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Abstract. Following the ideas in [12] and some inspiration from [9], we construct a bialgebra Tq(n) and a
pointed Hopf algebra UTq(n) which quantize the coordinate rings of the algebra of upper triangular matrices
and of the group of invertible upper triangular matrices of size n ≥ 2, respectively, where q is a nonzero
parameter. The resulting structure on UTq(n) is neither commutative nor cocommutative, so we obtain a
quantum group. The motivation comes from the idea of quantizing the incidence algebra of a finite poset,
as the latter can be embedded as a subalgebra of the algebra of upper triangular matrices. After defining
the bialgebra Tq(n) and the Hopf algebra UTq(n), we study and compare their Lie algebras of derivations,
their automorphism groups and their low degree Hochschild cohomology, in case n = 2.
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Introduction

Incidence algebras and coalgebras, associated to a locally finite poset, are a fundamental object in combi-
natorics and number theory, as well as in topology, discrete geometry and representation theory (see e.g. [19,
Chapter 3], [13]). For example, in [4] and [5] the authors show that the Hochschild cohomology of a simplicial
complex associated to a finite poset is isomorphic, as a Gerstenhaber algebra, to the Hochschild cohomology
of the corresponding incidence algebra (see also [7]). More recently, incidence algebras have become a funda-
mental tool in topological data analysis (see [3] for details). Both the algebra and the coalgebra structures of
the incidence algebra have been instrumental in combinatorics and number theory, where the poset algebra
plays a role analogous to that of the group algebra of a finite group.

Any finite poset has an extension into a totally ordered one, so incidence algebras of finite posets are
subalgebras of the algebra of upper triangular matrices. As a first step towards the introduction of a
quantum incidence algebra, in this paper we construct a noncommutative and noncocommutative bialgebra
which is a quantum version of the coordinate ring of the algebra of upper triangular matrices. By formally
setting an appropriate quantum determinant equal to one, we obtain a Hopf algebra UTq(n) which coacts
on the uniparameter quantum affine space An(q), where q is a fixed parameter from the base field. Despite
being new, to our knowledge, the quantum group UTq(n) has a fairly straightforward description in terms
of generators and relations, providing lots of interesting examples to study.

In this paper, after defining the bialgebra Tq(n) and the Hopf algebra UTq(n), we explore a few of their
properties, including the center and ∗-structures. Having quantum symmetries in mind, we study the low-
dimensional Hochschild cohomology and the automorphism groups of Tq(n) and of UTq(n) (both as algebras,
bialgebras and Hopf algebras) in case n = 2.
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1. Preliminaries

Throughout the paper, K will denote a field of characteristic different from 2 and K∗ its multiplica-
tive group of units. All algebras, homomorphisms and tensor products will be considered over K, unless
otherwise specified. Let A be an algebra. We will use the notation Z(A) for the center of A, Aut(A) for
its automorphism group, Der(A) for its Lie algebra of derivations, IDer(A) for the ideal of inner deriva-
tions and HHk(A) for the k-th Hochschild cohomology group of A. So, in particular, HH0(A) = Z(A) and
HH1(A) = Der(A)/ IDer(A).

Given a set X = {xi : i ∈ I}, the free unital associative algebra on X will be denoted by K⟨X⟩ or
K⟨xi : i ∈ I⟩. The identity map on the set X is written as idX or id, if the set X is clear from the context.
We denote by Z the set of integers and by N the set of nonnegative integers.

Recall (cf. [1]) that a (multiparameter) quantum affine space of dimension n ≥ 1 is the quotient of
K⟨x1, . . . , xn⟩ by the relations

xixj = qijxjxi, 1 ≤ i, j ≤ n, (1)

where Q := (qij)
n
i,j=1 ∈ (K∗)n

2

is a multiplicatively antisymmetric matrix; in other words, qji = q−1
ij and

qii = 1, for all 1 ≤ i, j ≤ n. We denote this algebra by An(Q).
When qij = q for all i > j, we write An(q) instead of An(Q). Thinking of (xi)

n
i=1 in (An(q))

n as a column
vector, with the usual matricial order for the entries, we could represent the relations xixj = qxjxi, for i > j,

pictorially as
j

i

q , which has the same meaning as
j

i

q−1 .

Remark 1.1. Observe that An(Q) is isomorphic to the iterated Ore extension K[x1][x2;σ2] . . . [xn;σn],
where σi is the automorphism of K[x1] . . . [xi−1;σi−1] given by σi(xj) = qijxj for all 1 ≤ j < i ≤ n. In
particular, An(Q) is a noetherian domain with K-basis formed by the (equivalence classes of) monomials
xν := xν1

1 · · ·xνn
n , where ν ∈ Nn. Moreover, An(Q) is a Zn-graded algebra whose homogeneous components

are An(Q)ν = Kxν , whenever ν ∈ Nn, and An(Q)ν = {0}, otherwise.

2. Quantum Tq(n)

Let n ≥ 2 be an integer. We are going to propose a quantization of the algebra of upper triangular n× n
matrices following the ideas in [12] (see also [8, Chapter IV]). Note that this is not a subalgebra of the algebra
of quantum matrices (cf. [17, 2]), often denoted by Mq(n) or Oq(Mn(K)).

Let aij , 1 ≤ i ≤ j ≤ n, be variables that one can organize in the following upper triangular n× n matrix

A =


a11 a12 . . . a1n
0 a22 . . . a2n
...

. . . . . .
...

0 . . . 0 ann

 .

Fix the map ρ sending aij to an+1−j,n+1−i. In the language of matrices this is the reflection across the
antidiagonal1,

ρ(A) =


ann an−1,n . . . a1n
0 an−1,n−1 . . . a1,n−1

...
. . . . . .

...
0 . . . 0 a11

 .

Fix q ∈ K∗ and consider the algebra K⟨aij : 1 ≤ i ≤ j ≤ n⟩ ⊗K An(q). Following [12, 2, 8], we define

x′
i =

n∑
j=i

aij ⊗ xj and x′′
i =

n∑
j=i

an+1−j,n+1−i ⊗ xj . (2)

1It comes from the corresponding involution of the algebra of upper triangular n× n matrices.
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Lemma 2.1. One has x′
jx

′
i = qx′

ix
′
j and x′′

j x
′′
i = qx′′

i x
′′
j , 1 ≤ i < j ≤ n, if and only if

ajkaik = qaikajk, i < j ≤ k, (3)
ajkajl = qajlajk, j ≤ k < l, (4)
aikajl = ajlaik, i < j ≤ l, i ≤ k < l, (5)

ajkail = q2ailajk, i < j ≤ k < l. (6)

Proof. Let i < j. We have x′
i =

∑n
k=i aik ⊗ xk and x′

j =
∑n

l=j ajl ⊗ xl, so

x′
ix

′
j =

n∑
k=i

n∑
l=j

aikajl ⊗ xkxl

=

n∑
k=j

aikajk ⊗ x2
k +

∑
i≤k<l, j≤l

aikajl ⊗ xkxl +
∑

j≤l<k

qaikajl ⊗ xlxk

=

n∑
k=j

aikajk ⊗ x2
k +

∑
i≤k<l, j≤l

aikajl ⊗ xkxl +
∑

j≤k<l

qailajk ⊗ xkxl

=

n∑
k=j

aikajk ⊗ x2
k +

∑
i≤k<j≤l

aikajl ⊗ xkxl +
∑

j≤k<l

(aikajl + qailajk)⊗ xkxl.

Similarly,

x′
jx

′
i =

n∑
k=j

ajkaik ⊗ x2
k +

∑
i≤k<j≤l

qajlaik ⊗ xkxl +
∑

j≤k<l

(qajlaik + ajkail)⊗ xkxl.

Thus, x′
jx

′
i = qx′

ix
′
j if and only if

ajkaik = qaikajk, i < j ≤ k, (7)
ajlaik = aikajl, i ≤ k < j ≤ l, (8)

aikajl − ajlaik = q−1ajkail − qailajk, i < j ≤ k < l. (9)

The equivalent conditions for x′′
j x

′′
i = qx′′

i x
′′
j are obtained from (7)–(9) by applying ρ to each variable:

ak′j′ak′i′ = qak′i′ak′j′ , k′ ≤ j′ < i′,

al′j′ak′i′ = ak′i′al′j′ , l′ ≤ j′ < k′ ≤ i′,

ak′i′al′j′ − al′j′ak′i′ = q−1ak′j′al′i′ − qal′i′ak′j′ , l′ < k′ ≤ j′ < i′,

where i′ = n+ 1− i, j′ = n+ 1− j, k′ = n+ 1− k and l′ = n+ 1− l. Renaming the indices (l′, k′, j′, i′) by
(i, j, k, l), we obtain

ajkajl = qajlajk, j ≤ k < l, (10)
aikajl = ajlaik, i ≤ k < j ≤ l, (11)

ajlaik − aikajl = q−1ajkail − qailajk, i < j ≤ k < l. (12)

In particular, we see that (8) is the same as (11), and, due to char(K) ̸= 2, (9) and (12) together are
equivalent to

aikajl = ajlaik, ajkail = q2ailajk, i < j ≤ k < l.

□

Definition 2.2. For n ≥ 2, define Tq(n) to be the quotient of K⟨aij : 1 ≤ i ≤ j ≤ n⟩ by the ideal generated
by relations (3)–(6).
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As above for the quantum affine space, we can represent relations (3)–(6) pictorially as follows:

(i, k) (i, l)

(j, k) (j, l)

(13)

The convention used in (13) is that the single horizontal and vertical arrows have label q, whereas the diagonal
double arrow has label q2; the absence of an edge means that the corresponding generators commute. Keeping
the analogy with matrices, it is assumed that i < j and k < l.

Proposition 2.3. The map ρ sending aij to an+1−j,n+1−i defines an automorphism of order 2 of Tq(n).

Proof. Although it could be checked directly that ρ preserves the defining relations of Tq(n), this follows
immediately from the symmetry of the diagram (13) under reflection across the antidiagonal. Clearly,
ρ2 = idTq(n) so ρ is an automorphism of order 2. □

Remark 2.4. When n is even, there exists an involution on the algebra of upper triangular matrices
which is not equivalent to the reflection across the antidiagonal. This involution is given by the map
θ(aij) = −an+1−j,n+1−i, if i ≤ n

2 < j, and θ(aij) = an+1−j,n+1−i, otherwise. Applying θ to every variable in
equalities (7)–(9), one obtains the same conditions given by equalities (10)–(12).

Corollary 2.5. The algebra Tq(n) is isomorphic to A(n+1
2 )(Q) for some Q = Q(q), where {aij : 1 ≤ i ≤ j ≤

n} is ordered lexicographically.

Example 2.6. The algebra Tq(2) is the quotient of K⟨a11, a12, a22⟩ by the ideal generated by

a22a12 = qa12a22, (14)
a11a12 = qa12a11, (15)
a11a22 = a22a11. (16)

Observe that there are no relations of the form (6). It follows that Tq(2) is isomorphic to A3(Q), where

Q =

(
1 q 1

q−1 1 q−1

1 q 1

)
. The relations (14)–(16) can be represented by the diagram

a11 a12

a22

.

Unlike the case of the quantum full matrix algebra [8, Proposition IV.3.3], the center of Tq(n) is trivial
whenever q is not a root of unity.

Proposition 2.7. If q is not a root of unity, then Z(Tq(n)) = K.

Proof. By [1, p. 1788], Z(Tq(n)) is the K-space generated by those monomials

f = aν11
11 · · · aν1n

1n aν22
22 · · · aν2n

2n · · · aνn−1,n−1

n−1,n−1a
νn−1,n

n−1,n aνnn
nn ,

with νkl ∈ N, which are central.
Now, a11f = q

∑n
i=2 ν1ifa11, so

∑n
i=2 ν1i = 0 and ν1i = 0 for all 2 ≤ i ≤ n. Similarly, using the above, we

have a12f = q−ν11−ν22fa12, so ν11 = 0 = ν22. This established the result in case n = 2. Suppose that n > 2.
We have shown that f is in the subalgebra of Tq(n) generated by {aij : 2 ≤ i ≤ j ≤ n}, and is thus a central
monomial there. Since this subalgebra is isomorphic to Tq(n − 1), it follows by induction that f = 1, thus
proving the claim. □

Let R be a K-algebra. An n-tuple (r1, . . . , rn) ∈ Rn is called an R-point of An(q) if rjri = qrirj for all
i < j. An

(
n+1
2

)
-tuple (aij)1≤i≤j≤n ∈ R(n+1

2 ) is called an R-point of Tq(n) if the elements aij satisfy the
relations (3)–(6) in R.

Remark 2.8. The R-points of An(q) and Tq(n) are in a one-to-one correspondence with the algebra mor-
phisms An(q) → R and Tq(n) → R, respectively.

The next fact is proved the same way as Lemma 2.1.
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Remark 2.9. An
(
n+1
2

)
-tuple A = (aij)1≤i≤j≤n in R is an R-point of Tq(n) if and only if AX := (

∑n
j=i aij⊗

xj)
n
i=1 and ρ(A)X := (

∑n
j=i an+1−j,n+1−i ⊗ xj)

n
i=1 are (R ⊗ An(q))-points of An(q), where x1, . . . , xn are

the canonical generators of An(q).

The “only if” part of Remark 2.9 can be generalized as follows.

Remark 2.10. If A = (aij)1≤i≤j≤n is an R-point of Tq(n) and X = (xi)
n
i=1 is an R′-point of An(q), then

AX := (
∑n

j=i aij ⊗ xj)
n
i=1 and ρ(A)X := (

∑n
j=i an+1−j,n+1−i ⊗ xj)

n
i=1 are (R⊗R′)-points of An(q).

Lemma 2.11. Let A = (aij)1≤i≤j≤n and B = (bij)1≤i≤j≤n be R-points of Tq(n) such that aijbkl = bklaij
for all 1 ≤ i ≤ j ≤ n and 1 ≤ k ≤ l ≤ n. Then AB := (

∑j
k=i aikbkj)1≤i≤j≤n is an R-point of Tq(n).

Proof. By Remark 2.9 the n-tuple X ′ = (x′
i)

n
i=1 := (

∑n
j=i bij ⊗ xj)

n
i=1 is an R′-point of An(q), where R′ =

R⊗An(q). Applying Remark 2.10, we conclude that X ′′ = (x′′
i )

n
i=1 := (

∑n
j=i aij⊗x′

j)
n
i=1 = (

∑n
j=i

∑j
k=i aik⊗

(bkj⊗xj))
n
i=1 is an R′′-point of An(q), where R′′ = R⊗R′ = R⊗(R⊗An(q)). Let φ : R′′ → R′ be the K-linear

map given by φ(a⊗ (b⊗ P )) = ab⊗ P for all a, b ∈ R and P ∈ An(q). Observe that for t1 = a1 ⊗ (b1 ⊗ P1)
and t2 = a2 ⊗ (b2 ⊗ P2) with a2b1 = b1a2 one has

φ(t1t2) = φ(a1a2 ⊗ (b1b2 ⊗ P1P2)) = a1a2b1b2 ⊗ P1P2 = a1b1a2b2 ⊗ P1P2

= (a1b1 ⊗ P1)(a2b2 ⊗ P2) = φ(t1)φ(t2).

It follows that φ(x′′
i x

′′
j ) = φ(x′′

i )φ(x
′′
j ) for all 1 ≤ i, j ≤ n. Hence, (φ(x′′

i ))
n
i=1 is an R′-point of An(q). Since

φ(x′′
i ) =

∑n
j=i

∑j
k=i aikbkj ⊗ xj =

∑n
j=i(AB)ij ⊗ xj , we see that (φ(x′′

i ))
n
i=1 = (AB)X, and thus (AB)X

is an R′-point of An(q). Similarly one proves that ρ(AB)X = (ρ(B)ρ(A))X is an R′-point of An(q). By
Remark 2.9 the tuple AB is an R-point of Tq(n). □

We are finally ready to prove the main result of this section.

Theorem 2.12. There are algebra morphisms ∆ : Tq(n) → Tq(n) ⊗ Tq(n) and ε : Tq(n) → K, given by
∆(aij) =

∑j
k=i aik ⊗ akj and ε(aij) = δij, 1 ≤ i ≤ j ≤ n. These define a bialgebra structure on Tq(n).

Proof. We first show that ∆ is a well-defined algebra morphism, i.e. (∆(aij))1≤i≤j≤n is a (Tq(n) ⊗ Tq(n))-
point of Tq(n). Let A = (aij ⊗ 1)1≤i≤j≤n and B = (1 ⊗ aij)1≤i≤j≤n. It is clear that A and B are
(Tq(n)⊗ Tq(n))-points of Tq(n). Since (aij ⊗ 1)(1⊗ akl) = aij ⊗ akl = (1⊗ akl)(aij ⊗ 1), then Lemma 2.11
guarantees that AB = (

∑j
k=i(aik ⊗ 1)(1⊗ akj))1≤i≤j≤n = (

∑j
k=i aik ⊗ akj)1≤i≤j≤n = (∆(aij))1≤i≤j≤n is a

(Tq(n)⊗ Tq(n))-point of Tq(n), as needed.
Similarly, ε is a well-defined algebra morphism because (δij)1≤i≤j≤n is a K-point of Tq(n) (due to δijδkl = 0

for i < j or k < l).
The coassociativity and counit axioms are verified the same way as for incidence coalgebras (see [18,

Definition 3.2.6]). □

3. The Hopf algebra UTq(n)

Now, we are going to introduce the analog of the well-known Hopf algebra GLq(n) (see [17], [8, IV.6,
IV.10] and references therein).

Lemma 3.1. Let X ⊆ [1, n] and 1 ≤ i < j ≤ n. Then the following equality holds in Tq(n):

aij

(∏
x∈X

axx

)
= qm

(∏
x∈X

axx

)
aij , (17)

where m = −2|{x ∈ X : i < x < j}| − |X ∩ {i, j}|.

Proof. We have aijaii = q−1aiiaij , aijajj = q−1ajjaij , aijaxx = q−2axxaij for all i < x < j and aijaxx =
axxaij for all x ̸∈ [i, j], whence (17). □

Set detq(n) :=
∏n

i=1 aii ∈ Tq(n).

Corollary 3.2. Let 1 ≤ i ≤ j ≤ n. Then

detq(n) · aij = q2(j−i)aij · detq(n). (18)
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Observe from Corollary 3.2 that if we were to define an analog of GLq(n) in the same way as was done in
[8, IV.6] by taking the quotient of the polynomial algebra Tq(n)[t] by the ideal (tdetq(n)− 1) generated by
tdetq(n)− 1 then, in case q is not a root of unity, we would get aij = 0 in Tq(n)[t]/(tdetq(n)− 1) for all i < j
because, unlike the case of Mq(n), the element detq(n) is not central in Tq(n). Thus, to avoid working with
a commutative and cocommutative Hopf algebra, it seems to be more reasonable to replace Tq(n)[t] with the
skew polynomial algebra Tq(n)[t;σ], where σ is an automorphism of the algebra Tq(n) that takes (18) into
account.

Lemma 3.3. Let (A,µ, η,∆, ε) be a bialgebra and σ ∈ Aut(A,µ, η). Then ∆(t) = t⊗ t and ε(t) = 1 extend
the bialgebra structure to the skew polynomial algebra A[t;σ] if and only if σ is a bialgebra automorphism of
(A,µ, η,∆, ε).

Proof. It is well-known (see, for example, [16, Exercise 2.1.19]) that the tensor product of two coalgebras
(C,∆C , εC) and (D,∆D, εD) is a coalgebra under ∆C⊗D = (idC ⊗ τC,D ⊗ idD) ◦ (∆C ⊗∆D), where τC,D :
C ⊗D → D⊗C is the flip map, and εC⊗D = εC ⊗ εD. Hence, there is a natural coalgebra structure on the
vector space A[t;σ] ∼= A⊗K[t] (vector space isomorphism!), such that

∆′(atn) =
∑

a(1)t
n ⊗ a(2)t

n and ε′(atn) = ε(a) (19)

(here we use Sweedler’s notation for ∆(a) =
∑

a(1) ⊗ a(2) and identify atn ∈ A[t;σ] with a⊗ tn ∈ A⊗K[t]).
Thus, A[t;σ] is a bialgebra if and only if ∆′ and ε′ are algebra morphisms A[t;σ] → A[t;σ] ⊗ A[t;σ] and
A[t;σ] → K, respectively. Observe that (19) already means that ∆′(at) = ∆′(a)∆′(t) and ε′(at) = ε′(a)ε′(t)
for all a ∈ A. Therefore, ∆′ is an algebra morphism if and only if

∆′(ta) = ∆′(t)∆′(a) (20)

for all a ∈ A. Now,

∆′(t)∆′(a) =
∑

ta(1) ⊗ ta(2) =
∑

σ(a(1))t⊗ σ(a(2))t = ((σ ⊗ σ) ◦∆)(a)(t⊗ t),

∆′(ta) = ∆′(σ(a)t) =
∑

σ(a)(1)t⊗ σ(a)(2)t = (∆ ◦ σ)(a)(t⊗ t).

Thus, (20) is equivalent to (σ ⊗ σ) ◦ ∆ = ∆ ◦ σ. Similarly, ε′ is an algebra morphism if and only if
ε′(ta) = ε′(t)ε′(a) for all a ∈ A if and only if ε ◦ σ = ε. □

Lemma 3.4. There is a bialgebra automorphism σ ∈ Aut(Tq(n)) such that

σ(aij) = q2(i−j)aij (21)

for all 1 ≤ i ≤ j ≤ n.

Proof. It is obvious that (q2(i−j)aij)1≤i≤j≤n is a Tq(n)-point of Tq(n), so there is a unique σ ∈ End(Tq(n))

determined by (21). It is clearly bijective with σ−1(aij) = q2(j−i)aij . We have

((σ ⊗ σ) ◦∆)(aij) =
∑

i≤k≤j

σ(aik)⊗ σ(akj) =
∑

i≤k≤j

q2(i−k)aik ⊗ q2(k−j)akj

= q2(i−j)
∑

i≤k≤j

aik ⊗ akj = q2(i−j)∆(aij) = ∆(σ(aij)),

(ε ◦ σ)(aij) = ε
(
q2(i−j)aij

)
= q2(i−j)δij = δij = ε(aij),

so σ is a bialgebra morphism. □

Corollary 3.5. Let σ ∈ Aut(Tq(n)) be given by (21). Then the bialgebra structure on Tq(n) extends to a
bialgebra structure on Tq(n)[t;σ] by means of ∆(t) = t⊗ t and ε(t) = 1.

Remark 3.6. For all b ∈ Tq(n), by Corollary 3.2 we have

detq(n) · b = σ−1(b) · detq(n).
Moreover, tdetq(n) = detq(n)t is central in Tq(n)[t;σ].

Let (tdetq(n)− 1) be the ideal of the algebra Tq(n)[t;σ] generated by tdetq(n)− 1.

Lemma 3.7. The ideal (tdetq(n)− 1) is also a coideal of the coalgebra Tq(n)[t;σ].
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Proof. We have

∆(tdetq(n)− 1) = (t⊗ t)

n∏
i=1

(aii ⊗ aii)− 1⊗ 1 = tdetq(n)⊗ tdetq(n)− 1⊗ 1

= tdetq(n)⊗ (tdetq(n)− 1) + (tdetq(n)− 1)⊗ 1,

and ε(tdetq(n)− 1) = 1− 1 = 0. □

Define UTq(n) as the quotient algebra Tq(n)[t;σ]/(tdetq(n)− 1).

Corollary 3.8. The algebra UTq(n) is a bialgebra under the comultiplication and counit induced by those
from Tq(n)[t;σ].

The set Σ = {aν11
11 aν22

22 · · · aνnn
nn : νii ∈ N, for all 1 ≤ i ≤ n} is a multiplicative set of normal [6, p. 214]

elements in Tq(n), hence an Ore set [6, p. 82]. Thus, since Tq(n) is a domain, we can consider the corre-
sponding localization Tq(n)Σ

−1. Since detq(n) =
∏

i aii, it follows that Tq(n)Σ
−1 = Tq(n)[detq(n)

−1
], the

localization of Tq(n) at the powers of detq(n). Since the elements aii are group-like, it follows that the
bialgebra structure on Tq(n) extends uniquely to Tq(n)[detq(n)

−1
] in such a way that ∆(a−1

ii ) = a−1
ii ⊗ a−1

ii

and ε(a−1
ii ) = 1, for all 1 ≤ i ≤ n.

Proposition 3.9. There is a canonical bialgebra isomorphism Tq(n)[detq(n)
−1

] → UTq(n) sending aij to
the class of aij in UTq(n), for all 1 ≤ i ≤ j ≤ n.

Proof. Although this is straightforward, we will provide the details for the convenience of the reader less
familiar with noncommutative localization.

Let Ψ : Tq(n) → UTq(n) be the following composition

Tq(n)
ι // Tq(n)[t;σ]

π // Tq(n)[t;σ]

(tdetq(n)− 1)
= UTq(n),

where ι is the inclusion and π is the canonical epimorphism. So Ψ(aij) = aij + I, where I = (tdetq(n)− 1).
We have that Ψ(detq(n)) = detq(n)+I and (t+I)(detq(n)+I) = tdetq(n)+I = 1+I = (detq(n)+I)(t+I).
Therefore, by the universal property of localization, Ψ extends uniquely to a bialgebra homomorphism
Tq(n)[detq(n)

−1
] → UTq(n), still denoted by Ψ.

For the inverse map, consider the natural inclusion Φ : Tq(n) → Tq(n)[detq(n)
−1

]. By Remark 3.6, for
any b ∈ Tq(n), we have

detq(n)
−1

Φ(b) = detq(n)
−1

b = σ(b)detq(n)
−1

= Φ(σ(b))detq(n)
−1

.

Thus, by the universal property of Ore extensions, Φ extends to Φ : Tq(n)[t;σ] → Tq(n)[detq(n)
−1

] so that
Φ(t) = detq(n)

−1. Moreover, Φ(tdetq(n) − 1) = detq(n)
−1

detq(n) − 1 = 0, so Φ factors through a map
UTq(n) → Tq(n)[detq(n)

−1
], which is easily seen to be inverse to Ψ, yielding the result. □

Remark 3.10. By Proposition 3.9, we can and will think of UTq(n) as the localization of Tq(n) at powers
of a11, . . . , ann and identify Tq(n) with a subalgebra of UTq(n).

Define the following elements in Tq(n):

bii =
∏
k ̸=i

akk, 1 ≤ i ≤ n, (22)

bij =

j−i∑
s=1

∑
i=i0<···<is=j

(−1)sq2(j−i)−sai0i1 . . . ais−1is

∏
k ̸∈{i0,...,is}

akk, 1 ≤ i < j ≤ n. (23)

Remark 3.11. It can be easily checked that the elements (bij)1≤i≤j≤n satisfy the following recurrence
relation for i < j:

bij = −
j∑

k=i+1

q2(k−i)−1aikbkja
−1
ii = −

j∑
k=i+1

q2(k−i)−1aika
−1
ii bkj , (24)
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where the terms bkja
−1
ii and a−1

ii bkj in (24) belong to Tq(n) and are equal since, for k > i, bkj is a right and
left multiple of aii, Tq(n) is a domain and aii commutes with bkj (see also Remark 3.10).

Recall the automorphism ρ from Proposition 2.3 and the automorphism σ from (21).

Lemma 3.12. We have, for all 1 ≤ i ≤ j ≤ n, ρ(bij) = bn+1−j,n+1−i and σ(bij) = q2(i−j)bij.

Proof. The result holds trivially in the case i = j. So, suppose that i < j. Notice first that the elements
ai0i1 , . . . , ais−1is appearing in (23) pairwise commute, and the same holds for the elements of the form akk.
Given 1 ≤ i ≤ n, set i = n+ 1− i. Then we have

ρ(bij) =

j−i∑
s=1

∑
i=i0<···<is=j

(−1)sq2(j−i)−sais is−1
. . . ai1 i0

∏
k ̸∈{i0,...,is}

ak k

=

i−j∑
s=1

∑
j=is<···<i0=i

(−1)sq2(i−j)−sais is−1
. . . ai1 i0

∏
k ̸∈{is,...,i0}

ak k

= bj i.

The result for σ is straightforward. □

The elements (bij)1≤i≤j≤n are the main ingredient for constructing an antipode map for UTq(n). This
will be already perceived in the next result.

Lemma 3.13. For all 1 ≤ i ≤ j ≤ n, we have the following relation in Tq(n):∑
i≤k≤j

bikakj = detq(n)δij =
∑

i≤k≤j

q2(k−j)aikbkj . (25)

Proof. We proceed by induction on j − i ≥ 0. The case i = j is obvious. If i < j then, using (24), we get∑
i≤k≤j

bikakj = biiaij −
j∑

k=i+1

k∑
l=i+1

q2(l−i)−1aila
−1
ii blkakj

= biiaij −
j∑

l=i+1

q2(l−i)−1aila
−1
ii

j∑
k=l

blkakj

= biiaij −
j∑

l=i+1

q2(l−i)−1aila
−1
ii detq(n)δlj

= biiaij − q2(j−i)−1aija
−1
ii detq(n)

= biiaij − q2(j−i)−1aijbii.

To finish the calculation, notice, using Remark 3.6, that

aii(biiaij − q2(j−i)−1aijbii) = detq(n)aij − q2(j−i)−1aiiaijbii

= q2(j−i)aijdetq(n)− q2(j−i)aijaiibii = 0.

Since Tq(n) is a domain, we conclude that biiaij − q2(j−i)−1aijbii=0.
The other equality is proved similarly using the recurrence relation

bij = −
j−1∑
l=i

q2(j−l)−1alja
−1
jj bil, (26)

for i < j, which can be obtained from (24) applied to bn+1−j,n+1−i and then using the automorphism ρ. □

Our main goal is to show that UTq(n) is a Hopf algebra. To accomplish this, we must show that
{tbij}1≤i≤j≤n is a UTq(n)-point of Tq−1(n), which will follow from a series of technical lemmas which we
start presenting.
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Lemma 3.14. Let 1 ≤ k ≤ n and 1 ≤ i < j ≤ n. Then

akkbij = qmbijakk, (27)

where

m = 2|{x ∈ {k} : i < x < j}|+ |{k} ∩ {i, j}| =


0, k ̸∈ [i, j],

1, k ∈ {i, j},
2, i < k < j.

(28)

Proof. In view of (23), it suffices to prove (27) with bij replaced with p = ai0i1 . . . ais−1is , where i = i0 <
· · · < is = j.

Case 1: k ̸∈ [i, j]. Then akkaiuiu+1 = aiuiu+1akk for all 0 ≤ u < s, whence akkp = pakk.
Case 2: k = i. Then akkai0i1 = qai0i1akk and akkaiuiu+1 = aiuiu+1akk for all u ̸= 0. Hence, akkp = qpakk.
Case 3: k = j. Follows by applying Case 2 to an+1−j,n+1−jbn+1−j,n+1−i and using ρ.
Case 4: i < k < j. There are two subcases.
Case 4.1: There is 0 < u < s such that k = iu. Then akkaiu−1iu = qaiu−1iuakk, akkaiuiu+1

= qaiuiu+1
akk

and akkaiviv+1
= aiviv+1

akk for all v ̸∈ {u− 1, u}. Hence, akkp = q2pakk.
Case 4.2: There is 0 ≤ u < s such that iu < k < iu+1. Then akkaiuiu+1

= q2aiuiu+1
akk and akkaiviv+1

=
aiviv+1akk for all v ̸= u. Hence, akkp = q2pakk. □

Lemma 3.15. Let 1 ≤ k ≤ n and 1 ≤ i < j ≤ n. Then

bkkσ(bij) = q−mbijbkk, (29)

where m = 2|{x ∈ {k} : i < x < j}|+ |{k} ∩ {i, j}|, as in (28).

Proof. We have, using Lemma 3.14 and Remark 3.6,

akk(bkkσ(bij)− q−mbijbkk) = akkbkkσ(bij)− q−makkbijbkk

= detq(n)σ(bij)− bijakkbkk

= detq(n)σ(bij)− bijdetq(n) = 0.

Since Tq(n) is a domain, we get (29). □

Lemma 3.16. Let 1 ≤ k < l ≤ n and 1 ≤ i < j ≤ n. Then

aklbij = qmbijσ(akl), (30)

where

m =


0 l < i or k > j,

1, l = i or k = j,

2, otherwise.

Proof. Let p1 = ai0i1 . . . ais−1is , where i = i0 < · · · < is = j, and p2 =
∏

x∈X axx, where X = [1, n] \
{i0, . . . , is}.

Case 1: l < i. Then aklaiuiu+1
= aiuiu+1

akl for all 0 ≤ u ≤ s− 1, whence aklp1 = p1akl. Since [k, l] ⊆ X,
we have aklp2 = q2(k−l)p2akl = p2σ(akl) by Lemma 3.1.

Case 2: l = i. Then aklp1 = p1akl as in Case 1. Since {x : k ≤ x < l} ⊆ X, but l = i0, we have
aklp2 = q−2(l−k)+1p2akl = qp2σ(akl) by Lemma 3.1.

Case 3: i < l < j.
Case 3.1: k < i < l < j.
Case 3.1.1: iu < l < iu+1 for some 0 ≤ u < s. Then aklaiviv+1 = q−2aiviv+1akl for all 0 ≤ v < u and

aklaiviv+1
= aiviv+1

akl for all u ≤ v < s, whence aklp1 = q−2up1akl. Since |{x ∈ X : k < x < l}| = |{k < x <

l : x ̸∈ {i0, . . . , iu}}| = l − k − u − 2 and {k, l} ⊆ X, then aklp2 = q−2(l−k−u−1)p2akl by Lemma 3.1. Thus,
aklbij = q2bijσ(akl).

Case 3.1.2: l = iu for some 0 ≤ u < s. Then aklaiviv+1 = q−2aiviv+1akl for all 0 ≤ v < u − 1,
aklaiu−1iu = q−1aiu−1iuakl and aklaiviv+1

= aiviv+1
akl for all u ≤ v < s, whence aklp1 = q−2u+1p1akl. Since

|{x ∈ X : k < x < l}| = |{k < x < l : x ̸∈ {i0, . . . , iu−1}}| = l− k− u− 1 and {k, l} \ {i0, . . . , is} = {k}, then
aklp2 = q−2(l−k−u−1)−1p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).
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Case 3.2: k = i < l < j.
Case 3.2.1: i0 < l < i1. Then aklai0i1 = qai0i1akl and aklaiuiu+1 = aiuiu+1akl for all 0 < u < s,

whence aklp1 = qp1akl. Since x ̸∈ {i0, . . . , is} for all k < x < l and {k, l} \ {i0, . . . , is} = {l}, then
aklp2 = q−2(l−k−1)−1p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).

Case 3.2.2: iu < l < iu+1 for some 0 < u < s. Then aklai0i1 = q−1ai0i1akl, aklaiviv+1
= q−2aiviv+1

akl
for all 0 < v < u and aklaiviv+1 = aiviv+1akl for all u ≤ v < s, whence aklp1 = q−2u+1p1akl. Since
|{x ∈ X : k < x < l}| = |{k < x < l : x ̸∈ {i1, . . . , iu}}| = l − k − u − 1 and {k, l} \ {i0, . . . , is} = {l}, then
aklp2 = q−2(l−k−u−1)−1p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).

Case 3.2.3: l = iu for some 1 < u < s. Then aklai0i1 = q−1ai0i1akl, aklaiviv+1
= q−2aiviv+1

akl for
all 0 < v < u − 1, aklaiu−1iu = q−1aiu−1iuakl and aklaiviv+1 = aiviv+1akl for all u ≤ v < s, whence
aklp1 = q−2(u−1)p1akl. Since |{x ∈ X : k < x < l}| = |{k < x < l : x ̸∈ {i1, . . . , iu−1}}| = l − k − u and
{k, l} ⊆ {i0, . . . , is}, then aklp2 = q−2(l−k−u)p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).

Case 3.2.4: l = i1. Then aklaiuiu+1
= aiuiu+1

akl for all 0 ≤ u < s, whence aklp1 = p1akl. Since
x ̸∈ {i0, . . . , is} for all k < x < l and {k, l} ⊆ {i0, . . . , is}, then aklp2 = q−2(l−k−1)p2akl by Lemma 3.1.
Thus, aklbij = q2bijσ(akl).

Case 3.3: i < k < l < j.
Case 3.3.1: iu < k < iu+1 ≤ iv < l < iv+1 for some 0 ≤ u < v < s. Then aklaihih+1

= q−2aihih+1
akl,

whenever u < h < v, and aklaihih+1
= aihih+1

akl, otherwise, whence aklp1 = q−2(v−u−1)p1akl. Since
|{x ∈ X : k < x < l}| = |{k < x < l : x ̸∈ {iu+1, . . . , iv}}| = l − k − v + u − 1 and {k, l} ⊆ X, then
aklp2 = q−2(l−k−v+u)p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).

Case 3.3.2: iu = k < iu+1 ≤ iv < l < iv+1 for some 0 < u < v < s. Then aklaiuiu+1
= q−1aiuiu+1

akl,
aklaihih+1

= q−2aihih+1
akl, whenever u < h < v, and aklaihih+1

= aihih+1
akl, otherwise, whence aklp1 =

q−2(v−u)+1p1akl. Since |{x ∈ X : k < x < l}| = |{k < x < l : x ̸∈ {iu+1, . . . , iv}}| = l − k − v + u − 1 and
{k, l} \ {i0, . . . , is} = {l}, then aklp2 = q−2(l−k−v+u−1)−1p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).

Case 3.3.3: iu < k < iu+1 ≤ iv < l = iv+1 for some 0 ≤ u < v < s − 1. This case is obtained from
Case 3.3.2 by applying the automorphism ρ.

Case 3.3.4: iu = k < iu+1 ≤ iv < l = iv+1 for some 0 < u < v < s− 1. Then aklaiuiu+1 = q−1aiuiu+1akl,
aklaiviv+1

= q−1aiviv+1
akl, aklaihih+1

= q−2aihih+1
akl for u < h < v and aklaihih+1

= aihih+1
akl, for h ̸∈ [u, v],

whence aklp1 = q−2(v−u)p1akl. Since |{x ∈ X : k < x < l}| = |{k < x < l : x ̸∈ {iu+1, . . . , iv}}| = l− k− v+
u− 1 and {k, l} ⊆ {i0, . . . , is}, then aklp2 = q−2(l−k−v+u−1)p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).

Case 3.3.5: iu < k < l < iu+1 for some 0 ≤ u < s. Then aklaiuiu+1
= q2aiuiu+1

akl and aklaihih+1
=

aihih+1
akl for h ̸= u, whence aklp1 = q2p1akl. Since [k, l] ⊆ X, then aklp2 = q−2(l−k)p2akl by Lemma 3.1.

Thus, aklbij = q2bijσ(akl).
Case 3.3.6: iu = k < l < iu+1 for some 0 < u < s. Then aklaiuiu+1

= qaiuiu+1
akl and aklaihih+1

=
aihih+1

akl for h ̸= u, whence aklp1 = qp1akl. Since x ̸∈ {i0, . . . , is} for all k < x < l and {k, l}\{i0, . . . , is} =

{l}, then aklp2 = q−2(l−k−1)−1p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).
Case 3.3.7: iu < k < l = iu+1 for some 0 ≤ u < s− 1. This case is obtained from Case 3.3.6 by applying

the automorphism ρ.
Case 3.3.8: iu = k < l = iu+1 for some 0 < u < s − 1. Then aklaihih+1

= aihih+1
akl for all 0 ≤ h < s,

whence aklp1 = p1akl. Since x ̸∈ {i0, . . . , is} for all k < x < l and {k, l} ⊆ {i0, . . . , is}, then aklp2 =
q−2(l−k−1)p2akl by Lemma 3.1. Thus, aklbij = q2bijσ(akl).

Case 4: l = j.
Case 4.1: k < i < l = j. Suppose s > 1 in p1. We have aklaiuiu+1 = q−2aiuiu+1akl for 0 ≤ u < s − 1,

by (6), and aklais−1is = q−1ais−1isakl, by (3). Thus, aklp1 = q−2s+1p1akl. Note that this last equality is also
true for s = 1.

Observe that |{x ∈ X : k < x < l}| = (l−k−1)−s. Thus, by Lemma 3.1, aklp2 = q−2[(l−k−1)−s]−1p2akl =
q2(k−l)+2s+1p2akl = q2s+1p2σ(akl). It follows that aklbij = q2bijσ(akl).

Case 4.2: i = k < l = j. Suppose s > 1 in p1. We have aklai0i1 = q−1ai0i1akl, by (4), and aklais−1is =
q−1ais−1isakl, by (3). Moreover, if s > 2, then, by (6), aklaiuiu+1 = q−2aiuiu+1akl for 1 ≤ u < s − 1. Thus,
aklp1 = q−2(s−1)p1akl. Note that this last equality is also true for s = 1.

Observe that |{x ∈ X : i < x < j}| = (j − i− 1)− (s− 1) = j − i− s = l − k − s. Thus, by Lemma 3.1,
aklp2 = q−2(l−k−s)p2akl = q2sp2σ(akl). It follows that aklbij = q2bijσ(akl).



QUANTUM UPPER TRIANGULAR MATRIX ALGEBRAS 11

Case 4.3: i < k < l = j. This follows from Case 3.2 by applying ρ.
Case 5: j < l.
Case 5.1: k < i < j < l. We have aklaiuiu+1

= q−2aiuiu+1
akl for 0 ≤ u ≤ s − 1, by (6), then

aklp1 = q−2sp1akl. Since |{x ∈ X : k < x < l}| = (l − k − 1) − (s + 1) = l − k − s − 2, then aklp2 =
q−2(l−k−s−2)−2p2akl = q2s+2p2σ(akl), by Lemma 3.1. Therefore, aklbij = q2bijσ(akl).

Case 5.2: i = k < j < l. This follows from Case 4.1 by applying ρ.
Case 5.3: i < k < j < l. This follows from Case 3.1 by applying ρ.
Case 5.4: i < j = k < l. This follows from Case 2 by applying ρ.
Case 5.5: i < j < k < l. This follows from Case 1 by applying ρ. □

Lemma 3.17. Let 1 ≤ k < l ≤ n and 1 ≤ i < j ≤ n. Then

bklσ(bij) = q−mbijσ(bkl), (31)

where

m =



1, k = i < l < j or i < k < l = j,

2, i < k < l < j,

−1, i = k < j < l or k < i < l = j,

−2, k < i < j < l,

0, otherwise.

Proof. This proof will be omitted. It consists in applying Lemmas 3.14 and 3.16 in each of the possible cases
depending on the relative positions between i < j and k < l. □

Theorem 3.18. The bialgebra UTq(n) is a Hopf algebra with the antipode S given by

S(aij) = tbij = σ(bij)t, for all 1 ≤ i ≤ j ≤ n, S(t) = detq(n) and S(1) = 1, (32)

where bij is given by (22) and (23).

Proof. Let us first show that {S(aij)}1≤i≤j≤n is a UTq(n)-point of Tq−1(n). Suppose that 1 ≤ k ≤ l ≤ n
and 1 ≤ i < j ≤ n. Then,

S(akl)S(aij) = tbkltbij = tbklσ(bij)t = q−mtbijσ(bkl)t = q−mtbijtbkl = q−mS(aij)S(akl),

where m is given in Lemmas 3.15 and 3.17. The claim now follows from relations (3)–(6).
By Remark 2.8 and the fact that Tq−1(n) is the opposite algebra of Tq(n), there is a unique unital anti-

homomorphism S : Tq(n) → UTq(n) satisfying S(aij) = tbij . Moreover, since detq(n)t = tdetq(n) and
detq(n)σ(bij) = bijdetq(n), then S(aij)detq(n) = detq(n)S(σ(aij)) for all 1 ≤ i ≤ j ≤ n, so S extends
uniquely to an anti-homomorphism S : Tq(n)[t;σ] → UTq(n) satisfying (32).

Since taii = aiit for all 1 ≤ i ≤ t, we have

S(tdetq(n)− 1) =

 n∏
i=1

t
∏
j ̸=i

ajj

detq(n)− 1 = tndetq(n)
n−1 · detq(n)− 1 = (tdetq(n))

n − 1 = 0.

Thus, S induces an algebra anti-homomorphism S : UTq(n) → UTq(n) satisfying (32).
Finally, using (25), we have, for all 1 ≤ i ≤ j ≤ n,∑

i≤k≤j

S(aik)akj =
∑

i≤k≤j

tbikakj = tdetq(n)δij = δij = ε(aij),∑
i≤k≤j

aikS(akj) =
∑

i≤k≤j

aiktbkj =
∑

i≤k≤j

q2(k−j)aikbkjt = detq(n)tδij = δij = ε(aij).

□

Remark 3.19. It can be shown, just as in the proof of [9, Proposition 3.1.1], that UTq(n) is a pointed Hopf
algebra, i.e., all of its simple left and right comodules have dimension one.
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Now that we have a Hopf structure on UTq(n), our next goal is to show that the antipode S has order
two. Note that, in a Hopf algebra, the antipode is the inverse of the identity map relative to the convolution
product. So, it would suffice to show that S2 and S are mutual inverses with respect to the convolution
product.

Lemma 3.20. Let {xij : 1 ≤ i ≤ j ≤ n} ⊆ UTq(n) be such that, for all 1 ≤ i ≤ j ≤ n,∑
i≤k≤j

xikS(akj) = ε(aij). (33)

Then xij = aij for all 1 ≤ i ≤ j ≤ n.

Proof. The proof will be by induction on j− i. For the base case multiply 1 = ε(aii) = xiiS(aii) on the right
by aii. Since S is an antipode, we have

aii = ε(aii)aii = (xiiS(aii))aii = xii(S(aii)aii) = xiiε(aii) = xii.

Assume that j − i > 0 and xst = ast for all s ≤ t with t − s < j − i. Observe that
∑

i≤k<j aikS(akj) =

ε(aij) − aijS(ajj) = −aijS(ajj), because S is an antipode. Then, in view of (33) and by the induction
hypothesis,

0 = ε(aij) =
∑

i≤k≤j

xikS(akj) =
∑

i≤k<j

aikS(akj) + xijS(ajj) = (xij − aij)S(ajj).

So, multiplying both sides by ajj on the right and using S(ajj)ajj = ε(ajj) = 1, we get xij − aij = 0, which
proves the induction step. □

Proposition 3.21. The antipode S in UTq(n) satisfies S2 = id.

Proof. Since S2 is an algebra homomorphism, it suffices to show that S2(aij) = aij , for all 1 ≤ i ≤ j ≤ n,
which will follow from using Lemma 3.20 with xij = S2(aij).

If i = j then
∑

i≤k≤i S
2(aik)S(aki) = S2(aii)S(aii) = S(aiiS(aii)) = S(ε(aii)) = 1 = ε(aii). By Lem-

mas 3.1, 3.14 and 3.16, it follows that σ−1(akj)bik = qbikakj , for all i ≤ k ≤ j, except if i = k = j. Thus, for
i < j,

∑
i≤k≤j

S2(aik)S(akj) = S

 ∑
i≤k≤j

akjS(aik)

 = S

 ∑
i≤k≤j

akjtbik


= S

 ∑
i≤k≤j

tσ−1(akj)bik

 = S

 ∑
i≤k≤j

qtbikakj


= qS

 ∑
i≤k≤j

S(aik)akj

 = qS(ε(aij)) = 0 = ε(aij).

□

Proposition 3.22. The automorphisms ρ, σ ∈ Aut(Tq(n)) from Proposition 2.3 and Lemma 3.4, respec-
tively, lift uniquely to algebra automorphisms of UTq(n). These lifts satisfy the following:

(i) σ is a Hopf algebra automorphism of UTq(n);
(ii) ρ is a coalgebra antiautomorphism of UTq(n) that commutes with S.

Proof. Recall that, by Proposition 3.9 and Remark 3.10, UTq(n) is the localization of Tq(n) at the powers
of detq(n). Since σ(detq(n)) = detq(n) = ρ(detq(n)) (where the last equality follows since the elements
aii mutually commute), we conclude that σ and ρ extend to algebra automorphisms of the localization
Tq(n)[detq(n)

−1], with

σ(t) = σ(detq(n)
−1

) = σ(detq(n))
−1 = detq(n)

−1
= t (34)

and ρ(t) = t. Since σ is a bialgebra automorphism of Tq(n) by Lemma 3.4, it is easily seen by (34) that its
extension is a bialgebra (and hence, a Hopf algebra) automorphism of UTq(n).
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Given 1 ≤ i ≤ n, denote i = n + 1 − i. Let τ be the flip map on UTq(n) ⊗ UTq(n). Then, for all
1 ≤ i ≤ j ≤ n,

(ρ⊗ ρ)(∆(aij)) =
∑

i≤k≤j

ρ(aik)⊗ ρ(akj) =
∑

i≤k≤j

ak i ⊗ aj k =
∑

j≤k≤i

ak i ⊗ aj k = (τ ◦∆)(aj i) = (τ ◦∆)(ρ(aij)),

ε(ρ(aij)) = ε(aj i) = δj i = δij = ε(aij).

Moreover, using Lemma 3.12, we have

ρ(S(aij)) = ρ(tbij) = tbj i = S(aj i) = S(ρ(aij)).

□

Remark 3.23. Let X ⊆ {1, . . . , n} and consider the unital associative subalgebra of UTq(n) generated
by {a±1

ii : i ∈ X}. This is just the commutative Laurent polynomial algebra in k := |X| variables. As
∆(a±1

ii ) = a±1
ii ⊗a±1

ii and S(a±1
ii ) = a∓1

ii , this is a Hopf subalgebra. In fact, it is isomorphic to the Hopf group
algebra of the free abelian group Zk.

It is straightforward to verify that (detq(n) − 1) is a Hopf ideal of UTq(n), so we get a quotient Hopf
algebra UTq(n)/(detq(n) − 1). Combining previous observations and Proposition 3.9, it follows that, in
case q is not a root of unity, the Hopf algebra UTq(n)/(detq(n) − 1) is canonically isomorphic to the Hopf
subalgebra described above for X = {1, . . . , n− 1}, isomorphic to the Hopf group algebra of Zn−1.

4. Hopf ∗-algebras

For an involution ∗ on a K-algebra A we denote ∗(a) by a∗ for each a ∈ A. Recall that a map ∗ : A → A
is an involution if (a+ b)∗ = a∗ + b∗, (ab)∗ = b∗a∗ and (a∗)∗ = a for all a, b ∈ A.

Consider the field K of characteristic different from 2 as a K-algebra. Suppose there is an involution
: K → K such that ̸= idK and let

K0 = {α ∈ K : α = α}.
Since is an automorphism of order 2, by [15, Lemma 2.5], K0 is a proper subfield of K such that [K : K0] = 2
and there is a linear basis {1, i} of K over K0 such that i2 ∈ K0 and i = −i.

For any K-vector space V , a map ϕ : V → V is antilinear if ϕ(u+ v) = ϕ(u) + ϕ(v) and ϕ(αu) = αϕ(u)
for all u, v ∈ V and α ∈ K. Clearly, every antilinear map is K0-linear. An antilinear map between two
K-algebras ϕ : A → B will be called an antilinear morphism if ϕ(ab) = ϕ(a)ϕ(b) for all a, b ∈ A and ϕ(1) = 1.

Definition 4.1. Let (H,µ, η,∆, ε, S) be a Hopf K-algebra. We say that H is a Hopf ∗-algebra if there exists
an antilinear involution ∗ on H satisfying the following conditions:

(i) ∗ is a morphism of K0-coalgebras;
(ii) (∗ ◦ S)2 = idH .

Remark 4.2. If H is a Hopf K-algebra with an antilinear involution ∗, then ∗ is an antimorphism of
K0-algebras.

Lemma 4.3. A Hopf algebra H has a Hopf ∗-algebra structure if and only if there exists an antilinear
bijection γ on H such that

(i) γ is a morphism of K0-algebras and an antimorphism of K0-coalgebras;
(ii) γ2 = (S ◦ γ)2 = idH .

Proof. The proof is similar to that of [8, Lemma IV.8.2]. □

Let V be a K-vector space. Then the conjugate of V is the K-space V which coincides with (V,+) as an
abelian group, but is equipped with the following multiplication by scalars: (α, v) 7→ αv for all α ∈ K and
v ∈ V . Observe that antilinear maps V → W are exactly the same as linear maps V → W . If (A, ·) is a
K-algebra, then (A, ·) is also a K-algebra. As a consequence, we have the following.

Remark 4.4. For any K-algebra R there is a one-to-one correspondence between antilinear morphisms
Tq(n) → R and R-points of Tq(n).
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Proposition 4.5. Assume that q ∈ K0. Then there is an antilinear bijection γ : UTq(n) → UTq(n) which
is a morphism of K0-algebras and an antimorphism of K0-coalgebras, such that

γ(aij) = an+1−j,n+1−i. (35)

Moreover, γ2 = id.

Proof. As in Proposition 2.3, since q ∈ K0, it follows that (γ(aij))1≤i≤j≤n is a UTq(n)-point of Tq(n), so there
exists a unique antilinear morphism γ : Tq(n) → UTq(n) mapping aij to aj i, where i = n+ 1− i. The same
argument used in the proof of Proposition 3.22 (ii) shows that γ extends to an antilinear automorphism of the
K-algebra UTq(n), which we still denote by γ, such that γ(t) = t. The proof that it is also an antimorphism
of K0-coalgebras is the same as the one for ρ in Proposition 3.22 (ii). Since γ2(aij) = aij and γ2 is K-linear,
then γ2 = id. □

Lemma 4.6. Assume that q ∈ K0. Then γ ◦ S = S ◦ γ.

Proof. Since both γ ◦ S and S ◦ γ are antilinear, it suffices to show that (γ ◦ S)(aij) = (S ◦ γ)(aij), for all
1 ≤ i ≤ j ≤ n. This follows exactly as for ρ in Proposition 3.22 (ii) (based on the computation in Lemma 3.12
which holds for γ because q ∈ K0), showing that ρ and S commute. □

Theorem 4.7. If q ∈ K0, then there exists a Hopf ∗-algebra structure on UTq(n) given by a∗ij = (γ ◦S)(aij).

Proof. This follows from Lemma 4.3 and Proposition 4.5, where (γ ◦ S)2 = γ2 ◦ S2 = id by Lemma 4.6
and Propositions 3.21 and 4.5. □

5. Derivations of Tq(2) and UTq(2)

In this section we assume that q is not a root of unity. Since Tq(2) is a quantum affine space (see
Example 2.6), we can specify the results of [1, Theorem 1.2] to this algebra.

For (s, t) ∈ {(1, 1), (1, 2), (2, 2)} and ν = (ν11, ν12, ν22) ∈ N3 denote by Dst,ν the map {a11, a12, a22} →
K⟨a11, a12, a22⟩ sending ast to aν := aν11

11 aν12
12 aν22

22 and aij to 0 for (i, j) ̸= (s, t). By the Leibniz rule, Dst,ν

uniquely extends to a derivation of K⟨a11, a12, a22⟩. Moreover, by (14)–(16) (see also [1, p. 1789]), Dst,ν

defines a derivation of Tq(2) if and only if the following equalities hold in Tq(2):

Dst,ν(a22)a12 + a22Dst,ν(a12) = q(Dst,ν(a12)a22 + a12Dst,ν(a22)), (36)
Dst,ν(a11)a12 + a11Dst,ν(a12) = q(Dst,ν(a12)a11 + a12Dst,ν(a11)), (37)
Dst,ν(a11)a22 + a11Dst,ν(a22) = Dst,ν(a22)a11 + a22Dst,ν(a11). (38)

The following lemma characterizes this situation.

Lemma 5.1. We have
(i) D11,ν defines a derivation of Tq(2) if and only if ν ∈ {(0, 0, 1), (1, 0, 0)};
(ii) D12,ν defines a derivation of Tq(2) if and only if ν12 = 1;
(iii) D22,ν defines a derivation of Tq(2) if and only if ν ∈ {(0, 0, 1), (1, 0, 0)}.

Proof. (i) Let (s, t) = (1, 1). Observe that (37) is equivalent to D11,ν(a11)a12 = qa12D11,ν(a11), i.e.,
aν · a12 = qa12 · aν ⇔ (qν22 − q1−ν11)aν11

11 aν12+1
12 aν22

22 = 0. Since q is not a root of unity, the latter is equivalent
to ν11 + ν22 = 1 ⇔ {ν11, ν22} = {0, 1}. Furthermore, (38) reduces to D11,ν(a11)a22 = a22D11,ν(a11) ⇔
aν · a22 = a22 · aν ⇔ (1− qν12)aν11

11 aν12
12 aν22+1

22 = 0 ⇔ ν12 = 0. Finally, (36) holds trivially for any ν.
(ii) Let (s, t) = (1, 2). We have (37) ⇔ a11D12,ν(a12) = qD12,ν(a12)a11 ⇔ a11 · aν = qaν · a11 ⇔

(1 − q1−ν12)aν11+1
11 aν12

12 aν22
22 = 0, (36) ⇔ a22D12,ν(a12) = qD12,ν(a12)a22 ⇔ a22 · aν = qaν · a22 ⇔ (qν12 −

q)aν11
11 aν12

12 aν22+1
22 = 0 and (38) is trivially satisfied, giving the unique condition ν12 = 1.

(iii) Let (s, t) = (2, 2). We have (38) ⇔ a11D22,ν(a22) = D22,ν(a22)a11 ⇔ a11 · aν = aν · a11 ⇔
(1 − q−ν12)aν11+1

11 aν12
12 aν22

22 = 0, (36) ⇔ D22,ν(a22)a12 = qa12D22,ν(a22) ⇔ aν · a12 = qa12 · aν ⇔ (qν22 −
q1−ν11)aν11

11 aν12+1
12 aν22

22 = 0 and (37) is trivially satisfied, giving ν12 = 0 and ν11 + ν22 = 1. □

Following [1, 1.2], set

D11 := D11,(1,0,0), D12 := D12,(0,1,0), D22 := D22,(0,0,1).
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Furthermore, if

Λst = {ν ∈ N3 : νst = 0 and Dst,ν ∈ Der(Tq(2))},
then Lemma 5.1 gives

Λ11 = {(0, 0, 1)}, Λ12 = ∅, Λ22 = {(1, 0, 0)},
so that

E := SpanK{Dst,ν : 1 ≤ s ≤ t ≤ 2 and ν ∈ Λst} = KD11,(0,0,1) ⊕KD22,(1,0,0). (39)

By [1, Theorem 1.2] and Proposition 2.7 we have the following characterization of Der(Tq(2)).

Corollary 5.2.

Der(Tq(2)) = IDer(Tq(2))⊕KD11 ⊕KD12 ⊕KD22 ⊕KD11,(0,0,1) ⊕KD22,(1,0,0). (40)

In particular, dim(HH1(Tq(2))) = 5.

Next, we tackle the derivation Lie algebra of the Hopf algebra UTq(2). We will see that HH1(UTq(2)) is
infinite dimensional, although free of rank 3 over HH0(UTq(2)) = Z(UTq(2)).

As before, we identify UTq(2) with the localization of Tq(2) at the powers of a11 and a22. We will also
consider the subalgebra Pq generated by a±1

11 and a12, and the localization Tq of Pq at the powers of a12.
Notice that both Tq and Pq are localizations of the quantum plane A2(q

−1) generated by a11 and a12. For
simplicity, we use the following more intuitive notation: Pq = Kq[a

±1
11 , a12] and Tq = Kq[a

±1
11 , a

±1
12 ].

Lemma 5.3. We have Z(Tq) = Z(Pq) = K and Z(UTq(2)) = K[z±1], where z = a11a
−1
22 . Moreover,

UTq(2) = Pq[z
±1], a (commutative) Laurent polynomial extension of Pq.

Proof. The commutation relations for Tq(2) and UTq(2) are given by the matrix Q in Example 2.6. The
corresponding matrix of exponents is Q =

(
0 1 0
−1 0 −1
0 1 0

)
and Z(UTq(2)) is the linear span of the monomials

aν11
11 aν12

12 aν22
22 with (ν11, ν12, ν22) ∈ Z×N×Z in the null space of Q. Since this null space in Z3 is {k(1, 0,−1) :

k ∈ Z}, it follows that Z(UTq(2)) is the Laurent polynomial ring K[z±1]. Similarly, since the matrix of
exponents of the commutation relations for Tq and Pq is

(
0 1
−1 0

)
, which has trivial null space, it follows that

Z(Tq) = Z(Pq) = K.
Clearly, Pq[z

±1] ⊆ UTq(2). Note that Pq[z
±1] is generated as a vector space by {ai11a

j
12a

k
11a

−k
22 : i, k ∈

Z, j ∈ N}. Up to nonzero scalars, this set is just {ai11a
j
12a

k
22 : i, k ∈ Z, j ∈ N}, which is linearly independent,

hence a basis of Pq[z
±1]. But the latter is also a basis of UTq(2), showing the equality UTq(2) = Pq[z

±1]

and the algebraic independence of z±1 over Pq. Note in particular that a±1
22 = a±1

11 z
∓1. □

Note that any derivation D of Tq(2) extends uniquely to a derivation of UTq(2), still denoted D, by
localization, using D(x−1) = −x−1D(x)x−1, for x = ak11, a

k
22 (k ∈ N) and the Leibniz rule. In particular,

the (extended) derivations D11, D12 and D22 play an important role in the description of Der(UTq(2)).

Theorem 5.4. We have

Der(UTq(2)) = IDer(UTq(2))⊕K[z±1]D11 ⊕K[z±1]D12 ⊕K[z±1]D22. (41)

In particular, HH1(UTq(2)) is a free module of rank 3 over Z(UTq(2)) = K[z±1].

Proof. We begin by computing and decomposing the derivation Lie algebra of Pq = Kq[a
±1
11 , a12]. Since

Z(Tq) = K, it follows from [14, Corollary 2.6] that

Der(Pq) = IDer(Pq)⊕Kd11 ⊕Kd12,

where d11(a11) = a11, d11(a12) = 0, d12(a11) = 0 and d12(a12) = a12.
Now, using the equality UTq(2) = Pq[z

±1] from Lemma 5.3 and [11, Theorem 2.1] (where we need to use
an analogous version for central Laurent extensions, instead of polynomial extensions, but which has the
same proof), we can conclude that

Der(Pq[z
±1]) = IDer(Pq[z

±1])⊕K[z±1]d11 ⊕K[z±1]d12 ⊕K[z±1]∂z,

where d11 and d12 are d11 and d12 extended to Pq[z
±1] by setting d11(z) = 0 = d12(z), ∂z(Pq) = 0 and

∂z(z) = 1.
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Using the fact that a22 = a11z
−1, we can compute the values of these three derivations at a22:

d11(a22) = d11(a11z
−1) = d11(a11)z

−1 + a11d11(z
−1) = a11z

−1 = a22,

d12(a22) = d12(a11z
−1) = d12(a11)z

−1 + a11d12(z
−1) = 0,

∂z(a22) = ∂z(a11z
−1) = ∂z(a11)z

−1 + a11∂z(z
−1) = −a11z

−2.

The next table summarizes all the relevant information:

d11 d12 ∂z
a11 a11 0 0
a12 0 a12 0
a22 a22 0 −z−2a11

It follows that d11 = D11 +D22, d12 = D12 and ∂z = −z−1D22. Conversely, D11 = d11 + z∂z, D12 = d12 and
D22 = −z∂z, so

K[z±1]d11 ⊕K[z±1]d12 ⊕K[z±1]∂z = K[z±1]D11 ⊕K[z±1]D12 ⊕K[z±1]D22.

□

6. Automorphisms of Tq(2) and UTq(2)

In this final section, we will give a complete description of the groups of algebra automorphisms of Tq(2)
and of UTq(2) in the case that q is not a root of unity.

We start with the following remark, which is a consequence of Remark 2.8.

Remark 6.1. Any φ ∈ End(Tq(2)) is uniquely determined by φ(aij) = pij satisfying

p22p12 = qp12p22, (42)
p11p12 = qp12p11, (43)
p11p22 = p22p11. (44)

Moreover, in case φ ∈ End(UTq(2)), we additionally need to require that p11 and p22 be invertible in UTq(2),
thus (nonzero scalar multiples of) monomials in a11 and a22.

In particular, note that for any choice of α11, α12, α22 ∈ K∗, there are automorphisms of Tq(2) and of
UTq(2) such that aij 7→ αijaij , for all 1 ≤ i ≤ j ≤ 2. We call these the diagonal automorphisms. The set of
all such automorphisms forms a group isomorphic to (K∗)3. We also recall the automorphism ρ defined in
Proposition 2.3, which fixes a12 and interchanges a11 and a22. Since, in general, ρ does not commute with
the diagonal automorphisms, it follows that Aut(Tq(2)) and Aut(UTq(2)) are nonabelian.

Lemma 6.2. Suppose that q ̸= 1. Let A be either Tq(2) or UTq(2) and φ ∈ Aut(A). Then there is a unit
u ∈ A such that φ(a12) = ua12.

Proof. Consider I = (a12) the ideal of A generated by a12. We have Tq(2)/I ∼= K[a11, a22] (respectively,
UTq(2)/I ∼= K[a±1

11 , a
±1
22 ]), a commutative polynomial ring (respectively, Laurent polynomial ring) in two

variables. In particular, A/I is a commutative domain of Gelfand–Kirillov dimension 2.
The automorphism φ induces an isomorphism between A/I and A/φ(I), hence A/φ(I) is also a commu-

tative domain of Gelfand–Kirillov dimension 2. In particular, in A/φ(I) we have

0 = [a12, a11] = [a12, a11] = (1− q)a12a11 = (1− q)a12 a11.

As q ̸= 1 and A/φ(I) is a domain, we conclude that either a12 ∈ φ(I) or a11 ∈ φ(I). A similar computation
shows that either a12 ∈ φ(I) or a22 ∈ φ(I). As a11 and a22 are units in UTq(2), it immediately follows that
a12 ∈ φ(I) in case A = UTq(2). So assume that A = Tq(2). If a12 /∈ φ(I), we must have a11, a22 ∈ φ(I).
Hence Tq(2)/φ(I) is isomorphic to a quotient of Tq(2)/(a11, a22) ∼= K[a12]. By [10, Lemma 3.1] this would
imply that the Gelfand–Kirillov dimension of Tq(2)/φ(I) is at most 1, which is a contradiction. Thus,
a12 ∈ φ(I).

We now have I = (a12) ⊆ φ(I). Since φ was arbitrary, the same holds for φ−1, whence I ⊆ φ−1(I). Thus
(a12) = I = φ(I) = (φ(a12)). As a12 is normal in A (i.e., a12A = Aa12), we are done. □
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We are now ready to describe Aut(Tq(2)). The following notion will be helpful. An automorphism
φ ∈ Aut(Tq(2)) is called linear if

φ(SpanK{a11, a12, a22}) = SpanK{a11, a12, a22}.

Theorem 6.3. Suppose that q is not a root of unity. Then any automorphism of Tq(2) is linear. Moreover,

Aut(Tq(2)) ∼= GL1(K)×GL2(K) = K∗ ×GL2(K).

Proof. Let λ ∈ GL1(K) = K∗ and A = (µij) ∈ GL2(K). The pair (λ,A) ∈ GL1(K)×GL2(K) corresponds
to the assignment p12 = λa12, p11 = µ11a11 + µ21a22 and p22 = µ12a11 + µ22a22. It is immediate to check
that the elements pij satisfy (42)–(44), so they define φλ,A ∈ End(Tq(2)) with φλ,A(aij) = pij . Clearly, φλ,A

is invertible, with inverse φλ−1,A−1 . This proves that GL1(K) × GL2(K) embeds naturally in the group of
linear automorphisms of Tq(2).

Conversely, let φ ∈ Aut(Tq(2)). Note that both ρ and the diagonal automorphisms defined earlier are
linear, so we can work modulo these automorphisms.

Since the group of units of Tq(2) is reduced to scalars, we conclude from Lemma 6.2 that φ(a12) = λa12,
for some λ ∈ K∗. Composing with an appropriate diagonal automorphism, we can suppose that λ = 1, so
that φ fixes a12.

Write φ(a11) =
∑

k,l≥0 gkl(a12)a
k
11a

l
22, for some polynomials gkl(y) ∈ K[y]. Using (43) we obtain

∑
k,l≥0

qk+la12gkl(a12)a
k
11a

l
22 =

∑
k,l≥0

gkl(a12)a
k
11a

l
22

 a12 = qa12

∑
k,l≥0

gkl(a12)a
k
11a

l
22


= q

∑
k,l≥0

a12gkl(a12)a
k
11a

l
22.

As q is not a root of unity, we conclude that gkl(y) = 0, whenever k + l ̸= 1. Thus, we can write φ(a11) =
g10(a12)a11 + g01(a12)a22. Similarly, φ(a22) = h10(a12)a11 + h01(a12)a22, for some h10(y), h01(y) ∈ K[y].

Next we use (44). Note that aiip(a12) = p(qa12)aii for i = 1, 2 and all p(y) ∈ K[y]. Thus, the (left)
coefficient (in K[a12]) of a211 in the product φ(a11)φ(a22) is g10(a12)h10(qa12). Similarly, the coefficient of
a211 in the product φ(a22)φ(a11) is h10(a12)g10(qa12). Equating these terms we obtain

g10(a12)h10(qa12) = h10(a12)g10(qa12). (45)

Claim: Let g, h ∈ K[y] satisfy

g(y)h(qy) = h(y)g(qy). (46)

Then one of g or h is a scalar multiple of the other.
Proof of the Claim: Without loss of generality, we can assume that g, h ̸= 0 and that they are monic.

Moreover, if d ∈ K[y] is a common divisor of g and h, then we can replace g and h by g/d and h/d in (46),
so we can assume that g and h are coprime. Then, as g(y) divides h(y)g(qy) and is coprime to h(y), g(y)
must divide g(qy). For degree considerations, g(y) = µg(qy), for some µ ∈ K∗. But the fact that q is not a
root of unity implies that g is a monomial in y. The same argument applies to h. By coprimeness, one of
these polynomials is 1 and the other ym, for some m ∈ N. Then using (46) we conclude that qm = 1, so also
−1 = 0. This completes the proof of the claim.

Applying the Claim to g10 and h10, by (45) we conclude that g10 and h10 are proportional. Similarly,
comparing (left) coefficients of a222 in (44), we conclude that g01 and h01 are also proportional. Up to
composing with ρ, we can assume that g10 ̸= 0. So h10 = λg10, for some λ ∈ K. Also, g01 and h01 cannot
both be 0 (otherwise φ(a22) = λφ(a11)), so assume h01 ̸= 0 (the case g01 ̸= 0 is similar), whence g01 = µh01,
for some µ ∈ K.

Since φ−1 fixes a12 and acts on aii, i = 1, 2, similarly to φ, it follows from φ(φ−1(aii)) = aii, i = 1, 2, that
the matrix A =

(
g10 h10

g01 h01

)
is invertible over K[a12]. So, det(A) ∈ K∗. By the previous paragraph, det(A) is

a multiple of g10h01, which implies that g10, h01 ∈ K∗ and thus A ∈ GL2(K) and φ = φλ,A, as needed. □

Remark 6.4. Observe that φ ∈ Aut(Tq(2)) is a bialgebra automorphism if and only if φ(a12) = λa12 and
φ(aii) = aii, i = 1, 2. Thus, the group of bialgebra automorphisms of Tq(2) is isomorphic to K∗.
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Next, we tackle the automorphism group of UTq(2). Although the group of units of UTq(2) is larger,
there is a bit more rigidity in Aut(UTq(2)) in the sense that, modulo the subgroup ⟨ρ⟩ ∼= Z/2Z generated
by ρ, the automorphisms of UTq(2) are in a certain sense diagonal (see below).

Theorem 6.5. The following is a subgroup of Aut(UTq(2)):

G = {φ ∈ End(UTq(2)) : φ(a12) = λ12a
k
11a

l
22a12, φ(aii) = λiiz

jaii, i ∈ {1, 2}, λij ∈ K∗, j, k, l ∈ Z},

where z = a11a
−1
22 . Moreover, if q is not a root of unity, then

Aut(UTq(2)) = G ⋊ ⟨ρ⟩.

Proof. Using (42)–(44), it is routine to check that G ⊆ End(UTq(2)) and that G is a submonoid of End(UTq(2)).
Moreover, it is not hard to check that in fact G ⊆ Aut(UTq(2)) is a subgroup. This can also be done explicitly
as follows. Identify G as a set with (K∗)3 × Z3 (note that these are not isomorphic as groups, because G is
nonabelian), where φ ∈ G with φ(a12) = λ12a

k
11a

l
22a12 and φ(aii) = λiiz

jaii, for i = 1, 2, is identified with
(λ12, λ11, λ22, j, k, l) ∈ (K∗)3 × Z3. Then, by transport of structure, the operation induced on (K∗)3 × Z3

via composition in G is given by

(λ12, λ11, λ22, j1, k1, l1) ∗ (µ12, µ11, µ22, j2, k2, l2)

=

(
λ12µ12λ

k2
11λ

l2
22, λ11µ11

(
λ11

λ22

)j2

, λ22µ22

(
λ11

λ22

)j2

, j1 + j2, k1 + k2 + j1(k2 + l2), l1 + l2 − j1(k2 + l2)

)
.

(47)

Thus the identity morphism corresponds to (1, 1, 1, 0, 0, 0) and (λ12, λ11, λ22, j, k, l)
−1 is(

λ−1
12 λ

k−j(k+l)
11 λ

l+j(k+l)
22 , λ−1

11

(
λ11

λ22

)j

, λ−1
22

(
λ11

λ22

)j

,−j, j(k + l)− k,−j(k + l)− l

)
.

Moreover, if φ ∈ G is represented by (λ12, λ11, λ22, j, k, l), then ρ◦φ◦ρ is represented by (λ12, λ22, λ11,−j, l, k),
so ρ normalizes G and clearly G ∩ ⟨ρ⟩ = idUTq(2).

Assume now that q is not a root of unity. It remains to show that Aut(UTq(2)) is generated by G and
ρ. Note that G contains the diagonal automorphisms of UTq(2), so we can work modulo ρ and the diagonal
automorphisms. Let φ ∈ Aut(UTq(2)). Since the group of units of UTq(2) is {λak11al22 : λ ∈ K∗, k, l ∈ Z},
we conclude from Lemma 6.2 that, modulo a diagonal automorphism, φ(a12) = ak11a

l
22a12, for some k, l ∈ Z.

Since a11 is a unit, there exist i, j ∈ Z and λ ∈ K∗ such that φ(a11) = λai11a
j
22; as before, we can assume

that λ = 1. Using the relation (43) and the fact that q is not a root of unity, we conclude, as in the proof of
Theorem 6.3, that i+j = 1, so φ(a11) = ai11a

1−i
22 = a11z

i−1. Similarly, we have φ(a22) = aj11a
1−j
22 = a22z

j , for
some j ∈ Z. The automorphism φ must restrict to an automorphism of Z(UTq(2)) and Z(UTq(2)) = K[z±1],
by Lemma 5.3. We have

φ(z) = φ(a11a
−1
22 ) = a11z

i−1a−1
22 z

−j = zi−j ,

whence i−j = ±1. Interchanging φ with φ◦ρ, if necessary, we can assume that i−j = 1. Thus φ(a11) = a11z
j

and φ(a22) = a22z
j , so φ ∈ G. □

Remark 6.6. Let G be the subgroup of Aut(UTq(2)) from Theorem 6.5. Then each (λ12, λ11, λ22, j, k, l) ∈ G
can be uniquely written as

(λ12, λ11, λ22, j, k, l) = (1, 1, 1, j, k, l) ∗ (λ12, λ11, λ22, 0, 0, 0)

= (1, 1, 1, 0, k, l) ∗ (1, 1, 1, j, 0, 0) ∗ (λ12, λ11, λ22, 0, 0, 0)

= (1, 1, 1, j, 0, 0) ∗ (1, 1, 1, 0, k − j(k + l), l + j(k + l)) ∗ (λ12, λ11, λ22, 0, 0, 0). (48)

More precisely, G is the Zappa–Szép product (G1 ⋊G2)G3 of its subgroups, where

G1 = {(λ12, λ11, λ22, j, k, l) ∈ G : λ12 = λ11 = λ22 = 1 and j = 0} ∼= Z×Z,
G2 = {(λ12, λ11, λ22, j, k, l) ∈ G : λ12 = λ11 = λ22 = 1 and k = l = 0} ∼= Z,
G3 = {(λ12, λ11, λ22, j, k, l) ∈ G : j = k = l = 0} ∼= (K∗)3.
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Indeed, all the decompositions of (48) are straightforward by (47), and their uniqueness is obvious by (48)
itself. It is directly verified that G3 is a subgroup of G isomorphic to (K∗)3 and that G = HG3, where

H = {(λ12, λ11, λ22, j, k, l) ∈ G : λ12 = λ11 = λ22 = 1}
is a subgroup of G with G3 ∩ H = {(1, 1, 1, 0, 0, 0)}. Now, by the second and third equalities of (48) we
have H = G1G2 = G2G1 and G1 ⊴ H. Since, obviously, G1 ∩ G2 = {(1, 1, 1, 0, 0, 0)}, we conclude that
H = G1 ⋊ G2, whence G = (G1 ⋊ G2)G3. Finally, the isomorphisms G1

∼= Z × Z and G2
∼= Z are evident

by (47).

Corollary 6.7. Assume that q is not a root of unity and let z = a11a
−1
22 . Then the group of Hopf algebra

automorphisms of UTq(2) is

H = {φ ∈ Aut(UTq(2)) : φ(a12) = λzja12, φ(aii) = zjaii, i ∈ {1, 2}, λ ∈ K∗, j ∈ Z} ∼= K∗ ×Z.

Proof. Let φ ∈ Aut(UTq(2)). By Theorem 6.5 there are two cases.
Case 1: φ ∈ G. Then φ(a12) = λ12a

k
11a

l
22a12, φ(aii) = λiiz

jaii, where i ∈ {1, 2}, λij ∈ K∗ and j, k, l ∈ Z.
For all i ∈ {1, 2} we have

(φ⊗ φ)(∆(aii)) = φ(aii)⊗ φ(aii) = λiiz
jaii ⊗ λiiz

jaii = λ2
iiz

jaii ⊗ zjaii,

∆(φ(aii)) = ∆(λiiz
jaii) = λiiz

jaii ⊗ zjaii,

so that (φ⊗ φ)(∆(aii)) = ∆(φ(aii)) ⇔ λii = 1. Hence, assume λ11 = λ22 = 1. Then

(φ⊗ φ)(∆(a12)) = φ(a11)⊗ φ(a12) + φ(a12)⊗ φ(a22) = zja11 ⊗ λ12a
k
11a

l
22a12 + λ12a

k
11a

l
22a12 ⊗ zja22,

∆(φ(a12)) = ∆(λ12a
k
11a

l
22a12) = λ12(a

k
11a

l
22 ⊗ ak11a

l
22)(a11 ⊗ a12 + a12 ⊗ a22), (49)

so that (φ⊗ φ)(∆(a12)) = ∆(φ(a12)) ⇔ zj = ak11a
l
22, in which case φ(a12) = λ12z

ja12. Thus, φ respects ∆
⇔ φ ∈ H. Since ε ◦ φ = ε for any φ ∈ H, we are done.

Case 2: φ ∈ Gρ. Then φ(a12) = λ12a
k
11a

l
22a12, φ(aii) = λiiz

jai i, where i ∈ {1, 2}, i = 3 − i, λij ∈ K∗

and j, k, l ∈ Z. As in Case 1 one has (φ ⊗ φ)(∆(aii)) = ∆(φ(aii)) ⇔ λii = 1 for all i ∈ {1, 2}. Assuming
λ11 = λ22 = 1, we have

(φ⊗ φ)(∆(a12)) = φ(a11)⊗ φ(a12) + φ(a12)⊗ φ(a22) = zja22 ⊗ λ12a
k
11a

l
22a12 + λ12a

k
11a

l
22a12 ⊗ zja11,

while ∆(φ(a12)) is given by (49) as in Case 1. Hence (φ⊗ φ)(∆(a12)) = ∆(φ(a12)) ⇔ zja22 = ak+1
11 al22 and

zja11 = ak11a
l+1
22 , which is impossible. Thus, φ is not a bialgebra morphism.

The isomorphism H ∼= K∗ ×Z is obvious. □
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