, it is not difficult to see what the domains of the maps Tj,1 and Tj,2

are intervals. We now have all the ingredients to prove a lemma, which, in loose terms, states
that if there is an intersection of D with T̄−1D at the point (x0, x0), with T ′

j,1 (x0) ̸= T ′
j,2 (x0),

then T̄−1D “moves away from” D sufficiently fast.

Lemma 5.3. Assume T̄ is as described in the beginning of this section. Assume that (x0, x0) ∈
Uj is such that Tj,1(x0) = Tj,2(x0), but T

′
j,1 (x0) ̸= T ′

j,2 (x0). Define

• bi := sup(x,y)∈[0,1]2

∣∣∣∣∣
[(

T−1
j,1

)′
(x)

]3
T ′′
j,1

(
T−1
j,1 (x)

)
−
[(

T−1
j,2

)′
(y)

]3
T ′′
j,2

(
T−1
j,2 (y)

)∣∣∣∣∣
• ci :=

∣∣∣(T−1
j,1 )

′
(Tj,1(x0))−(T−1

j,2 )
′
(Tj,2(x0))

∣∣∣
bi

.

Then, for all t such that |t| ≤ ci and Tj,1(x0) + t ∈ [0, 1], we have that∣∣∣T−1
j,1 (Tj,1(x0) + t)− T−1

j,2 (Tj,2(x0) + t)
∣∣∣ ≥ |t|

2

∣∣∣∣(T−1
j,1

)′
(Tj,1(x0))−

(
T−1
j,2

)′
(Tj,2(x0))

∣∣∣∣ .
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Proof. By Taylor expansion, we have∣∣∣T−1
j,1 (Tj,1(x0) + t)− T−1

j,2 (Tj,2(x0) + t)
∣∣∣ =∣∣∣∣∣

[(
T−1
j,1

)′
(Tj,1(x0))−

(
T−1
j,2

)′
(Tj,2(x0))

]
t

+

[(
T−1
j,1

)′′
(Tj,1(x0) + r1)−

(
T−1
j,2

)′′
(Tj,2(x0) + r2)

]
t2

2

∣∣∣∣∣.
The result follows by applying the observation above about the inequality (5.1), with

a =
(
T−1
j,1

)′
(Tj,1(x0))−

(
T−1
j,2

)′
(Tj,2(x0))

and

b = sup
(x,y)∈[0,1]2

∣∣∣∣∣
[(

T−1
j,1

)′
(x)

]3
T ′′
j,1

(
T−1
j,1 (x)

)
−
[(

T−1
j,2

)′
(y)

]3
T ′′
j,2

(
T−1
j,2 (y)

)∣∣∣∣∣ .
The upper bound b is obtained by differentiating twice the expression f

(
f−1 (x)

)
= x. □

As a consequence we obtain the following corollary.

Corollary 5.4. Let

0 < ε <

∣∣∣(T−1
j,1 )

′
(Tj,1(x0))−(T−1

j,2 )
′
(Tj,2(x0))

∣∣∣2
2bi

and δ = 2ε∣∣∣(T−1
j,1 )

′
(Tj,1(x0))−(T−1

j,2 )
′
(Tj,2(x0))

∣∣∣ .
Then, for all t ∈ (δ, ci) ∪ (−ci,−δ), we have∣∣∣T−1

j,1 (Tj,1(x0) + t)− T−1
j,2 (Tj,2(x0) + t)

∣∣∣ ≥ ε.

5.3. Isolated intersecting points have negligible contribution for the computation
of θ. Now we prove that under the conditions of Lemma 5.3, (x0, x0) is an isolated point of
D∩ T̄−1D. Moreover, its contribution for the computation of the extremal index is negligible.
From now on, by T̄−1

j , we mean T̄−1
j |Uj

.

Proposition 5.5. Suppose that T̄ satisfies the properties described in the beginning of this
section and that, for some j, (x0, x0) ∈ Uj ∩ D ∩ T̄−1

j (D) is a point for which T ′
j,1 (x0) ̸=

T ′
j,2 (x0). Then there exists a neighbourhood V of (x0, x0) such that

V ∩D ∩ T̄−1
j D = {(x0, x0)} and V ∩D ∩ T̄−1D ⊆ {(x0, x0)} .

Furthermore,

lim
n→∞

µ
(
∆n ∩ T̄−1∆n ∩ V

)
µ (∆n)

= 0.

Remark 5.6. The inclusion V ∩D∩T̄−1D ⊆ {(x0, x0)} may not be an equality because (x0, x0)
may belong to ∂Uj , where the map can be defined arbitrarily.
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Proof. First, suppose that (x0, x0) ∈ Uj . We claim that V = T−1
j

(
Bcj (Tj,1x0, Tj,2x0)

)
is

the desired neighborhood. Note that this neighborhood is not necessarily an open set of
[0, 1]2, but it is on the induced topology of Uj . To prove this claim, we choose (x, y) ∈
T−1
j D ∩ V \ {(x0, x0)}. We know that there exists t, where 0 < |t| < cj , such that (x, y) =(
T−1
j,1 (Tj,1x0 + t) , T−1

j,2 (Tj,2x0 + t)
)
. Lemma 5.3 tells us (x, y) ̸∈ D. If (x0, x0) ∈ ∂Uj , one

should take all i for which (x0, x0) ∈ D ∩ T−1
j D and the neighborhood Vj of that point as

above. For the i such that (x0, x0) ̸∈ T−1
j D, we can take the ball Brj centered at (x0, x0) of

radius rj := d
(
(x0, x0) , T

−1
j D

)
/2. The union of all of these gives a neighborhood of (x0, x0)

with the desired conditions. Of course, we can ensure these neighborhoods are open by taking
a ball contained in V . One important thing to mention is that

V ⊆
⋃

i:(x0,x0)∈Uj

Uj .

For each i such that (x0, x0) ∈ Uj , define the following quantities:

Γj =

∣∣∣∣(T−1
j,1

)′
(Tj,1x0)−

(
T−1
j,2

)′
(Tj,2x0)

∣∣∣∣2
2bj

(5.2)

Λj =

ϵ0

∣∣∣∣(T−1
j,1

)′
(Tj,1x0)−

(
T−1
j,2

)′
(Tj,2x0)

∣∣∣∣
2
√
2

(5.3)

we take εj as follows:

εj <

{
min {3ϵ0, 3rj} (x0, x0) ̸∈ T−1

j D

min
{
cj ,Γj ,

3dj
2 ,Λj

}
, (x0, x0) ∈ T−1

j D
(5.4)

where dj := d
(
T−1
j D,D ∩ T−1

j

(
Bcj (Tj,1x0, Tj,2x0) \Bcj/2 (Tj,1x0, Tj,2x0)

))
, which is greater

than 0, since both sets are compact and do not intersect each other. Let ε = mini:(x0,x0)∈Uj
εj .

Suppose that (x, y) ∈ Uj where i is such that (x0, x0) ∈ T−1
j D. Additionally, suppose (x, y) ∈

∆n ∩ T−1
j ∆n ∩ T−1

j

[
Bcj/2 (Tj,1x0, Tj,2x0)

]
for sufficiently large n (i.e., 1/n ≤ ε/(3ηs)). We

know that (Tj,1x, Tj,2y) ∈ ∆n, which implies, by Lemma 5.1, that d ((Tj,1x, Tj,2y) , D) < sε/3.
Let (z, z) ∈ D be such that

d ((Tj,1x, Tj,2y) , (z, z)) < sε/3.

Then,

d ((Tj,1x0, Tj,2x0) , (z, z)) ≤ d ((Tj,1x0, Tj,2x0) , (Tj,1x, Tj,2y)) + d ((Tj,1x, Tj,2y) , (z, z))

≤ cj
2
+

sε

3
≤ cj

2
+

ε

3
< cj .

This means that (z, z) ∈ Bcj (Tj,1x0, Tj,2x0). Let (u, v) = T̄−1
j (z, z). Since

(u, v) ∈ T̄−1
j Bcj (Tj,1x0, Tj,2x0) ,
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there exists |t| < cj such that

(u, v) =
(
T−1
j,1 (Tj,1x0 + t) , T−1

j,2 (Tj,2x0 + t)
)
.

Note that
d (u, v) ≤ d (u, x) + d (x, y) + d (y, v) < s/n ≤ ε.

Since ε <

∣∣∣(T−1
j,1 )

′
(Tj,1x0)−(T−1

j,2 )
′
(Tj,2x0)

∣∣∣2
2bj

, Corollary 5.4 tells us that

|t| < δ =
2ε∣∣∣∣(T−1

j,1

)′
(Tj,1x0)−

(
T−1
j,2

)′
(Tj,2x0)

∣∣∣∣ .
Therefore,

d ((z, z) , (Tj,1x0, Tj,2x0)) <
√
2 · δ.

Since by the choice of ε, we have
√
2 · δ < ϵ0, then

d ((u, v) , (x0, x0)) = d
(
T̄−1
j (z, z) , T−1

j (Tj,1x0, Tj,2x0)
)

≤ σ d ((z, z) , (Tj,1x0, Tj,2x0)) <
√
2 · δ.

Finally,

d ((x, y) , (x0, x0)) ≤ d ((x, y) , (u, v)) + d ((u, v) , (x0, x0)) <

ε

1

3
+

2
√
2∣∣∣∣(T−1

j,1

)′
(Tj,1x0)−

(
T−1
j,2

)′
(Tj,2x0)

∣∣∣∣
 .

On the other hand, if (x, y) ∈ T−1
j

[
Bcj (Tj,1x0, Tj,2x0) \Bcj/2 (Tj,1x0, Tj,2x0)

]
, then

d ((x, y) , D) ≥ ε/3 or d
(
(x, y) , T−1

j D
)
≥ ε/3.

Otherwise, by the triangle inequality, we would get dj ≤ 2ε
3 , contradicting the choice of ε. So,

by Lemma 5.1, we get (x, y) ̸∈ ∆n ∩ T̄−1
j ∆n.

In case (x0, x0) ̸∈ T̄−1
j D, we have that

T̄−1
j ∆n ⊆

{
(x, y) ∈ Uj : d

(
(x, y) , T̄−1

j D
)
< ε/3

}
.

Note that

2rj = d
(
(x0, x0) , T̄

−1
j D

)
≤ d ((x0, x0) , (x, y)) + d

(
(x, y) , T̄−1

j D
)
,

which means that if (x, y) ∈ V ∩ Uj , then

d
(
(x, y) , T̄−1

j D
)
≥ rj > ε/3,

which implies that (x, y) ̸∈ T̄−1
j ∆n.

In conclusion,

µ
(
∆n ∩ T̄−1∆n ∩ V

)
≤

∑
i:(x0,x0)∈Uj

µ
(
∆n ∩ T̄−1

j ∆n ∩ V
)
= O

(
n−2

)
,



DISTRIBUTIONAL RESULTS FOR THE SHORTEST DISTANCE 15

since by the positivity assumption and the fact that h ∈ Vα ⊆ L∞,

µ
(
B1/n (x0, x0)

)
= O

(
n−2

)
.

The conclusion follows by the fact that µ (∆n) = O
(
n−1

)
. □

5.4. Corollaries and sufficient conditions for θ = 1. Now, we point out some corollaries
of Proposition 5.5. An important thing to mention is that if T̄ satisfies the properties described
in the beginning of this section, so do the iterates of T̄ . This means that we can also apply
Proposition 5.5 to the iterates of T̄ . With this in mind, we have the following:

Corollary 5.7. Suppose that for all κ ∈ N, the number of points of
⋃

j T̄
−κ
j D ∩D is finite.

If for all these points the derivatives of the components are different, then the extremal index
is 1.

Proof. For each (xk, xk) ∈
⋃

j T̄
−1
j D ∩ D, let Vk be the neighborhood as in Proposition 5.5,

which we assume, without loss of generality, to be an open set of [0, 1]2. Let W = (
⋃

k Vk)
c.

We note that
⋃

j T̄
−1
j D ∩W is a compact set whose intersection with D is empty. So we can

take n0 large enough such that⋃
j

T̄−1
j ∆n ∩∆n ∩W = ∅ for all n ≥ n0.

Note that, up to Lebesgue measure zero, and consequently µ-measure zero,⋃
j

T̄−1
j ∆n = T̄−1∆n.

This allows us to make the following estimation

µ
(
T̄−1∆n ∩∆n

)
≤
∑
k

µ
(
T̄−1∆n ∩∆n ∩ Vk

)
+ µ

(
T̄−1∆n ∩∆n ∩W

)
.

Dividing by µ (∆n) and using Proposition 5.5, we conclude that p0 = 0, where pκ is as defined
in (3.5). For κ ≥ 0, we can apply the same reasoning. Since

µ
(
∆n ∩ T̄−1∆c

n ∩ · · · ∩ T̄−κ∆c
n ∩ T̄−(κ+1)∆n

)
⊆ µ

(
∆n ∩ T̄−(κ+1)∆n

)
,

it follows that pκ = 0. □

Corollary 5.8. Let ℓ ≥ 1. Assume that there exists kℓ > 0 such that for all intersection
points (x0, x0) ∈ D ∩

⋃
j T̄

−ℓ
j D,∣∣∣∣(T−ℓ

j,1

)′ (
T ℓ
j,1x0

)
−
(
T−ℓ
j,2

)′ (
T ℓ
j,2x0

)∣∣∣∣ > kℓ.

Then, the number of points of D ∩
⋃

j T̄
−ℓD is finite, which implies that pℓ−1 = 0.

Proof. It is enough to prove that, for each i, D ∩ T̄−1
j D is finite. By the proof of the propo-

sition, if (x0, x0) ∈ D ∩ T̄−1
j D, then it is the unique point of that set when intersected with

T̄−1
j

(
Bcj (Tj,1x0, Tj,2x0)

)
. But cj > k1/bj , so (x0, x0) is the unique point in

D ∩ T̄−1
j D ∩ T̄−1

j

(
Bk1/bj (Tj,1x0, Tj,2x0)

)
.
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What remains to prove is that, for all ε > 0, there is lε > 0 such that for all (x, x) ∈ Uj∩D, the

curve T̄−1
j [Bε (x, x) ∩D] has a length greater than lε. This means that if (x0, x0) and (x1, x1)

are different points of T̄−1
j D, then (x1, x1) ̸∈ T̄−1

j

(
Bk1/bj (Tj,1x0, Tj,2x0)

)
, which implies,

by the construction of the proof, that the path in T̄−1
j D whose end-points are (x0, x0) and

(x1, x1) has length greater than lk1/bj/2. This implies that there is only a finite number of
such points. To get the lower bound for the length of the curve, we note that

l
(
T̄−1
j [Bε (x, x) ∩D]

)
=

∫ ε

−ε

√[(
T−1
j,1

)′
(x+ t)

]2
+

[(
T−1
j,2

)′
(x+ t)

]2
dt.

The domain of integration might not be exactly (−ε, ε) as Bε (x, x)∩D might not be contained
in Uj . But it will always be an interval of length at least ε. Suppose that the domain of

integration is contained in Uj . Then, using the fact that T̄j is C1 and invertible in an open

set containing Uj , we conclude, by the formula of the derivative of the inverse function, that(
T−1
j,1

)′
and

(
T−1
j,2

)′
are both bounded away from zero, allowing us to obtain a lower bound

for l
(
T̄−1
j [Bε (x, x) ∩D]

)
. □

6. The co-dimension Cq

In the previous sections, we mostly considered expanding maps with smooth invariant densi-
ties bounded away from zero and infinity. In that case, the co-dimension satisfies

Cq = 1,

reflecting the fact that the measures behave locally like Lebesgue measure.

However, Cq may differ from 1 when the invariant densities exhibit singularities or zeros, or
when the measures have a more irregular (e.g. fractal) structure. This occurs, for instance,
in unimodal maps [13, 14].

We now give an explicit formula for Cq in the case of absolutely continuous measures whose
densities have finitely many singularities or zeros.

Proposition 6.1. Let µ1, . . . , µq be probability measures on R, absolutely continuous with
respect to Lebesgue measure, with densities h1, . . . , hq. Assume that the common support

I =

q⋂
i=1

supp(µi)

is a finite union of closed intervals.

Suppose that each hi has at most finitely many singularities or zeros, located at points s ∈
S ⊂ I, and that near each s,

hi(x) ≍ |x− s|αi(s),

with −1 < αi(s) < 0 for singularities and αi(s) > 0 for zeros.

Define

α = min
s∈S

{
1

q

q∑
i=1

αi(s)

}
.

Then:
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(1) If S = ∅ or α ≥ 0, then

Cq(µ1, . . . , µq) = 1.

(2) If α < 0, then

Cq(µ1, . . . , µq) =


1 if q < − 1

α
,

q(1 + α)

q − 1
otherwise.

Proof. Let

I(r) =

∫
I

q∏
i=2

µi(Br(x)) dµ1(x).

We split the integral into contributions near singularities and away from them:

I(r) = I1(r) + I2(r),

where

I1(r) =
∑
s∈S

∫
Br(s)

h1(x)

q∏
i=2

∫ x+r

x−r
hi(y) dy dx,

and I2(r) is the integral over I \Br(S).

For x /∈ Br(S), the densities are regular, so∫ x+r

x−r
hi(y) dy ≍ r.

Hence

I2(r) ≍ rq−1.

For x close to s, we use the local behaviour∫ x+r

x−r
hi(y) dy ≍ (|x− s|+ r)1+αi(s).

Thus

I1(r) ≍
∑
s∈S

∫ s+r

s−r
|x− s|α1(s)(|x− s|+ r)

∑q
i=2(1+αi(s)) dx.

A direct scaling argument yields

I1(r) ≍
∑
s∈S

rq+
∑q

i=1 αi(s).

Combining both contributions,

I(r) ≍ rq−1 + rq(1+α).

The dominant term determines the scaling. If

q(1 + α) > q − 1,

i.e. α > −1/q, then I(r) ≍ rq−1 and Cq = 1. Otherwise, q(1 + α) ≤ q − 1 and the singular
contribution dominates:

I(r) ≍ rq(1+α).
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In either case, by definition of Cq,

Cq = lim
r→0

log I(r)

(q − 1) log r
,

which gives Cq = 1 in the first case and Cq =
q(1 + α)

q − 1
in the second. □

Remark 6.2. The formula highlights a transition phenomenon: singularities only affect Cq

when they are sufficiently strong (i.e. when α < 0) and when the number of trajectories q is
large enough. Otherwise, the regular part of the measure dominates and Cq = 1.

Example 6.3. Let I = [0, 1].

(1) Let h1(x) = h2(x) =
1

π
√
x(1− x)

and h3(x) = 1. h1 and h2 are the invariant densities

associated with the logistic map, while h3 is that of an expanding linear map with
integer slope. Each of h1, h2 has exponents α1(0) = α2(0) = α1(1) = α2(1) = −1

2

and α3 ≡ 0, giving α = 1
3(−

1
2 − 1

2 + 0) = −1
3 . The condition q(1 + α) > q − 1 reads

3 · 2
3 > 2, which holds as an equality, so the two exponents coincide and

C3(µ1, µ2, µ3) = 1.

(2) Let h1(x) = h2(x) = h3(x) = h4(x) =
1

π
√
x(1− x)

and h5(x) = 1. Here α =

1
5(4 · (−

1
2) + 0) = −2

5 , and the condition q(1 + α) > q − 1 reads 5 · 3
5 > 4, i.e. 3 > 4,

which is false. Hence

C5(µ1, . . . , µ5) =
5(1− 2

5)

4
=

3

4
.

7. The Extremal Index as a measure of dynamical compatibility

In this section, we show how the Extremal Index distinguishes between compatible and in-
compatible factor dynamics, quantifying the degree of compatibility.

We will consider 2-dimensional linear dynamics, which will simplify the computation of the
coefficients pk given in (3.5), which are crucial to compute the Extremal Index. These systems
clearly fit the framework of Theorem 4.1, as they can be seen as particular cases of the class
of maps studied in Section 4.3, for example.

We will start by verifying that if the linear maps have different coefficients then the Extremal
Index is 1, which could be obtained easily from the results in Section 5. However, we perform
a direct analysis in order to provide further insight about what is behind this interpretation of
the role of the Extremal Index and at the same time take the opportunity to set the notation
and establish a benchmark against which the cases of full and partial compatibility can be
compared.

Full compatibility is obtained by considering the same linear coefficients for the two factor
maps, which will give rise to an Extremal Index less than 1, where we recover the formula
obtained in previous works, [10]. Then, we will introduce an example of different linear factor
maps, which coincide in some part of phase space, creating a relevant compatibility detected
by an Extremal Index less than 1, which will turn out to be a weighted average of the two
previous cases.
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7.1. Direct product of different linear maps. Consider the map

T : [0, 1]2 −→ [0, 1]2 (7.1)

(x, y) 7−→ (ax mod 1,by mod 1)

where a,b ∈ Z \ {−1, 0, 1}. The invariant measure µ is Lebesgue measure. In this case, the
observable function giving rise to the stochastic process, can be written in the simplified form:

φ : [0, 1]2 −→ R (7.2)

(x, y) 7−→ − log d(x, y)

For each τ > 0, define

un (τ) = log
2n

τ
. (7.3)

It is clear that the set ∆n = {φ > un} =
{
(x, y) ∈ [0, 1]2 : d (x, y) < τ

2n

}
. We denote the

quantity τ
2n by rn. It is also clear, since µ is the Lebesgue measure, that µ (∆n) ∼ τ

n .
The map T can be partitioned into |ab| open sets, where T restricted to these parts is a
diffeomorphism. Instead of denoting these elements by Ui as in the previous chapter, we
will denote them by Ikl, where k ∈ {0, ...,a − 1} or k ∈ {−1, ...,a} and l ∈ {0, ...,b − 1} or
l ∈ {−1, ...,b}, depending on whether a and b are negative or positive. Similarly, we denote

the elements of the analogous partition T j by Ijkl, where 0 ≤ k ≤ aj − 1 or −1 ≥ k ≥ aj , and

0 ≤ l ≤ bj − 1 or −1 ≥ l ≥ bj , depending on whether aj and bj are positive or negative (the
sign that matters is the one of aj , not a). Explicitly,

Ijkl =
{
(x, y) ∈ [0, 1]2 : x ∈ Ijk, y ∈ J j

l

}
, (7.4)

where Ijk =
(

k
aj ,

k+1
aj

)
or Ijk =

(
k+1
aj , k

aj

)
, depending on whether aj is positive or negative. The

set J j
l is defined similarly, but replacing a by b. We define the maps

T j
kl : R

2 → R2, (x, y) 7→
(
ajx− k,bjy − l

)
. (7.5)

Clearly, T j |
Ijkl

= T j
kl|Ijkl . We denote the diagonal of [0, 1]2 by D.

In this section, we verify that when |a| ̸= |b|, then Extremal Index is θ = 1. This can be
explained by the fact that, for a fixed j ∈ N, there is only a finite number of points on the
diagonal that return to the diagonal after j iterations. Since the derivatives of the component
maps are different, then the area of a small neighbourhood of those points that return to a
neighbourhood of the diagonal is negligible for the computation of the Extremal Index.

The proof will be based on checking that the following condition holds:

lim
n→∞

nµ
(
∆n ∩ T−j(∆n)

)
= 0, for all j ∈ N. (7.6)

Note that validity of (7.6) implies that pk = 0, for all k ∈ N0 and therefore θ = 1−
∑

k≥0 pk =
1.

We start by noting that T−j (D) ∩ Ijkl is the line(
y − l

bj

)
=

aj

bj

(
x− k

aj

)
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intersected with Ijkl. The set T−j (∆n) ∩ Ijkl is the space between the lines

y −
l +
(

t
2n

)
bj

=
aj

bj

(
x− k

aj

)
; y − l

bj
=

aj

bj

(
x−

k +
(

t
2n

)
aj

)
.

So, T−j (∆n) ∩ Ijkl is the set of points (x, y) ∈ Ijkl such that∣∣∣∣(y − l

bj

)
− aj

bj

(
x− k

aj

)∣∣∣∣ < rn

|b|j
.

We note that if D ∩ T−j (D) ∩ Ijkl ̸= ∅, then it contains only one point, since it corresponds
to the intersection of two linear maps with different derivatives. To prove condition (7.6), we
need an upper bound for the measure of the sets ∆n ∩ T−j∆n. To get it, we analyse these

sets restricted to Ijkl.

Lemma 7.1. Suppose that T : [0, 1]2 → [0, 1]2 is a map and that there exists an open set
A such that T j |A is a diffeomorphism between A and int

(
[0, 1]2

)
of the form T j |A(x, y) =

(ajx − q,bjy − p), with |a| ≠ |b|. Suppose also that D ∩ T−j (D) ∩A = (x0, x0). Then, the
set ∆n ∩ T−j (∆n) ∩A is a subset of(x, y) ∈ A : d(x, x0) ≤

rn

(
1 + |b|j

)
∣∣∣|b|j − |a|j

∣∣∣ , d(y, x0) ≤
rn

(
1 + |a|j

)
∣∣∣|b|j − |a|j

∣∣∣
 ,

which is non-empty.

Proof. Suppose that (x, y) ∈ ∆n ∩ T−j (∆n) ∩ A and that (x0, x0) ∈ T−jD ∩A. We note

that T j |A can be extended to R2, so we will assume that T j (x0, x0) =
(
T j
1x0, T

j
2x0

)
and

T j
1x0 = T j

2x0, where

T j
1 (x) = ajx− q T j

2 (x) = bjx− p.

We want to estimate d(x, x0) and d(y, x0). Assume first that |b|j > |a|j . Then,

d(y, x0) ≤
d
(
T j
2 y, T

j
2x0

)
|b|j

≤
d
(
T j
1x, T

j
2 y
)
+ d

(
T j
1x, T

j
1x0

)
|b|j

≤ rn + |a|j d (x, x0)
|b|j

≤rn + |a|j (d (y, x) + d (y, x0))

|b|j

Therefore,

d(y, x0) ≤
rn

(
1 + |a|j

)
|b|j − |a|j

.

By a simple triangle inequality, we conclude that

d(x, x0) ≤ d(y, x) + d(y, x0) ≤
rn

(
1 + |b|j

)
|b|j − |a|j

.

The proof of the case where |a|j > |b|j is similar. □
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Define the quantity

βn = max
{
m ∈ N : ∀1 ≤ j ≤ m : T−j∆n ∩∆n ∩ Ijkl ̸= ∅ ⇐⇒ D ∩ T−jD ∩ Ijkl ̸= ∅,

∀k, l where Ijkl is defined.
}

(7.7)

Lemma 7.2. lim
n→∞

βn = +∞.

Proof. Note that βn is an increasing sequence of integers. So, the only way its limit is not
infinity is if the sequence is constant after a certain n. Assume that this is indeed the case.

This means that there exists j, k, l ∈ N such that, for all n ∈ N, T−j∆n ∩∆n ∩ Ijkl ̸= ∅, but
D∩T−jD ∩ Ijkl = ∅. BothD and T−jD ∩ Ijkl are compact, which means that if the intersection

of these sets is empty, then d
(
D,T−jD ∩ Ijkl

)
> 0. Take n such τ

n < d
(
D,T−jD ∩ Ijkl

)
.

Then, if (x, y) ∈ T−j∆n ∩∆n ∩ Ijkl, we have that

d
(
D,T−jD ∩ Ijkl

)
≤ d (D, (x, y)) + d

(
T−jD ∩ Ijkl, (x, y)

)
< 2

τ

2n
=

τ

n
,

which yields a contradiction. To justify the last inequality, note that:

(x, y) ∈ ∆n =⇒ |x− y| < τ

2n
=⇒ d ((x, y) , D) ≤ τ

2n
= rn,

and also that

(x, y) ∈ T−j∆n ∩ Ijkl =⇒
∣∣∣∣(y − l

bj

)
− aj

bj

(
x− k

aj

)∣∣∣∣ < rn

|b|j
.

Since (x, y) ∈ Ijkl, then
(
x, aj

bj

(
x− k

aj

)
+ l

bj

)
∈ Ijkl ∩ T−j (D). This means that

d
(
T−jD ∩ Ijkl, (x, y)

)
≤ rn

|b|j
< rn.

The fact that d
(
T−jD ∩ Ijkl, (x, y)

)
= d

(
T−jD ∩ Ijkl, (x, y)

)
concludes the proof. □

We are now ready to establish the following.

Proposition 7.3. Condition (7.6) is satisfied.

Proof. The number of points of
⋃

kl D∩T−jD ∩ Ijkl is bounded by
∣∣aj − bj

∣∣+1, since (x, x) ∈
D ∩ T−jD ∩ Ijkl =⇒ ajx − bjx ∈ Z. Since the sets Ijkl are disjoint and their union has full
measure, it follows that

nµ
(
∆n ∩ T−j∆n

)
= n

∑
k,l

µ
(
∆n ∩ T−j∆n ∩ Ijkl

)
.

Noting that each point of [0, 1]2 is, at most, in four of the Ijkl, and assuming that n is sufficiently
large so that βn > j (which we can assume by Lemma 7.2), then we can use Lemma 7.1 to
obtain

nµ
(
∆n ∩ T−j∆n

)
≤ 4n

(∣∣aj − bj
∣∣+ 1

)
(
1 + |a|j

)(
1 + |b|j

)
(
|a|j − |b|j

)2
 r2n

 .
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Recalling that rn = τ
2n , it is then clear that limn→∞ nµ

(
∆n ∩ T−j∆n

)
= 0. □

7.2. Direct product of identical linear maps. In this section we consider T to be given
as in (7.1), but this time we assume that b = a. Let the observable φ be as before, (7.2).

We define the quantity βn as in (7.7). It goes to infinity as n goes to infinity, by Lemma 7.2.
It is easy to see that condition (7.6) does not hold anymore, but we introduce a new version
which implies that pk = 0 for all k ∈ N and then we will only be left with computing p0 in
order to obtain the Extremal Index.

Let ∆
(1)
n = ∆n ∩ T−1(∆c

n). We will show that

lim
n→∞

nµ
(
∆(1)

n ∩ T−j(∆n)
)
= 0, for all j ≥ 2. (7.8)

Proposition 7.4. Condition (7.8) is satisfied.

Proof. The first thing to notice is that

∆(1)
n =

{
(x, y) ∈ [0, 1]2 :

rn
|a|

< |x− y| < rn

}
∪B,

where m (B) = O
(

1
n2

)
. Note that for j < βn the set Ijkl ∩ T−j(∆n) ∩∆

(1)
n is, in fact, empty.

To see this, observe that

(x, y) ∈ T−j(∆n) ∩ Ijkl =⇒
∣∣∣∣(y − l

aj

)
−
(
x− k

aj

)∣∣∣∣ < rn

|a|j
.

By the choice of βn, the intersection Ijkl ∩ T−j(∆n) ∩ ∆
(1)
n can only be non-empty if k = l.

But in that case,

(x, y) ∈ ∆(1)
n ∩ T−j(∆n) ∩ Ijkk =⇒ rn

|a|
< |x− y| < rn

|a|j
,

and since |a| > 1, ∆
(1)
n ∩ T−j(∆n) ∩ Ijkk = ∅. Hence, the conclusion follows trivially. □

We are now able to compute the Extremal Index.

Proposition 7.5. The extremal index is

θ =
|a| − 1

|a|
.

Proof. Start by noting that validity of (7.8) implies that pk = 0 for all k ∈ N. So we are left
to compute

p0 = lim
n→∞

1−
µ
(
∆

(1)
n

)
µ (∆n)

= 1− lim
n→∞

(|a|−1)
|a| rn +O

(
1
n2

)
rn

= 1− |a| − 1

|a|
.

□
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7.3. Direct product of partially matching linear maps. We consider now linear factor
maps that coincide only in a given part of the phase space. Namely, we consider

T : [0, 1]2 −→ [0, 1]2

(x, y) 7−→ (T1(x), T2(y))

where

T1(x) = ax mod 1 and T2(y) =

{
ay mod 1, y ≤ 1/ |a|
aby mod 1, y ≥ 1/ |a| .

The invariant measure µ is still the Lebesgue measure and Theorem 4.1 is still valid. For

convenience, we label the partition associated with T differently. Let {Jk}
(|a|−1)|b|
k=0 be the

partition associated with T2. Denote by Ci0,...,ij−1 the j-cylinders associated with T2. Note

that y ∈ Ci0,...,ij−1 means that y ∈ Ji0 , T2(y) ∈ Ji1 , ..., T
j−1
2 (y) ∈ Jij−1 . We denote the

elements of the partition associated with T1 by
{
Ijk

}|a|j−1

k=0
. As in the previous case, we will

prove that condition (7.8) holds.

Proposition 7.6. Condition (7.8) is satisfied and the Extremal Index is

θ =
|a| − 1

|a|2
+

|a| − 1

|a|
.

Proof. Let βn be defined as in (7.7). The map restricted to the open set Ij0 × C00...0 is equal
to the one studied previously in this section. So, if j < βn, it was shown in the proof of
Proposition 7.4 that

∆(1)
n ∩ T−j∆(1)

n ∩ Ij0 × C00...0 = ∅. (7.9)

In the remaining regions, the maps are different. In fact, in those regions, the map T2 assumes
the form ajbmy mod 1, for some m ∈ {1, ..., j}. To get an upper bound for the number of
points of the diagonal which are mapped into the diagonal, we sum

j∑
m=1

|a|j (|b|m − 1) =
|b|

|b| − 1
|a|j

(
|b|j − 1

)
− j |a|j ,

where each term of the sum represents the number of points of the diagonal mapped into the
diagonal, when we consider the map (ajx mod 1,bmajy mod 1), after removing the point
(0, 0), since it is always in the region where both maps are equal.

Using Lemma 7.2, we may assume that n is sufficiently large so that j ≤ βn and then, by
Lemma 7.1, we have

µ
(
∆(1)

n ∩ T−j∆n

)
≤
[

|b|
|b| − 1

|a|j
(
|b|j − 1

)
− j |a|j

]
·

r2n

(
1 + |ab|j

)
·
(
1 + |a|j

)
∣∣∣|b|j − |a|j

∣∣∣2
 .

It follows that

nµ
(
∆(1)

n ∩ T−j∆n

)
≤ nr2n

|ab|2j · |a|j∣∣∣|b|j − |a|j
∣∣∣2 ≤ nr2n

(
|a|3 |b|2

)j
−−−→
n→∞

0
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As observed earlier, the fact that (7.8) holds implies that pk = 0 for all k ∈ N, which means
that we are again left with computing p0. For that matter, note that

µ
(
∆(1)

n

)
= µ

(
∆(1)

n ∩ I0 × C0

)
+ µ

(
∆(1)

n ∩ (I0 × C0)
c
)
.

The first term is computed as in Proposition 7.5, except it comes with an extra factor of 1
|a| ,

which is precisely the measure of the set {x ∈ [0, 1] : T1(x) = T2(x)}. So, the first term is
rn(|a|−1)

|a|2 +O
(

1
n2

)
. The second term is rn(|a|−1)

|a| −O
(

1
n2

)
. This is because the measure of ∆n∩

(I0 × C0)
c is rn

(
|a|−1
|a|

)
+O

(
1
n2

)
and, by Lemma 7.1 and by the fact that only a finite number

of points of D ∩ (I0 × C0)
c return to D after the first iteration, which explains that there is

only a O
(

1
n2

)
contribution. This means that the extremal index is θ = |a|−1

|a|2 + |a|−1
|a| . □

The proof of Proposition 7.6 provides clear insight into the mechanisms determining the
value of the Extremal Index in this class of dynamics. The first contribution arises from the
region where the factor maps coincide. This region represents a relative weight of 1

|a| of the

diagonal, and the corresponding fraction of points in ∆n that do not return to ∆n in one

iteration converges to |a|−1
|a| . Their combined contribution to the Extremal Index is given by

the product of these two quantities.

The complementary region, where the factor maps are misaligned, has relative weight |a|−1
|a|

of the diagonal. In this case, since the factor maps differ, the fraction of points in ∆n that
do not return to ∆n converges to 1.

Equivalently, the Extremal Index can be written as 1 − 1
|a|2 , indicating that, in the limit, a

proportion 1
|a|2 of points in a neighbourhood of the diagonal return to that neighbourhood

after one iteration.

8. Applications

In this section, we provide some examples to illustrate the potential of the results obtained
earlier, namely Theorem 4.1 and Corollaries 5.7 and 5.8. We will introduce a class of pertur-
bation of linear maps that fits this framework and show that when taking the direct product
of perturbed versions of two dynamically incompatible maps, in the sense that the set of
points that return to the diagonal is negligible, we obtain an Extremal Index equal to 1.

8.1. Perturbed linear maps. We start by recalling the definition of α-Hölder function. Let
f : I ⊆ Rn → Rn. We say that f is α-Hölder if there exists C > 0 such that, for all x, y ∈ I

|f (x)− f (y)| ≤ C |x− y|α . (8.1)

It is easy to see that if f is α-Hölder and bounded away from zero (in norm), then there is
C > 0 such that given z ∈ I, ϵ > 0 and x, y ∈ Bϵ (z),

|f (x)− f (y)| ≤ C |f (z)| ϵα. (8.2)

Let f : I ⊆ Rn → Rn. We say that f ∈ C1+α (I) or simply that f is C1+α if its determinant
is α-Hölder.

It is clear that the product of expanding linear maps satisfies all the conditions of Theorem
4.1. Using this approach, we can guarantee that Theorem 4.1 can also be applied to small
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perturbations of expanding linear maps. To precisely describe what we mean by small per-

turbations, consider integers a,b, greater than 1 in absolute value. Let δ < min{|a|,|b|}−1
2 . We

label the differentiable regions (open sets) of the map

T : [0, 1]2 −→ [0, 1]2

(x, y) 7−→ (ax mod 1,by mod 1)

by Ikl = Ik × Jl, where k ∈ {0, . . . , |a| − 1}, and l ∈ {0, . . . , |b| − 1}. Consider the maps
fk : I ′k → R and gl : J

′
l → R, where I ′k and J ′

l are compact sets such that Ik ⊆ int I ′k and

Jl ⊆ int J ′
l . Suppose that fk and gl are C1+α, for some α > 0. Furthermore, assume that

fk
(
Ik
)
⊆ [−1, 1], gl

(
Jl
)
⊆ [−1, 1], and that fk|∂Ik = 0 and gl|∂Jl = 0. Suppose also that

∀x ∈ I ′k, y ∈ J ′
l ,
∣∣f ′

k(x)
∣∣ , ∣∣g′l(y)∣∣ ≤ 1.

Then, we consider the dynamical system

T̃ : [0, 1]2 → [0, 1]2, T̃ |Ikl = T |Ikl + δ (fk|Ik × gl|Jl) , (8.3)

where

fk × gl : I
′
k × J ′

lR2

(x, y) 7−→ (fk(x), gl(y)) .

From now on, in order to simplify notation, we will write fk instead of fk|Ik and analogously

for gl. We denote T̃kl to the extension of T̃ |Ikl to int (I ′k × J ′
l ). In order to apply Theorem

4.1, we check that T̃ satisfies (PE1)-(PE5), and that it satisfies Proposition 4.5.

First, we check that each T̃kl is uniformly expanding and its restriction to Ikl is a diffeomor-
phism between Ikl and [0, 1]2. To do so, it is enough to check that each of the components are
uniformly expanding and that they map, respectively, Ik and Jl to [0, 1]. We do it for the first
component. The derivative of it is a+ δf ′

k(x). If a > 0, we get a+ δf ′
k(x) > a/2+1/2 > 1, so

the map is increasing and expanding. In particular, it is injective. By the boundary conditions
imposed on the map fk, we get that its image is [0, 1]. If a < 0, the proof is similar.

The map T̃ satisfies condition (PE1) and (PE3), since it was actually constructed on the
sets Ui (that here we label by Ikl) which are the same that are used in the linear setting.
Condition (PE4) follows from the fact that both components are uniformly expanding. To
check condition (PE2), we need the following propositions:

It remains to check T̃ satisfies Proposition 4.5. For that purpose, it suffices to show that for
each component map of T̃ , and for each interval I ⊆ [0, 1], there exists n ∈ N such that the
image of I under that component is [0, 1] (up to Lebesgue measure zero). By construction

of T̃ , there exists λ ≥ 1 such that the derivative of each component map has absolute value
greater than λ on each partition element. An induction argument shows that the image of
any interval is either [0, 1], an interval of length at least λ times the original, or a union of
two intervals near 0 and 1 whose total length grows. In conclusion, Proposition 4.5 applies.
Hence, Theorem 4.1 also applies.

Assuming that |a| ≠ |b| and that the maps fk and gl are C2, one can easily compute the

extremal index. Let δ < 1/2. Then, it is clear that for all x ∈ Ijk and y ∈ J j
l ,

(|a| − δ)j ≤
∣∣∣∣(T j

i,1

)′
(x)

∣∣∣∣ ≤ (|a|+ δ)j
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(|b| − δ)j ≤
∣∣∣∣(T j

i,2

)′
(y)

∣∣∣∣ ≤ (|b|+ δ)j .

This, together with the fact that |a| ̸= |b|, implies that the conditions of Corollary 5.8 are
satisfied, meaning that the EVL has an extremal index equal to 1. In other words, we have
just proved the following:

Theorem 8.1. Let T̃ : [0, 1]2 → [0, 1]2 be a perturbed linear map as defined in (8.3), with
|a| ≠ |b|. Then, for all s > 0 there exists a sequence (un)n∈N such that (4.3) holds and

lim
n→∞

µ (Mn ≤ un) = e−s,

References

[1] R. Aimino, M. Nicol, S. Vaienti, Annealed and quenched limit theorems for random expanding dynamical
systems, Probab. Theory Related Fields 162(1-2) (2015), 233–274.

[2] R. Aimino, M. Nicol, M. Todd, Recurrence statistics for the space of interval exchange maps and the
Teichmüller flow on the space of translation surfaces, Ann. Inst. H. Poincaré Probab. Statist. 53(3) (2017):
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