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ABSTRACT. We consider a Leibniz algebra L = I ⊕ V over an arbitrary base field F,
being I the ideal generated by the products [x, x], x ∈ L. This ideal has a fundamental
role in the study presented in our paper. A basis B = {vi}i∈I of L is called multiplicative
if for any i, j ∈ I we have that [vi, vj ] ∈ Fvk for some k ∈ I . We associate an adequate
graph Γ(L,B) to L relative to B. By arguing on this graph we show that L decomposes as
a direct sum of ideals, each one being associated to one connected component of Γ(L,B).
Also the minimality of L and the division property of L are characterized in terms of the
weak symmetry of the defined subgraphs Γ(L,BI) and Γ(L,BV).
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1. INTRODUCTION

Leibniz algebras were presented by Bloh [5], who called them the D-algebras. After
two decades, Loday introduced them in [18] with the name of Leibniz algebras because it
was Gottfried W. Leibniz who discovered the Leibniz rule for differentiation of functions.
Recently, the structure of the Leibniz algebras has been considered in the frameworks of
low dimensional algebras, nilpotence and related problems [1, 2, 3, 6, 10, 16, 17]. The inner
structure of Leibniz algebras admitting a multiplicative basis B has been recently studied
in [7], it is focussed the characterization of the B-semisimplicity and of the B-simplicity
of the algebra.

An interesting problem in graph theory and in abstract algebra consists in characterizing
the structure of an algebraic object by the properties satisfied for some graph associated
with it (see for instance [4, 12, 13, 14]). The paper [8] is devoted to the study of the
structure of linear spaces by associating an adequate graph.

The main goal of the present paper is to use properties of graphs to study Leibniz alge-
bras L with multiplicative bases B in order to obtain results about their algebraic structure.
Given a Leibniz algebras L, the ideal I generated by the products [x, x] with x ∈ L plays a
relevant role in our study, so we have to handle specifically the ideas of [8]. By arguing on
the associate graph we show that a Leibniz algebra decomposes as a direct sum of ideals,
each one being associated to one connected component of the referred graph. In the last
part of the work, the authors approach the minimality property of this class of algebras
by using the subgraphs Γ(L,BI) and Γ(L,BV) related with I and the remain part of L,
respectively.
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The paper is organized as follows. In Section 2 we introduce the (directed) graph asso-
ciated with L admitting a multiplicative basis B, denoted as Γ(L,B). By using this graph
we prove that L decomposes as a direct sum

L =
⊕
k

Ik

of ideals with a multiplicative basis contained in B, each one being associated with one
connected component of Γ(L,B). In the next section we discuss the relation among the
previous decompositions of L given by different choices of bases of L. Finally, in Section
4 we relate the weak symmetry of two concrete subgraphs with some properties of L. The
minimality of L and the division property of B are characterized. It is shown that L is
minimal if and only if B is of division if and only if the two refereed graphs are weak
symmetric. All of the Leibniz algebras considered are of arbitrary dimension and over an
arbitrary base field F.

Definition 1.1. A Leibniz algebra L is a vector space over a field F endowed with a bilinear
product [·, ·] satisfying the Leibniz identity

[[y, z], x] = [[y, x], z] + [y, [z, x]],

for any x, y, z ∈ L.

Clearly, Lie algebras are examples of Leibniz algebras. For any x ∈ L, consider the adjoint
map adx : L → L defined by adx(y) = [y, x], with y ∈ L. Observe that Leibniz identity
is equivalent to assert that adx is a derivation for any x ∈ L. A subalgebra S of a Leibniz
algebra L is a vector subspace of L such that [S, S] ⊂ S, and an ideal I of L is a subalgebra
such that [I,L] + [L, I] ⊂ I .

The ideal I generated by {[x, x] : x ∈ L} plays an important role in the theory since
it determines the (possible) non-Lie character of the Leibniz algebra L. From the Leibniz
identity, this ideal satisfies

(1) [L, I] = 0.

Observe that we can write
L = I⊕V

where V is a linear complement of I in L (actually, V is isomorphic as linear space to
L/I, the so called corresponding Lie algebra of L). Hence, by taking BI and BV bases of
I and V, respectively, we get

B = BI ∪̇ BV
a basis of L.

Definition 1.2. A decomposition of a Leibniz algebra L as the direct sum of linear sub-
spaces

L =
⊕
j∈J

Lj

is orthogonal if [Lj ,Lk] = {0} for any two different elements j, k ∈ J .

For an arbitrary algebraA over a base field F, a basis B = {vi}i∈I ofA is multiplicative
if for any i, j ∈ I we have that vivj ∈ Fvk for some k ∈ I (see [9]). In the particular case
of Leibniz algebras, as in [7], the relation (1) implies the following characterization.
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Definition 1.3. A basis B = BI ∪̇ BV of a Leibniz algebra L, where we denote

BI := {ek}k∈K , BV := {uj}j∈J ,

is called multiplicative if:

i. For any k ∈ K and j ∈ J we have [ek, uj ] ∈ Fei for some i ∈ K.
ii. For any j, k ∈ J we have either [uj , uk] ∈ Ful for some l ∈ J , or [uj , uk] ∈ Fei

for some i ∈ K.

Example 1.1. (see [19]) Consider a (non-Lie) Leibniz algebra L over a field F with charac-
teristic different of 2 and with the multiplicative basis B = BI ∪̇ BV, where BI = {p, q}
and BV = {e, h, f}, defined by the following multiplication:

[e, h] = −[h, e] = 2e, [h, f ] = −[f, h] = 2f, [e, f ] = −[f, e] = h,

[p, h] = −[q, e] = p, [p, f ] = −[q, h] = q,

where are omitted products equal to zero.

Example 1.2. The infinite-dimensional Leibniz algebra L = I⊕V given in [7, Example
1.2], over a base field F with characteristic different to 2, admits a multiplicative basis
B = BI ∪̇ BV, where

BI = {en : n ∈ N}

is a basis of I (we denote by N the set of non-negative integers) and the set

BV = {ua, ub, uc, ud}

is a basis of V. The non-zero products respect to the elements in the basis B of L are:

[ub, uc] = ua, [uc, ub] = −ua,
[ud, ud] = e0, [e0, ud] = e1,
[en, ua] = en, for n ≥ 2,
[en, ub] = en+1, for n ≥ 2,
[en, uc] = (n− 2)en−1, for n ≥ 3.

Example 1.3. Let L be the model filiform Leibniz algebra with multiplicative basis B =
BI ∪̇ BV, where BI = {e2, . . . , en} and BV = {e1} with non-zero products given as

[ei, e1] = ei+1, 2 ≤ i ≤ n− 1.

Example 1.4. Let L be an n-dimensional Leibniz algebra (with an odd integer n ≥ 4)
given in Theorem 3.4 of [20] over the complex numbers such that L/I is isomorphic to
the simple Lie algebra sl2 with basis B := {e, f, h, x0, x1, . . . , xn−4} of L such that the
non-zero products of B are

[e, f ] = −[f, e] = h, [xk, e] = k(k + 3− n)xk−1, 1 ≤ k ≤ n− 4,

[e, h] = −[h, e] = 2e, [xk, h] = (n− 4− 2k)xk, 0 ≤ k ≤ n− 4,

[h, f ] = −[f, h] = 2f, [xk, f ] = xk+1, 0 ≤ k ≤ n− 5.

Clearly B is a multiplicative basis. This example generalizes the Example 1.1 where in
that case we take n = 5 and denote p := x0, q := x1.
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2. LEIBNIZ ALGEBRAS ADMITTING A MULTIPLICATIVE BASIS, AND GRAPHS

In this section we relate the concept of Leibniz algebra admitting a multiplicative basis
with graphs in order to characterize their structure. We recall a (directed) graph is a pair
(V,E) where V is a set of vertices and E ⊂ V × V a set of (directed) edges connecting
the vertices. The reader can found more usual concepts related to graphs in [8]. From now
on, we consider directed graphs.

Definition 2.1. Let L be a Leibniz algebra admitting a multiplicative basis B. The directed
graph associated to L relative to B can be written as Γ(L,B) := (V,E), being V := B and

E := {(vj , vk) ∈ V × V : {[vi, vj ], [vj , vi]} ∩ F×vk 6= ∅ for some vi ∈ B}.

Remark 2.1. Taking into account Definition 1.3 we observe that the directed graph associ-
ated to a Leibniz algebra L admitting a multiplicative basis B can be written more precisely
as Γ(L,B) = (V,E), being V = BI ∪̇ BV and

E = {(uj , ek) ∈ V × V : {[ei, uj ]} ∩ F×ek 6= ∅ for some ei ∈ BI}
∪ {(ei, ek) ∈ V × V : {[ei, uj ]} ∩ F×ek 6= ∅ for some uj ∈ BV}
∪ {(uj , ei) ∈ V × V : {[uj , uk], [uk, uj ]} ∩ F×ei 6= ∅ for some uk ∈ BV}
∪ {(uj , ul) ∈ V × V : {[uj , uk], [uk, uj ]} ∩ F×ul 6= ∅ for some uk ∈ BV}

The description presented above of E agrees with Definition 1.3 (first two subsets corre-
spond to item i. and next two subsets correspond to the item ii. of the referred definition).

Example 2.1. Consider the Leibniz algebra L of the Example 1.1 over a field with char-
acteristic different of 2 and with the basis B = BI ∪̇ BV, where BI = {p, q}, BV =
{e, h, f}. We have that V = {e, h, f, p, q},

E ={(e, p), (h, p), (h, q), (f, q)} ∪ {(p, p), (p, q), (q, p), (q, q)}
∪ ∅ ∪ {(e, e), (e, h), (h, f), (f, f), (h, e), (f, h)}

and the associated graph Γ(L,B) is the following:

e

p

h

f

q

Example 2.2. The associated graph of the Leibniz algebra presented in Example 1.2 over
a field with characteristic 0 and with the multiplicative basis B = BI ∪̇ BV, where BI =
{en : n ∈ N} and BV = {ua, ub, uc, ud} is as follows:
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ud ua ub uc

e0 e1 e2 e3 e4 e5 en. . . . . .

Example 2.3. For the model filiform Leibniz algebra L with basis B := {e1, . . . , en} from
Example 1.3 the associated graph Γ(L,B) is

e1

e2 e3 e4 en. . .

Example 2.4. Let L be the n-dimensional Leibniz algebra from Example 1.4 over a field
with characteristic 0. The associated graph Γ(L,B) is

e h f

x0 x1 xn−5 xn−4. . .

Given two vertices vi, vj ∈ V , an undirected path from vi to vj is an ordered family of
vertices {vi1 , . . . , vin} ⊂ V with vi1 = vi, vin = vj , and such that either (vir , vir+1

) ∈ E
or (vir+1

, vir ) ∈ E, for 1 ≤ r ≤ n− 1.
We can introduce an equivalence relation in V defined by vi ∼ vj if and only if either

vi = vj or there exists an undirected path from vi to vj . Then it is said that vi and vj
are connected and the equivalence class of vi, denoted by [vi] ∈ V/ ∼, corresponds to a
connected component C[vi] of the graph Γ(L,B). Then

(2) Γ(L,B) =
⋃̇

[vi]∈V/∼

C[vi].

We can also associate to any C[vi] the linear subspace

(3) LC[vi] :=
⊕
vj∈[vi]

Fvj

and assert the next result:
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Theorem 2.1. Let L be a Leibniz algebra admitting a multiplicative basis B = {vi}i∈I .
Then L decomposes as the orthogonal direct sum

L =
⊕

[vi]∈V/∼

LC[vi]
,

where any LC[vi]
is an ideal of L, admitting the set [vi] ⊂ B as multiplicative basis.

Proof. From Equation (2) and Equation (3) we can assert that L is the direct sum of the
family of linear subspaces LC[vi]

with [vi] ∈ V/ ∼, admitting each one the set [vi] ⊂ B as
multiplicative basis.

Let us suppose that there exist vj ∈ LC[vi]
and vk, vl ∈ B such that

{[vj , vk], [vk, vj ]} ∩ F×vl 6= ∅

for some j ∈ I . Then (vj , vl) and (vk, vl) are edges of C[vi], and then vk, vl ∈ LC[vi]
.

From here we conclude that the direct sum is orthogonal and that LC[vi]
is an ideal of

L. �

Example 2.5. The Leibniz algebra of the Example 1.2 decomposes as the orthogonal direct
sum

L = LC[vd]

⊕
LC[va]

where

LC[vd]
:= Fvd⊕Fe0⊕Fe1, LC[va]

:= Fva⊕Fvb⊕Fvc⊕Fe2⊕Fe3⊕· · ·⊕Fen⊕· · ·

are ideals of L admitting the multiplicative basis in B

[vd] := {vd, e0, e1}, [va] := {va, vb, vc} ∪ {ei}i≥2,

respectively.

We recall a Leibniz algebra L is simple if its product is non-zero and its only ideals are
{0}, I and L. It should be noted that this definition agrees with the definition of simple Lie
algebra, since in this framework I = {0}.

Corollary 2.1. If L is simple, then any two vertices of Γ(L,B) are connected.

Example 2.6. By Corollary 2.1 the Leibniz algebra of Example 1.2 is not simple because
its associated graph has two components as shown in Example 2.2.

To identify the components of the decomposition given in Theorem 2.1 we only need to
focus on the connected components of the associated graph.

3. RELATING THE GRAPHS GIVEN BY DIFFERENT CHOICES OF BASES

In general, two different multiplicative bases of L, namely B and B′, have two different
associated graphs, which give rise to two different decompositions of L as an orthogonal
direct sum of ideals (see Theorem 2.1). For instance, consider the following example:

Example 3.1. Consider the complex Leibniz algebra L of the Example 1.1 with the multi-
plicative basis B′ := {e + f, e − f, h, p + q, p − q}. Indeed, the non-zero product in the
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basis B′ are

[e− f, e+ f ] = −[e+ f, e− f ] = 2h,

[e+ f, h] = −[h, e+ f ] = 2(e− f),

[e− f, h] = −[h, e− f ] = 2(e+ f),

[p+ q, h] = −[p+ q, e+ f ] = [p− q, e− f ] = p− q,
[p− q, e+ f ] = [p− q, h] = −[p+ q, e− f ] = p+ q.

Then the associated graph Γ(L,B′) is

e+ f

e− f

p+ q

p− q

h

which is clearly different to the one obtained with the multiplicative basis B presented in
Example 2.1.

Next we give a condition under which the graphs associated to L and two different
multiplicative bases B and B′ are isomorphic. As a consequence, we establish a sufficient
condition under which two decompositions of L, induced by two different multiplicative
bases B and B′, are equivalent.
We recall that an automorphism of a Leibniz algebra L is a linear isomorphism f : L→ L
satisfying [f(x), f(y)] = f([x, y]), for any x, y ∈ L.

Definition 3.1. Let L be a Leibniz algebra. Two bases B = {vi}i∈I and B′ = {wj}j∈J of
L are equivalent if there exists an automorphism f : L→ L satisfying f(B) = B′.

We recall that two graphs (V,E) and (V ′, E′) are isomorphic if there exists a bijection
f : V → V ′ such that (vi, vj) ∈ E if and only if (f(vi), f(vj)) ∈ E′.

Lemma 3.1. Let L be a Leibniz algebra and consider two multiplicative bases B and B′ of
L. If B and B′ are two equivalent bases, then the associated graphs Γ(L,B) and Γ(L,B′)
are isomorphic.

Proof. Let us suppose that B = {vi}i∈I and B′ = {wj}j∈J are two equivalent multiplica-
tive bases of L. Then, there exists an automorphism f : L→ L satisfying

(4) [f(x), f(y)] = f([x, y])

for any x, y ∈ L and such that f(B) = B′.
Let us denote by (V,E) and (V ′, E′) the set of vertices and edges of Γ(L,B) and

Γ(L,B′), respectively. Taking into account that V = B and V ′ = B′, and the fact f(B) =
B′, we have that the map f defines a bijection from V to V ′.

Finally, for any x, y ∈ V we want to show that (x, y) ∈ E if and only if (f(x), f(y)) ∈
E′. We prove that if (f(x), f(y)) ∈ E′ then (x, y) ∈ E by contrapositive. Indeed, for any
x, y ∈ V , if (x, y) /∈ E then [x, y] = [y, x] = 0 and so [f(x), f(y)] = [f(y), f(x)] = 0,
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hence, (f(x), f(y)) /∈ E′. Next we show that (f(x), f(y)) ∈ E′ if (x, y) ∈ E. By
Definition 2.1, given (x, y) ∈ E, we have

{[x, z], [z, x]} ∩ F×y 6= ∅

for some z ∈ B. Then, by Equation (4)

{[f(x), f(z)], [f(z), f(x)]} ∩ F×f(y) 6= ∅,

which means that (f(x), f(y)) ∈ E′. We can conclude that Γ(L,B) and Γ(L,B′) are
isomorphic by means of f . �

The following concept is taking borrowed from the theory of graded algebras (see for
instance [15]).

Definition 3.2. Let L be a Leibniz algebra and let

Υ := L =
⊕
i∈I

Li and Υ′ := L =
⊕
j∈J

L′j

be two decompositions of L as an orthogonal direct sum of ideals. It is said that Υ and Υ′

are equivalent if there exists an automorphism f : L→ L, and a bijection σ : I → J such
that f(Li) = L′σ(i) for any i ∈ I .

Theorem 3.1. Let L be a Leibniz algebra and consider two multiplicative bases B :=
{vi}i∈I and B′ := {v′j}j∈J . Consider the following assertions:

i. The bases B and B′ are equivalent.
ii. Γ(L,B) and Γ(L,B′), the associated graphs to B and B′ respectively, are isomor-

phic.
iii. The decompositions

Υ := L =
⊕

[vi]∈V/∼

LC[vi]
and Υ′ := L =

⊕
[v′j ]∈V ′/∼

VC[v′
j
]
,

corresponding to B and B′ are equivalent.
Then it is satisfied the implication from i. to ii., and the implication from ii. to iii.

Proof. The implication from i. to ii. was proved in Lemma 3.1. Let us prove the im-
plication from ii. to iii. If f : V → V ′ defines an isomorphism between the graphs
Γ(L,B) = (V,E) and Γ(L,B′) = (V ′, E′), then v is a vertex of C[v] if and only if f(v) is
a vertex of C[f(v)], for every v ∈ V . That means f([v]) = [f(v)] for every v ∈ V . Hence,
taking into account this observation and Lemma 3.1, we easily get the next result. �

4. MINIMALITY AND WEAKLY SYMMETRY

Consider a graph (V,E). Given two elements vi, vj in V , an ordered family {vi1 , . . . , vin} ⊂
V is called a directed path from vi to vj if vi1 = vi, vin = vj and (vir , vir+1) ∈ E for
every 1 ≤ r ≤ n − 1. We also recall that a graph (V,E) is symmetric if (vi, vj) ∈ E for
every (vj , vi) ∈ E. Then, a weaker concept can be introduced as follows:

Definition 4.1. We say that the graph (V,E) is weakly symmetric if for every (vj , vi) ∈ E
there exists a directed path from vi to vj .

In particular, we have that every symmetric graph is weakly symmetric.

Example 4.1. The following graphs are weakly symmetric:
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Definition 4.2. Given a graph (V,E), we say that two vertices vi, vj ∈ V are strongly
connected if there exists a directed path from vi to vj and viceversa. Additionally, we say
that the graph (V,E) is strongly connected if any two vertices of V are strongly connected.

In case of Leibniz algebras there no exist edges of type: (ei, uj), with ei ∈ BI, uj ∈
BV. So given an graph (V,E) associated to a Leibniz algebra L we can not apply the
notion of weakly symmetric to all graph (V,E) (see Definition 4.1). Due to this fact, we
consider two subgraphs, one related with the ideal I, and the other with the V isomorphic
to a Lie algebra.

Definition 4.3. Let L be a Leibniz algebra admitting a multiplicative basis B. A pair
(V ′, E′) is a subgraph of the directed graph associated to L relative to B, denoted by
Γ(L,B) := (V,E), if V ′ is a subset of V and E′ is a subset of E such that an edge (vj , vk)
of E belongs to E′ if vj , vk ∈ V ′.
A subgraph is again a graph, so the concepts presented to graph can be considered to
subgraphs also. Let L = I ⊕ V be a Leibniz algebra with multiplicative basis B =
BI ∪̇ BV, being BI = {ei}i∈I and BV = {uj}j∈J . In the following, we will consider the
two subgraphs Γ(L,BI) and Γ(L,BV) of the associated graph Γ(L,B) by removing the
edges (uj , ei) with uj ∈ BV and ei ∈ BI, where in subgraph Γ(L,BI) the vertices are the
elements of BI while in subgraph Γ(L,BV) the vertices are the elements of BV.

Remark 4.1. More precisely, taking into account Definition 1.3 and Remark 2.1 we ob-
serve that the subgraph Γ(L,BI) is (V ′, E′) where V ′ = BI and

E′ := {(ei, ek) ∈ V × V : {[ei, uj ]} ∩ F×ek 6= ∅ for some uj ∈ V}
and the subgraph Γ(L,BV) is (V ′′, E′′) where V ′′ = BV and

E′′ := {(uj , ul) ∈ V × V : {[uj , uk], [uk, uj ]} ∩ F×ul 6= ∅ for some uk ∈ V}.
Example 4.2. For the complex Leibniz algebra L of the Example 2.1 we get

Γ(L,BV) Γ(L,BI)

e

p

h

f

q

At the following, we refer to the smallest ideal of a Leibniz algebra L that contains
v ∈ B, denoted by I(v), as the ideal of L generated by v.
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Lemma 4.1. Let L be a Leibniz algebra with a multiplicative bases B := {vi}i∈I . Given
vi, vj ∈ BK , we have that vj ∈ I(vi) if and only if there exists a directed path from vi to
vj in Γ(L,BK), for whatever K ∈ {I,V}.

Proof. First we take care of the case K = I. Suppose ej ∈ I(ei) for ei, ej ∈ BI. We have
that [[[[ei, u1], u2], . . . ], un] = ej , for some u1, . . . , un ∈ BV. From here, by writing

wk := F[[· · · [[ei, u1], u2], · · · ], uk] ∩ BI,
for k ∈ {1, . . . , n− 1}, we get that {ei, w1, . . . , wn−1, ej} is a directed path from ei to ej .

Conversely, if {ei, e1, . . . , en−1, ej} is a directed path from ei to ej in the subgraph
Γ(L,BI) then we have successively 0 6= [ei, w1] ∈ Fe1, 0 6= [e1, w2] ∈ Fe2, . . . , 0 6=
[en−1, wn] ∈ Fej for some w1, . . . , wn ∈ BV. Hence

ej = λ[[· · · [[ei, w1], w2], · · · ], wn] ∈ I(ei)

for some λ ∈ F×, as required.
Second, we study the case K = V. For uj ∈ I(ui), with for ui, uj ∈ BV. Thus, either

[ui, v1] 6= 0 and then v1 ∈ BV (otherwise, v1 ∈ BI implies [ui, v1] = 0), or [v1, ui] 6= 0.
In this last case, if v1 ∈ BI we get [v1, ui] ∈ BI and consequently [[v1, ui], v2] ∈ I.
By iterating this process, we will always obtain [· · · , [[v1, ui], v2], · · · , vk] ∈ I, what
contradicts the fact that uj ∈ BV. In conclusion, we have again v1 ∈ BV. A similar
argument, shows that also v2, . . . , vn ∈ BV. From here, by writing

wk := Ff(· · · (f(f(ui, v1), v2), · · · ), vk) ∩ BV
for k ∈ {1, . . . , n−1}, being any f(x, y) ∈ {[x, y], [y, x]}, we get that {ui, w1, . . . , wn−1, uj}
is a directed path from ui to uj .

Let us now prove the converse. If {ui, u1, . . . , un−1, uj} is a directed path from ui to uj
in Γ(L,BV) then we have successively 0 6= [ui, u1] ∈ Fu1, 0 6= [u1, u2] ∈ Fu2, . . . , 0 6=
[un−1, un] ∈ Fuj for some u1, . . . , un ∈ BV. Hence

uj = λ[[· · · [[ui, u1], u2], · · · ], un] ∈ I(ui)

for some λ ∈ F×, which completes the proof. �

Definition 4.4. Let L = I ⊕ V be a Leibniz algebra with a multiplicative basis B =
BI ∪̇ BV, where BI = {ek}k∈K and BV = {uj}j∈J . It is said B is of weak division if

• 0 6= [ei, uj ] = λek implies ei ∈ I(ek).
• 0 6= [ui, uk] = λup implies ui, uk ∈ I(up).

Proposition 4.1. Let L be a Leibniz algebra admitting a multiplicative basisB = BI ∪̇ BV,
where BI = {ek}k∈K and BV = {uj}j∈J . In these conditions, B is of weak division if
and only if the subgraph Γ(L,BK) is weakly symmetric, for K ∈ {I,V}.

Proof. Let us suppose that the multiplicative basis B is of weak division. First we prove
that Γ(L,BV) is weakly symmetric. Given an edge (ui, uj) of Γ(L,BV) we have that there
exist uk ∈ BV and λj ∈ F× such that [ui, uk] = λjuj or [uk, ui] = λjuj . Since B is of
weak division we get ui ∈ I(uj), and by Lemma 4.1 there exist a direct path from uj to
ui, so Γ(L,BV) is weakly symmetric.

Now we prove that Γ(L,BI) is weakly symmetric. Let us take an edge (ei, ej) of
Γ(L,BI). So there exist uk ∈ BV such that [ei, uk] = λjej , for certain λj ∈ F×. Since B
is of weak division we get ei ∈ I(ej). As in the previous case, by Lemma 4.1 we conclude
Γ(L,BI) is weakly symmetric.

Conversely, let us suppose that subgraph Γ(L,BK) is weakly symmetric, for K ∈
{I,V}. We want to show that B is of weak division. Given ei, ek ∈ BI, uj ∈ BV
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such that 0 6= [ei, uj ] = λek. Then (ei, ek) is an edge of Γ(L,BI). Since Γ(L,BI) is
weak symmetry, there exist directed path from ek to ei. Then, by Lemma 4.1 it follows
that ei ∈ I(ek). In a similar way, for ui, uk, up ∈ BV such that 0 6= [ui, uk] = λup we
get (ui, up) or (uk, up) are edges of Γ(L,BV). Analogously to the previous case, Lemma
4.1 let us assert that ui ∈ I(up) or uk ∈ I(up). In conclusion, B is of weak division as
required. �

In order to present a simpler exposition of the work, we will introduce a definition of
connection both in subgraph Γ(L,BI) and subgraph Γ(L,BV) inspired in the same concept
in all graph Γ(L,B).

Definition 4.5. Set K ∈ {I,V}. Given vi, vj ∈ BK we say vi ∼K vj if either vi =
vj or there exists an undirected path from vi to vj in subgraph Γ(L,BK), meaning that
{vi, u2, . . . , un−2, vj}, with uk ∈ BK for k ∈ {2, . . . , n− 2}.

Proposition 4.2. Let L be a Leibniz algebra admitting a multiplicative basisB. If Γ(L,BI)
has one connected component and is weakly symmetric, then any non-zero ideal I of L that
admits a multiplicative basis contained in B such that I ⊂ I verifies I = I.

Proof. It is enough to prove I ⊂ I . Since I ⊂ I, we begin taking certain ei0 ∈ BI such
that ei0 ∈ I . By hypothesis, ei0 ∼I ei for any ei ∈ BI, so there exists a directed path from
ei0 to ei in Γ(L,BI). Applying Lemma 4.1 we have ei ∈ I(ei0) ⊂ I , therefore I ⊂ I. �

Proposition 4.3. Let L be a Leibniz algebra admitting a multiplicative basis B. If the
subgraph Γ(L,BV) has one strongly connected component and is weakly symmetric, then
any non-zero ideal I of L that admits a multiplicative basis contained in B such that I 6⊂ I
verifies I = L.

Proof. Let us prove L = I⊕V ⊂ I . Since I 6⊂ I there exists uj0 ∈ BV with uj0 ∈ I . By
hypothesis, uj0 ∼V uj for any uj ∈ BV, so there exists a directed path from uj0 to uj in
Γ(L,BV). Therefore applying Lemma 4.1 we have uj ∈ I(uj0) ⊂ I , so consequently

(5) V ⊂ I.

Finally, since I ⊂ [I,V] + [V,V], by Equation (5) we get I ⊂ I , which proves I = L as
desired. �

Definition 4.6. A Leibniz algebra L admitting a multiplicative basis B is minimal if its
only non-zero ideals admitting a multiplicative basis contained in B are I and L.

Theorem 4.1. Let L be a Leibniz algebra with multiplicative basis B = BI ∪̇ BV. Then
the following statements are equivalent:

i. L is minimal.
ii. Γ(L,BK) is weakly symmetric and connected, for K ∈ {I,V}.

iii. B is of weak division and Γ(L,BK) is connected, for K ∈ {I,V}.

Proof. The equivalence between ii. and iii. is shown by Proposition 4.1. Now, we prove
ii. implies i. Let I be a non-zero ideal of L admitting a multiplicative basis contained in B.
We have two possibilities, either I ⊂ I or I 6⊂ I. In the first case by Proposition 4.2 we
infer that I = I, and in the second case by Proposition 4.3 we have I = L, consequently
L is minimal.

It remains to show that i. implies ii. Suppose that L is minimal. First we take care of
the case K = I. If I 6= {0}, for ei ∈ BI we have that the vector subspace ⊕ ej∈BI

ej∼Iei
Fej is
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an ideal of L. Indeed,

[
⊕
ej∈BI
ej∼Iei

Fej ,V] =
[ ⊕
ej∈BI
ej∼Iei

Fej ,
⊕
vp∈BV

Fvp
]

=
⊕
ej∈BI
ej∼Iei
vp∈BV

F[ej , vp].

If 0 6= [ej , vp] = λeq then (ej , eq) is an edge of Γ(L,BI), so eq ∼I ej . Therefore
eq ∼I ei, so eq ∈ ⊕ ej∈BI

ej∼Iei
Fej and then ⊕ ej∈BI

ej∼Iei
Fej is an ideal of L. Since L is minimal

we have ⊕ ej∈BI
ej∼Iei

Fej = I and we conclude Γ(L,BI) has all its vertices connected.

Let us prove that Γ(L,BI) is weakly symmetric. We take an edge (ei, ej) in Γ(L,BI).
By minimality I(ej) = I, so ei ∈ I(ej). Then by Lemma 4.1 there exists a directed path
from ej to ei in Γ(L,BI), so it is guaranteed the weakly symmetry.

Now we perform the case K = V. We take vj ∈ BV and consider I⊕ (⊕ vk∈BV
vk∼Vvj

Fvk)

is an ideal of L. By minimality I⊕ (⊕ vk∈BV
vk∼Vvj

Fvk) = I⊕V. Therefore Γ(L,BV) has all

its vertices connected.
Let us prove that Γ(L,BV) is weakly symmetric. If (vi, vj) is an edge in Γ(L,BV), by

minimality I(vj) = L and then vi ∈ I(vj). By Lemma 4.1 there exists a directed path
from vj to vi, so Γ(L,BV) is weakly symmetric, completing the proof. �

Example 4.3. For the complex n-dimensional Leibniz algebra L from Example 1.4 with
basis B := {e, f, h, x0, x1, . . . , xn−4} the subgraphs Γ(L,BI) and Γ(L,BV) are:

Γ(L,BV)

Γ(L,BI)

e h f

x0 x1 xn−5 xn−4. . .

Since the subgraphs Γ(L,BI) and Γ(L,BV) are weakly symmetric and connected, apply-
ing Theorem 4.1 we have that L is minimal.
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