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ABsTRACT. Following the ideas in [I2] and some inspiration from [J], we construct a bialgebra T,(n) and a
pointed Hopf algebra UTy(n) which quantize the coordinate rings of the algebra of upper triangular matrices
and of the group of invertible upper triangular matrices of size n > 2, respectively, where ¢ is a nonzero
parameter. The resulting structure on UTgy(n) is neither commutative nor cocommutative, so we obtain a
quantum group. The motivation comes from the idea of quantizing the incidence algebra of a finite poset,
as the latter can be embedded as a subalgebra of the algebra of upper triangular matrices. After defining
the bialgebra Ty(n) and the Hopf algebra UTy(n), we study and compare their Lie algebras of derivations,
their automorphism groups and their low degree Hochschild cohomology, in case n = 2.
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INTRODUCTION

Incidence algebras and coalgebras, associated to a locally finite poset, are a fundamental object in combi-
natorics and number theory, as well as in topology, discrete geometry and representation theory (see e.g. [19]
Chapter 3], [13]). For example, in [4] and [5] the authors show that the Hochschild cohomology of a simplicial
complex associated to a finite poset is isomorphic, as a Gerstenhaber algebra, to the Hochschild cohomology
of the corresponding incidence algebra (see also [7]). More recently, incidence algebras have become a funda-
mental tool in topological data analysis (see [3] for details). Both the algebra and the coalgebra structures of
the incidence algebra have been instrumental in combinatorics and number theory, where the poset algebra
plays a role analogous to that of the group algebra of a finite group.

Any finite poset has an extension into a totally ordered one, so incidence algebras of finite posets are
subalgebras of the algebra of upper triangular matrices. As a first step towards the introduction of a
quantum incidence algebra, in this paper we construct a noncommutative and noncocommutative bialgebra
which is a quantum version of the coordinate ring of the algebra of upper triangular matrices. By formally
setting an appropriate quantum determinant equal to one, we obtain a Hopf algebra UT,(n) which coacts
on the uniparameter quantum affine space A,,(¢), where ¢ is a fixed parameter from the base field. Despite
being new, to our knowledge, the quantum group UT,(n) has a fairly straightforward description in terms
of generators and relations, providing lots of interesting examples to study.

In this paper, after defining the bialgebra T,(n) and the Hopf algebra UTj(n), we explore a few of their
properties, including the center and x-structures. Having quantum symmetries in mind, we study the low-
dimensional Hochschild cohomology and the automorphism groups of 7, (n) and of UT,(n) (both as algebras,
bialgebras and Hopf algebras) in case n = 2.
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1. PRELIMINARIES

Throughout the paper, K will denote a field of characteristic different from 2 and K* its multiplica-
tive group of units. All algebras, homomorphisms and tensor products will be considered over K, unless
otherwise specified. Let A be an algebra. We will use the notation Z(A) for the center of A, Aut(A) for
its automorphism group, Der(A) for its Lie algebra of derivations, IDer(A) for the ideal of inner deriva-
tions and HH*(A) for the k-th Hochschild cohomology group of A. So, in particular, HH’(A4) = Z(A) and
HH'(A) = Der(A)/ IDer(A).

Given a set X = {a; : i € I}, the free unital associative algebra on X will be denoted by K(X) or
K({x; :i € I). The identity map on the set X is written as idx or id, if the set X is clear from the context.
We denote by Z the set of integers and by IN the set of nonnegative integers.

Recall (cf. [I]) that a (multiparameter) quantum affine space of dimension n > 1 is the quotient of
K({x1,...,2,) by the relations

a:ixj = qijxjmi, 1 S ’i,j S n, (1)

where Q := (gi;)7 ;=1 € (K *)"2 is a multiplicatively antisymmetric matrix; in other words, ¢;; = qi_j1 and
gii = 1, for all 1 < ,5 < n. We denote this algebra by A, (Q).
When ¢;; = ¢ for all i > j, we write A, (q) instead of A4,,(Q). Thinking of (z;)!; in (An(q))" as a column
vector, with the usual matricial order for the entries, we could represent the relations z;z; = gx;x;, for ¢ > j,
J J
pictorially as Tq , which has the same meaning as lq_l .

1 1
Remark 1.1. Observe that A,(Q) is isomorphic to the iterated Ore extension K[zi][z2;02]...[Tn;0n],
where o; is the automorphism of Klx1]...[x;—1;0,-1] given by o;(x;) = g;jz; forall 1 < j <i<n. In
particular, A, (Q) is a noetherian domain with K-basis formed by the (equivalence classes of) monomials

a¥ =z - x¥r where v € IN". Moreover, A, (Q) is a Z"-graded algebra whose homogeneous components
are A,(Q), = Kz, whenever v € N, and A,(Q), = {0}, otherwise.

2. QUANTUM Ty(n)

Let n > 2 be an integer. We are going to propose a quantization of the algebra of upper triangular n x n
matrices following the ideas in [12] (see also [8, Chapter IV]). Note that this is not a subalgebra of the algebra
of quantum matrices (cf. [I7, [2]), often denoted by M,(n) or Oy(M,(K)).

Let a;;, 1 <14 < j < n, be variables that one can organize in the following upper triangular n x n matrix

aij; a2 ... Qip
0 az22 ... Q2p

A =
0 ... 0 apn

Fix the map p sending a;; to ap41—jn+1—i- In the language of matrices this is the reflection across the
antidiagonal]

Ann Up—1,n N A1n
0 a@n-1n-1 ... Grp-1
A= . L
0 e 0 a1
Fix ¢ € K* and consider the algebra K(a;; : 1 <i < j <n)®x An(q). Following [12] [2, 8], we define
n n
l’; = Zaij ® Zj and Ii’ = Zan+1_j7n+1_i ® Zj. (2)
Jj=t j=1

11t comes from the corresponding involution of the algebra of upper triangular n X n matrices.
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Lemma 2.1. One has v} = qz}z} and 2//z] = qx]z!f, 1 <i < j <n, if and only if
ARGk = qaik0jk, 1 < j <k,
ajkaji = qajaji, j <k <lI,
Qi = ajaig, 1 <j<l, 1 <k <l

~ o~ o~
(=) >
= L I

2 . .
ajk0 = q agaj, 1 <j<k<l

Proof. Let i < j. We have o} = >)'_; aix ® x;, and 2; = Z?:j aj; ® xy, SO

n
E Ak 051 D TR

=Jj

Q\
I

£

Il 3

<.

S

= E ik Gk Q i?k + E ik Q TR + E qaikaj Q T 1T
—j i<k<l, j<lI j<i<k

=

S

= E ik & ilfk + E ik Q TRT] + E qai1aj, @ T
k=j i<k<l, j<i j<k<l

3

= E ik & CCk + E aikaj; Q TRTp + E (airaj + qaya i) @ Tre).

k=j 1<k<j<l i1<k<l
Similarly,
2
P=) ke @i+ Y qauas @opr + Y (a0 + ki) © TR
k=3 i<k<j<l j<k<l
Thus, x = gz} x if and only if
AjkQik = qAikjk, 1 < J <k, (7)
a1k = aikaj, t <k <j<lI, (8)
Qikaj — ajaix = q tajrag — qagagg, i <j <k <l 9)

The equivalent conditions for 2%z = g}z’ are obtained from by applying p to each variable:
/ -/ -/
Qrjragriy = qagry Qrgr, k< Jo <,
apjragrn = appapg, 1< g0 <k <A
i@y — Qg = @ apgrapy — qappagg, U<k < j < i,

where i/ =n+1—4,7 =n+1—j, k" =n+1—kand !’ =n+1—1. Renaming the indices (I, k', j',i’) by
(i,7,k,1), we obtain

k51 = qaj105k, j <k <lI, (10)
aipaj = ajaig, 1 <k <j<lI, (11)
ajia — apaj = q ajrai — qagajg, i< j <k <l (12)

In particular, we see that is the same as , and, due to char(K) # 2, @D and together are
equivalent to

2 . .
ik ] = G103k, kG = ¢ Quae, 1 <j <k <l
O

Definition 2.2. For n > 2, define T;,(n) to be the quotient of K{a;; : 1 <i < j < n) by the ideal generated

by relations [(3)}{(6)]
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As above for the quantum affine space, we can represent relations |(3)H(6)| pictorially as follows:

T /’ T (13)
(k) — (4,1
The convention used in is that the single horizontal and vertical arrows have label ¢, whereas the diagonal

double arrow has label ¢?; the absence of an edge means that the corresponding generators commute. Keeping
the analogy with matrices, it is assumed that i < j and k < [.

Proposition 2.3. The map p sending a;; to anyi—jnt1—: defines an automorphism of order 2 of Tg(n).

Proof. Although it could be checked directly that p preserves the defining relations of Tj(n), this follows
immediately from the symmetry of the diagram under reflection across the antidiagonal. Clearly,
p? = idg,(n) SO p is an automorphism of order 2. O

Remark 2.4. When n is even, there exists an involution on the algebra of upper triangular matrices

which is not equivalent to the reflection across the antidiagonal. This involution is given by the map

0(aij) = —aniy1—jmt1-i, if i < 5§ < j, and 0(a;;) = any1—jns1-i, otherwise. Applying 6 to every variable in

equalities (9)] one obtains the same conditions given by equalities (12)]

Corollary 2.5. The algebra Ty(n) is isomorphic to A<71+1)(Q) for some Q = Q(q), where {a;; : 1 <i<j <
2

n} is ordered lexicographically.

Example 2.6. The algebra T,(2) is the quotient of K(a11, a2, aze) by the ideal generated by

22012 = qa12a22, (14)
a11a12 = qai2aii, (15)
11022 = A22011- (16)

Observe that there are no relations of the form @ It follows that T;(2) is isomorphic to A3(Q), where
1 ¢q 1 ay;p — @12

Q= <q_1 1g7t > The relations [(14)H(16)| can be represented by the diagram T

1 g 1

q

a2

Unlike the case of the quantum full matrix algebra [8, Proposition IV.3.3], the center of T, (n) is trivial
whenever ¢ is not a root of unity.

Proposition 2.7. If ¢ is not a root of unity, then Z(T,(n)) = K.
Proof. By [1l p. 1788], Z(T,(n)) is the K-space generated by those monomials

— V11, Vin,V22 . Von | o Yn—1n—1 _Vn—1mn_VUpy
f=ai] A1y A3 Qon Ay 1m—1%—1,n Unn >

with vg; € IN, which are central.

Now, a1 f = qi=2 Yii faqq, SO Z?:z v1; = 0 and vy; = 0 for all 2 < i < n. Similarly, using the above, we
have a12f = g7 722 faq9, so 117 = 0 = v9y. This established the result in case n = 2. Suppose that n > 2.
We have shown that f is in the subalgebra of T,(n) generated by {a;; : 2 < ¢ < j < n}, and is thus a central
monomial there. Since this subalgebra is isomorphic to Ty(n — 1), it follows by induction that f = 1, thus
proving the claim. O

Let R be a K-algebra. An n-tuple (ri,...,7,) € R" is called an R-point of A, (q) if rjr; = gr;r; for all
i < j. An ("T1)-tuple (@ij)1<i<j<n € RU'T) is called an R-point of Ty(n) if the elements a;; satisfy the
relations (6)|in R.

Remark 2.8. The R-points of A,(¢) and T,(n) are in a one-to-one correspondence with the algebra mor-
phisms A,,(¢) = R and T,(n) — R, respectively.

The next fact is proved the same way as Lemma [2.1]
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Remark 2.9. An ("}")-tuple A = (a;j)1<i<j<n in R is an R-point of T;(n) if and only if AX := (e ®
x;), and p(A)X = (Z?:i nt1—jnt+1—i @ ;)i are (R ® A,(q))-points of A, (¢q), where z1,...,z, are
the canonical generators of A, (q).

The “only if” part of Remark 2.9] can be generalized as follows.

Remark 2.10. If A = (a;j)1<i<j<n is an R-point of T,(n) and X = (z;)}-, is an R’-point of A,(q), then
AX = (Z;L:i a;; @ zj), and p(A)X := (E?:Z Ant1—jnt1—i @ ;)i are (R ® R')-points of A, (q).
Lemma 2.11. Let A = (a;j)i<i<j<n and B = (bij)lgigj_gn be R-points of Ty(n) such that a;jby = briai;
foralll1<i<j<nandl1<k<IlI<n. Then AB := (Zim aikbrj)1<i<j<n @5 an R-point of Ty(n).
Proof. By Remark the n-tuple X' = (2))P := (Z?:Z bi; ® x;); is an R’-point of A,(q), whgre R =
R®A,(q). Applying Remark , we conclude that X" = (2])7_; == (307, ai®@a))fy = (), Des aik®
(b ®@x5))i is an R"-point of A,,(¢), where R” = RQR' = R®(R®A,(q)). Let ¢ : R” — R’ be the K-linear
map given by ¢(a® (b® P)) = ab® P for all a,b € R and P € A, (q). Observe that for t; = a1 @ (b1 ® P1)
and ta = as ® (b2 ® P2) with agb; = bias one has
p(tita) = p(araz ® (bib2 ® P1Ps)) = a1a2b1by ® P1 Py = a1biazbs @ P1Ps
= (a1b1 ® P1)(azbs ® P2) = ¢(t1)p(t2).

It follows that p(z]z7) = p(z])p(]) for all 1 <4, j < n. Hence, (p(z}))i, is an R'-point of A,(q). Since
o(xl!) = Z?:i Zi:l aigbr; @ x; = Z?:i(AB)ij ® x;, we see that (p(z))l~; = (AB)X, and thus (AB)X
is an R'-point of A, (q). Similarly one proves that p(AB)X = (p(B)p(A))X is an R’-point of A,(¢q). By
Remark the tuple AB is an R-point of T (n). O

We are finally ready to prove the main result of this section.

Theorem 2.12. There are algebra morphisms A : Ty(n) — Ty(n) ® Te(n) and € : Ty(n) — K, given by
Alaij) = Y0 i @ ag; and e(a;j) = 8,5, 1 <i < j <n. These define a bialgebra structure on Ty(n).
Proof. We first show that A is a well-defined algebra morphism, i.e. (A(ai;))i<i<j<n is a (Ty(n) ® Ty(n))-
point of Ty(n). Let A = (a;; ® 1)i<i<j<n and B = (1 ® aij)i<i<j<n. It is clear that A and B are
(Ty(n) ® T,(n))-points of Tq(n). Since (a;; ® 1)(1 ® ar) = aij ® ap = (1 ® agr)(ai; ® 1), then Lemmam
guarantees that AB = (37;_;(aix ® 1)(1 ® agj))1<i<j<n = (Xge; @ik @ agj)i<i<icn = (Aaij))i<i<j<n is a
(Ty(n) ® T,(n))-point of T,(n), as needed.

Similarly, € is a well-defined algebra morphism because (d;;)1<i<;<r is a K-point of T, (n) (due to d;;05 = 0
for i < jork<l).

The coassociativity and counit axioms are verified the same way as for incidence coalgebras (see [I8
Definition 3.2.6]). O

3. THE HOPF ALGEBRA UT,(n)

Now, we are going to introduce the analog of the well-known Hopf algebra GL,(n) (see [17], [8, IV.6,
IV.10] and references therein).

Lemma 3.1. Let X C [1,n] and 1 <i < j <n. Then the following equality holds in Ty(n):

Qjj5 <H azm) = qm (H azz) Qg s (17)

zeX zeX
wherem = =2{z € X :i <z <j} — | X N{J}.

Proof. We have a;ja;; = q_la“-aij, a;jaj; = q_lajjaij, A;jOgy = q‘zamaij for all i < x < j and ajja.s =
azqza;; for all x ¢ [i, j], whence . g
Set dety(n) == [Ii—; ai € Ty(n).
Corollary 3.2. Let 1 <i<j<mn. Then
dety(n) - aij = ¢*U~Ya;; - det,(n). (18)
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Observe from Corollary that if we were to define an analog of GL,(n) in the same way as was done in
[8, IV.6] by taking the quotient of the polynomial algebra T,(n)[t] by the ideal (tdet,(n) — 1) generated by
tdety(n) — 1 then, in case ¢ is not a root of unity, we would get a;; = 0 in T, (n)[t]/(tdety(n) — 1) for all ¢ < j
because, unlike the case of M,(n), the element det,(n) is not central in T, (n). Thus, to avoid working with
a commutative and cocommutative Hopf algebra, it seems to be more reasonable to replace Ty (n)[t] with the
skew polynomial algebra Ty (n)[t; o], where o is an automorphism of the algebra T,(n) that takes into
account.

Lemma 3.3. Let (A, u,n, A, e) be a bialgebra and o € Aut(A, p,n). Then A(t) =t®1t and e(t) = 1 extend
the bialgebra structure to the skew polynomial algebra Alt; o] if and only if o is a bialgebra automorphism of
(A, p,m, Ae).

Proof. Tt is well-known (see, for example, [16, Exercise 2.1.19]) that the tensor product of two coalgebras
(C,Ac,ec) and (D,Ap,ep) is a coalgebra under Acgp = (ide ® 7¢,p ® idp) o (Ac ® Ap), where ¢ p :
C®D — D®C is the flip map, and ecgp = ec ® ep. Hence, there is a natural coalgebra structure on the
vector space Alt;o] = A ® K|t] (vector space isomorphism!), such that

A'(at™) Za " ® a@yt™ and &' (at™) = £(a) (19)

(here we use Sweedler’s notation for A(a) = ) a1y ® a2y and identify at™ € Alt; o] with a®@t" € A® K[t]).
Thus, Aft;o] is a bialgebra if and only 1f A’ and ¢’ are algebra morphlsms Alt;o] = Alt; 0] @ Alt; o] and

Alt; J] — K, respectively. Observe that (19) already means that A’(at) = A’(a)A’(t) and €'(at) = £'(a)e’(t)
for all a € A. Therefore, A’ is an algebra morphism if and only if
A (ta) = A'(t)A(a) (20)

for all a € A. Now,
AN () A (a) Z tag) ® tag) = Z a(a(l))t ® cr(a(g))t =((c®0c)oA)a)(t®1),

A(ta) = N(o(a)t) = Y o(a)a)t ® o(a) @)t = (Aoo)(a)(t®1).

Thus, is equivalent to (0 ® 0) o A = A o ¢g. Similarly, ¢ is an algebra morphism if and only if
g'(ta) = &'(t)e’(a) for all a € A if and only if eo 0 = €. O

Lemma 3.4. There is a bialgebra automorphism o € Aut(T,(n)) such that
o(aij) = ¢*"aj (21)
foralll1 <i<j<n.

Proof. Tt is obvious that (¢>"9)a;;)1<i<j<n is a T,(n)-point of T,(n), so there is a unique o € End(T,(n))
determined by . It is clearly bijective with o~ !(a;;) = qz(j*i)aij. We have

((U ® O') o) A)((L”) = Z J(aik) ® O—(ak-]) — Z q2(i_k)aik ® qz(k_j)akj

1<k<j 1<k<j
=) N ap @ ag; = ¢ Alay) = Alo(ayy),
i<k<j
(eoo)(aiy) =¢ (qz(i_j)aij) =06, = 8y = e(ay),
so o is a bialgebra morphism. O

Corollary 3.5. Let o € Aut(T,(n)) be given by [R1). Then the bialgebra structure on Ty(n) extends to a
bialgebra structure on T,(n)[t; o] by means of A(t) =t ® 1t and £(t) = 1.

Remark 3.6. For all b € T;(n), by Corollary we have
dety(n)-b=oc"1(b) - det,(n).
Moreover, tdet,(n) = det,(n)t is central in T, (n)[t; o).
Let (tdetq(n) — 1) be the ideal of the algebra T, (n)[t; o] generated by tdet,(n) — 1.
Lemma 3.7. The ideal (tdety(n) — 1) is also a coideal of the coalgebra Ty(n)[t; o).
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Proof. We have
n
A(tdety(n) —1) = (t @ 1) [ J(aii ® aii) — 1 @ 1 = tdety(n) @ tdety(n) — 1@ 1

i=1
= tdety(n) ® (tdety(n) — 1) + (tdety(n) — 1) ® 1,
and e(tdety(n) —1)=1-1=0. O
Define UT,(n) as the quotient algebra Ty, (n)[t; o/ (tdetq(n) — 1).

Corollary 3.8. The algebra UT,(n) is a bialgebra under the comultiplication and counit induced by those
from Ty(n)[t; o].

The set ¥ = {a}1'asd®---alnr @ v € N, for all 1 <i < n} is a multiplicative set of normal [0, p. 214]
elements in T,(n), hence an Ore set [6, p. 82]. Thus, since Ty(n) is a domain, we can consider the corre-
sponding localization Ty (n)X~!. Since det,(n) = []; ai;, it follows that T,(n)X ! = T, (n)[dety(n) "], the
localization of Tj,(n) at the powers of dety(n). Since the elements a;; are group-like, it follows that the
bialgebra structure on T,(n) extends uniquely to T, (n)[det, (n) "] in such a way that Ala;') = a;;* @ a;;t
and £(a;;') = 1, for all 1 <i < n.

Proposition 3.9. There is a canonical bialgebra isomorphism Tq(n)[detq(n)_l] — UTy(n) sending a;j to
the class of a;j in UTy(n), for all1 <i<j <n.

Proof. Although this is straightforward, we will provide the details for the convenience of the reader less
familiar with noncommutative localization.
Let U : T,(n) — UT,(n) be the following composition

T,(n)[t; o]

T,(n) —T,(n)[t; 0] — (tdety(n) — 1)

=UT, (n),

where ¢ is the inclusion and 7 is the canonical epimorphism. So ¥(a,;) = a;; + I, where I = (tdet,(n) — 1).
We have that ¥(detqy(n)) = dety(n)+1 and (t+1)(dety(n) +1) = tdety(n) +1 =1+1 = (dety(n)+1I)(t+1).
Therefore, by the universal property of localization, ¥ extends uniquely to a bialgebra homomorphism
T, (n)[dety(n) "] = UT,(n), still denoted by ¥.

For the inverse map, consider the natural inclusion ® : T,(n) — T, q(n)[detq(n)_l]. By Remark for
any b € Ty(n), we have

dety(n) "' ®(b) = dety(n) " 'b = o (b)dety(n) " = ®(o(b))dety(n) "

Thus, by the universal property of Ore extensions, ® extends to ® : T, (n)[t; o] = Ty(n) [detq(n)fl] so that
®(t) = dety(n)~". Moreover, ®(tdety(n) — 1) = dety(n) 'dety(n) — 1 = 0, so ® factors through a map
UT,(n) = Ty(n) [detq(n)_l], which is easily seen to be inverse to ¥, yielding the result. O

Remark 3.10. By Proposition we can and will think of UT}(n) as the localization of T,(n) at powers
of a11,. .., anyn and identify T,(n) with a subalgebra of UT,(n).

Define the following elements in T, (n):

bii = [ [ awr, 1 <i<n, (22)
k#i
Jj—1

bij = Z Z (71)8(]2(]72)75(1101'1 e CLZ‘S_”'S H Akk, 1 S Z < _] S n. (23)
s=11i=ig<---<ig=jJ kZ{io,...,is}

Remark 3.11. It can be easily checked that the elements (b;;)1<i<j<n satisfy the following recurrence
relation for ¢ < j:

J J
bij — Z qQ(k—z)—laikbkja;L_l — _ Z q2(k_l)_1a/ika;1bkj7 (24)
k=i+1 k=i+1
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where the terms by;a;;' and a;'by; in belong to T,(n) and are equal since, for k > 4, by; is a right and
left multiple of a;;, Ty(n) is a domain and a;; commutes with by; (see also Remark [3.10)).
Recall the automorphism p from Proposition and the automorphism o from .
Lemma 3.12. We have, for all 1 <i < j <mn, p(b;j) =bpti—jnt1-: and o(b;j) = qz(i*j)bij,

Proof. The result holds trivially in the case i = j. So, suppose that ¢ < j. Notice first that the elements
Gigiys - - -5 Gi, i, appearing in pairwise commute, and the same holds for the elements of the form agy.
Given 1 < i< n, set i =n+1—i. Then we have

j—i
i)
p(b”) = Z (—1)861 (‘7 Z) Sazi571 . .GHE H G’EE
s=1i=ig<-<i;=j kg{io,...,is}
i—j o
o 2 r—a)— g
= Y. I e ey [
s=15=i, < <ig=1t k¢{is,...;i0}
= bj;'
The result for o is straightforward. O

The elements (b;;)1<i<j<n are the main ingredient for constructing an antipode map for UT,(n). This
will be already perceived in the next result.

Lemma 3.13. For all 1 <i < j < n, we have the following relation in Tq(n):

Z bikakj = detq(n)dij = Z q2(k7j)aikbkj- (25)

i<k<j i<k<j

Proof. We proceed by induction on j — i > 0. The case i = j is obvious. If ¢ < j then, using , we get

j k
2l—i)—1 . —1
E birar; = bia;; — E E P aga; ay

1<k<j k=i+11=i+1
J J
2l—i)—1 . —1
= bia;; — E P aya;; E bira;
k=1

l=i+1
j .
= biai; — Z AU a0z dety (n)dy;
l=i+1
= biiaij — qz(jii)ilaijai_ildetq(’ﬂ)

= byai; —q*9 7!

@by
To finish the calculation, notice, using Remark [3.6] that
aii(biiai; — °9 ™ aijbi) = detg(n)ai; — ¢*97 0 agiaisbi
= ¢?U=Dqadet,(n) — ¢*"Va;;a5bi = 0.

Since T,(n) is a domain, we conclude that b;;a;; — q2(j*i)*1aijbii:0.
The other equality is proved similarly using the recurrence relation

J—1
bij = — Z q2(jil)71aljaj_j1bila (26)
I=i

for ¢ < j, which can be obtained from applied to by41—j,n+1—; and then using the automorphism p. O

Our main goal is to show that UT,(n) is a Hopf algebra. To accomplish this, we must show that
{tbij}1<i<j<n is a UTy(n)-point of T,-1(n), which will follow from a series of technical lemmas which we
start presenting.
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Lemma 3.14. Let 1 <k<nand1<i<j<n. Then

arkbi; = ¢"bijakk, (27)
where
O’ k ¢ [7/7‘7]’
m=2{ze{k} i<z <jt+[{k}n{ijH =41 kel{ij}, (28)
2, i<k<j.

Proof. In view of , it suffices to prove with b;; replaced with p = @y, ... as,_,4,, Where ¢ = ip <
e <dg = .

Case 1: k & [i,7]. Then arra;,i,,, = Gi,i, ., axx for all 0 <u < s, whence aprp = pags.

Case 2: k =1i. Then apra;yi, = qaii, arr and arr@; i, = Giyi,., @k for all u # 0. Hence, aprp = qpagy.

Case 3: k = j. Follows by applying Case 2 t0 ant1—jn+1—jbnt1—jn+1—i and using p.

Case 4: i < k < j. There are two subcases.

Case 4.1: There is 0 < u < s such that k = 4,. Then arra;,_,i, = qai,_ i, 0kk, OkkGiyiyy = QQiyi,.q Ckk
and agra;, apr for all v € {u — 1,u}. Hence, arrp = ¢*pag.

g
Ty+1 RXZE

Case 4.2: There is 0 < u < s such that i, < k < iy41. Then apra; ., = q2aiuiu+1akk and apx@;,i,,, =

@i, akk for all v # u. Hence, appp = @*pa. O

Lemma 3.15. Let 1 <k<nand1<i<j<n. Then
brko(bij) = g~ "bi;bk, (29)
where m = 2|{z € {k} 1 i <z < j} +|{k} N {i,5}|, as in (28).
Proof. We have, using Lemma and Remark
apk (brero (bij) — g "bijbrr) = arkbrro(bij) — ¢ " arrbijbrr
= dety(n)o(bi;) — bijarkbrk
o

= dety(n)o(bi;) — bi;dety(n) = 0.
Since T,(n) is a domain, we get . O
Lemma 3.16. Let 1 <k<lI<nand1<i<j<n. Then
aribi; = ¢"bijo(ar), (30)
where

0 I<i or k>j,
m=<1, =1 or k=,

2, otherwise.

Proof. Let p1 = @i, - .. i, _,4,, Where i = ig < --- < iy = j, and py = [],cx Gee, Where X = [1,n] \
{80y -y b5}

Case 1: 1 <i. Then apai,i, ., = @i, i, or for all 0 <u < s — 1, whence ayp1 = prag. Since [k,1] C X,
we have ayps = ¢** Vpyar, = pao(ar) by Lemma

Case 2: 1 = i. Then agp; = piag as in Case 1. Since {z : k < z < [} C X, but | = 4y, we have
appz = ¢~ 2P pray, = qp20(ax) by Lemma

Case 3: i <1< j.

Case 3.1: k<i<l<j.

Case 8.1.1: iy <1 < iyyq for some 0 < u < s. Then aya;,i,,, = quaivivﬂakl for all 0 < v < u and
k1, = Gy, 0k for all u < v < s, whence app, = g %prag. Since |[{r e X :k<ax<l}=|{k<z<
l:x ¢ {ig,...,iu}}| =1 —k—u—2and {k,1} C X, then app; = ¢ 2"k "Ypyay by Lemma Thus,
arbi; = ¢*bijo(ap).

Case 3.1.2: 1 = 1, for some 0 < u < s. Then aya;,q,,, = q’QaiuiHlakl forall 0 < v < u-—1,
R, i, = qilaiu_liuakl and GG i,, 0 = Qiyiy g Qkl for all v < v < s, whence awp1 = ¢ 2*Tpia. Since
Hre X k<az<l}=§{k<z<l:zé&{i,...,iu—1}}|=1—k—u—1and {k,1}\ {io,...,is} = {k}, then
apps = ¢ 2F—u=D=1p a4, by Lemma Thus, arbi; = ¢*bijo(ak).
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Case 3.2: k=i <l <j.

Case 3.2.1: ig < I < i1. Then apas, = qaiar and apa;,q,,, = a,i,,0r for all 0 < u < s,
whence agp1 = gpiag. Since x & {ig,...,is} for all & < = < I and {k,I} \ {d0,...,35s} = {l}, then
app2 = q_2(l_k_1)_1p2akl by Lemma Thus, aklbij = q2bijo(akl).

Case 8.2.2: iy <1 < iyyq for some 0 < u < s. Then agia;yi, = ¢ iyi, Ok, AR Qiyiy,y, = q_ZaiviU“akl
for all 0 < v < w and awai,i,,, = 4,0k for all u < v < s, whence ayp; = ¢ 2**1piay. Since
Hre X:k<z<li}={k<az<l:z&{i,...,0u}}|=1—k—u—1and {k,I}\ {i0,...,95} = {I}, then
appe = ¢ 24F—u=D=1p,a;; by Lemma Thus, agbi; = ¢?bijo(a).

Case 8.2.3: | = i, for some 1 < u < s. Then aga;i, = q ‘i, ax, ARl Giyiyyy = q_QaiviHlakl for
all 0 < v < u-—1, anai, i, = q’laiu_liuakl and ap@;,i,,, = Gy, 0% for all u < v < s, whence
ampr = ¢ 2 Vprag. Since {r e X k<o <l}={k<az<l:zd&{is,...,in1}} =1—k—wuand
{k,1} C {io,...,is}, then agps = g 2=k =" poar by Lemma Thus, axbi; = ¢*bijo(ak).

Case 3.2.4: | = i;. Then apna;,i,,, = i, 0r for all 0 < u < s, whence app1 = prag. Since
x & {ig,...,is} for all k < z < 1 and {k,I} C {ig,...,is}, then apps = ¢~ 2"+ Vpyaz by Lemma
Thus, arb;; = q2bijo(akl).

Case 3.3: i <k <l <j.

Case 3.3.1: iy < k <iyy1 iy <1 < iyyy for some 0 < u < v < s. Then awag,q,,, = q_zaihihﬂakl,
whenever u < h < v, and apa;,,,, = Giyi,., 0k, otherwise, whence app; = g 2v=u=bp q.,. Since
Hee X kh<a<l}={k<z<l:z&{iuvt1,-.,iu}}| =1l—k—v+u—1and {kI1} C X, then
axp2 = q_Q(l_k_”+“)p2akl by Lemma Thus, axib;; = q2bij0(akl).

Case 8.8.2: iy = k <iyy1 < iy <1 < ipyy for some 0 < u < v < s. Then apa;,q,,, = q_laiuiuﬂakl,
Akiipin s = G 2@ipip,, @kl, Whenever u < h < v, and apa;,i, ., = Gi,i,,, @k, Otherwise, whence ayp; =
q 2=t ay. Since [{z e Xt k<az<ll=[{k<z<l:z¢ {in1,...,iv}}| =1—k—v+u—1and
{k, 03\ {do, - is} = {I}, then ayps = ¢ 2t-k=vHu=D=1p q), by Lemma Thus, apb;j = ¢?bijo(aw).

Case 3.3.3: iy < k < iyqr1 < iy <l = iyy1 for some 0 < u < v < s — 1. This case is obtained from
Case 3.3.2 by applying the automorphism p.

Case 3.8.4: iy =k <iyy1 < iy <1 =1yq1 for some 0 <u <v <s—1. Then ayas,i, , = q’laiuiwlakl,
Aty = 4 Qi oy Qhly QkiQiin gy = G “Qipin s @k or u < b < v and ag@iyi, ., = Giyip, Gkt for b € [u,v],
whence agp; = ¢ 2" "pyag. Since {re X k<o <l}|={k<az<l:x & {iut1, - iv}} =1—k—v+
u—1and {k,1} C {ig,...,is}, then appy = ¢~ 2¢=F=v+u=Up,a;; by Lemma Thus, agbi; = ¢°bijo(am).

Case 3.3.5: iy < k <1 <'iyyy for some 0 < u < s. Then apnas,i, ., = ¢“Qii, 0k and apas,,,, =
@iy iper Ok TOr I # u, whence ayp; = ¢’pray;. Since [k,1] € X, then apps = g 2R poag by Lemma
Thus, agbi; = ¢*bijo(a).

Case 3.3.6: i, = k <1 < iyq1 for some 0 < u < s. Then ana;,i,,, = i, 0x and aga;,q,,., =
Qipip i, Okt for h # u, whence ayp1 = qprag. Since x & {io, ... i} forall k <z < land {k,I}\ {io,...,is} =
{1}, then apps = ¢~ 2=+ =1pyay; by Lemma Thus, axbi; = ¢*bijo(ak).

Case 8.8.7: iy <k <1 =y for some 0 < u < s— 1. This case is obtained from Case 3.3.6 by applying
the automorphism p.

Case 8.8.8: iy = k <1 =iyq1 for some 0 < u < s —1. Then ana;,s,,., = @iy, am for all 0 < h < s,
whence agp1 = prag;. Since z &€ {ig,...,is} for all k < « < I and {k,i} C {io,...,is}, then agps =
g 20=F=Dpsaz by Lemma Thus, apb;; = q2bijo(akl).

Case 4: 1 =3j.

Case 4.1: k < i <l =j. Suppose s > 1 in p;. We have apa;,i,,, = q_QaiuiuHakl for0<u<s—1,
by @, and aga;,_ i, = q ‘a;,_,i.ap, by . Thus, arp1 = ¢~ 2 piax. Note that this last equality is also
true for s = 1.

Observe that [{zr € X : k <z <{}| = (I-k—1)—s. Thus, by Lemma appy = q 2R D=sl=1p0,, =
POt a0y = ¢* T pao(ag). Tt follows that agbi; = ¢?bijo(ak).

Case 4.2: i =k <l = j. Suppose s > 1 in p;. We have aya;,i, = qilaioilakl, by , and aga;, i, =
q Ya;._i.ap, by . Moreover, if s > 2, then, by @, Al Qiyiy = q’zaiuiuﬂakl for 1 <u < s—1. Thus,
agp1 = q_z(s_l)plakl. Note that this last equality is also true for s = 1.

Observe that [{z € X :i<z <j}=(—-i—-1)—(s—1)=j—i—s=1—k—s. Thus, by Lemma [3.1]
appe = ¢ 2k poay, = q**pao(ag). Tt follows that agibi; = q2bija(akl).
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Case 4.3: i < k <[ = j. This follows from Case 3.2 by applying p.

Case 5: j <.

Case 5.1: k < i < j < I. We have ayai,i,,., = q_2aiuiu+lakl for 0 < u < s—1, by @, then
appr = q¢ 2°prag. Since {r € X tk<ax<l}=(0-k—-1)—(s+1)=1—k—s—2, then agps =
q 2Umk=s=2)=2p 431 = ¢**2pyo(ag), by Lemma Therefore, axb;; = ¢?b;jo(ag).

Case 5.2: i =k < j <. This follows from Case 4.1 by applying p.

Case 5.3: i < k < j <. This follows from Case 3.1 by applying p.

Case 5.4: i < j =k < 1. This follows from Case 2 by applying p.

Case 5.5: i < j <k <. This follows from Case 1 by applying p. O

Lemma 3.17. Let 1<k <lI<nand1<i1<j<n. Then
brio(bij) = ¢~ "bijo(brr), (31)
where

1, k=i<l<jori<k<l=yj
2, 1< k<l<y,

m=< -1, i=k<j<lork<i<l=y,
-2, k<i<j<l,
0, otherwise.

Proof. This proof will be omitted. It consists in applying Lemmas and in each of the possible cases
depending on the relative positions between ¢ < j and k < [. |

Theorem 3.18. The bialgebra UT,(n) is a Hopf algebra with the antipode S given by
S(aij) =tbi; = o(bij)t, foralll <i<j<n, S(t)=dety(n) and S(1)=1, (32)
where b; is given by and .

Proof. Let us first show that {S(a;)}1<i<j<n is a UTy(n)-point of T,-1(n). Suppose that 1 <k <[ <n
and 1 <+¢ < j <n. Then,

S(akl)S’(aij) = tbkltbij = tbkla(bij)t = q_mtbijo(bkl)t = q_mtbijtbkl = q_mS(aij)S(akl),

where m is given in Lemmas and The claim now follows from relations |(3)H(6)
By Remark and the fact that T,-1(n) is the opposite algebra of Tj(n), there is a unique unital anti-

homomorphism S : T,(n) — UTy(n) satisfying S(a;;) = tb;;. Moreover, since dety(n)t = tdety(n) and
dety(n)o(bi;) = bsjdety(n), then S(ai;)dety(n) = dety(n)S(o(a;;)) for all 1 < ¢ < j < n, so S extends
uniquely to an anti-homomorphism S : T, (n)[t; o] — UT,(n) satisfying .

Since ta;; = a;;t for all 1 < i < t, we have

S(tdety(n) —1) = | [T [t] [ ass | | detq(n) — 1 =t"dety(n)" " - dety(n) — 1 = (tdety(n))" — 1 = 0.
i=1 \ j#i
Thus, S induces an algebra anti-homomorphism S : UT,(n) — UT,(n) satisfying .
Finally, using , we have, for all 1 <i < j <n,

Z S(aik)ar; = Z thiay; = tdety(n)di; = dij = e(aij),

i<k<j i<k<j
Z aikS(akj) = Z aiktbkj = Z qz(k_j)aikbkjt = detq(n)téij = (Sij = €(aij).
i<k<j i<k<j i<k<j

]

Remark 3.19. It can be shown, just as in the proof of [9, Proposition 3.1.1], that UT,(n) is a pointed Hopf
algebra, i.e., all of its simple left and right comodules have dimension one.
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Now that we have a Hopf structure on UT,(n), our next goal is to show that the antipode S has order
two. Note that, in a Hopf algebra, the antipode is the inverse of the identity map relative to the convolution
product. So, it would suffice to show that S? and S are mutual inverses with respect to the convolution
product.

Lemma 3.20. Let {z;; : 1 <i < j <n} CUT,(n) be such that, for all1 <i<j <mn,
Z zipS(arj) = €(ag;). (33)
i<k<j

Then x;; = a;; for all1 <i < j <n.
Proof. The proof will be by induction on j —i. For the base case multiply 1 = (a;;) = x;;5(a;;) on the right
by a;;. Since S is an antipode, we have

aii = e(aii)ay = (v45(aii))ais = vi(S(ai)ai) = vie(ai) = i
Assume that j —i > 0 and x4 = ag for all s < ¢ with t — s < 7 —i. Observe that Zi§k<j aixS(akj) =
e(aij) — a;jS(aj;) = —ai;S(aj;), because S is an antipode. Then, in view of and by the induction
hypothesis,

0=c(aiy) = Y zinSlar;) = Y awS(ak;) +2i;S(as;) = (wij — aij)S(ay;).
i<k<j i<k<j

So, multiplying both sides by a;; on the right and using S(a;;)a;; = €(a;;) = 1, we get z;; — a;; = 0, which
proves the induction step. O

Proposition 3.21. The antipode S in UT,(n) satisfies S? = id.

Proof. Since S? is an algebra homomorphism, it suffices to show that S?(a;;) = a;j, for all 1 <i < j <n,
which will follow from using Lemma with @;; = S?(as ).

If i = j then Y., o, S*(air)S(ar:) = 5%(aii)S(ai) = S(aiiS(ai)) = S(e(ai)) = 1 = e(ay). By Lem-
mas and _it follows that J*I(akj)bik = gb;pay;, for all i < k < j, except if i = k = j. Thus, for
1< 7,

Z SQ(Gik)S(akj) =5 Z akjS(aik) =5 Z akjtbik

i<k<j i<k<j i<k<j

=5 Z to~HNagj)bix | =S Z qtbikag;

i<k<j i<k<j

=qS | > Slaw)ar; | = qS(e(ay)) =0 = £(ai)).

i<k<j

O

Proposition 3.22. The automorphisms p,o € Aut(T,(n)) from Proposition and Lemma respec-
tively, lift uniquely to algebra automorphisms of UT,(n). These lifts satisfy the following:

(
(i) o is a Hopf algebra automorphism of UTy(n);
(i) p is a coalgebra antiautomorphism of UTy(n) that commutes with S.

Proof. Recall that, by Proposition and Remark UT,(n) is the localization of T,(n) at the powers
of dety(n). Since o(det,(n)) = dety(n) = p(dety(n)) (where the last equality follows since the elements
a;; mutually commute), we conclude that o and p extend to algebra automorphisms of the localization
T,(n)[dety(n) 1], with

o(t) = o(dety(n) ") = o(dety(n)) ™! = dety(n) " =t (34)

and p(t) = t. Since o is a bialgebra automorphism of T,(n) by Lemma it is easily seen by that its
extension is a bialgebra (and hence, a Hopf algebra) automorphism of UT,(n).
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Given 1 < i < n, denote = n+ 1 —i. Let 7 be the flip map on UT,(n) ® UT,(n). Then, for all
I<i<j<mn,

(p@p)(Alaiy)) = Y plair) @ plary) = > ag; @asp= Y ag; @ azg = (10 A)(azz) = (70 A)(plaiy)),
i<h<j i<h<j F<h<i
e(plaiz)) = elag3) = 657 = 0i5 = (aij).

Moreover, using Lemma [3.12] we have

p(S(ai;)) = p(ti;) = tby; = S(az;) = S(p(ai;)).
O

Remark 3.23. Let X C {1,...,n} and consider the unital associative subalgebra of UT,(n) generated
by {ail :4 € X}. This is just the commutative Laurent polynomial algebra in k := |X| variables. As
A(aﬁl) = aiﬁgl ®aiﬂz:-1 and S(aﬁl) = aﬁl, this is a Hopf subalgebra. In fact, it is isomorphic to the Hopf group
algebra of the free abelian group ZF.

It is straightforward to verify that (det,(n) — 1) is a Hopf ideal of UTy(n), so we get a quotient Hopf
algebra UT,(n)/(dety(n) — 1). Combining previous observations and Proposition it follows that, in
case ¢ is not a root of unity, the Hopf algebra UT,(n)/(det,(n) — 1) is canonically isomorphic to the Hopf
subalgebra described above for X = {1,...,n — 1}, isomorphic to the Hopf group algebra of Z"~!.

4. HOPF %-ALGEBRAS

For an involution * on a K-algebra A we denote *(a) by a* for each a € A. Recall that a map x: A — A
is an involution if (a + b)* = a* + b*, (ab)* = b*a* and (a*)* = a for all a,b € A.
Consider the field K of characteristic different from 2 as a K-algebra. Suppose there is an involution
~: K — K such that = # idg and let
Ky={ae K :a=a}.

Since ~ is an automorphism of order 2, by [I5, Lemma 2.5], Ky is a proper subfield of K such that [K : Ky = 2
and there is a linear basis {1,i} of K over Ky such that i*> € Ky and i = —i.

For any K-vector space V, a map ¢ : V — V is antilinear if ¢(u +v) = ¢(u) + ¢(v) and ¢(au) = @p(u)
for all u,v € V and a € K. Clearly, every antilinear map is Ky-linear. An antilinear map between two

K-algebras ¢ : A — B will be called an antilinear morphism if ¢p(ab) = ¢(a)d(b) for all a,b € A and ¢(1) = 1.

Definition 4.1. Let (H, u,n, A, ¢, S) be a Hopf K-algebra. We say that H is a Hopf *-algebra if there exists
an antilinear involution * on H satisfying the following conditions:

(i) * is a morphism of Ky-coalgebras;
(ii) (x09)? =idy.

Remark 4.2. If H is a Hopf K-algebra with an antilinear involution *, then * is an antimorphism of
Ky-algebras.

Lemma 4.3. A Hopf algebra H has a Hopf *-algebra structure if and only if there exists an antilinear
bijection v on H such that

(i) v is a morphism of Ky-algebras and an antimorphism of Ko-coalgebras;
(ii) v2 = (So~)? =idy.

Proof. The proof is similar to that of [8, Lemma IV.8.2]. O

Let V be a K-vector space. Then the conjugate of V is the K-space V which coincides with (V,+) as an
abelian group, but is equipped with the following multiplication by scalars: (a,v) — aw foL all € K and
v € V. Observe that antilinear maps V' — W are exactly the same as linear maps V. — W. If (4,-) is a

K-algebra, then (A,-) is also a K-algebra. As a consequence, we have the following.

Remark 4.4. For any K-algebra R there is a one-to-one correspondence between antilinear morphisms
T,;(n) — R and R-points of T,(n).
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Proposition 4.5. Assume that ¢ € Ko. Then there is an antilinear bijection ~y : UTy(n) — UT,(n) which
is a morphism of Kg-algebras and an antimorphism of Ky-coalgebras, such that

V(aij) = Ans1—jnti-i- (35)
Moreover, v = id.

Proof. Asin Proposition since ¢ € Ky, it follows that (y(as;))1<i<j<n is a UTy(n)-point of T, (n), so there

exists a unique antilinear morphism v : T, (n) — UT,(n) mapping a;; to az7, where i = n + 1 —i. The same
argument used in the proof of Proposition shows that v extends to an antilinear automorphism of the
K-algebra UT,(n), which we still denote by v, such that v(t) = ¢. The proof that it is also an antimorphism
of Ky-coalgebras is the same as the one for p in Proposition Since vz(aij) = a;; and 72 is K-linear,

then 42 = id. O
Lemma 4.6. Assume that q € Ky. Then yoS = So-~.

Proof. Since both v 0 S and S oy are antilinear, it suffices to show that (v o S)(a;;) = (S o 7)(a;;), for all
1 <i < j < n. This follows exactly as for p in Proposition (based on the computation in Lemma
which holds for v because ¢ € Kj), showing that p and S commute. (]

Theorem 4.7. If q € Ky, then there exists a Hopf x-algebra structure on UT,(n) given by aj; = (y08)(aij).

Proof. This follows from Lemma and Proposition where (70 5)? = 7420 5% = id by Lemma
and Propositions and O

5. DERIVATIONS OF 7,(2) AND UT,(2)

In this section we assume that ¢ is not a root of unity. Since Tj(2) is a quantum affine space (see
Example , we can specify the results of [I, Theorem 1.2] to this algebra.

For (s,t) € {(1,1),(1,2),(2,2)} and v = (v11, V12, v22) € IN3 denote by Dy, the map {a11,a12, a2} —
K(a11,a12, a22) sending ag to a” := aji'ai3?as3? and a;; to 0 for (4,7) # (s,t). By the Leibniz rule, Dy,
uniquely extends to a derivation of K{a11,a12,a22). Moreover, by (see also [, p. 1789]), Dy,
defines a derivation of T;(2) if and only if the following equalities hold in T,(2):

Dy (az2)a12 + a2 Dt (a12) = q(Dt,v(ar12)aze + a12Dg 1 (a22)), (36)
Dyt (ar11)ar2 + a11Dgt v (a12) = ¢(Dst,v(a12)a11 + a12Dst 0 (a11)), (37)
Dy (a11)a22 + a11 Dy, (a22) = D v(a22)arr + a2 Dyt p(a11). (38)

The following lemma characterizes this situation.

Lemma 5.1. We have
(1) D11, defines a derivation of Ty(2) if and only if v € {(0,0,1),(1,0,0)};
(i) D12, defines o derivation of T4(2) if and only if 112 = 1;
(1ii) Daa, defines a derivation of T,(2) if and only if v € {(0,0,1),(1,0,0)}.

Proof. Let (s,t) = (1,1). Observe that is equivalent to D11 ,(a11)a12 = gai2D11(a11), ie.,
a’ - ayg = qaiz-a’ < (¢V2 — ql_”“)alﬁlalﬁﬁlag;z = 0. Since ¢ is not a root of unity, the latter is equivalent
to v11 +vas = 1 & {v11,v92} = {0,1}. Furthermore, reduces to D11 ,(a11)aze = ageDi1,(a11) <
a’ - agy = age - a¥ < (1 —¢"2)ai aias3 ™ = 0 vy = 0. Finally, holds trivially for any v.

Let (S,t) = (1,2). We have = &11D12,V(a12) = qD127V(a12)G,11 < aqp - a¥ = qa” a1l &
(1 — g 2)ap Halizasy = 0, & ageDiay(a12) = qDi2y(a12)az < ag - a” = qa” - azx & (¢"2 —
q)ayita¥y a3t = 0 and is trivially satisfied, giving the unique condition vy = 1.

Let (S,t) = (2,2). We have |) <~ allDQQ’V(G/QQ) = D22)y(a22)a11 S a1 -a¥ =a¥ -an &
(1 — g "2)ad i ali2aby = 07 & Dagy(a)arn = qaiaDasy(az) & a” - a1z = qaiz - ¥ & (¢ —
¢ et el T ey = 0 and (37) is trivially satisfied, giving v13 = 0 and vy + vy = 1. O

Following [T}, 1.2], set

D1y = Dy1,1,0,0), Di2:=Di20,1,00 D22 := Da220,0,1)-
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Furthermore, if
Ay = {v €N : vy = 0 and Dy, € Der(T,(2))},
then Lemma [5.1] gives
A ={(0,0,1)}, Ai2=0, Az ={(1,0,0)},
so that
E :=Spang{Ds, : 1 <s<t<2and v € Ay} = KD11,0,0,1) ® KD (1,0,0)- (39)
By [1, Theorem 1.2| and Proposition [2.7| we have the following characterization of Der(T,(2)).
Corollary 5.2.
Der(T,(2)) = IDer(7,(2)) ® KD11 & KD12 & KDss & K D11,0,0,1) ® KD (1,0,0)- (40)
In particular, dim(HH'(T,(2))) = 5.

Next, we tackle the derivation Lie algebra of the Hopf algebra UT,(2). We will see that HH' (UT,(2)) is
infinite dimensional, although free of rank 3 over HH’(UT,(2)) = Z(UT,(2)).

As before, we identify UT,(2) with the localization of T,(2) at the powers of a1 and age. We will also
consider the subalgebra P, generated by alil1 and ai2, and the localization 7, of P, at the powers of ajs.
Notice that both 7, and P, are localizations of the quantum plane A(q~') generated by aj; and aj2. For

simplicity, we use the following more intuitive notation: P, = K,[al], a12] and T; = K, a1, a3y].

Lemma 5.3. We have Z(T;) = Z(P,) = K and Z(UT,(2)) = K[z*'], where z = aj1ay, . Moreover,
UT,(2) = P,[zF], a (commutative) Laurent polynomial extension of P,.

Proof. The commutation relations for T;(2) and UT,(2) are given by the matrix @ in Example The

corresponding matrix of exponents is Q = (—gl é —(0)1 and Z(UT,(2)) is the linear span of the monomials
ayitay?as?? with (vi1, 12, v22) € Z x IN x Z in the null space of Q. Since this null space in Z? is {k(1,0, —1) :
k € 7}, it follows that Z(UT,(2)) is the Laurent polynomial ring K[z*!]. Similarly, since the matrix of
exponents of the commutation relations for 7, and P, is (Pl (1)), which has trivial null space, it follows that
Z(Tq) = 2(Py) = K. ,

Clearly, P,[2*!] C UT,(2). Note that P,[2*!] is generated as a vector space by {a},al,al a5y : i,k €
Z,j € N}. Up to nonzero scalars, this set is just {a%,a’,a%, : i,k € Z,j € N}, which is linearly independent,
hence a basis of P,[z*!]. But the latter is also a basis of UT,(2), showing the equality UT,(2) = P,[z*!]
and the algebraic independence of 2*! over P,. Note in particular that ag) = aitzFl. g

Note that any derivation D of T,(2) extends uniquely to a derivation of UT,(2), still denoted D, by
localization, using D(z~1) = —x~1D(z)z~!, for z = a¥;,ab, (k € IN) and the Leibniz rule. In particular,
the (extended) derivations D11, D12 and Dao play an important role in the description of Der(UT,(2)).

Theorem 5.4. We have
Der(UT,(2)) = IDer(UT,(2)) @ K[z D11 @ K[z D1y @ K[z Doy. (41)
In particular, HH'(UT,(2)) is a free module of rank 3 over Z(UT,(2)) = K[2*].

Proof. We begin by computing and decomposing the derivation Lie algebra of P, = K,[a$!, aia]. Since
Z(74) = K, it follows from [14, Corollary 2.6] that

Der(P,) = IDer(P,) @ Kdi1 & Kdi2,
where di1(a11) = a1, di1(a12) =0, diz(a11) = 0 and di2(a12) = ar2.
Now, using the equality UT,(2) = P,[z*!] from Lemma [5.3| and [I1, Theorem 2.1] (where we need to use

an analogous version for central Laurent extensions, instead of polynomial extensions, but which has the
same proof), we can conclude that

Der(P,[z%"]) = IDer(P,[z%1]) @ K[z )d1, @ K[2'd1 @ K[2110.,

where di; and di2 are di; and dis extended to P,[zF!] by setting di1(z) = 0 = d12(2), 9.(P;) = 0 and
0.(z) = 1.
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Using the fact that ase = a1127", we can compute the values of these three derivations at ags:
di1(as2) = dir(aniz™") = dii(an)z " + andii(z71) = a1127" = as,
diz(age) = diz(a1127") = diaain)z ™! + anndia(271) =0,
0.(ag) = 0.(a1127 1) = 0.(a11)z t +an0.(z71) = —an 272

The next table summarizes all the relevant information:

| diu diz 0.
ail ail 0 0
a2 | 0 a2 0
azp | ax 0 —z7%an

It follows that di1 = D11+ Daa, dia = D12 and 8, = —z ' Dsy. Conversely, D11 = di1 + 20,, Dia = d12 and
Doy = —20,, so

K[z )d, @ K[z dyy ® K[zT10. = K[z Dy @ K[z D1y @ K[z Das.

6. AUTOMORPHISMS OF T,(2) AND UT,(2)

In this final section, we will give a complete description of the groups of algebra automorphisms of T;(2)
and of UT,(2) in the case that ¢ is not a root of unity.
We start with the following remark, which is a consequence of Remark [2:8|

Remark 6.1. Any ¢ € End(7}(2)) is uniquely determined by ¢(a;;) = p;; satisfying

D22P12 = qP12P22; (42)
p11p12 = gp12p11, (43)
D11P22 = P22P11. (44)

Moreover, in case ¢ € End(UT,(2)), we additionally need to require that p1; and pses be invertible in UT,(2),
thus (nonzero scalar multiples of) monomials in a1; and ags.

In particular, note that for any choice of a1, 12, 02 € K*, there are automorphisms of T;(2) and of
UTq(Q) such that a;; — «a;ja;, for all 1 <14 < j < 2. We call these the diagonal automorphisms. The set of
all such automorphisms forms a group isomorphic to (K*)3. We also recall the automorphism p defined in
Proposition which fixes a2 and interchanges a1; and aso. Since, in general, p does not commute with
the diagonal automorphisms, it follows that Aut(7},(2)) and Aut(UT,(2)) are nonabelian.

Lemma 6.2. Suppose that ¢ # 1. Let A be either T,(2) or UT,(2) and ¢ € Aut(A). Then there is a unit
u € A such that p(a12) = uais.

Proof. Consider I = (a12) the ideal of A generated by ai;2. We have T,(2)/I = Kla11,az22] (respectively,
UT,(2)/1 = [aﬁl,ale}), a commutative polynomial ring (respectively, Laurent polynomial ring) in two
variables. In particular, A/I is a commutative domain of Gelfand-Kirillov dimension 2.

The automorphism ¢ induces an isomorphism between A/I and A/p(I), hence A/o(I) is also a commu-
tative domain of Gelfand—Kirillov dimension 2. In particular, in A/¢(I) we have

0 = [a12, a11] = [a12, a11] = (1 — @)arzar = (1 — ¢)az anr.

As g # 1 and A/p(I) is a domain, we conclude that either a2 € o(I) or a;; € ¢(I). A similar computation
shows that either a2 € @(I) or age € ¢(I). As ai1 and age are units in UTy(2), it immediately follows that
a1z € ¢(I) in case A = UT,(2). So assume that A = T,(2). If a12 ¢ ©(I), we must have aq1, a2 € o(I).
Hence T,(2)/¢(I) is isomorphic to a quotient of T4(2)/(a11, a22) = Klai2]. By [10, Lemma 3.1] this would
imply that the Gelfand—Kirillov dimension of T,(2)/¢(I) is at most 1, which is a contradiction. Thus,
a19 € Lp([)

We now have I = (a12) C (). Since ¢ was arbitrary, the same holds for ¢!, whence I C ¢~1(I). Thus
(a12) =1 =¢(I) = (p(a12)). As a1z is normal in A (i.e., a12A = Aajz), we are done. O
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We are now ready to describe Aut(7;(2)). The following notion will be helpful. An automorphism
¢ € Aut(T,(2)) is called linear if

@(Spang {ai1,a12,a22}) = Spang{ai1, a1z, az}.
Theorem 6.3. Suppose that q is not a root of unity. Then any automorphism of T,(2) is linear. Moreover,
Aut(T,(2)) 2 GL1(K) x GLy(K) = K* x GLy(K).

Proof. Let A € GL1(K) = K* and A = (u;5) € GL2(K). The pair (A, A) € GL1(K) x GLy(K) corresponds
to the assignment pi1o = Aaj2, P11 = p11611 + po1a9e and pae = pi2a1; + posase. It is immediate to check
that the elements p;; satisfy so they define v 4 € End(T,(2)) with ¢y a(a;;) = pi;. Clearly, ¢ a
is invertible, with inverse ¢ -1 4—1. This proves that GL;(K) x GLy(K) embeds naturally in the group of
linear automorphisms of T,(2).

Conversely, let ¢ € Aut(Ty(2)). Note that both p and the diagonal automorphisms defined earlier are
linear, so we can work modulo these automorphisms.

Since the group of units of T,(2) is reduced to scalars, we conclude from Lemma that ¢(a12) = Aaa,
for some A € K*. Composing with an appropriate diagonal automorphism, we can suppose that A = 1, so
that ¢ fixes ais.

Write p(a11) = 32 150 gri(ar2)ak ab,, for some polynomials gx;(y) € K|y]. Using we obtain

k+1 kol ko1 ko1
E q + a12gkl(a12)a11azz = E gkl(alz)auazg a12 = qai2 E gkl(a12)a11a22
k,1>0 k,1>0 k,1>0

=4 Z a129kz(alz)alflal22~
k,1>0
As ¢ is not a root of unity, we conclude that gx;(y) = 0, whenever k + 1 # 1. Thus, we can write p(a11) =
gro(a12)a1r + goi(ai12)aze. Similarly, p(aze) = hio(a12)ar + hoi(ai2)azz, for some hig(y), ho1(y) € K[y|.
Next we use (44). Note that a;p(a12) = p(gaiz)ay; for i = 1,2 and all p(y) € Kly]. Thus, the (left)
coefficient (in K[ajs]) of a3, in the product op(ai1)¢(a2) is gio(aiz)hio(gaie). Similarly, the coefficient of
a?, in the product p(ags)¢(ai1) is hio(ai2)gio(gaiz). Equating these terms we obtain

gi0(ai2)hio(gaiz) = hio(ai2)gi0(gaiz). (45)
Claim: Let g, h € K|y] satisfy

9(y)h(qy) = h(y)g(qy). (46)

Then one of g or h is a scalar multiple of the other.

Proof of the Claim: Without loss of generality, we can assume that g,h # 0 and that they are monic.
Moreover, if d € K[y] is a common divisor of g and h, then we can replace g and h by g/d and h/d in (46)),
so we can assume that g and h are coprime. Then, as g(y) divides h(y)g(qy) and is coprime to h(y), g(y)
must divide g(qy). For degree considerations, g(y) = ug(qy), for some p € K*. But the fact that ¢ is not a
root of unity implies that ¢g is a monomial in y. The same argument applies to h. By coprimeness, one of
these polynomials is 1 and the other y™, for some m € IN. Then using we conclude that ¢ = 1, so also
~1 = 0. This completes the proof of the claim.

Applying the Claim to g1o and hig, by we conclude that g19 and hyg are proportional. Similarly,
comparing (left) coefficients of a3, in , we conclude that go; and hgy are also proportional. Up to
composing with p, we can assume that g1g # 0. So hi1g = Agio, for some A € K. Also, go; and hy; cannot
both be 0 (otherwise ¢(az2) = Ap(a11)), so assume hgy # 0 (the case go1 # 0 is similar), whence go1 = pho1,
for some p € K.

Since ¢! fixes a1 and acts on a;;, i = 1,2, similarly to ¢, it follows from ¢(p~(a;;)) = a;i, @ = 1,2, that

the matrix A = (gé? Zé‘f) is invertible over K[aj2]. So, det(A) € K*. By the previous paragraph, det(A) is

a multiple of g19ho1, which implies that g19, ho1 € K* and thus A € GLy(K) and ¢ = @y 4, as needed. O

Remark 6.4. Observe that ¢ € Aut(T;(2)) is a bialgebra automorphism if and only if p(a12) = Aai2 and
©(ai;) = ai;, © = 1,2. Thus, the group of bialgebra automorphisms of T,(2) is isomorphic to K*.
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Next, we tackle the automorphism group of UT,(2). Although the group of units of UT,(2) is larger,
there is a bit more rigidity in Aut(U7,(2)) in the sense that, modulo the subgroup (p) = Z/2Z generated
by p, the automorphisms of UT,(2) are in a certain sense diagonal (see below).

Theorem 6.5. The following is a subgroup of Aut(UT,(2)):
G = {p € End(UT,(2)) : p(a12) = Mzal absara, p(ai) = Nizlas, i € {1,2}, \i; € K*,j,k,1 € Z},
where z = a11a2_21. Moreover, if q is not a root of unity, then
At(UT,(2)) = G = {p).

Proof. Using[(42)H{(44)] it is routine to check that G C End(UT,(2)) and that G is a submonoid of End(UT,(2)).
Moreover, it is not hard to check that in fact G C Aut(UT,(2)) is a subgroup. This can also be done explicitly

as follows. Identify G as a set with (K*)3 x Z3 (note that these are not isomorphic as groups, because G is

nonabelian), where ¢ € G with p(ajs) = Apakyabya12 and p(ay;) = Niiz’ay, for i = 1,2, is identified with

(A2, A1, Aao, 4, k, 1) € (K*)3 x Z3. Then, by transport of structure, the operation induced on (K*)? x 73

via composition in G is given by

(A12, A1, Aoz, d1, ks 1) * (pa2, pa, poe, 2, k2, o)

= <)\12M12>\Iff>\l§2,>\11u11 (A;) , A2 422 <)\;> JJi+gos ki F ke + (ke + 1), L+ 1o — Ju(ke + lz)) .
(47)
Thus the identity morphism corresponds to (1,1,1,0,0,0) and (A12, A1, Aea, 5, k, 1)L is

kD i) o1 (AN (A .
()\121)\11]( LD )1 (&2) A5 (&2) 7—J7j(k—|—l)—k,—j(k'+l)—l>.

Moreover, if ¢ € G is represented by (A12, A11, Aa2, 7, k, 1), then pogpop is represented by (A12, Aaa, A1, —J, 1, k),
so p normalizes G and clearly G N (p) = idyr,(2)-

Assume now that ¢ is not a root of unity. It remains to show that Aut(UT,(2)) is generated by G and
p. Note that G contains the diagonal automorphisms of UT,(2), so we can work modulo p and the diagonal
automorphisms. Let ¢ € Aut(UT,(2)). Since the group of units of UT,(2) is {\af,aby : A\ € K*, k,l € Z},
we conclude from Lemma that, modulo a diagonal automorphism, ¢(ajs) = a¥;abya;a, for some k,1 € Z.

Since ay; is a unit, there exist 4, j € Z and A € K* such that ¢(a11) = Aa’,aly; as before, we can assume
that A = 1. Using the relation and the fact that ¢ is not a root of unity, we conclude, as in the proof of
Theorem that i4+7 = 1, 50 @(a11) = a},aiy " = a112°~1. Similarly, we have p(ag2) = o) a5, = age2?, for
some j € Z. The automorphism ¢ must restrict to an automorphism of Z(UT,(2)) and Z(UT,(2)) = K[z*1],
by Lemma [5.3] We have

w(z) = 90(@11%_21) = a112i71a2_2127j = Zi7j7
whence i—j = +1. Interchanging ¢ with pop, if necessary, we can assume that i—j = 1. Thus p(a11) = a;12’
and ¢(agn) = axz?, so p € G. O
Remark 6.6. Let G be the subgroup of Aut(UT,(2)) from Theorem 6.5 Then each (A12, A11, A22, 7, k,1) € G
can be uniquely written as
()\127 )\117 )\227ja k> l) = (17 1a 17j7 k7 l) * (>‘12> >\117 )‘22a 07 07 O)
= (17 17 1a 07 kv l) * (1? 17 1aja070) * ()‘127 )‘117 /\22a070a 0)
=(1,1,1,5,0,0)  (1,1,1,0,k — j(k +1),1 + j(k +1)) * (A2, A11, A22,0,0,0).  (48)
More precisely, G is the Zappa—Szép product (G1 x G2)G3 of its subgroups, where
Gr = {(M2, A1, X2, 5,k 1) €G: Adia = A1 = A =1land j =0} = Z x Z,
G = {(M2, A1, X202, 5,k 1) € G Adia = A1 = A =1land k=1=0} = 7Z,
G3 = {(A127>‘115A22aj7kal) S g : ] =k=1= O} = (K*>3
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Indeed, all the decompositions of are straightforward by , and their uniqueness is obvious by
itself. It is directly verified that G3 is a subgroup of G isomorphic to (K*)3 and that G = HG35, where

H = {(A2, M1, X2, 5, k1) € G Aip = A1 = Ao = 1}
is a subgroup of G with Gs N H = {(1,1,1,0,0,0)}. Now, by the second and third equalities of we
have H = G1G3 = G2G; and G; < H. Since, obviously, G N Gy = {(1,1,1,0,0,0)}, we conclude that
H = G; x Gy, whence G = (G1 X G2)G3. Finally, the isomorphisms G; & Z x Z and G2 = Z are evident
by .

Corollary 6.7. Assume that q is not a root of unity and let z = a11a521. Then the group of Hopf algebra
automorphisms of UT,(2) is

H={p € Awt(UT,(2)) : p(ar2) = Azl ara, p(ay) =2 ayu, i € {1,2},\ € K*,j € Z} = K* x Z.

Proof. Let ¢ € Aut(UT,(2)). By Theorem there are two cases.
Case 1: ¢ € G. Then ¢(ai2) = A\2a¥ abya12, (ai) = Nz’ ay, where i € {1,2}, Xij € K* and j, k,l € Z.
For all i € {1,2} we have

(P @ ) (A(aii) = (ai) @ plai;) = Nilay @ Nzl a; = /\?Z—Zjan ® 2l a,
Ap(aii)) = A()\ii«zjaii) = )\iizjau‘ & Zjau',

so that (¢ ® ¢)(A(ai;)) = A(p(ai;)) < Ai; = 1. Hence, assume A3 = Ago = 1. Then
(p ® 9)(Ala12)) = @(a11) ® p(ar2) + @(a12) ® (az) = 2 a11 ® A2afabyar + A12af,abyary ® 27 ags,
A(p(ai2)) = A(M2afabyar) = Aiz(afyaby ® afyaby)(a11 ® a1 + a12 ® ass), (49)

so that (p ® ¢)(A(ai2)) = A(p(a12)) & 27 = akyal,, in which case ¢(a12) = Aj2z7ai2. Thus, ¢ respects A
< p € H. Since € 0o p = ¢ for any ¢ € H, we are done.

Case 2: ¢ € Gp. Then p(a12) = A2af absa1a, @(ai) = Niizlaz;, where i € {1,2},i =3 —1i, \;; € K*
and j,k,l € Z. As in Case 1 one has (¢ ® ¢)(A(ay)) = A(p(ai;)) < Ai; =1 for all 4 € {1,2}. Assuming
)\11 = )\22 = ]., we have

(¢ ® @) (Ala12)) = @(a11) ® (ar2) + @(a12) ® @(az) = 2 az @ Azaf;ahya12 + A2af ahyars ® 27 ayy,

while A(p(a12)) is given by as in Case 1. Hence (¢ ® ¢)(A(a12)) = A(p(a12)) & 27ag = a¥1ab, and
Zay = a’flalﬁl, which is impossible. Thus, ¢ is not a bialgebra morphism.
The isomorphism H = K* x Z is obvious. (|
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