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Introduction

The subject of algebra extensions has long been a focal point of interest in mathematics
and physics. In short, an algebra A is an extension of another algebra B by K if there
exists a short exact sequence 0 - K — A — B — 0. The easiest example is the direct
sum B & K, along with the inclusion and projection maps. Imposing new conditions on the
extensions, we find important special types, such as the split extensions, the HNN-extensions,
which have been used to prove numerous theorems of embeddability in different varieties of
non-associative algebras [19, 20, 22], and many others. In this paper, we will be concerned
with central extensions, i.e. extensions in which the annihilator of A contains K. Several
important algebras can be constructed as central extensions; for example, the Virasoro algebra
is the universal central extension of the Witt algebra, and the Heisenberg algebra is a central
extension of a commutative Lie algebra.

The algebraic study of central extensions of different varieties of non-associative algebras
plays an important role in the classification problem in such varieties (for example, see [23]).
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Since Skjelbred and Sund in 1978 [21] devised a method for classifying nilpotent Lie algebras,
making crucial use of central extensions, it has been adapted to many other varieties of alge-
bras, including associative [8], Malcev [14, 15], Jordan [12, 13], Novikov [16], anticommutative
[4], binary Lie [1] or bicommutative [18], among others (see, [5, 6, 7, 10, 11]).

The study of central extensions of null-filiform algebras was initiated in [2], where all Leib-
niz central extensions of null-filiform Leibniz algebras were described. The associative central
extensions of the associative null-filiform algebra of dimension n, which we will denote by vy,
were studied in [17] within the framework of associative algebras, and it was proven that the
only associative central extension of pg is ugH. However, the null-filiform algebras can be
considered as elements of more general varieties of algebras, such as alternative, left alter-
native, Jordan, bicommutative, left commutative, assosymmetric, Novikov or left symmetric,
among others (note that the right alternative, right commutative and right symmetric cases
are analogous to their respective left counterparts). In particular, it was proven in [3, 18]
that, up to isomorphism, the null-filiform algebra ,u% admits the trivial extension ué and also
another nontrivial bicommutative extension. Then, it is reasonable to wonder whether there
will be nontrivial extensions in the aforementioned varieties of algebras.

Our main result is the classification of the isomorphism classes of central extensions of the
associative null-filiform algebra over several varieties of non-associative algebras, as the ones
mentioned above. This is in part summarized in Table 1, at the end of Section 5.

The structure of the paper is as follows. Section 1 is devoted to formalizing the method of
Skjelbred and Sund over any variety of non-associative algebras defined by a set of polynomial
identities. Section 2 presents a quick review of null-filiform algebras. Respectively, Sections
3, 4 and 5 deal with left alternative and alternative, Jordan, and left commutative and bicom-
mutative central extensions. Finally, Section 6 deals with the assosymmetric, Novikov and
left symmetric cases, which happen to come out as a trivial corollary of the left commutative
and bicommutative cases.

Notation and underlying assumptions Throughout the paper, F will denote a field.
Unless otherwise specified, this field will be arbitrary and all vector spaces, tensor products,
(multi)linear maps and automorphism groups will be taken over F. Given a nonnegative
integer n, [n] will denote the set {i € Z |1 <i < n}. Also, we fix the following notation:

AS : variety of associative algebras;
AL : wvariety of left alternative algebras;

J: wvariety of Jordan algebras;
LC: wvariety of left commutative algebras;
RC : variety of right commutative algebras;
BC : wvariety of bicommutative algebras.

1 Non-associative central extensions

A variety M of non-associative algebras over F is defined by a set of identities {E;};er of the
form

t;
Eii Zpi’j(zl’ e ,Zg) = 0,
Jj=1



where Z = {z1,..., 2} is a finite alphabet, p; ; = p; j(21,...,2¢) is a non-associative word in
Z of length n;; > 2, with a coefficient of either 1 or —1 and Z; ; C Z is the set of letters
which occur in p; ;.

As m; j > 2, each p; ; can be expressed uniquely as a product

1 .2
Pij = P; jDij>

where Z; ; = Zi{j U Zi%j and each pf’j, with k € {1,2}, either has length one or is another
concatenation of products. Recursively, we will obtain n; ; — 1 factors Dij with |Zf‘J| =1 and
a of the form o = g, ag, a3 .. ., ay, with oy € {1,2} for all k.

Let A be an algebra in the variety M, and let V be a vector space over F. Following the
Skjelbred-Sund method, we introduce the cocycles of A with respect to V as the bilinear maps
0: A x A — V satisfying the set of identities {E;};cs, where

t;
E;: Ze(pzl,j,]??,j) =0.
j=1

These elements form a vector space over F, which we will denote by Z%;(A, V).
We also define the coboundaries of A with respect to V as follows. Let f be a linear map
from A to V, and set 6f: A x A — V with (§f)(z,y) = f(xy). It is clear from

t t
> 0f(pijpi) = fpig) = f(0) =0,
j=1 j=1

for all i € I, that 6f € Z3;(A,V). We define B*(A,V) = {6f : f € Hom(A, V)}; it is a linear
subspace of Z%;(A, V). The quotient space Z2;(A, V)/B%(A, V) is called the second cohomology
space and is denoted by H3;(A, V).

Consider the group Aut(A) of automorphisms of the algebra A. If 6 is a cocycle and
¢ € Aut(A), we define ¢- 0 : Ax A — V by ¢-0(z,y) = 6(¢(x), d(y)). The automorphism ¢
preserves the product, so ¢(p;;(z1,...,2¢)) = pij(¢(x1),...,P(x,)); from this, we have that
¢ -0 € Z2;(A,V). This induces an action of Aut(A) on Z3 (A, V). Moreover, = §f <
¢ -0 =435(f o), so the action is inherited by the quotient Hﬁq(A, V). Although this is a right
action, we will write it on the left to follow the usual convention. The orbit of an element
0 € Z3;(A, V) will be denoted by Orb (0), and the orbit of [0] € H3;(A, V), by Orb ([6]).

For every bilinear map 6: A x A — V, we can define the algebra Ay = A & V with the
product [z 4+ v,y + w]p = xy + O(x, y).

Lemma 1.1. The algebra Ay belongs to the variety M if and only if 0 € Z§I(A,V).

Proof. By definition, Ag belongs to M if it satisfies the identities { E;}icy, i.e., if it satisfies
t;
Zpi,j($1 +v1,...,x0+v) =0,
=1

for all i € I and all 2, € A, v, € V, with k € [¢]. For the sake of brevity, we will write

i

Zpi’j(X +V)=0;
=1



also, when we make reference to these identities in the algebra A, we will write

me‘(X) = 0.

j=1

It holds that
Pij(X +V) =i (X +V),p};(X +V)]o.

An easy induction in the cardinal |Z; ;| shows that
Pig (X +V) = pig(X) + 0(pi 5 (X), pf (X))

As A belongs to the variety M, it follows that Ay satisfies the identities {E;}ier if and only
if 0 satisfies {E; }icr- O

In all that follows, we will consider Ay just for 6 € Zi/I(A, V). Then, it is easy to check that
the algebra Ay of the variety M is a central extension of A by V. We define the dimension of
the extension as the dimension of V.

The particular identities of the variety M are not involved any more in the development
of the method. Thus, we will just give a brief overview of the main definitions and results,
and refer the reader to other texts in which this method is carefully detailed, such as [12, 14].

One fundamental definition is the annihilator of 8, Ann(0) = {z € A | 0(x,A)+0(A,z) =
0}. Recalling that the annihilator of an algebra A is Ann(A) = {x € A | zA + Az =0}, it is
clear that Ann(Ag) = (Ann(A) N Ann(f)) & V.

Other important notions are the following. Let A be an algebra and I be a nonzero
subspace of Ann(A). If A = A®T for some ideal Ay, then I is called an annihilator component
of A. The central extensions of A with no annihilator component are called non-split central
exrtensions.

We show now that any algebra A of the variety M with nonzero annihilator is isomorphic
to a central extension of some other suitable algebra A’ in M. The demonstration can be
found in [14, Lemma 5].

Lemma 1.2. Let A be an n-dimensional algebra in the variety M such that dim(Ann(A)) =
s # 0. Then there exist, up to isomorphism, a unique (n— s)-dimensional algebra A" in M and
a cocycle 0 € Z3;(A, V) for some vector space V of dimension s, such that Ann(A)NAnn(6) =
0, A=A’y and A/Ann(A) = A’.

Then, in order to decide when two algebras with nonzero annihilator of the variety M are
isomorphic, it suffices to find criteria in terms of the cocycles.

Let us fix a basis {e1,...,es} of V. For every algebra A and every cocycle 6 € Z3;(A, V),
there exist s unique cocycles 0; € Z%;(A,F), i € [s], such that O(z,y) = >i_, 0i(x,y)ei,
for all z,y € A. Straightforward facts about these cocycles are that # € B?(A,V) if and
only if 6; € B%(A,F) for i € [s], and that Ann(f) = Ann(#;) N --- N Ann(fs). Also, it is
not difficult to prove (see [14, Lemma 13]) that if Ann(A) N Ann(f) = 0, then Ay has an
annihilator component if and only if [01],...,[s] are linearly dependent in H3;(A,F). In
other words, if Ann(A) N Ann(f) = 0, then Ay is a non-split central extension of A if and
only if ([01],...,[0s]) € Gs(H};(A,F)), where the Grassmanian G,(H3 (A,F)) is the set of
s-dimensional linear subspaces of H;(A,F). Finally (see [14, Lemma 15]), if {[01],...,[0s]) =



(1], [0s]) € Gs(H (A, F)), we have that (] Ann(6;) N Ann (A) = (] Ann(d;) N Ann(A),
i=1 i=1
and therefore the set

T.(A) = {W = (1], [0]) € Gu(H(A.F)) | () Ann(6,) N Ann(4) = 0}

is well-defined. Then, the set of all non-split central extensions of A with s-dimensional
annihilator, by some s-dimensional vector space V, can be written as

E(A,V) = {AG’ | 0(.737:(/) = Zez(:p?y)el and <[91] PRI [05]> € TS(A)}
i=1
Now, if ¢ is an automorphism of A and W = ([f1],...,[0s]) € Gs(H3;(A,F)) it holds
that oW = ([¢01],...,[#6s]) also has dimension s. This induces an action of AutA on

Gs(H3((A,F)); the orbit of W will be denoted by Orb (W). The set T5(A) is stable under this
action ([14, Lemma 16]).

Having established these results, we can determine whether two s-dimensional non-split
central extensions Ay and Ay in the variety M are isomorphic or not. For the proof, see [14,
Lemma 17].

Lemma 1.3. Let Ag,Ay € E(A,V). Suppose that 0(x,y) = ZGi(x,y)ei and ¥ z,y) =

i=1

Zﬂi(az,y)ei. Then the algebras Ag and Ay of the variety M are isomorphic if and only if
i=1

Orb(([01] - -, [6s])) = Orb(([th] .. ., [Us]))-

Therefore, given an algebra A of dimension n — s in the variety M, we can construct all
non-split central extensions Ay of A according to the following procedure:

1. Determine H3;(A,F), Ann(A) and Aut A.
2. Determine the set of (Aut A)-orbits on Ts(A).

3. For each orbit, construct the algebra of the variety M associated with a representative
of it.

Then, thanks to this procedure and to Lemma 1.2, we can classify all the nilpotent algebras
of dimension n of a variety M, provided that the nilpotent algebras of dimension n — 1 are
known.

Let A be an algebra and fix a basis {e1,es,...,e,} of A. We define the bilinear form
Aij: AxA— Fby A;j(e,em)=0ii0jm. Then the set {A;; |4, € [n]} is a basis for the
linear space of bilinear forms on A; in particular, every 6 € Z2 (A, V) can be uniquely written
as 0 = ZZj:l Ci,in,ja with Cij € F.



2 Null-filiform associative algebras

For an algebra A of an arbitrary variety M, we consider the series
i
Al — A, AL — ZAkAi+1ik, i>1.
k=1
An n-dimensional algebra A is called null-filiform if dim A* = (n 4+ 1) —4, i € [n + 1]. All

null-filiform associative algebras were described in [9].

Theorem 2.1. An arbitrary n-dimensional null-filiform associative algebra is isomorphic to
the algebra:

Ho o eiej = eivj, 4,j € [n],
where {e1,€2,...,e,} is a basis of the algebra i and we define e, = 0 for all m > n.

Using the procedure explained in Section 1, we can easy find all associative central exten-

j
sions of pg. Let Vj = > A jy1-, for j € [n]. We need the following result from [17].
k=1

Proposition 2.2. Let uf be the null-filiform associative algebra of dimension n. Then

His (k6. F) = Z3 (1§, F)/B* (1, F) = ([Va]).-

Remark 2.3. The above result appears in [17] for F = C, the field of complex numbers.
Nevertheless, it is immediate to check, e.g. using the methods appearing shortly in this paper,
that it does hold over an arbitrary field.

As dim H% (8, F) = 1, the next result follows easily.

Theorem 2.4. Every non-split 1-dimensional associative central extension of ug is isomor-

‘ +1
phic to puy ™.

In the following sections we will study non-associative central extensions of ug. It is easy
to see that ugH is an associative central extension of p7. All extensions of this type will be
called trivial. The basis {e1,...,e,} of uf will always be assumed to satisfy the relations
from Theorem 2.1.

3 Alternative and left alternative central extensions

Throughout this section, we assume that the characteristic of the filed T satisfies char(FF) # 2.
Recall that an algebra A is said to be left alternative (respectively, right alternative) if it
satisfies the identity

x(zy) = (zx)y (respectively, (zy)y = 2(yy)),

for all x,y € A. Also, if A is both left alternative and right alternative, it is called alternative.



Let us consider ug as a left alternative algebra. Note also that the linearization of the left
alternative identity for uf leads to

ei(ejek) + €j(€i€k) = (eiej)ek + (ejei)ek,

for i, j, k € [n]. Then, its space of cocycles is formed by all the bilinear maps 0: puf x pg — F
satisfying 6(e;, ejex) + 6(ej, e;er) = 6(esej, exr) + 0(ejei, ex). This can be expressed as

0(eis ejtk) + 0(ej, €ivr) = 20(€isj, k), (3.1)
for i, , k € [n], and considering that e,, = 0 for m > n.

Theorem 3.2. Assume that char(F) # 2. Then all left alternative and all alternative central
extensions of pg are trivial.

Proof. The first step is to compute Z2 , (u3,F). Let 6 = Zz—j ¢i,jA; j be an arbitrary cocycle
of pyy considered as a left alternative algebra. The identity (3.1) leads to

Cijjtk + Cjitk = 2Citjk

for i, j, k € [n], with the assumption that ¢; ; = 0 if i > n or j > n. Given integers m, s such
that m,s —m € [n] and m > 2, and taking i = m — 1, j = 1 and k = s — m in the above
equation, we get

2Cm,s—m = Cm—1,5—(m—1) + C1,s—1- (3.3)

Claim: For all i,j € [n], ¢;j = c1,i+j—1. In particular, ¢;; =0if i +j > n+ 2.

The claim will follow by induction on i, the case i = 1 being trivial. So assume that ¢ > 2
and that the claim holds for ¢ — 1. Taking m =i and s =i+ j in (3.3), we get

2¢ij = Ci—1,j41 F Cligj—1-

If j =n,then j+1,i+75—12>n+1s0cj—1,41 =0 = c1,;4j—1 and it follows from the identity
above that ¢; ; = 0, as char(F) # 2. In particular, ¢; j = ¢1,4+j—1 holds. Otherwise, if j < n,
then we can use the induction hypothesis to obtain 2¢; ; = ¢;—1 j41 + c1i4j—-1 = 2¢1445-1,
whence the claim.

So, it is clear that ZZ,(u3,F) is in the linear space spanned by {V;}i_q; it is also
immediate to see that every element from Zis(ug,F) is a left alternative cocycle. Thus,
HZ \ (18, F) = Hg(uf,F), and every left alternative central extension is trivial. Since any
alternative extension is left alternative, it follows that every alternative central extension is
trivial as well.

O
4 Jordan central extensions

Throughout this section, we assume that the characteristic of the filed F satisfies char(F) #
2,3. Recall that a commutative algebra A is said to be Jordan if it satisfies

2*(yz) = (2y)z,



for all z,y € A. It is immediate to check that the commutative algebra pj satisfies the
previous identity and therefore is a Jordan algebra.
The space of Jordan cocycles of uf is formed by all the bilinear maps 6: pg x uj — F
satisfying
0(z,y) = 0(y, ), (4.1)
0(z?, yx) = 0(zy, x).

Equivalently, since char(FF) # 2,3, we have
9(61‘, 6]') = 9(6]‘, 61‘),

O(eive, €jrk) + 0(ejtre; Civk) + O(€rtes €ivj) = 0(ei €jhre) + 0(€5, €irre) + 0en €irjre),

for i,4,k,¢ € [n]. In particular, taking i = j, we see that every cocycle must verify

20(€ite, €ivk) + 0(€rk, €2i) = 20(ei, €itkre) + 0(ek; €2i40)- (4.3)
Theorem 4.4. All Jordan central extensions of ug are trivial.
Proof. We will prove that {V;}"_, is a basis for Z3(ug,F).
Let 6 = Zij cijA;; be an arbitrary cocycle in Z3(uf,F). Note that ¢;; = c¢j;, for all
i,7 € [n]. By (4.3), we also have
Ck2a+b = 2Catbatk + Cotk,2a — 2Ca,atbrk (4.5)
for all a,b, k € [n], with the assumption that ¢; ; = 0 in case i > n or j > n.
Claim: For all ¢,j € [n], ¢;j = c1,i+j—1. In particular, ¢;; =0if i +j > n+ 2.

The proof is by induction on 4. If either ¢ = 1 or j = 1, the claim is trivial, by commuta-
tivity. So we can assume that i, > 2. If i = 2, then

ngj = 9(6%, ej_lel) = 9(€j+1, 61) = 9(61, €j+1) = Cl,j+1-

Let us assume thus that ¢ > 3 and j > 2. There are unique integers a,b with b € {1,2} such
that ¢ = 2a + b. Notice that 1 <a < a+b < i <n. Then, using (4.5) with k = j, we get

Cij = C2atbj = 2Catbatj T Cbij2a — 2Caatbiyj-

There are two cases to consider.
Casel: a+ b+ j <n. In this case, we can use the inductive hypothesis and the commu-
tativity to get

2Catb,a+j T Co+j.2a — 2Ca,a4b+j = 2C1 2a4b4+j—1 T C12a4b+j—1 — 2C1 2a+b+j—1
= C1,2a+b+j—1 = Cli+j—1-

Case2: a+b+j > n+ 1. Then ciappr; = 0 and we have ¢;; = 2¢cq4b,045 + C2a,p+j-
Either a +j > n + 1 and hence c,ypa4; = 0, or a + j < n and the inductive hypothesis
says that coypatj = c12a4b+j-1 = 0, because 2a +b+j—12>a+b+j >n+ 1. In any
case, Catbatj = 0. Similarly, coqp4; = 0 and we conclude that ¢; ; = 0 = ¢14—1, because
i+j—1>a+b+j>n+1

The claim is thus established. It remains to observe that the {V;}7_; are indeed Jordan
cocycles. In [17], it is proved that V; € Z34(ud,F), i.e. they verify V;(zy,2) = V;(z,yz2).
Clearly, also V;(z,y) = V;(y, ). These conditions are indeed stricter than conditions (4.1)
and (4.2), so it is clear that V; € Z3(u@,F). This implies that H3(ud, F) = H34(uf, F) and,
according to [17], the only Jordan central extension of p is ,uﬁ“. O



5 Left commutative and bicommutative central extensions

Recall that an algebra A is said to be left (respectively, right) commutative if it satisfies

x(yz) = y(xz) (respectively, (zy)z = (z2)y),

for all x,y,z € A. Equivalently, A is left (respectively, right) commutative if and only if the
left (respectively, right) multiplication operators commute. In case A is both left and right
commutative, we say that A is bicommutative.

The main results in this section will require the field F to be algebraically closed and of
sufficiently large characteristic (which for simplicity we will assume to be 0, when necessary),
while others hold for arbitrary fields. Unless otherwise is stated, it should be assumed that
the field F is arbitrary.

J
Proposition 5.1. Let n > 2 and recall the bilinear forms V; = > Ay jii—k, defined for
k=1

j € [n]. Then the following hold:
(a) dimZ}(uf,F) =2n—1 and {A;1 |2 <i<n}U{V;|j € [n]} is a basis of Z} -(uf,F).
(b) dimHZ (1B, F) = n and the classes {[A;1] | 2 < i < n}U{[V,]} form a basis of H (8, F).
(c) In the bicommutative case we have that dim H3o(uf,F) = 2, with basis {{A21], [Va]}-

Proof. The space Z%(uf,F) consists of the bilinear forms 6 = ZZj:l ci A, with ¢;; € T,
satisfying 6(e;, ejex) = 0(ej, eser), for all 4, j, k € [n].

Claim: 1f j > 2, then ¢; j; = c1,+;—1. In particular, if i +- j > n + 2 then ¢; ; = 0.
For j > 2 we have
cij =0(ei,e;5) = 0(ej,erej—1) = b(e1, eiej—1) = C1itj—1- (5.2)
Thus, if i + j > n + 2, then necessarily j > 2 and (5.2) gives ¢; ; = 0. This establishes the
claim.
Hence, ¢;2 = ¢i—13 =+ = c2; = ¢1,41 for all i € [n — 1] and we can write

n n

0= Z C@lAi,l + ZCL]'(VJ‘ — A]‘,1) = Z(Cz‘,l - Cl,i)Ai,l + Z Cl,jvja (5'3)
j=1

i=1 =2 i=2

which shows that Z?(uf, F) C ({A;1 |2 <i<n}U{V;|j€ [n]}).
It remains to prove the reverse inclusion, i.e. that the A; 1 and the V; are left commutative
cocycles. Let k, ¢, m € [n]. Then

Aji(er, ecem) =0 = A;1(ee, exem),

so indeed A; 1 € Z3(up,F). As (V| j € [n—1]) = B*(ug,F) C Z?(ud,F), it remains to
show that V,, is a cocycle. This follows immediately from the fact that

1 fk+l+m=n+1,
0 otherwise.

vn(eka eZem) = {



This concludes the proof of (a). Part (b) is clear by B2(uf,F) = (V; | j € [n — 1]).

We precede the proof of (c) with some general considerations. Let A be an algebra
and denote by v : A x A — A its multiplication map. The opposite algebra A°P is the
algebra with the same underlying vector space and with multiplication v o 7, where 7 :
AxA — AXxA (a,b) = (b,a) is the flip. Clearly, A is right commutative if and only
if A°P is left commutative and 6 € Z%+(A,F) if and only if § o 7 € Z}(A°,F). Moreover,

Bc(AF) = Z§ (A, F) N ZE(A, F).

We return now to the case of the algebra . This algebra is commutative, so it coincides
with its opposite algebra. Let 6 € Z3(ufy,F). Then 6 € Z} (ufy,F) and by (a) we can write 0
as in (5.3). What is more, for such a 6 we have § € Z%(ufy, F) if and only if o7 € Z} (uf, F).
Seeing that A; j o7 = Aj;, we obtain V; o7 = V;, for all j € [n].

Thence, in view of the results in (a), and the observation that Ao = Vo — Agq, we
have that 0o 7 € ZLC(,uO,F) if and only if ¢;1 = c14 for all 3 < ¢ < n. This proves that
{V;|j€n}U{As1} is a basis of Z}(uf,F). Finally, given our description of B?(uf,F),
we immediately obtain the basis {[A21],[Va]} of Ho(uf, F). O

5.1 The automorphism group of u

We denote by Aut(yu() the automorphism group of ufj. Let ¢ € Aut(yj). Then we identify
¢ with its matrix (qﬁi,j)i,je[n] relative to the basis {ej,...,e,}. It is easy to see that the
automorphisms of g are precisely those linear endomorphisms ¢ = (¢; ;) ijclnl with ¢1,1 # 0,
2.1, ..,¢n1 € F arbitrary and ¢; ; with 2 < j < n determined by ¢(e;) = ¢(e1)’. In other
words,

bij = Z Phy 17 Pk,

Kyt ky=i
for all 4,5 € [n].
It follows that ¢;; = qﬁﬁ)l and ¢; ; = 0 if j > 4. For j < i we also have

bij = 301 bimjrra + P (11, P21, Bimjid), (5.4)

for some polynomial p; ; with coefficients in IF which depends only on ¢ and j.

Write ¢ = ZZ]-II @;.;E; j, where we think of E; ; both as the matrix unit with all entries
equal to 0 except for the entry (¢, 7) which equals 1, and also as the linear endomorphism of
pg defined by Ej; j(ex) = 0; re;. Then,

¢ ) As,t(ekaeé) = As,t(¢(€k)a¢( ZZ¢1 k¢] KAst ezvej Z ¢s k¢t(

k<i (<j k<s, £<t

Thence, the formula for the action is given as

¢ Nep= > bsrbrels- (5.5)

k<s, (<t

5.2 The orbit decomposition of HZ(ui, F)

To state the main result of this subsection we need an additional definition. For 0 < i < n, let
R(i,n) be the multiplicative subgroup of F* consisting of all (i 4 1)-st powers of all (n+ 1)-st
roots of unity in F*. In case F is algebraically closed of characteristic 0, there exists some
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primitive (n+ 1)-st root of unity ¢ and R(i,n) = ((**1) is the cyclic group generated by ¢**1.
Denote the quotient group by

and for p € F*, let = pR(%,n) be the corresponding coset.

Theorem 5.7. Assume that F is algebraically closed of characteristic 0 and let n > 2. The

following elements of Zic(ug,lﬁ‘) give a complete list of distinct representatives of the orbits
of the automorphism group Aut(ud) on HZ o (ud,F) :

(a) 0;

(b) {Ai1|2<i<n};

(©) {Vn+plny|pel};

@) {Va+pAii|2<i<n—1, BeF;,}.

From this result and Proposition 5.1, we immediately deduce the orbit space decomposition
in the bicommutative case.

Corollary 5.8. Assume that F is algebraically closed of characteristic 0 and let n > 2. The
following elements of ZQBC(MH,IF) give a complete list of distinct representatives of the orbits
of the automorphism group Aut(uf) on H3(uf,F) :

(Case n =2)
(a) 0;
(b) Ag;
(c) {Va+pAay | pel}.
(Case n > 2)
(a) 0;
(b) Ag;
(C) Vi
(d) {Vn + HAQ,I | e ]F(Q,n)} .

We devote the remainder of this section to the proof of Theorem 5.7.

Lemma 5.9. Assume that F is algebraically closed of characteristic 0. Fix i > 2. Given

scalars a1 1,...,0i—1,1 € F with a11 # 0, we define, for 2 <f,m <i:
Um = Y, 1@, (5.10)
it m=t
Note that ag,y, depends only on a1 1,...,0—my1,1- Then, for any 0 <k <i—1, the map
Pl - F* x F* — F* x F*
(a1,1, ceey ak+1,1) = (ai,ial,la Aii—1011,- - - ,az‘,z‘—ka1,1)

is onto and (i + 1)-to-1, i.e. |p,:1()\1, ... ,)\k+1)| =i+ 1, for all (\1,..., \py1) € F* x FF,

11



Proof. The proof is by induction on 0 < k < ¢ — 1. First, notice that (5.10) implies that
age = afl. If £ =0, then po(a1,1) = aﬁl and the relation }pal()\)| =14+ 1 for any \ € F*
follows from both our assumptions on F.

Now assume that k > 1 and take (A1,..., A\py1) € F* x FF. By the induction hypothesis,

|p,;_11(>\1, . ,)\k)| =i+1, so choose (a11,...,ax,1) € F* xF*~1 such that pr—1(ai,...,ap1) =
()\1, A ,)\k). Asin (5.4), we have Qi kG1,1 = (Z'—/i’)all)_lkakJrLl +a11pii—k (a,171, ey ak71), with
Dii—k @ polynomial in ay,1,...,a1. Thus, we can set
Ak41 = a1,1Pii—k (A1,1, - - -, Q1)
k1,1 = — (z'—k —, (5.11)
(i — k’)am
and, by construction, pg(ai1,...,0k+1,1) = (Pr—1(ai,1, ... ak1), aii—kar,1) = (A1, ., Agg1)-
The above shows that the i + 1 distinct solutions of the problem for £ — 1 give rise to
i+ 1 distinct solutions of the problem for k. Conversely, each solution (a1, ..., art1,1) of the
latter determines a solution (a1,1,...,ax 1) of the former and, by (5.11), ajy1,1 is completely
determined by a1,1,...,ax,1, so there are exactly ¢ 4+ 1 solutions of the problem for k. By
induction, the proof is complete. O

Now we can start computing orbits of Aut(yf) on Z}(ud,F).

Proposition 5.12. Assume that F is algebraically closed of characteristic 0. For i € [n] we
have

Orb (Az’,l) = {>\1Ai71 + >\2Ai*171 + -+ )\iAl,l | Ay A EF N 7é 0} .

Proof. Let ¢ = (¢;) € Aut(f}). Then, by (5.5), ¢ Ay1 = ¢ Aiy + 34} bidr,1Ak,1 and
as ¢1,1 # 0, the direct inclusion in the statement is proved.

Conversely, given (A1,...,\;) € F* x F=1 Lemma 5.9 gives (a1 1,...,a;,1) € F* x Fi~1
such that A\;_py1 = a; ga1,1, for all k € [i]. Since a1,1 # 0, there exists ¢ € Aut(ug) such that
®k,1 = ay1, for all k € [i]. For any such ¢ € Aut(pg) and j € [i], we have

aij = Z Ay 1 k1 = Z Phy 1 Pry1 = Pig,

ki4-+kj=i ki4--+kj=i

i i i .
S0 @+ Ain = 3 Pik11Bk1 = D poy Gika118%1 = D g Ai—kt1,18%,1. This proves the
reverse inclusion. O

Recall that the V;, for j € [n — 1], form a basis of B*(uf, F).
Lemma 5.13. Let ¢ = (¢ ;) € Aut(uf). In Hi(uf, F) we have ¢ - [V] = 71" [V].

Proof. If ¢ + j > n+ 1, then A; ; does not occur in ¢ - V,,. Otherwise, for ¢ +j < n + 1, the
coefficient of A; ; in the expression for ¢ - V,, is

n+l1—j

Q= Z OkiPnt1—k,js

k=i

sothat ¢ - Vi =37 g @ijAj.
Since Aut(pg) acts on Z%C(MS,F) and on B?(uy,F), we must have ¢ - V,, € Z%C(MS,F) \
B2(u2,F). Thus, by the proof of Proposition 5.1, we have ajp = agp_1 = +++ = aj_12 for

12



every 2 < k < n. Moreover, by reparameterizing the summation index, we obtain «;; =

?;”jl : Gnti1-e,iPe; = ajs; in particular, ag1 = o k. It follows that

n
Vn — Z al,kvk.
k=1

Now, as [Vi] =0, for all k € [n — 1], we get ¢ - [Vy] = a1, [Va] = ¢"+1 (V.. O
Proposition 5.14. Assume that F is algebraically closed of characteristic 0. Let y € F*. We
have
n—1
Orb ([Vy, + pAn 1)) = {)\1 (V] + pA1 [Ana] + Z)\rwlfk Apa] | A, Ao €F 0 # 0} :
k=2

Proof. Let ¢ = (¢; ;) € Aut(u). Then, using Lemma 5.13 and recalling that [A; ] = [V1] =
0,

¢ [V + pAn 1] = G711 [Vl + tidnndr1 [Ana +Mz¢n IRRIAVEIR (5.15)

Since ¢nn = @7 and ¢11 # 0, the direct inclusion in the statement follows.

Conversely, let A1, ..., A,—1 € F, with A\; # 0. Consider the map p,_1 from Lemma 5.9. By
that result, for any p € F*, there are (a1 ,1,...,a5,1) € F* x[F"~1 such that p,_1 (@11, 0n1) =
(/\1, ey /\"p’l, ) Let ¢ € Aut(ug) be determined by ¢r1 = a1, for all £ € [n].

Then ¢;; = a;; for all 4,5 € [n]. It follows that qzb”+1 GnnP11 = A1 and similarly
Whn kD11 = Apt1—k for all 2 <k <mn — 1. Thence, by (5. 15)

n—1
¢ [V + 1] = M1 Vo] 4 pA1 [Ana] + D Angr—k [Ara],
k=2
proving the reverse inclusion. O

Proposition 5.16. Assume thatF is algebraically closed of characteristic 0. For2 <i<mn-—1
and p € F* we have

i—1

Orb ([Vn + ,LLAi,ﬂ) = /\n+1 [Vn] + )\H—lu [Ai,l] + Z )‘H—l—j [Aj,ﬂ | Ao, A1 €EF A€ F*
j=2

Proof. Let ¢ = (¢i;) € Aut(ug). Then,

¢ [V + plig] = 711 [V +Z@MWAM
k=2

So, as before, to prove the result it suffices to assume that ¢ > 3 and to show that given
@11, 14 € F*, the elements ¢; 1¢1,14, with 2 < k < i — 1, can take on arbitrary values in IF, for
appropriate choices of ¢21,...,¢;—11 € F.
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Considering p;_s, we know that for any Ag,..., A\;j—1 € F there are ¢ + 1 solutions to the

equation
i A2 Ai—1
pi—2(aiy,...,a;-11) = < L1 rees .

I I

As aﬁl = ¢’ffll, exactly one of the above solutions satisfies a1,1 = ¢1,1 and the remainder of
the proof goes as before. O

The final ingredient in the proof of Theorem 5.7 explains the relevance of the factor group
F(i,n)7 defined in (56)

Lemma 5.17. Fiz2<i:<n—1. For u,y/ € F* we have
Orb ([Vn + 1)) = Orb ([Vy 4+ W/ Ai1]) <= =4/,
where i, ) € F i .-

Remark 5.18. In view of this result, it makes sense to write Orb ([V,, + 1A; 1]), for p € F*,
and we can parameterize the orbits of the form above by the elements of F; ).

Proof. For the direct implication, suppose that [V, + @/A; 1] € Orb([V, + pA;1]). Then
there is some A € F* such that A"*! =1 and p/ = X'y, so ¢/ /u € R(i,n).
Conversely, if 1/ = X1y for some A € F* with A" = 1, then

[V + 1/ Aiq] = ATV + AT (A 1] € Orb ([ + 1))
which shows that the respective orbits coincide. ]
We are now ready to conclude our main result of this section.
Proof of Theorem 5.7. Let 0 # 6 = X1 [Vo] + 275 Aj [Aj1] € HE(u, F). Then:
e If Ay =0, then 6 € Orb ([A;1]), where i = max {j | \; # 0}. (See Proposition 5.12.)

o If \y # 0 and A\, # 0, then 6 € Orb([V,, + puA,1]), where p = A\,/A\1 # 0. (See
Proposition 5.14.)

e If \y #0 and A\; =0 for all 2 < j <n, then § € Orb ([V,,]). (See Lemma 5.13.)

o If A\ #0, A\, =0and \; # 0 for some 2 < j <n—1, then § € Orb ([V,, + 1A, 1]), where
i=max{2<j<n—1|) #0} and p € F* is defined as follows: choose some \ € F*
such that A"T! = \;; then take u = \;/A**1. (See Proposition 5.16.) By Lemma 5.17,
7 is uniquely determined by 6.

The fact that distinct elements given in the statement of the Theorem yield disjoint orbits fol-
lows easily from the description of the orbits in Propositions 5.12, 5.14, 5.16 and Lemmas 5.13,
5.17. 0
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5.3 The orbit decomposition of 7' (yg) in the left commutative and bicom-
mutative varieties

Observe that Ann(ug) = Fe,, so in order to get a non-split central extension of pg with 1-
dimensional annihilator associated with a cocycle 6, we must have e, ¢ Ann(6). This excludes
the orbit representatives 0 and A; 1, for ¢ < n. Notice also that for nonzero cocycles 6 and ¢,
the 1-dimensional spaces ([f]) and ([¢']) are in the same Aut(p()-orbit in the corresponding
Grassmannian if and only if there is A € F* such that X [¢] is in the orbit of [f]. In particular,
if the Aut(uf)-orbit of [6] is closed under the multiplicative action of F*, then ([f]) and ([0'])
are in the same orbit if and only if [] and [#] are in the same orbit.

In our context, all orbits are closed under multiplication by nonzero scalars, except for
the orbits of the form Orb ([V,, +1A;1]), with 2 <i <n —1 and 1z € F(; ,). Given € € F*,

Proposition 5.16 shows that €"*! [V, + TA;1] = |V, + €~ 'ul;1|. Since F is algebraically

closed, for a fixed ¢ < n — 1, €"7* can take on any nonzero value as ¢ € F* varies. Hence,

[V, + 1A 1] and [Vn + ﬁAﬂ] define 1-dimensional spaces in the same Aut(yu()-orbit of the
Grassmannian if and only if i = j.
Combining all the results from Section 5, we obtain our main result below.

Theorem 5.19. Assume that F is algebraically closed of characteristic 0 and let n > 2. The
following elements of Z3 (8, F) parameterize the distinct orbits of Aut(uy) on the subspace
Ti(uf) of the Grassmannian G1(Hi(uf,F)), i.e. they parameterize the distinct isomorphism
classes of non-split left commutative central extensions of the n-dimensional null-filiform al-
gebra pg with 1-dimensional annthilator:

(a) Api;
(b) {Vu+plAn1 | p€F} (u=0 gives the trivial extension uf™);
(C) {Vn‘FAi,l | 2§z§n—1}

In the bicommutative case, the corresponding representatives are:

(Case n=2) (Case n > 2)
(a) Ag; (a) V,, (trivial extension puyth);
(b) {Va2+play | peF} (b) V,, + Az .

(=0 gives the trivial extension p3).

Remark 5.20. Note that Theorem 5.19 and the previous discussion only make reference to
non-split central extensions with 1-dimensional annihilator. However, it is also possible to
construct non-split left commutative central extensions of ug with 2-dimensional annihilator,
whose isomorphism classes are parameterized by the cocycles A for 2 <k < n—1. In
the bicommutative case for n > 2, also Ay is a representative of an isomorphism class of
non-split central extensions with 2-dimensional annihilator.

The explicit description of the multiplication in the central extensions referenced in The-
orems 5.7 and 5.19, in Corollary 5.8 and in Remark 5.20 can be found in the following table.
Ouly the nonzero products of the basis elements {ei,...,e,+1} are displayed.
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cocycle multiplication, 4, j € [n]

Api €i€j = €itj ifi+j<n

enel = eni1
AV €iej = €itj ifi+j<mnand (i,j) # (k1)
2<k<n-1) erel = €r41 + eny1
Vi + Aka €iej = €itj ifi+j<n+1and (i,j5) # (k1)
2<k<n-1) exe1 = €pi1 + ent1
Vi + plna €iej = €itj ifi+j<n+landi#n
(nel) ene1 = (1 + p)ept1 (1 = 0 gives the trivial extension)

Table 1: Isomorphism classes of 1-dimensional non-split left commutative and bicommutative
central extensions of the n-dimensional null-filiform algebra pg.

6 Assosymmetric, Novikov, and left symmetric central exten-
sions

6.1 Assosymmetric central extensions

Recall that an algebra A is said to be assosymmetric if it satisfies the identities

(zy)z — (yz) = (ya)z —y(22) = (z2)y — 2(2y),

for all z,y,z € A. Now, to find the assosymmetric central extensions of p{, we need cocycles
0: uy x pg — F satisfying

H(eiej, ek) — 9(6,-, ejek) = 9(€j6i, Gk) — 9<€j, eiek) = G(eiek, ej) — 9(61', 6k€j),
for all 4, j, k € [n]. Note that for the algebra pu(, these two equalities reduce to
O(ei,ejrk) = O(ej, eirr) and  O(eirj, ex) = 0(eitk, €)),

for all 4,7,k € [n], with the usual convention that e, = 0 if m > n. This means that every
assosymmetric cocycle of g is in ZQBC (g, F). On the other hand, it is easy to see that every
element from Z%.(uf,F) is an assosymmetric cocycle.

6.2 Novikov central extensions

Recall that an algebra A is said to be Novikov if it satisfies the identities

(zy)z = (z2z)y and (2y)z — z(y2) = (yz)2 — y(*2),

for all z,y,2z € A. Now, to find all the Novikov central extensions of p, we require cocycles
0: uy x pg — F satistying

O(eiej,er) = O(eier,ej) and O(eje;, er) — O(e;, ejer) = 0(ejei, ex) — 0(ej, eiex),
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for all 4, j, k € [n]. For the algebra p{, these identities reduce to
O(eivj,er) = 0(eirr,ej) and O(e;ejrr) = 0(ej, eirn),

with e, = 0 if m > n. As these are exactly the identities for the bicommutative cocycles of
Z%(uf,F), this case also reduces to the bicommutative case.

6.3 Left symmetric central extensions

Recall that an algebra A is said to be left symmetric if it satisfies the identity

(zy)z — 2(yz) = (yz)2 — y(=2),

for all z,y,z € A. To find all the left symmetric central extensions of uf, we need cocycles
0: uy x pg — F satisfying

O(eiej, er) — O(es, ejer) = O(ejei, er) — O(ej, eier),
for all 4, j, k € [n]. Note that for the algebra pufj, we obtain just the relation
H(Eiv ejJrk) = 9(€j7 eiJrk)v for all i, ], ke [n]7

where e, = 0 if m > n. Thus, 6 is the same as a left commutative cocycle from Z%C(MS,F),
and it follows that this case reduces to the left commutative case.
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