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ABSTRACT. Consider a periodic function f of two variables with
symmetry I' and let £ C T' be the subgroup of translations. The
Fourier expansion of a periodic function is a sum over £*, the dual
of the the set £ of all the periods of f. After projecting f, some of
its original symmetry remains. We describe the symmetries of the
projected function, starting from I' and from the structure of £*.

1. INTRODUCTION AND PRELIMINARIES

An usual method of studying bifurcation [5] on problems equivariant
under the Euclidean group E(2) is to look for periodic solutions — see
2,3, 4]. If f : R* — R has two noncolinear periods then its symmetry
group is a plane crystalographic group, I' < E(2), and its level sets form
a periodic pattern.

We start with a pattern in R? and project it into R. What are the
symmetries of the projected pattern? This question is addressed in [6].
The new pattern, the level sets of a function in R, may be periodic or
invariant under reflections. We relate the existence of these symmetries
to properties of I' and of £*, the dual of the set £ of all the periods of
f. The set L£* arises naturally in the Fourier expansion of f and the
symmetries in I' impose restrictions on Fourier coefficients.

We write elements of E(2) = R*+0(2) in the form (vs,d), whith
vs € R? representing a translation and § € O(2). They act in f :
R? — R with the scalar action (see [7]):

(v5,0) - f(x) = f((v5,0)"") - 2) = f(6"w — 0 wp).

We assume that T' is a plane crystalographic group — see [1, 8] for
general results and definitions. Denote by £ the subgroup of the trans-
lations in I', a module over the integers, also called a lattice. If f is
[-invariant, then in particular elements of £ are periods of f. A pattern

and the lattice £ may not have the same symmetries: see figure 1.
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FIGURE 1. a) The lattice (black dots) is not invariant un-
der the glide reflection transforming the grey motive into
the darker one. However this is a symmetry of the lighter
pattern. b) The lighter pattern is not invariant under the
reflection on the black line, although this is a symmetry of
the lattice (black dots).

2. SYMMETRIES AND PROJECTION

Let Xt be a vector space of I-invariant functions f : R? — R,
having unique formal Fourier expansions of the form:

flay) = wilz,y)C(k),

keLl*

where £* is the dual lattice and wy(z,y) = 2™ <k@v)>

The elements of £* are k € R? such that < k,l >c Z for all | € L,
where < k,l > is the usual inner product in R?.

Given gy > 0, define the projection of a function f € Xr to be the
function

kux@=iéwﬂ%ymy ey R

We assume that in Xt we have,

Yo
1L,(N@) = Y [ anle)Clkldy
kecx 0
and that Xt contains, for all & € L£*, the real and imaginary parts
of In(z,y) = > scywor(—vs)wsk(x,y), where J ~ I'/L is the largest
subgroup of O(2) that leaves £ invariant. Notice that these are the
simplest [-invariant functions.

The first step in obtaining the symmetries of the projected functions
is to relate the (vq, @)-invariance to restrictions on I' and on £*. This
is the main result in this paper: Proposition 2.1, below.

For a € {1, -1}, let ay € {I,—0} and a_ = oay € {0, —1}, where

a 0 1 0
a+:(0 1) and a:(o _1>.

Note that a+ = a3' and o = o~ 1.
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Proposition 2.1. All functions in 11, (Xr) are invariant under the
action of (va, ) € R+O(1) if and only if one of the following condi-
tions holds:
A. (vy,ay) €T and for each k € L*,
either < k, (0,y0) >€ Z — {0} or < k,vy — (v,,0) >€ Z,
B. (v_,a_) €T and for each k € L*,
either < k, (0,y0) >€ Z — {0} or < k,v_ — (v, Y0) >€ Z,
C. (vg,0), (vy,ay) € T and, for each k € L*, one of the conditions
C1, C2 or C8 below holds:
Cl. <k, (0,y0) > Z — {0},
C2. <k,vy — (v,,0) >€ Z,
C3. < k,v, — (0,40) > +1 € Z.

A more concise formulation of this result is possible using the subsets
of L* defined below. Let M?* and M?* be the modules

M, ={ke Ll :<kvy— (va,0) > Z} and
M =Ake Ll <k — (va,yo) >E€E Z},
and let
Ny ={ke L <k (0,y0) > Z—{0}},
Ni={keLl :<kuv,—(0,y0) >+1/2€Z}.
The last two sets are not modules. The smallest modules generated by
each of them are, respectively, N = Ny UM; and Nj = N U M;,
where all the unions are disjoint and M = and M; are the modules
M ={ke L <k, (0,y)>=0} and
M:={keLl":<kv,—(0,y0) >€ Z}.
Properties of N: Let my,my € Z. If g1, go € N} then

*

it my + mgy even
@ gy mage © { NZ it my +my odd

Proposition 2.1 can therefore be written the following way:

Proposition 2.2. All functions in 11, (Xr) are invariant under the
action of (va, ) € R+O(1) if and only if one of the following condi-
tions holds:

A (vy,aq) €T and L5 = N, UMY,

B. (v_,a_) €T and L* = N} UM*,

C. (vo,0), (v, ap) €T and L% = N UM UN.

For D(k1) = > 4,k o)ecs C(k1, k2) o wiy (y)dy, the projection of
f € Xr may be written, with £ = {k; : (k1, k2) € L*}, as

Iy (f)(x) = Y wr (2)D(ky).

kieLy
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Thus I1,,,(f) is (v, a)-invariant if and only if

@) Y wn@Dh) = Y i (o aer, (~a v Dlk),
kieLy kieLs
or, equivalently, D (ki) = wy, (—va)D(a ky), for all ki € L.

In the next section we show that each condition of Proposition 2.1
leads to the restrictions on the coefficients D(k;) above. Reciprocally,
when those restrictions are imposed on the projection of I(z,y), for
all k € L£*, this implies the conditions of Proposition 2.1.

3. PROOF OF PROPOSITION 2.2

Let f € Xr and (va, @) € R+O(1). If I, (f) is (va, @)-invariant then
I, (f)(z) = Iy, (f) (e * — v v,), which is equivalent to (2). The right
hand side of (2) equals Zkleq Waky (T)Wak, (Vo) D(k1). Since a(L]) =
(L7) and Fourier expansions are unique, then for each ky € L, we
have:

(3) D(ky) — wi, (—va)D(a kq) = 0.

Proof — sufficiency. The difference in (3) may be written as

@ > Clh k)Gt [ iy

kQZ(kl,kQ)EL*

In each case we compute G(ky, k2) and use the conditions on L£*.
Suppose a; € J. Then all the Fourier coefficients of any f € Xr
satisfy C'(k) = wi(—vy)C(a k) and G(ky, k) = 1 — wi(vy — (vq,0)).
Thus G(ki1, ko) = 0if < kv, — (v4,0) >€ Z.
If (v_,a_) €T then G(ki,k2) =1 — wr(v- — (va, o)), since

(5) / " i)y = i) / " o w)dy.

Then G(kl,kg) =0if < ]{?,U_ — (Ua,y()) >e 7.

When both (vy, ) and (v_,a_) lie in I" then
G (K1, k2) = 14wk (Vo )wr, (—y0) =Wk, (—va) (Wi(vs) + wi(v- )k, (—40)) -
Using wy(v_) = wg (v )wi(ovy) and wy(ovy —vy) =1 we get

G (K1, k2) = (1 = wi(vy = (0a,0))) (1 + wi(vs = (0, 90))) -

If either 1 — wi(vy — (v4,0)) = 0 or 1 + wi(v, — (0,40)) = 0 then
G(ky, k2) = 0.

It follows from the conditions on L£* that for each £ € L* either

o wiy (y)dy = 0 or G(ky, k2) = 0 and thus (3) holds for all k € £*. [

Proof — necessity. For D'(6, k) = wsi(—vs) [} wekl,(y)dy, the projec-
tions of I, with k € L*, are

O, (L)) = Y wi(@) Y, Dk,

k1€Jk|1 ko:(k1,k2) €Tk
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where 0k|; denotes the ;% coordinate of k. If I, (I}) is (va,)-
invariant then, by (3),

> DI(6,k) —wi (—va) Y D'(6,k) =0,

seJL (k) sedo (k)

where JI(k) = {06 € J: 0k|y =k} and J¥(k) = {0 € J: 0k|s = aki}.
Let J} = {I,o}NJ and J* = {a,,a_} NJ. We list some proper-
ties of JI(k) and J¥(k) in Lemma 3.1 below. Then we describe the
set O* = {keLr: J(k)=J" A J*k)=J*} in Lemma 3.2. A ge-
ometrical characterization of the complement of O* in L£* is given in
Lemma 3.3 and in Lemma 3.4 we reformulate the cases of Lemma 3.2
in terms of £* instead of O, completing the proof. O

Lemma 3.1. For k € L*, the sets JI(k) and J*(k) satisfy:

1. J(k)y={6€J: k=kVok=ok}.

2. Jk)={0€J: dk=a,kViok=a_k}.

8. I cIJ(k), J*C J¥k) and J'(0,0) = J*(0,0) = J.

4. Let k = (ki, ko) # (0,0). If § € JI(k) — J! then 5k = (ky, —|5|k2)
and if 6 € J*(k) —J* then 6k = a(ky, —|d|ks), where |.| is the determi-
nant.

Proof. Properties 1. and 2. follow by orthogonality of J and Property
3. is imediate from this and the definitions.

For property 4, let § € J/(k) —J! and k # (0,0). If 6k = k then
|| = —1, since an element of O(2) with determinant 1, other than the
identity, does not fix any point besides the origin. Similarly if 0k = ok
then |00| = —1 and |§] = 1. Now suppose 6 € J*(k)—J* and k # (0,0).
Thus, either ay§ = k or a, 6 = ok. As a0 € JI (k) —J!, we may apply
the previous result to a9, and the property follows. O

Lemma 3.2. Suppose that 3 5514y D'(6, k) = wi, (—va) D s5egaq D' (6, k)
for all k = (k1, ko) € L*. Then one of the following cases holds:

1. J'={I}, J* =0 and O* C N,
2. 3 ={I,0},3J* =0 and O* C (N UN}),
3. I ={I}, J* ={ay} and O* C (N, UM?),
4. I =A{1}, J* ={a_} and O* C (N UM*),
5. 3 ={I,0}, 3* = {as,a_} and O* C (N, UM UN).

Proof. If J* = () and k € O* then by hypothesis > ;5 D'(0,k) =
0. By (5), if 0 € J then (1+wi(vs — (0,90))) J;° wk,(y)dy = 0 and
T w, (y)dy = 0if o ¢ J. Cases 1 and 2 follow because [ w, (y)dy =

0 implies & € N5 and 1 + wi(vs — (0,90)) = 0 implies k € N

In case 3 we have (1 — wy, (—va)wi(vy)) [7° wiy(y)dy = 0 and the
result follows because 1 — wy, (—va)wi(vy) = 0 implies k € M.

In case 4, (1 — wg, (—va)wi (v )wiy (=Y0)) J3° Wk, (y)dy = 0 and either
ke N or 1 —wy (—va)wi(v-)wk,(—yo) = 0, which implies k € M*.
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The hypothesis in case 5 yelds G(ki, k) [} wi, (y)dy = 0, where

G (K, k2) = 14wk (v0)wh, (—Y0) = Wiy (—va) (Wi (V) + wr(v-)wk, (=40)) ,
as in the proof of sufficiency in Proposition 2.1. Therefore, either k €
N, or G(ky, ky) = 0. In the second case either (1 — wy(vy — (va,0))) =
0 or (1 +wk(ve — (0,y0))) = 0 and the result follows. O

Let P* = {k e L*: JI(k)#JI' v J*(k) # J*} be the complement
of O* in L*.
Lemma 3.3. P* lies in a finite union of lines through the origin.

Proof. 'P* may be written as a finite union of submodules

Pr=J M5u (| M,
§eJ-J1 seJ—Je
for M, ={k € L*: 0k = (K1, —|d|k2)} and § = I, . If § is a rotation
then for k € Mj, we have 6k = £(k1, —kz), i.e., k lies on the line fixed
by +0d. Therefore M3, is the intersection of those lines with L*.
Similarly, if ¢ is a reflection then Mj, is the intersection of £* with a
line fixed either by ¢ or by —9. O

Lemma 3.4. If 3 5. 514y D'(6, k) = wiy (—va) D gegay D'(0, k) for all
k = (ki,ke) € L*, then one of the following cases holds:
A J¥={ay} and L = N UM,
B.J* ={a_} and L* = N UM*,
C. J*={ay,a_} and L* = N UM} UN;.
Proof. Let k € £* — {(0,0)} and observe that
(6) (M;, NP*) = {(0,0)} = 0.

Let g = (1/n)k € L*, n € Z, have minimal norm and choose h € L*
such that £* = {g,h},. Let Qf = {k+mh:m € Z}. Since Qj is
contained in a line in R? that does not go through the origin, by Lemma
3.3, the set Q; NP~ is finite.

For k € £* —{(0,0)} there are three possibilities for Qf N N :
it is either the empty set, or a set with only a point, or an infinite
set of equally spaced points. This happens because ./\/;;“O is a module

and if k + mih # k + moh € Qi NN, then (my —my)h € N
and {k +mih + m(mg —my)h : m € Z} is a subset of (Qf NN ). A
characteristic period, 7, is given by the smallest difference between
two elements of Qf N ./\/';0.

The same three possibilities hold for Q; NNZ. Although A is not a
module, the smallest difference between two elements of QZﬂ/\/’ = defines
a period 7, € M?*, by (1). Thus, whenever Q; NN has more than one
element, if k +myh € N then {k +mih +m7, : m € Z} = Q; NN,

Repeating the construction for Qp N M?% and Qp N M* we may
define characteristic periods 7, and 7_, respectivelly, when these sets
have more than one element.
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We complete the proof following the cases of Lemma 3.2.

Case 1). From L* = N UP* we get M; C P* and, by (6),
M ={(0,0)}. Moreover, Q; NN must be infinite because Q; NP*
is finite. Thus, the period 7, exists and Q} — /\ﬁ is either empty or
infinite. From (Q; — N;) C (Q; N P*) it follows that £* = N} . Since
o € J, then My # {(0,0)} and so case 1) cannot occur.

Case 2). Here £* = N UN; U P* which, by (6), implies M} C
(N;U{(0,0)}). Moreover, M # {(0,0)} since 0 € J. Suppose
ke M and k # (0,0), then, k € N* and 2k € M, . However,
2k ¢ N*, by ( 1), and so case 2) is also impossible.

Case 3). We follow the arguments of case 1) using the least common
multiple of the existing periods, 7,, or 7, instead of 7,,. Therefore
ke (N UM?) and condition A follows because (0,0) € M.

Case 4). This is like case 3) with M* and 7_ instead of M? and 74,
yelding condition B.

Case 5). Here Q; — (N UM UN;) = 0 because at least one of
the periods 7, 74 or 7, exists and condition C follows. O
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