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HYPERSIMPLE RINGS AND MODULES

CHRISTIAN LOMP, MOHAMED YOUSIF, AND YIQIANG ZHOU

Dedicated to André Leroy on his retirement

Abstract. In this paper a simple right R-module S over a ring R is called
hypersimple if its injective hull E(S) is cyclic, and a ring R is called right
hypersimple if every simple right R-module is hypersimple. We intiate a study
of these new notions, and revisit Osofsky’s work on hypercyclic rings, i.e. rings
whose cyclic right modules have cyclic injective hulls.

1. Introduction

The Prüfer groups are the injective hulls of the simple Abelian groups and they
are Artinian, but not Noetherian. More generally any injective hull of a simple
module over a commutative Noetherian ring is Artinian as it was shown by Matlis
in his seminal work [24]. Other finiteness conditions on the injective hull of mod-
ules have been considered for example by Rosenberg and Zelinsky in [33] and Faith
in [12]. Faith and Walker for example proved in [13, Theorem 5.5] that a ring R
is quasi-Frobenius if and only if any injective right R-module is a direct sum of
cyclic modules which are isomorphic to principal indecomposable right ideals of R.
Furthermore, by Zorn’s lemma one can easily prove that every injective module is
the injective hull of a direct sum of cyclic modules. In [31], Osofsky studied the
rings whose cyclic modules are injective and showed that such rings are precisely
the semisimple Artinian ones. Inspired by this result, Caldwell in [4] studied a class
of rings, called (right) hypercyclic rings, whose cyclic right modules have cyclic in-
jective hulls. He proved that a left perfect, right hypercyclic ring is Artinian and
uniserial. Hypercyclic rings were thoroughly investigated by Caldwell for commu-
tative rings in [4], and by Osofsky for noncommutative rings in [30]. However, the
only example of a hypercyclic ring that is not semisimple Artinian was provided
by Caldwell in [4], and such a ring is commutative and self-injective. Furthermore,
Caldwell has asked in his thesis [5, Page 53] whether every hypercyclic ring is self-
injective, and conjectured yes as an answer to his question. The conjecture still
remains open, among several other questions on the subject. For example it is not
known if the notion of hypercyclic rings is left-right symmetric. Moreover, Osofsky
asked in [30] if the (Jacobson) radical of local hypercyclic rings is nil.

Motivated by Caldwell’s conjecture, it was shown in [18] that if R is a ring
such that E(RR) is cyclic and Dedekind-finite, then R is right self-injective. In
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2 LOMP, YOUSIF, AND ZHOU

particular, if E(RR) is cyclic then R is right self-injective in the cases where R is
commutative, finite-dimensional, semilocal, or strongly π-regular.

We should point out that there is a gap in the proof of one of the main results in
[30, Proposition 1.6], where it was claimed that if R is a semilocal right hypercyclic
ring, then soc(RR) ⊆

ess RR. Subsequently, Lemma 1.12, Lemma 1.15 and Theorem
1.18 of [30] remain uncertain. Moreover, because of the gap in [30, Proposition 1.6],
[22, Theorem 3.4] is uncertain.

In this paper a simple right R-module S is called hypersimple if E(S) is cyclic,
and a ring R is called right hypersimple if E(S) is cyclic for every simple right
R-module S. We initiate a study of hypersimple rings and modules, and show that
some of the work on hypercyclic rings can be obtained by requiring only E(RR)
and/or E(R/J(R)) to be cyclic.

While we are unable to fix the gap in [30, Proposition 1.6], we rectify the situation
by requiring the ringR to be essentially right duo; i.e. every essential right ideal ofR
is two-sided. Under this extra mild condition, Osofsky’s result follows immediately
by mimicking her argument, and some of her other results can be streamlined. For
example, we prove in Theorem 2.16, that if R is a semilocal essentially right duo
ring such that E(RR) and E(R/J(R)) are cyclic modules, then R is right pseudo-
Frobenius whose right ideals are quasi-injective.

Throughout, all rings R are associative with unity and all modules are unitary.
For a module M , we use rad(M), soc(M), E(M) and End(M) to denote the
Jacobson radical, the socle, the injective hull and the endomorphism ring of M ,
respectively. For a ring R, rad(RR) = rad(RR), which is the Jacobson radical of R
and is denoted by J(R) or J . In general, soc(RR) 6= soc(RR), but we simply use
soc(R) when soc(RR) = soc(RR). We write N ⊆ M if N is a submodule of M ,
N ⊆ess M if N is an essential submodule of M , N ⊆⊕ M if N is a direct summand
of M , and N ≪ M if N is a small submodule of M . We will write Nk for a direct
sum of k copies of N , and U(R) for the set of units of R. We use rR(x) to denote
the right annihilator of x in R, and lR(x) the left annihilator of x in R.

2. Hypersimple Rings

Definition 2.1. A ring R is called left (resp. right) hypersimple if the injective
hull of any simple left (resp. right) R-module is a cyclic R-module.

While Caldwell’s hypercyclic rings demand that the injective hulls of cyclic mod-
ules (in particular of the module RR) are cyclic, the restriction to simple modules
seems to be a real weakening.

Example 2.2. If R is right Kasch (i.e. every simple right R-module is embedded
in RR) and E(RR) is cyclic, then clearly R is right hypersimple.

Lemma 2.3. Let R be any ring and S a simple right R-module. If E(S) is pro-
jective, then it is also cyclic and in particular isomorphic to a right ideal of R
generated by an idempotent.
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Proof. Since E(S) is projective, there exists an embedding σ : E(S) → F = ⊕i∈IR
of E(S) into a free module. Now, there is a projection map π : F → R such that
the composition π ◦ σ|S : S → R is non-zero, and hence a monomorphism. But
then π ◦ σ : E(S) → R is non-zero, and hence a monomorphism since S ⊆ess E(S).
This shows that E(S) embeds into R and so it is isomorphic to a direct summand
of RR.That is, E(S) ∼= eR for some e2 = e ∈ R. �

Example 2.4. A ring R is a right cogenerator ring if and only if all injective hulls
of simple right R-modules are projective. It follows from Lemma 2.3 that right
cogenerator rings are right hypersimple.

Example 2.5. A ring R is called right pseudo-Frobenius (right PF -ring) if R is
an injective cogenerator in Mod-R; equivalently if R is a semiperfect right self-
injective ring with essential right socle. By Example 2.4, right PF -rings are right
hypersimple.

Theorem 2.6. The following conditions on a ring R are equivalent:

(1) R is right pseudo-Frobenius.
(2) R is semilocal and E(S) is projective, for all simple right R-modules S.
(3) E(S) is projective whenever S is a simple right R-module and there are

only finitely many isomorphism classes of simple right R-modules.

Proof. (1) ⇒ (2). Let S be a simple right R-module. Since R is right Kasch, S
embeds in R, and so E(S) is a summand of R, and hence projective.

(2) ⇒ (3). The implication is obvious.
(3) ⇒ (1). By Example 2.4, R is a right cogenerator ring. By [23, Theorem

19.25], R is right pseudo-Frobenius. �

Example 2.7. [32, Example 2] Let R be an algebra over a field F with basis
{1} ∪ {ei | i ≥ 0} ∪ {xi | i ≥ 0} such that 1 is the unity of R and, for all i and j,
eiej = δijej, xjei = δi,j−1xj, eixj = δijxj, and xixj = 0, where δij is the Kronecker
delta. As shown in [32], R is a non-injective right cogenerator ring that is neither
left Kasch nor semilocal. Each eiR is injective and xiR = soc(eiR) ⊆ess eiR, for
all i ≥ 0. Clearly, if I is a minimal right ideal of R then I = xiR for some i ≥ 0,
and xiR ∼= xjR if and only if i = j. By (2) of Theorem 2.6, R is a right hypersimple
ring, that is not right self-injective. Moreover, since R is not semilocal, it follows
from [27, Lemma 4.1], that R is not left self-injective. In particular, R is neither
left nor right hypercyclic.

Example 2.8. A ring R is called a V -ring if every simple left (resp. right) R-
module is injective. For such a ring R, any simple left R-module S coincides with
its injective hull E(S) = S and is therefore cyclic. Thus V -rings provide a large
class of hypersimple rings. It is well-known, that a commutative ring is a V -ring if
and only if it is von Neumann regular (see [25]). There exist also non-commutative
Noetherian V -rings that are domains (see [9]). Moreover, it was shown in [18,
Corollary 2.7] that if R is a commutative ring such that E(R) is cyclic then R
is self-injective. This shows that every commutative regular ring that is not self-
injecive is an example of a hypersimple ring that is not hypercyclic.

Example 2.9. A submodule N of a right R-module M is said to lie over a direct
summand of M if, there is a decomposition M = M1 ⊕M2 with M1 ⊆ N and N ∩
M2 ≪ M . A module M is called lifting if every submodule N of M lies over a direct
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summand of M . A ring R is called right Harada (H-ring for short) [3, Theorem
3.1.12] if every injective right R-module is lifting. H-rings are known to be two-
sided Artinian, see for example [3]. Every right H-ring is right hypersimple. For,
if S is a simple right R-module then E(S) is an indecomposable and lifting module.
Consequently, every proper submodule of E(S) is small. Since R is Artinian, E(S)
has a maximal submodule, say N . Now, if x ∈ E(S) such that x /∈ N , then
E(S) = xR+N , and so E(S) = xR. This shows that every right H-ring that is not
quasi-Frobenius is an example of a right hypersimple ring that is not hypercyclic.

A ring R is called right uniserial (right chain) if the right ideals of R are totally
ordered by inclusion (i.e. if A and B are right ideals of R then A ⊆ B or B ⊆ A).

Example 2.10. Let K be a field and let a 7→ ā be an isomorphism K → K̄ ⊆ K
where the subfield K̄ 6= K. Let R be the left vector space over K with basis {1, t}
satisfying t2 = 0 and ta = āt for all a ∈ K. Then R is a local ring with R/J ∼= K
and J2 = 0. Clearly, J(R) = soc(R) = Rt = Kt is the only non-trivial left ideal
of R, in particular R is a local left uniserial and left Artinian ring. Moreover, the
ring R is right Artinian if and only if dim(K̄K) is finite. If dim(K̄K) = n > 2,
then J(R) = soc(R) as a right ideal is a direct sum of n copies of the same simple
module, and if dim(K̄K) = ∞, then J(R) = soc(R) is the direct sum of infinitely
many copies of the same simple module. Furthermore, it is not difficult to see that
the following statements are equivalent:

(1) E(soc(R)) is cyclic as a left R-module.
(2) E(R) is cyclic as a left R-module.
(3) R is left hypersimple.
(4) R is left self-injective.
(5) R is quasi-Frobenius.
(6) dim(K̄K) = 1.

This says that if dim(K̄K) = n ≥ 2, then R is a local left uniserial and two-sided
Artinian ring that is not left hypersimple (hypercyclic).

Over commutative rings one is tempted to use local-global arguments to reduce
the study of hypersimple rings to local hypersimple rings. For example, Rosenberg
and Zelinsky showed in [33, Theorem 5] that the injective hulls of simple modules
over a commutative ring R have finite length if and only if RM is Artinian for any
maximal ideal M of R, where RM is the localization of R at M. Vamos showed
in [36, Theorem 2] that the injective hulls of simple modules over a commutative
ring R are Artinian if and only if RM is Noetherian for any maximal ideal M of R.
Carvalho et al. showed in [6, Theorem 3.3] that any finitely generated submodule
of an injective hull of a simple module over a commutative ring R is Artinian if
and only if the same is true for any localization RM by a maximal ideal M of R.
It would be interesting to see whether an analogous local-global result holds for
commutative hypersimple rings. The following lemma shows that one implication
of this equivalence holds.

Lemma 2.11. Any localization RM of a commutative hypersimple ring R by a
maximal ideal M is hypersimple.

Proof. Let R be a commutative ring, M a maximal ideal of R and RM the local-
ization of R by M. By [34, Proposition 5.6], the injective hull ER(R/M) of the
simple R-module R/M is also the injective hull of the unique simple RM-module
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RM/MRM. Thus, if R is hypersimple, then ER(R/M) is cyclic as an R-module
and therefore ERM

(RM/MRM) = E(R/M) is cyclic as RM-module. Hence RM

is hypersimple. �

In [30, Proposition 1.6], Osofsky proved that every semilocal hypercyclic ring
has an essential right socle. Unfortunately, there is a gap in the proof of that
result, and by slightly modifying the hypotheses, the same argument can be used
to establish Osofsky’s result. The problem in the proof of [30, Proposition 1.6] lies in
the following argument: if R is semilocal and E = E(S1)⊕· · ·⊕E(Sn) is the direct
sum of the injective hulls of all pairwise non-isomorphic simple modules Si, then
E is faithful. If the annihilators Li = rR(E(Si)/Si) = {t ∈ R : E(Si)t ⊆ Si} were
essential right ideals of R, for all i, then also L = L1 ∩ · · · ∩ Ln would be essential
and since ELJ(R) = 0 and E is faithful, one concludes that LJ(R) = 0, hence
L = soc(RR) is essential. The problem is that Li does not need to be essential. If
E(Si) = xiR is cyclic, then Li = rR(x + Si) = {t ∈ R : xit ∈ Si} ⊆ess R provided
R is commutative. However without commutativity, Li might be different from
rR(x + Si). To remedy the lack of commutativity we introduce a new definition,
but first, recall that a submodule N of a module M is fully invariant if every
endomorphism of M maps N into N . A fully invariant submodule of a module
corresponds to a two-sided ideal in a ring. A module M is called duo if every
submodule of M is fully invariant, and a ring R is called right duo if RR is a duo
module (equivalently if every right ideal of R is an ideal).

Definition 2.12. A right R-module M is called essentially duo if every essential
submodule of M is fully invariant, and a ring R is called essentially right duo if
the module RR is essentially duo (equivalently if every essential right ideal of R is
an ideal).

The following example show that the class of essentially right duo rings and the
class of right quasi-duo rings, i.e. those whose maximal right ideal is two-sided, are
not contained in each other.

Example 2.13. Any semisimple right R-module M is trivially essentially duo,
because M has no essential submodules. In particular, any semisimple Artinian
ring

R = Mn1
(D1)× · · · ×Mnk

(Dk),

for division rings Di and numbers ni ≥ 1, is left and right essentially duo ring.
However, if one of the numbers ni is bigger than 1, then R contains a right (re-
spectively left) maximal ideal that is not an ideal. Thus R is neither right nor left
quasi-duo. Note that R is not even Abelian, where R is called Abelian if its idem-
potents are central. This shows that there are essentially right duo rings that are
not right quasi-duo.

On the contrary, let R be any commutative integral domain that is not a field.
Then the ring of lower 2× 2-matrices over R, i.e.

S = LTM2×2(R) =

[

R 0
R R

]

=

{[

a 0
b c

]

: a, b, c ∈ R

}

is right and left quasi-duo, by [38, Proposition 2.1]. However, if A is any proper
non-trivial ideal of R, then

I =

[

R 0
A A

]

=

{[

a 0
b c

]

: a ∈ R, b, c ∈ A

}
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is an essential right ideal of S that is not an ideal of S, because for any non-zero

element m =

[

x 0
y z

]

∈ S and non-zero a ∈ A:

0 6= ma =

[

x 0
y z

] [

a 0
0 a

]

=

[

xa 0
ya za

]

∈ I,

since R is a domain, a 6= 0 and one of the components of m is non-zero. Hence
mS ∩ I 6= 0, i.e. I is an essential right ideal of S. On the other hand,

[

0 0
1 0

] [

R 0
A A

]

=

[

0 0
R 0

]

6⊆ I,

i.e. RI 6⊆ I, which shows that I is not a left ideal of S. Thus S is not an essen-
tially right duo ring. This shows that there exist right quasi-duo rings that are not
essentially right duo rings.

Proposition 2.14. If R is semilocal, right hypersimple, and essentially right duo,
then soc(RR) ⊆

ess RR.

Proof. As R is semilocal, there exists only finitely many non-isomorphic simple
right R-modules, say S1, . . . , Sn. Let E = E(S1) ⊕ · · · ⊕ E(Sn) be the direct sum
of injective hulls of the simples Si. By assumption E(Si) = xiR is cyclic, for each
i. Since Li = rR(xi + Si) = {t ∈ R : xit ∈ Si} is an essential right ideal of R
and by assumption Li a two-sided ideal, we have E(Si)Li = xiRLi = xiLi ⊆ Si.
Thus Li = rR(E(Si)/Si) is essential in R and so is L = L1 ∩ · · · ∩ Ln. Therefore
ELJ(R) ⊆ (S1 ⊕ · · · ⊕ Sn)J(R) = 0 and as E is faithful (since it is a cogenerator),
LJ(R) = 0. As R is semilocal, L ⊆ soc(RR), showing soc(RR) ⊆

ess RR. �

Lemma 2.15. [18, Theorem 2.16] If R is a semilocal ring and E(RR) is cyclic,
then R is semiperfect and right self-injective.

In [21], a ring R is called right q-ring if every right ideal of R is quasi-injective;
equivalently if R is right self-injective and essentially right duo. The next result
follows directly from Lemma 2.15, Proposition 2.14, and [27, Theorem 3.24 and
Example 3.26].

Theorem 2.16. If a ring R is semilocal, right hypersimple, and essentially right
duo such that E(RR) is cyclic, then R is right pseudo-Frobenius. In particular, R
satisfies the following conditions:

(1) J(R) = Z(RR) = Z(RR).
(2) soc(R) := soc(RR) = soc(RR).
(3) soc(R) ⊆ess RR and soc(R) ⊆ess

RR.
(4) soc(eR) and soc(Re) are simple, soc(eR) ⊆ess eR and soc(Re) ⊆ess Re,

for every local idempotent e of R.
(5) R has left and right finite Goldie dimension.
(6) Every simple right and simple left R-module is embedded in R.
(7) R is a right q-ring.
(8) T = rRlR(T ), for every right ideal T of R.

Observe that if R is a semilocal ring and E(R/J(R)) is a cyclic module, then
E(R/J(R)) = ⊕n

i=1E(Si), where {Si}
n

i=1 is a set of simple right R-modules. There-
fore E(Si) is cyclic, 1 ≤ i ≤ n. Now, if S is any simple right R-module, then S ∼= Si,
for some i, 1 ≤ i ≤ n, and so E(S) is cyclic. In particular, R is a right hypersimple
ring. Now, the next result is an immediate consequence of Theorem 2.16 above.
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Corollary 2.17. If R is a semilocal essentially right duo ring such that E(RR)
and E(R/J(R)) are cyclic modules, then R is right pseudo-Frobenius that satisfies
the conditions (1) through (8) of Theorem 2.16 above.

3. Rings with Cyclic Injective Hulls

As pointed out in the introduction there are no known examples of hypercyclic
rings that are not self-injective. Moreover, we also don’t know of an example of
a non self-injective ring R whose injective hull E(RR) is cyclic. In general, it is
not easy to construct E(RR) if the ring R is not Artinian. This means that the
existence of a non self-injective ring R whose injective hull E(RR) is cyclic will be
of an elusive type of a ring.

In this section we continue the investigation, that was carried out in [18], of the
rings R whose injective hull E(RR) is cyclic. We will extend and unify some of the
results in [18] and obtain new ones.

Lemma 3.1. Denote by E an injective hull of RR with embedding ǫ : R → E.
Suppose that E is cyclic. Then there exist a surjective homomorphism π : R → E,
and endomorphisms f : R → R and g : E → E of right R-modules such that
ǫ = π ◦ f and π = g ◦ ǫ hold, i.e. the following diagrams commute:

R

ǫ

��

f

xx♣
♣

♣

♣

♣

♣

♣

R
π

// // E

R
ǫ

//

π
��
��

E

g

xx♣
♣

♣

♣

♣

♣

♣

E

Furthermore, the following properties hold:

(1) f is injective and if Im(f) is essential in R, then R ≃ E.
(2) Ker(π)⊕ Im(f) is an essential right ideal of R.
(3) g is surjective and if Ker(g) is small in E, then R ≃ E.
(4) Im(ǫ) + Ker(g) = E and Im(ǫ) ∩Ker(g) = ǫ(Ker(π)).
(5) E ≃ E(Ker(π))⊕ E and E/ǫ(Ker(π)) ≃ E/ǫ(R)⊕ E.

Proof. (1) Since ǫ = π ◦ f is injective, also f is injective. Furthermore, if Im(f) is
essential, then π is injective and hence an isomorphism.

(2) From ǫ = π ◦ f and f being injective, we get Ker(π) ∩ Im(f) = Ker(ǫ) = 0.
Furthermore, Ker(π) ⊕ Im(f) = π−1(Im(ǫ)) holds, because if r ∈ π−1(Im(ǫ), then
π(r) = ǫ(r′) = π(f(r′)) for some r′ ∈ R. Therefore r − f(r′) ∈ Ker(π) and
r = r − f(r′) + f(r′) ∈ Ker(π) ⊕ Im(f). Conversely, if r ∈ Ker(π) ⊕ Im(f), then
r = r′ + f(r′′) for some r′ ∈ Ker(π) and r′′ ∈ R. Hence π(r) = π(f(r′′)) = ǫ(r′′),
i.e. r ∈ π−1 (Im(ǫ)).

Since Im(ǫ) is essential in E and since pre-images of essential submodules are
essential we conclude that Ker(ǫ)⊕ Im(f) is essential in R.

(3) and (4) are dual to (1) and (2) with the exception that Ker(π) is not nec-
essarily small: (3) Since π = g ◦ ǫ is surjective, also g is injective. Furthermore, if
Ker(g) is small, then ǫ is surjective and hence an isomorphism.

(4) From π = g ◦ ǫ and g being surjective, we get Im(ǫ) + Ker(g) = Im(π) = E,
because for any e ∈ E we have g(e) = π(r) for some r ∈ R. Hence e− ǫ(r) ∈ Ker(g)
and e = ǫ(r)+(e−ǫ(r)) ∈ Im(ǫ)+Ker(g). Furthermore, Im(ǫ)∩Ker(g) = ǫ(Ker(π))
holds, because if r ∈ ǫ(Ker(π)), then r = ǫ(r′) for some r′ ∈ Ker(π). Hence
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g(r) = g(ǫ(r′)) = π(r′) = 0 shows r ∈ Im(ǫ) ∩ Ker(g). On the other hand, if
r = ǫ(r′) ∈ Im(ǫ) ∩Ker(g), then π(r′) = g(r) = 0, i.e. r ∈ ǫ(Ker(π)).

The first part of (5) follows from (2), because Ker(π)⊕ Im(f) is essential in R:

E = E(RR) = E(Ker(π))⊕ E(Im(f)) ≃ E(Ker(π))⊕ E

as Im(f) ≃ R. The second part of (5) follows from (4), because

E/ǫ(Ker(π)) ≃ Im(ǫ)/ (Im(ǫ) ∩Ker(g))⊕Ker(g)/ (Im(ǫ) ∩Ker(g))

≃ E/Ker(g)⊕ E/Im(ǫ)

≃ Im(g)⊕ E/Im(ǫ) ≃ E ⊕ E/ǫ(R).

�

Under the assumptions that E = E(RR) is cyclic with surjective homomorphism
π : R → E, Lemma 3.1(5) shows that if π is not injective, then E is isomorphic
to a proper direct summand of itself. A right R-module M is called Dedekind-
finite if M is not isomorphic to a proper direct summand of itself. Hence if E is
cyclic and Dedekind-finite, then Lemma 3.1(5) implies that π is an isomorphism
and hence R ≃ E is self-injective. We reprove in this way [18, Proposition 2.9].
It is well-known that a ring R is Dedekind-finite as right (resp. left) R-module if
and only if it is directly-finite, which means that whenever ab = 1, then ba = 1, for
any a, b ∈ R. Dedekind-finite modules include Hopfian and co-Hopfian modules.
Recall that a right R-module M is Hopfian resp. generalized Hopfian (see [14]),
if any epimorphism of M is an isomorphism resp. has small kernel; while M is
called co-Hopfian resp. weakly co-Hopfian (see [15]) if every monomorphism is an
isomorphism resp. has essential image. Examples of generalized Hopfian modules
include Noetherian modules and modules with finite dual Goldie dimension, e.g.
Artinian modules and finitely generated modules over semilocal rings. In particular,
if RR has a cyclic injective hull E such that E is generalized Hopfian (e.g. if R is
semilocal), then R is right self-injective by Lemma 3.1(3).

Examples of weakly co-Hopfian modules include modules with finite Goldie di-
mension as well as cyclic modules over commutative rings. Moreover, every square-
free module M is weakly co-Hopfian, where a module M is called square-free (SF -
module for short) if it contains no non-zero isomorphic submodules A and B with
A ∩ B = 0. By [15, Proposition 1.4], the notions Dedekind-finite, co-Hopfian and
weakly co-Hopfian coincide for quasi-injective modules.

We will now compile a list of sufficient conditions that force a ring to be self-
injective under the condition that its injective hull is cyclic. First of all we recover
[18, Propositions 2.4 and 2.9] in the following Proposition.

Proposition 3.2. Let E = E(RR) be an injective hull of R. Then the following
conditions are equivalent:

(a) E is cyclic and Dedekind-finite.
(b) E is cyclic and RR is weakly co-Hopfian.
(c) E is cyclic and, whenever E = xR, rR(x) = 0.
(d) R is right self-injective and directly finite.

Proof. (a) ⇒ (b). By [15, Corollary 1.5], RR is weakly co-Hopfian.
(b) ⇒ (d). The implication follows by [18, Proposition 2.4] or also by Lemma

3.1(1).
(d) ⇒ (a). The implication follows trivially for R ≃ E.
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(d) ⇒ (c). Clearly, if R is right self-injective, then there exists an isomorphism
π : R → E of right R-modules. If E = xR, then R = x′R, for x′ = π−1(x). So
1 = x′y for some y ∈ R. As R is directly finite, yx′ = 1. So, x′ ∈ U(R) and hence
rR(x) = rR(x

′) = 0.
(c) ⇒ (d). Clearly, E = xR ≃ R/rR(x) ≃ R shows R is right self-injective. If

xy = 1 in R, then xR = R = E(RR), so rR(x) = 0. As x(1 − yx) = 0, it follows
that yx = 1. So R is directly finite. �

A well-known example of a right self-injective ring that is not directly finite is
the (full) ring of linear transformations of an infinite dimensional vector space over
a division ring, with linear transformations acting on the left of vectors (see e.g.
[29]). The above proposition leads to the following question:

Problem 3.3. Is R right self-injective if E(RR) is cyclic and R is directly finite?

Example 3.4. Observe that if E(M) is Dedekind-finite then M is Dedekind-finite
but the converse in general need not be true. For, if Zn = Z/nZ, p is a prime number
and Zp∞ is the Prüfer p-group, then the Z-module M = ⊕n≥1Zpn is Dedekind-
finite, but its injective hull E(M) = ⊕n≥1Zp∞ is not a Dedekind-finite Z-module.
Moreover, M has a homomorphic image which is a direct sum of countably infinite
copies of Zp and which is not Dedekind-finite.

Recall first, a right R-module M is called generalized C2-module (GC2-module
for short) if, any submodule N of M that is isomorphic to M , is a direct summand
ofM . A ring R is called a rightGC2-ring if RR is aGC2-module and it is easy to see
that a module M is co-Hopfian if and only if M is Dedekind-finite and GC2. Hence
we have a partial positive answer to Problem 3.3 above, namely by Proposition 3.2:
if R is directly finite and E(RR) is cyclic, then R is right self-injective if and only
if R is a right GC2-ring.

A module M is called strongly Dedekind-finite if every homomorphic image of
M is Dedekind-finite. The module M in Example 3.4 is a Dedekind-finite Z-module
that is not strongly Dedekind-finite.

Proposition 3.5. Suppose E(RR) is cyclic. If RR is strongly Dedekind-finite, then
R is right self-injective. Moreover, in this case R/J(R) is unit-regular.

Proof. If RR is strongly Dedekind-finite and E is cyclic, then E is Dedekind-finite
and the claim follows again by Proposition 3.2. �

A module M is called dual-square-free (DSF -module for short) if M has no
proper submodules A and B with M = A+B and M/A ∼= M/B. A ring R is called
right DSF -ring, if R as a right R-module is a DSF -module. By [17, Proposition
2.3 and Lemma 3.1], DSF -modules are strongly Dedekind-finite. Moreover, it was
shown in [17, Corollary 2.17] that a ring R is right DSF if and only if R is right
quasi-duo, i.e. every maximal right ideal of R is two-sided. Moreover, from [38] we
have that R is right quasi-duo if and only if R/J(R) is a right quasi-duo ring, if
and only if R/J(R) is an Abelian right quasi-duo ring.

Corollary 3.6 (compare with [18, Proposition 3.8]). The following conditions are
equivalent for a ring R:

(a) E(RR) is cyclic and R is right quasi-duo.
(b) E(RR) is cyclic and R/J(R) is strongly regular.
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(c) R is right quasi-duo right self-injective.

Proof. Since a right quasi-duo ring is strongly Dedekind-finite, the equivalence
(a) ⇔ (c) follows from Proposition 3.2. �

A right R-module M is called distributive if A ∩ (B + C) = (A ∩ B) + (A ∩ C)
for all submodules A, B, and C of M . It was shown in [35] that a module M is
distributive if and only if every quotient of M is square-free and, in [19, Lemma
2.2], M is distributive if and only if every submodule of M is DSF . Hence from
Corollary 3.6 it follows that if R is a right distributive ring and E(RR) is cyclic,
then R is right self-injective.

The next proposition provides conditions under which a ring is right weakly co-
Hopfian. Hence those conditions are sufficient for R to be self-injective in case it
has a cyclic injective hull. A ring R is called a UN -ring [7] if, every non-unit of R is
a product of a unit and a nilpotent. An element a in a ring R is called right morphic
[26] if R/aR ∼= rR(a). An element a in a ring R is (von Neumann) regular (resp.
unit regular) if a ∈ aRa resp. a ∈ aU(R)a. By [26, Example 4 and Proposition
5], an element in a ring is unit regular if and only if it is both regular and right
morphic. Recall that a ring R is strongly π-regular if and only if, for each a ∈ R,
there exists n ≥ 1 such that an is the product of a unit and an idempotent that
commute. Say that a non-zero element a ∈ R is a left non-zero divisor, if rR(a) = 0,
i.e. if ab = 0 implies b = 0. Note that if a is a left non-zero divisor and has a right
inverse, say b, then 1 = ab implies that a(1− ba) = 0. But then 1 = ba shows that
a ∈ U(R) is invertible.

Proposition 3.7. A ring R is right weakly co-Hopfian if it satisfies any of the
following conditions:

(1) Every non-invertible left non-zero divisor a ∈ R satisfies a(bR) ⊆ (bR)a for
any b ∈ R.

(2) Every non-invertible left non-zero divisor is central.
(3) A power of each left non-zero divisor is morphic.
(4) R is a commutative or morphic or strongly π-regular or UN -ring.

If moreover E(RR) is cyclic, then RR is injective.

Proof. (1) Suppose a ∈ R is a left non-zero divisor of R. If a is invertible, then
clearly aR = R is essential. Otherwise, a satisfies a(bR) ⊆ (bR)a, for any b ∈ R.
Let 0 6= b ∈ R be any non-zero element. Since rR(a) = 0 (and R has an identity),
abR 6= 0. By hypothesis 0 6= abR ⊆ (bR)a∩ aR ⊆ bR∩ aR. Thus aR is essential in
R and hence R is right weakly co-Hopfian.

(2) Follows from (1).
(3) Let a be a left non-zero divisor of R. By hypothesis, there exists n ≥ 1 such

that R/anR ≃ rR(a
n) = 0, as rR(a) = 0. Hence R = anR, which shows that a is

invertible.
(4) The mentioned classes of rings imply one of the above properties. �

In [39], a submodule N of a module M is δ-small in M if M 6= X +N for any
proper submodule X with M/X singular. The sum of all δ-small submodules of a
module M is denoted by δ(M), and we use δ(R) for δ(RR). As shown in [39], δ(R)
is an ideal of R which is the intersection of all essential maximal right ideals of R,
so soc(RR) ⊆ δ(R) and J(R) ⊆ δ(R); indeed, J(R/soc(RR)) = δ(R)/soc(RR).
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Definition 3.8. [11] A module M is called δ-Hopfian if every surjective endomor-
phism of M has a δ-small kernel in M .

In our discussion after Lemma 3.1, we have already mentioned that if E(RR) is
cyclic and generalized Hopfian, then RR is injective. Generalized Hopfian modules
are δ-Hopfian and, by [11, Example 1], the converse need not be true.

Proposition 3.9. If E(RR) is cyclic and δ-Hopfian, then RR is injective.

Proof. Let E = E(RR) be cyclic with embedding ǫ : R → E and canonical
projection π : R → E. There exists an epimorphism g : E → E such that
E = Im(ǫ) + Ker(g), by Lemma 3.1. Since E is δ-Hopfian, Ker(g) is δ-small in
E. Now, by [39, Lemma 1.2], it follows that E = Im(ǫ)⊕Y where Y is a projective
semisimple submodule of E. Inasmuch as Im(ǫ) is essential in E, Y = 0 and ǫ is an
isomorphism. �

Lemma 3.10. Let E(RR) = xR and write x0 := 1R = xa with a ∈ R. If, for some
u, v ∈ U(R) and some n ≥ 1, (uav)n ∈ δ(R), then R is a semisimple ring.

Proof. Let y0 := x0v = (xu−1)(uav) = yb, where y = xu−1 and b = uav. Then
E(RR) = yR. Let f : y0R → yR be given by f(y0r) = yr. As rR(y0) = 0, f is well-
defined. Since (yR)R is injective, there exists an R-homomorphism g : yR → yR
such that f = g on y0R. Then

y = f(y0) = g(y0) = g(yb) = g(y)b.

If we write g(y) = yc where c ∈ R, we get

y = g(y)b = ycb.

Thus, g(y) = g(ycb) = g(y)cb = yc2b, so

y = g(y)b = yc2b2.

Arguing as above repeatedly, one has

y = ycnbn for all n ≥ 1.

If bn ∈ δ(R), then y ∈ yδ(R) ⊆ δ(yR), so yR = δ(yR). Since δ(yR) is a δ-small
submodule of yR, it follows that yR is projective and semisimple by [39, Lemma
1.2]. Since RR is essential in yR, it follows that R = yR is semisimple. �

Proposition 3.11. Suppose RR has a cyclic injective hull. Then RR is injective
under any of the following conditions:

(1) R/J(R) is a UN -ring.
(2) R/J(R) is unit-regular and J(R) is nil.
(3) R/δ(R) is semisimple.

Proof. (1) Let R = R/J(R). Write E(RR) = xR and x0 := 1R = xa with a ∈ R.
If a ∈ U(R), then x = x0a

−1 ∈ R, so RR = xR is injective. If a /∈ U(R), then

a /∈ U(R), so a = ub where u ∈ U(R) with inverse v and b is nilpotent. So av = ubv
is nilpotent, i.e., (av)n ∈ δ(R) for some n ≥ 1. As v ∈ U(R), R is semisimple by
Lemma 3.10.

(2) Write E(RR) = xR and x0 := 1R = xa with a ∈ R. As R is unit-regular,
a = u e where u ∈ U(R) and e2 = e, so u ∈ U(R). Since E(RR) = (xu)R

and x0 = xa = (xu)(u−1a) and u−1a = e, we may assume that a2 = a. Hence
a2 − a ∈ J(R). Since J(R) is nil, an(1− a)n = (a− a2)n = 0 for some n > 0. Since



12 LOMP, YOUSIF, AND ZHOU

rR(a) = 0, it follows that (1 − a)n = 0, so a ∈ U(R). Thus, x = x0a
−1 ∈ R, so

R = E(RR) is injective.
(3) If R/δ(R) is semisimple, then by [11, Proposition 4] every finitely generated

R-module is δ-Hopfian, so E(RR) is δ-Hopfian. Hence RR is injective by Proposition
3.9. �

Problem 3.12. Is RR injective if RR has a cyclic injective hull and R/J(R) is
unit-regular?

Observe that Problem 3.12 will have a positive answer if Problem 3.3 has a
positive answer.

In [10], a module M is called a C4-module if, whenever X and Y are submodules
of M with M = X ⊕ Y and α : X → Y is a homomorphism with ker(α) ⊆⊕ X ,
we have Im(α) ⊆⊕ Y . The class of C4-modules is a simultaneous extension of both
the C3-modules and the SF -modules.

Proposition 3.13. A ring R is right self-injective if and only if E(RR) is cyclic
and projective, and RR is a C4-module.

Proof. The necessity is obvious. For the sufficiency, since E := E(RR) = xR is
cyclic, let η : R → E be the natural R-epimorhism given by η(r) = xr, r ∈ R.
Inasmuch as E is projective, there exists an R-homomorphism h : E → RR such
that ηh = idE . Clearly, h is monic and R = Imh ⊕ ker η. If T = h(ker η), then
T ∼= ker η, as h is monic. Now, since T ⊆ Imh, T ∩ker η = 0, and since ker η ⊆⊕ RR

and RR is a C4-module, we infer from [10, Theorem 2.2] that T ⊆⊕ RR. Inasmuch
as T ⊆ Imh ⊆ R, it follows that T ⊆⊕ Imh. Since Imh is injective, T ∼= ker η is
injective, and so R = Imh⊕ ker η is injective. �

4. On Hypercyclic Rings

In this section we revisit some of Osofosky’s results in [30] and highlight some
new information about the class of hypercyclic rings and show that some of the
main results in [30] can be obtained by requiring only E(RR) and/or E(R/J(R))
to be cyclic.

In [4], Caldwell proved that a left perfect, right hypercyclic ring is artinian.
We will show below if R is a basic right (or left) perfect ring such that E(R/J2)
is cyclic as a right R-module, then R is right Artinian. Moreover, if in addition
E(RR) is cyclic as a right R-module, then R is quasi-Frobenius. Recall first that a
semiperfect ring R is called basic if 1 is a sum of orthogonal non-isomorphic local
idempotents of R.

Theorem 4.1. Let R be a basic right (or left) perfect ring. If E(R/J2) is cyclic
as a right R-module, then R is right Artinian. If in addition E(RR) is cyclic as a
right R-module, then R is quasi-Frobenius.

Proof. Since R is a basic semiperfect ring, it follows from [19, Corollary 2.4] that
RR is a right DSF -module (i.e. R is right quasi-duo). Since homomorphic images
of DSF -modules are again DSF , we infer that E(R/J2) is DSF as a right R-
module. We claim that M := E(R/J2) is an SF -module. To see this, let A

and B be submodules of M with A
f
∼= B and A ∩ B = 0. We need to show that

A = B = 0. Since M is injective, there exist two submodules C and D of M such
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that A ⊆ess C ⊆⊕ M and B ⊆ess D ⊆⊕ M . Clearly, C ∩ D = 0, C ⊕D ⊆⊕ M ,

and C ⊕ D is injective. Now, the monomorphism A
f

−→ B ⊆ D extends to a
homomorphism g : C −→ D. Since A ⊆ess C and B ⊆ess D, we have ker g = 0
and Im g ⊆ess D. Inasmuch as C ⊕ D is injective, we infer that Im g ⊆⊕ D and
so Im g = D. Therefore C ∼= D. Now, write M = C ⊕D ⊕ T for a submodule T
of M . Since M is a DSF -module, we infer that C = D = 0, and so A = B = 0,
as required. Since the class of SF -modules is closed under submodules, it follows
that (J/J2)R is an SF -module. Since R is semilocal, (J/J2)R is a finite direct
sum of non-isomorphic simple modules, and hence finitely generated. Now, by
[32, Lemma 11], R is right Artinian, proving the first assertion. Since R is right
quasi-duo and E(RR) is cyclic as a right R-module, it follows from Corollary 3.6
that R is right self-injective. Now the second assertion follows from the fact that
a ring R is quasi-Frobenius if and only if R is right Artinian and right (or left)
self-injective. �

Theorem 4.2. If R is a right hypercyclic ring, then the following are equivalent:

(1) R is a right quasi-duo ring.
(2) The injective hull of every cyclic right R-module is a DSF -module.
(3) R is a right self-injective, right distributive ring.

Proof. (1) ⇒ (2). If T is a right ideal of R, then E(R/T ) is a cyclic right R-module
and hence a DSF -module since R is right quasi-duo.

(2) ⇒ (3). If A is a right ideal of R, then E := E(R/A) is cyclic and hence
a DSF -module by the hypotheses. We claim that E is a square-free module. To

see this, let A and B are submodules of E with A
f
∼= B and A ∩ B = 0. Since

E is injective, A ⊆ess A1 ⊆⊕ E and B ⊆ess B1 ⊆⊕ E, where A1 and B1 are
submodules of E. Clearly, f can be extended to a monomorphism h : A1 → B1

with Imh ⊆ess B1. But since A1 is injective, Imh ⊆⊕ B1, and so A1
∼= B1. Now,

write E = A1 ⊕B1 ⊕ C, for a submodule C ⊆ E. Since the class of DSF -modules
is closed under direct summands, A1 ⊕B1 is a DSF -module, a contradiction. This
shows that A = B = 0, proving the claim. Therefore, both R/A and E(R/A) are
square-free modules, and hence R is a right distributive ring. Since right distributive
rings are right quasi-duo and E(RR) is cyclic as a right R-module, it follows from
Corollary 3.6 that R is right self-injective.

(3) ⇒ (1). Right distributive rings are rightDSF , and hence right quasi-duo. �

Corollary 4.3. If R is a local right hypercyclic ring, then:

(1) R is right self-injective.
(2) The injective hull of every cyclic right R-module is a DSF -module.
(3) R is right distributive.
(4) R is right uniform.
(5) R is right uniserial.

Proof. (1), (2) & (3) They follow from Theorem 4.2, since local rings are quasi-duo.
(4) Let A be a right ideal of R. Since R is right self-injective by (1), A is essential

in a direct summand of R. Inasmuch as R is local, A must be essential in R. This
shows that R is right uniform.

(5) Let A and B be non-zero right ideals of R. By (4), A ∩ B 6= 0. Now,
(A/A ∩ B) ⊕ (B/A ∩ B) ⊆ R/A ∩ B ⊆ E(R/A ∩ B) ∼= R/T , where T is a right
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ideal of R. Since R is a local ring, R/T is a local injective module, and hence
indecomposable. Therefore, either A/A ∩B = 0 or B/A ∩B = 0. This shows that
either A ⊆ B or B ⊆ A. �

A ring R is called right principally injective (p-injective) [28], if every homomor-
phism from a principal right ideal to R is left multiplication by an element of R;
equivalently if lRrR(x) = Rx, for all x ∈ R.

Lemma 4.4. Every right uniserial right p-injective ring R is left uniserial.

Proof. Let x, y ∈ R. Since R is right uniserial, either rR(x) ⊆ rR(y) or rR(y) ⊆
rR(x). Now, since R is right p-injective, lRrR(x) = Rx and lRrR(y) = Ry. This
shows that either Rx ⊆ Ry or Ry ⊆ Rx. Now, let A and B be left ideals of R
such that A * B. Let x ∈ A, x /∈ B. Now, if y ∈ B, then Rx * Ry. Therefore,
Ry ⊆ Rx, and so B ⊆ Rx ⊆ A as required. �

Corollary 4.5. Every local right hypercyclic ring R is left uniserial. In particular,
R is left uniform and left distributive.

Proof. The claim follows from Corollary 4.3 and Lemma 4.4. The last assertion is
clear. �

Maximal and almost maximal valuation rings play an important role in com-
mutative ring theory. Uniserial rings are the natural extension of valuation rings
in the non-commutative setting. Recall that a ring R is called left maximal if, for
any family {Iα | α ∈ Λ} of left ideals Iα of R, every system of pairwise solvable
congruences of the form x ≡ xα (Iα) with α ∈ Λ and xα ∈ R has a simultaneous
solution in R. With the help of our results above, it follows immediately from [2,
Theorem 9] that every local right hypercyclic ring is left maximal.

Theorem 4.6. Every local right hypercyclic ring is left maximal.

Recall that a ring R is called a dual ring [16] if every right or left ideal of R is
an annihilator.

Proposition 4.7. Let R be a local right hypercyclic ring, and consider the following
conditions:

(1) R is right duo.
(2) R is essentially right duo.
(3) soc(RR) ⊆

ess RR.
(4) R is dual.

Then (1) ⇔ (2) ⇒ (3) ⇔ (4).

Proof. (1) ⇒ (2). The implication is obvious.
(2) ⇒ (1). The implication follows from (3) of Corollary 4.3.
(2) ⇒ (3). The implication follows from Proposition 2.14.
(3) ⇒ (4). By Corollary 4.3, R is right self-injective. Inasmuch as soc(RR) ⊆

ess

RR, we infer that R is a right PF -ring. Consequently, R is an injective cogenerator.
This means, if T is a right ideal of R then R/T embeds in a direct product of copies
of R, and this implies T = r(X), where X is a subset of R. Now let L be a left ideal
of R. By Corollary 4.3 and Corollary 4.5, the left (right) ideals of R are totally
ordered by inclusion. Define N :=

⋂

Rx⊇LRx. Then N = lR(
∑

Rx⊇L r(Rx)), since

R is right p-injective. If L 6= N , let y ∈ N and y /∈ L. Then Ry ' L. Now, if



HYPERSIMPLE RINGS AND MODULES 15

t ∈ R such that Rt ⊇ L, then by the definition of N , it follows that Rt ⊇ N ⊇ Ry.
This means that Ry/L is a simple left module, and Jy ⊆ L, where J = J(R).
But since Ry/Jy is also a simple module, we infer that L = Jy. Now, since
soc(RR) ⊆

ess RR, we can find an element z ∈ R such that 0 6= yz ∈ soc(RR). Since
R is a right PF -ring, soc(RR) = soc(RR), and so Jyz = 0 and Jy ⊆ lR(zR). But
since 0 6= Ryz, we infer that Ry " lR(zR). Since the left ideals of R are totally
ordered by inclusion, Jy ⊆ lR(zR) & Ry. Since Ry/Jy is a simple module, it
follows that L = Jy = lR(zR), as required.

(4) ⇒ (3). The implication follows from [16, Lemma 3.2 and Theorem 3.5]. �

Remark 4.8. We are unable to prove or disprove that (2) ⇔ (3) in Proposition
4.7 above.

The next result is an immediate consequence of Proposition 4.7 and [16, Theorem
5.3].

Corollary 4.9. If R is a local right hypercyclic right duo ring, then every finitely
generated right (left) R-module has finite Goldie dimension.
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