The Topology of Higgs Bundle Moduli Spaces

Peter Beier Gothen

This thesis is submitted in partial fulfilment of the requirements for the degree of Doctor of Philosophy at the University of Warwick.

The Mathematics Institute, University of Warwick, Coventry.

August 1995

To Sofia

Contents

Acknowledgements iii

Declaration v

Summary vii

1 Introduction 1

2 General Facts 7 2.1 Higgs Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 Flat Bundles and Higgs Bundles . . . . . . . . . . . . . . . . . 11 2.2.1 The Theorem of Donaldson and Corlette . . . . . . . . 11 2.2.2 Hitchin’s Equations and Simpson’s Theorem . . . . . . 12 2.3 Morse Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.3.1 The Morse Function . . . . . . . . . . . . . . . . . . . 17 2.3.2 Critical Points and Morse Indices . . . . . . . . . . . . 17 2.4 Q-bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.4.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.4.2 The Higgs Bundle Associated to a Q-bundle . . . . . . 21

3 The Moduli Space of Rank 3 Higgs Bundles 23 3.1 Statement of the Result . . . . . . . . . . . . . . . . . . . . . 23 3.2 Strategy of Proof . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.3 Critical Points of Type (1, 2) and (2, 1) . . . . . . . . . . . . . 28 3.4 Critical Points of Type (1,1,1) . . . . . . . . . . . . . . . . . . 33 3.5 Calculation of the Morse Indices . . . . . . . . . . . . . . . . . 38

4 The Moduli Space of Flat Sp(2n, R)-connections 41 4.1 Milnor-Wood Type Inequalities . . . . . . . . . . . . . . . . . 41 4.1.1 A Proof Using Higgs Bundles . . . . . . . . . . . . . . 41 4.1.2 The Extremal Case . . . . . . . . . . . . . . . . . . . . 43 4.2 The Components of M_{Sp(4,R)} . . . . . . . . . . . . . . . . . . . 46 ii 4.2.1 Statement of the Result . . . . . . . . . . . . . . . . . 46 4.2.2 Strategy of Proof . . . . . . . . . . . . . . . . . . . . . 48 4.2.3 The Structure of the Critical Points . . . . . . . . . . . 48 4.2.4 The Spectral Curve . . . . . . . . . . . . . . . . . . . . 53 4.2.5 The d = 0 case . . . . . . . . . . . . . . . . . . . . . . 56 4.2.6 The d = 2g − 2 case . . . . . . . . . . . . . . . . . . . 56 4.2.7 The 0 < d < 2g − 2 case . . . . . . . . . . . . . . . . . 60 4.3 Fibrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Acknowledgements

First of all, my gratitude goes to my supervisor, Professor Nigel Hitchin, for teaching me so much and for all his generous help. His enthusiasm made work a pleasure.

I am also very grateful to Ib Madsen, who taught me a lot and did much for my interest in mathematics.

Thanks to Dietmar Salamon, who handled the paperwork related to the submission and examination of this thesis.

Many thanks to Alastair King, for informing me about the material of Section 2.4. And to all the people with whom I had many interesting mathematical discussions; in particular to Sergio Santa Cruz and to Thomas Mielke, who also suggested the use of Maple when calculations became unbearable.

Last, but not least, I thank all those people in Århus, Warwick, and Cambridge, who made my time as a student such an enjoyable one.

I gratefully acknowledge financial support from the Faculty of Science of the University of Aarhus, the Danish Research Academy, and the Danish Science Research Council.

iv

Declaration

The work in this thesis is, to the best of my knowledge, original, except where attributed to others.

The material of Chapter 3 is a revised version of material which has been submitted for the degree of cand. scient. at the University of Aarhus, Denmark, 1993, and which has been published as: P. B. Gothen, The Betti numbers of the moduli space of rank 3 Higgs bundles, Internat. J. Math. 5 (1994), 861–875.

vi

Summary

We use the interpretation of the moduli space of flat connections on a Riemann surface in terms of Higgs bundles to study the topology of these spaces.

We calculate the Betti numbers of the moduli space of stable Higgs bundles of rank 3 and degree 1 with fixed determinant, which is homeomorphic to the space of representations of a universal central extension of π_1Σ, in SL(3, C ). The calculation is done using Morse-Bott theory. The critical submanifolds are closely related to the moduli spaces of vortex pairs.

We study the moduli space of flat reductive Sp(2n, R)-bundles and, using Higgs bundles, we obtain an easy proof of a Milnor-Wood type inequality. Furthermore, we study the number of connected components of the moduli space in the case n = 2.

viii

Chapter 1

Introduction

Let Σ be a closed surface of genus g ⩾ 2, and let G be a Lie group. There has been continuing interest in studying the space of representations

M = Hom(π_1Σ, G)/G,

where G acts by conjugation. From the point of view of gauge theory, M is the moduli space of flat G-connections modulo gauge equivalence: the flat principal G-bundle associated to a representation ρ: π_1Σ → G is

P = Σ̃ ×_{π1Σ} G,

where Σ̃ is the universal cover of Σ, and π_1Σ acts on G through ρ by conjugation. For simplicity, assume that G = SU(n). Then, there is a rank n complex vector bundle E associated to P , and the flat connection on P induces a ¯∂-operator on E. Over a surface, this is always integrable and so, E acquires the structure of a holomorphic bundle. It turns out that with this holomorphic structure, E is semi-stable, i.e.,

deg(F ) rk(F ) ⩽ deg(E) rk(E) , for all holomorphic subbundles F ⊂ E. The number deg(E)/ rk(E) is usually denoted by μ(E) and called the slope of E. When E is an SU(n)-bundle, μ(E) = 0, but the notion of stability is important for holomorphic bundles of arbitrary degree. A bundle E is said to be stable if strict inequality holds above, for all non-zero proper subbundles of E. Finally, E is said to be poly-stable if it is a direct sum of stable bundles.

Algebraic geometers have studied the problem of constructing moduli spaces of vector bundles, and it turns out that it is not possible to give the space of isomorphism classes of all bundles on Σ the structure of a variety. However, Mumford showed that by restricting attention to semi-stable bundles, one can obtain a good moduli space.

There is, therefore, a map from M to the moduli space of semi-stable bundles of rank n and degree 0, given by taking a flat connection to the semi-stable holomorphic structure induced by it. The famous theorem of Narasimhan and Seshadri [26] states that this map is a homeomorphism.

Higgs bundles were introduced by Hitchin [19] and are of interest for a variety of reasons. One is that they provide the framework for the generalisation of the theorem of Narasimhan and Seshadri to non-compact groups. From the point of view of gauge theory, a Higgs bundle over Σ is a pair (A, Φ), where A is a unitary connection on a C^∞ complex vector bundle E and Φ ∈ Ω^{1,0}(Σ; End(E)), satisfying Hitchin’s equations. These are a set of elliptic non-linear differential equations for A and Φ, and one consequence is that Φ is holomorphic with respect to the holomorphic structure on E induced by A.

From the holomorphic point of view, a Higgs bundle is a pair (E, Φ), consisting of a holomorphic vector bundle E and a Higgs field

Φ ∈ H^0(Σ; End(E) ⊗ K),

where K, as usual, is the canonical bundle on Σ. There is a generalisation of the above notion of stability to Higgs bundles: the condition is the same but it only applies to Φ-invariant subbundles of E. A solution to Hitchin’s equations gives rise to a holomorphic Higgs bundle by giving E the holomorphic structure induced by the connection A, and this Higgs bundle turns out to be poly-stable. Moduli spaces of Higgs bundles can be constructed both from the gauge theory point of view (this was done by Hitchin [19]) and from the algebro-geometric point of view (done by Nitsure [27] and Simpson [30]).

The analogue of the theorem of Narasimhan and Seshadri, that the moduli space of solutions to Hitchin’s equations is isomorphic to the moduli space of poly-stable Higgs bundles, is true. It was proved by Hitchin [19] in the case of bundles of rank 2 and, in greater generality, by Simpson [28].

Hitchin observed that if (A, Φ) is a solution to his equations, the connection A+Φ+Φ^∗ is a flat SL(n, C ) connection. If B is any SL(n, C )-connection, choosing a Hermitian metric on the bundle allows one to write B = A+Φ+Φ^∗ for a unitary connection A and a Higgs field Φ. It is a theorem of Donaldson [13] and, more generally, Corlette [10], that when B is a flat reductive connection, there exists a metric on E such that the associated pair (A, Φ) satisfies Hitchin’s equations. Thus, the moduli space of flat reductive SL(n, C )-connections is isomorphic to the moduli space of poly-stable Higgs bundles of rank n and degree 0.

Other vector bundles with extra structure have been studied extensively. One example is that of the vortex pairs of Bradlow [6], which consist of a bundle together with a section. There is a stability condition for these, involving a parameter, and stable pairs correspond to solutions of the vortex equation, which also involves a parameter. The moduli spaces of vortex pairs have been studied carefully by Thaddeus [31]. He shows that the moduli spaces for different values of the parameter are related and, among other things, uses this to calculate their Betti numbers, and to prove the Verlinde formula.

A generalisation of the vortex pairs are the triples of Bradlow and García- Prada [9], which consist of a pair of bundles and a map between them. These, and also Higgs bundles, are examples of the Q-bundles of Alastair King. We shall not give the definition here, but refer the reader to Section 2.4 for details. There is a stability condition for Q-bundles, which involves a number of parameters. This is a generalisation of the stability condition for vortex pairs and triples.

For certain Q-bundles there is an obvious way of defining an associated Higgs bundle and vice versa. For a special value of the parameters involved in the stability condition for Q-bundles, it is obvious that Higgs bundle stability implies Q-bundle stability. We show that the converse is true for a particularly simple kind of Q-bundle.

In this thesis, we shall use the interpretation of the moduli space of flat connections in terms of Higgs bundles to study the topology of some of these spaces. An important ingredient is the theorem about Q-bundles mentioned above. We have two main results.

The first is a calculation of the Betti numbers of the moduli space of stable Higgs bundles of rank 3 and degree 1 with fixed determinant. This is the space of representations of a universal central extension of π_1Σ, in SL(3, C ). The reason for considering this space, instead of the space of representations of π_1Σ, is that it is smooth, which is necessary for the calculation to work. We follow the Morse theory approach of Hitchin’s calculation in [19] in the rank 2 case, using the L^2-norm squared of the Higgs field as a Morse-Bott function. The main new ingredient lies in the determination of the critical submanifolds of the Morse function: this involves Bradlow’s vortex pairs mentioned above, and as a result, we see the moduli space of rank 2 vortex pairs, for certain values of the parameter, inside the moduli space of Higgs bundles. The proof of this is an application of the theorem about Q-bundles. In order to carry the calculation through, we use Thaddeus’ calculation in [31] of the Betti numbers of the vortex moduli spaces.

The other result is a study of the number of connected components of the moduli space of flat reductive Sp(4, R)-connections on the surface Σ. Even though Sp(4, R) is a real group, there is an interpretation in terms of Higgs bundles (see Section 2.2 for details). The idea to use Higgs bundles to study flat connections for a real group is due to Hitchin [19] and [21].

The idea is again to use ‖Φ‖^2 as a Morse-Bott function. However, the moduli space is not smooth, so this approach does not work directly. For this reason, we use topological invariants of the Higgs bundles to distinguish subspaces of the moduli space, each of which is a union of connected components. It is a consequence of Uhlenbeck’s weak compactness theorem that the function ‖Φ‖^2 is proper so, if we can show that on each of these subspaces the space of local minima of ‖Φ‖^2 is connected, it follows that these subspaces are in fact connected components.

The most obvious of these topological invariants is the first Chern class, d, of the complex vector bundle obtained by a reduction of structure group to the maximal compact subgroup U(2) ⊂ Sp(4, R). Denote the corresponding subspace of the moduli space of flat Sp(4, R)-connections by M_d. From the Higgs bundle point of view, a well-known Milnor-Wood type inequality can easily be proved; this states that |d| ⩽ 2g − 2. Furthermore, in the extremal case |d| = 2g − 2, we show that there is an isomorphism between M_d and the moduli space of poly-stable Higgs bundles of rank 2 with a nondegenerate quadratic form, where the Higgs field is symmetric with respect to the quadratic form and twisted by the square of the canonical bundle. The main point of the proof is to show that the stability conditions coming from the two different points of view are identical. The proof of this is another application of the theorem about Q-bundles.

The Higgs bundles with a quadratic form have structure group O(2, C ) and hence, we get the Stiefel-Whitney classes w_1 and w_2 as further topological invariants, when |d| = 2g − 2. The case of w_1 = 0 is relatively simple to treat but, when w_1 ≠ 0, we need to use the spectral curve introduced by Hitchin in [20], and the mod 2 index theorem of Atiyah-Singer to identify the local minima of the function ‖Φ‖^2 and show that they form connected subspaces.

When |d| < 2g − 2, we conjecture that the subspaces M_d are connected but, we are only able to prove this when d = 0. We can, however, show that M_d ≠ ∅, and this gives a lower bound on the number of connected components of M_{Sp(4,R)}. We also discuss two possible approaches to a general proof.

This thesis is organised as follows:

In Chapter 2, we collect some general facts. Section 2.1 is an introduction to Higgs bundles. In Section 2.2, we describe how to interpret flat bundles in terms of Higgs bundles, and which Higgs bundles correspond to flat Sp(4, R)-bundles. The Morse theory approach to studying the moduli space of Higgs bundles is reviewed in Section 2.3. Section 2.4 is a brief introduction to Q-bundles, and we prove the theorem about Q-bundles mentioned above.

Chapter 3 contains the calculation of the Betti numbers of the moduli space of Higgs bundles of rank 3 and degree 1. The result is stated in Section 3.1, while the structure of the argument is explained in Section 3.2. Sections 3.3, 3.4, and 3.5 are taken up by the details of the calculation.

In Chapter 4, we study the moduli space of flat reductive Sp(2n, R)-connections from the point of view of Higgs bundles. Section 4.1 contains a proof, using Higgs bundles, of a well-known Milnor-Wood type inequality. In Section 4.2, we are concerned with the main result of the chapter. This is the study of the number of connected components of the moduli space when n = 2. Finally, in Section 4.3, we briefly mention a possible application of the aforementioned result to 4-manifolds, which are fibred over a surface.

6

Chapter 2

General Facts

2.1 Higgs Bundles

Let G^c be a complex semisimple Lie group and let G_0 ⊂ G^c be the maximal compact subgroup. Denote the Lie algebras of these groups by g^c and g_0, respectively. Thus g^c has a compact real structure σ; the +1 eigenspace of σ is g_0, and the −1 eigenspace we denote by g^⊥_0 (this is the orthogonal complement of g_0 with respect to the Killing form).

Let Σ be closed Riemann surface of genus g ⩾ 2 and let P be a principal G_0-bundle on Σ, then we have the adjoint bundle

Ad P = P ×_{Ad} g_0.

Denote by P^c the G^c-bundle corresponding to P , then Ad P^c has a real structure induced by σ which, for simplicity, we shall call σ as well. Of course the corresponding real subbundle is just Ad P (in other words Ad P^c = Ad P ⊗C ). From the point of view of gauge theory, a G_0-Higgs bundle is a pair (A, Φ) consisting of a connection A on P and a (1, 0)-form Φ ∈ Ω^{1,0}(Σ; Ad P^c) satisfying Hitchin’s equations

F (A) − [Φ, σ(Φ)] = 0 (2.1) ¯∂_AΦ = 0. (2.2)

Here ¯∂_A is the (0, 1)-part of the covariant derivative d_A defined by the connection A.

Now, suppose that G_0 = SU(n) and G^c = SL(n, C ); we thus have an associated vector bundle E = P ×_G C^n . Let (A, Φ) be a solution to Hitchin’s

equations; then A defines a holomorphic structure on E through ¯∂_A and equation (2.2) shows that Φ is a holomorphic section of End_0(E) ⊗ K. Here

End_0 denotes the trace-free endomorphisms and, as usual, K is the canonical bundle of Σ. From a holomorphic point of view a Higgs bundle can thus be considered as a pair (E, Φ), where E is a holomorphic vector bundle and Φ ∈ H^0(Σ; End_0(E) ⊗ K).

Note that, from this point of view, there is no need for the Higgs field to be twisted by the canonical bundle K; the concept makes equally good sense for Φ ∈ H^0(Σ; End(E) ⊗ L), for any holomorphic linebundle L. Furthermore, in the present description the holomorphic determinant bundle of E is Λ^nE = O but, of course, there is no need to specify Λ^nE in the definition of a Higgs bundle and, correspondingly, no need to require Φ to be trace-free.

Finally, one can define Higgs bundles from a principal bundle point of view: if G^c is a complex Lie group, a G^c-Higgs bundle is a pair (P^c, Φ), where P^c is a holomorphic principal G^c-bundle and Φ ∈ H^0(Σ; Ad P^c ⊗ L) for some fixed holomorphic linebundle L. When G^c ⊂ GL(n, C ), a G^c-Higgs bundle gives rise to a Higgs bundle in the vector bundle sense, in general with some extra structure reflecting the definition of G^c—we shall see an example of this with G^c = Sp(2n, C ). In this thesis we shall stick mainly to the vector bundle point of view.

Let us now describe the notion of stability of Higgs bundles, introduced by Hitchin [19]. The slope of a Higgs bundle is defined to be the slope of the underlying vector bundle: μ(E) = deg(E) rk(E) . Furthermore, a subbundle F ⊂ E is called Φ-invariant if Φ(F ) ⊂ F ⊗ K; in other words, (F, Φ) is a sub-Higgs bundle of (E, Φ). A Higgs bundle is said to be stable if for any non-trivial proper Φ-invariant subbundle F the inequality μ(F ) < μ(E) (2.3)

holds. It is called poly-stable if it is a direct sum of stable Higgs bundles. Finally it is called semi-stable if equality is allowed in (2.3).

Next we come to the connection between the gauge theoretic and the holomorphic point of view. Let P be a principal bundle with structure group G_0 = SU(n) and let (A, Φ) be a solution to Hitchin’s equations on P . Then a vanishing theorem (see Hitchin [19] and Simpson [28]) states that the corresponding Higgs bundle (E, Φ) is polystable. The theorem of Hitchin and, more generally, Simpson, provides the converse.

Theorem 2.1 (Hitchin [19] and Simpson [28]). Let (E, Φ) be a polystable Higgs bundle. There is a unique Hermitian metric on E such that

2.1 Higgs Bundles 9

the pair (A, Φ) satisfies Hitchin’s equations (2.1) and (2.2). Here, A is the unitary connection determined by the Hermitian metric and the holomorphic structure on E.

Our objects of study are various moduli spaces of Higgs bundles. The above theorem allows these to be considered from the point of view of both gauge theory and algebraic geometry.

We denote by A the space of connections on P ; this is an affine space modeled on Ω^1(Σ; Ad P ). We denote by Ω the space of Higgs fields Ω^{1,0}(Σ; Ad P^c). Denote the space of solutions to Hitchin’s equations by C ⊂ A × Ω and let G = Ω^0(P ×_{Ad} G_0) be the gauge group. From the point of view of gauge theory

the moduli space is then M = C/G. The usual type of arguments, involving Sobolev completions, shows that around irreducible solutions to the equations M has the structure of a smooth manifold. However, in general M will have singularities. For details in the rank 2 case see [19].

From the point of view of algebraic, or holomorphic, geometry, we are considering the space of polystable Higgs bundles (E, Φ) modulo isomorphism. From this point of view, moduli spaces of Higgs bundles have been constructed by Nitsure [27] and in greater generality by Simpson [30]. From Theorem 2.1 it follows that M and the algebraic geometry moduli space M_{alg} are diffeomorphic (actually, the holomorphic structure can also be seen on M and it is then isomorphic to M_{alg}). From now on, we shall identify the two and denote them by M.

We shall need the description of the space of infinitesimal deformations T of a Higgs bundle (P^c, Φ) given by Biswas and Ramanan in [5]. This is the first hypercohomology of the complex of sheaves

0 → Ω^0(Σ; Ad P^c)^{ad(Φ)}−−−→ Ω^{1,0}(Σ; Ad P^c) → 0,

where Ω^{p,q}(F ) denotes the sheaf of smooth sections of the bundle of F -valued (p, q)-forms. From this, one easily obtains the 5-term exact sequence, first described by Nitsure [27]:

H^0(Σ; Ad P^c)^α→ H^0(Σ; Ad P^c ⊗ K)^β→ T γ → H^1(Σ; Ad P^c)^δ→ H^1(Σ; Ad P^c ⊗ K), (2.4)

where α and δ are induced by the map of sheaves

ad(Φ): O(Ad P^c) → O(Ad P^c ⊗ K), (2.5)

β maps a variation Φ̇ of the Higgs field to (0, Φ̇), and γ maps a variation (Ȧ, Φ̇) to the variation in the bundle Ȧ. The Higgs bundle (P^c, Φ) corresponds to a smooth point of M exactly when α is injective, or, equivalently, δ is surjective, and in this case T is the tangent space to M. The dimension of T can be calculated from the Riemann-Roch formula.

2.2 Flat Bundles and Higgs Bundles

In this section we give a summary of the connection between flat bundles and Higgs bundles, in order to establish notation, and to have a convenient reference for some key facts.

2.2.1 The Theorem of Donaldson and Corlette

The theorem of Donaldson [13] and, more generally, Corlette [10] provides a way of choosing a preferred metric on a flat bundle. In this subsection we review their results.

Let G be a Lie group, and let ρ: π_1Σ → G be a representation of the fundamental group of the surface in G. This representation corresponds to a principal G-bundle P = Σ̃ ×_ρ G, with a flat connection, which we denote by B. Here Σ̃ is the universal cover of Σ, and π_1Σ acts on G via Ad ∘ρ.

Let H ⊂ G be a maximal compact subgroup. By a metric on P , we mean a section σ^′ of the bundle P/H = Σ̃×_ρ G/H, or, equivalently, a π_1Σ-equivariant map σ : Σ̃ → G/H. To see the reason for this terminology, think of the case G = GL(n, C ) and H = U(n). In this case, σ^′ defines a Hermitian metric in the associated vector bundle.

Having a metric on P is equivalent to having a reduction of the structure group of P , from G to H. Thus, a metric defines an inclusion of a principal H-bundle i: P_H → P. The maximal compact subgroup H is characterized as follows: the Killing form, restricted to h, is negative definite and h is maximal with this property. Let h^⊥ be the complement of h with respect to the Killing form, so that g = h ⊕ h^⊥. The adjoint representation of G splits correspondingly, as the direct sum of Ad_h and Ad_h⊥ . Hence we obtain a splitting of Ad P into the Whitney sum Ad_h P ⊕ Ad_h⊥ .

Note that Ad_h P = Ad P_H . Thinking of the connection B as an element of Ω^1(P ; g), we can write i^∗B = A + θ, where A ∈ Ω^1(P_H ; h) defines a connection in P_H , and where θ ∈ Ω^1(P_H ; h^⊥) is a tensorial form, and therefore defines an element of Ω^1(Σ; Ad_h⊥ P ).

The metric σ is called harmonic, when it is an extremum of the energy functional E(σ) =^1_2 ∫ Σ̃ |dσ|^2. Note, that dσ ∈ Ω^1(Σ̃; σ^∗T (G/H)) and that G/H is a Riemannian manifold so, the above integral makes sense. Furthermore, G/H has a Levi-Civita connection ∇, and we denote by d_∇ the pull-back of this to σ^∗T (G/H). With this notation, σ is harmonic if and only if

d^∗_∇(dσ) = 0.

In terms of A and θ defined above, this equation is equivalent to

d^∗_Aθ = 0, (2.6)

and the flatness condition F (B) = 0 is equlivalent to the pair of equations

F (A) +^1_2 [θ, θ] = 0 (2.7) d_Aθ = 0. (2.8)

The theorem of Donaldson and Corlette is an existence and uniqueness theorem for harmonic metrics: they will not exist in general but, for certain representations ρ they will. A representation ρ of π_1(Σ), in a real semi-simple algebraic group G, is said to be reductive, if the Zariski closure of ρ(π_1(Σ)) is a reductive subgroup of G.

Theorem 2.2 (Corlette [10] and Donaldson [13]). Let G be a real semisimple algebraic group, and let ρ be a representation in G of the fundamental group of a surface Σ. If ρ is reductive there exists a unique harmonic metric in the associated principal G-bundle P over Σ. Conversely, a bundle with a harmonic metric will give rise to a reductive representation of the fundamental group.

2.2.2 Hitchin’s Equations and Simpson’s Theorem

We describe how to reinterpret harmonic metrics in terms of solutions to Hitchin’s equations. This, in turn, leads to a holomorphic point of view in terms of Higgs bundles.

General Theory

As before let G^c be a complex semisimple Lie group, let G_0 ⊂ G^c be the maximal compact subgroup, and denote the Lie algebras of these groups by g^c and g_0, respectively. Thus, g^c has a compact real structure σ; the +1 eigenspace of σ is g_0, and the −1 eigenspace we denote by g^⊥_0 , this being the orthogonal complement of g_0 with respect to the Killing form.

Let P^c → Σ be a G^c-bundle with a flat reductive connection B. Apply Theorem 2.2 to get a reduction of the structure group to G_0, and decompose B in a G_0-connection A and a 1-form θ ∈ Ω^1(Ad_g⊥_0 P^c). Denoting the tangent space to Σ by T , θ is a section of a bundle with fibre T ⊗ g^⊥_0 . Put

V^c = T^{c,∗} ⊗_C g^c,

where T^c is the complexification of T . There is a real structure on V^c, induced from the real structure on T^c and the compact real structure σ on g^c. By abuse of notation, we shall denote this by σ as well. Denote the real subspace by V and the imaginary subspace by V^⊥. Note that V^c has an additional complex structure I, linear with respect to i, which comes from the complex structure on T . Denote the ±1 eigenspaces of I by V^{1,0} and V^{0,1}. Observe, that the following identifications hold:

V = T^∗ ⊗_R g_0

V^⊥ = T^∗ ⊗_R g^⊥_0

V^{1,0} = T^{(1,0),∗} ⊗_C g^c

V^{0,1} = T^{(0,1),∗} ⊗_C g^c.

Note also, that the projection onto V^⊥, Φ → Φ−σ(Φ), gives an isomorphism V^{1,0} ∼= V^⊥. Thus, we have an identification Ω^{1,0}(Ad P^c) ∼= Ω^1(Ad_g⊥_0 P^c), and consequently θ = Φ − σ(Φ)

for a unique Φ ∈ Ω^{1,0}(Ad P ). Similarly, we have the usual splitting of the connection A in its (1, 0)- and (0, 1)-parts:

d_A = ∂_A + ¯∂_A.

The equations (2.6), (2.7), and (2.8) are equivalent to Hitchin’s equations (2.1) and (2.2). In this way, we obtain a poly-stable G^c-Higgs bundle from the flat reductive bundle P^c.

Letting G ⊂ G^c be a real form, g^c has a real structure τ whose +1 eigenspace is g, the Lie algebra of G. We want to consider flat G-connections from the point of view of Higgs bundles. Let P be a principal G-bundle with a flat connection B and apply the theorem of Donaldson and Corlette as above to obtain a harmonic metric, and hence a reduction to a bundle P_H with structure group H. Here H ⊂ G is the maximal compact subgroup, characterized by the Killing form restricted to h being negative definite, and by being maximal with respect to this property. Letting P^c be the G^c-bundle obtained from the inclusion G → G^c, we obtain a G^c-Higgs bundle. However, now the connection A will be a connection in P_H , and hence define a holomorphic structure in the complexification P^c_H , and the Higgs field will be a (1, 0)-form with values in Ad_h⊥,c P_H . Conversely, a G^c-Higgs bundle, which is of this particular kind, will give rise to a flat G-bundle.

Flat Sp(2n, R)-bundles

We shall consider flat Sp(2n, R)-bundles, and describe the Higgs bundles obtained from them via the above procedure. In order to do this, we need a concrete realization of the pull-back diagram of Lie algebras u(n) −−−→ sp(2n, R)

sp(n) −−−→ sp(2n, C ). Of course, the corresponding results hold for the Lie groups.

Let V = C^n = R^{2n} be an n-dimensional complex vector space with a Hermitian inner product h. This can be written h = g + iω, where g is a real inner product, and ω is a symplectic form.

Put E = V ⊕ V̄, thus the complex structure on E is I = (^{i 0}_{0 −i} ). We can think of E as a quaternionic vector space, with the complex structure J given by (^{0 1}_{−1 0} ). The matrix (^{0 1}_{1 0} ) defines a real structure σ on E , and there is an isomorphism γ : End_R(V)^{∼=}−→ End^σ(E ).

Here End^σ(E ) is the space of endomorphisms which commute with σ. Thus, elements of End^σ(E ) are real with respect to the real structure on End_C (E ) defined by σ. This real structure is ( a b c d ) → ( d c b a )

and hence, End^σ(E ) consists of matrices of the form (^{a b}_{b a} ) . The map γ is defined as follows: for A ∈ End_R(V), write A = a + b, where a and b are the complex linear and complex anti-linear parts of A, respectively. Thus a ∈ End_C (V) and b ∈ Hom_C (V̄, V) = Hom_C (V, V̄ ). Now define γ(A) = ( a b b a ) . The Hermitian metric h defines an isomorphism V^∗ ∼= V̄ and, using this, we define a complex symplectic form on E ∼= V ⊕ V^∗ by Ω ( (v, α), (w, β) ) = α(w) − β(v). Hence, Ω is given by the matrix J = (^{0 1}_{−1 0} ) , and sp(2n, C ) consists of those (^{a b}_{c d} ) for which d = −a^T , b = b^T , and c = c^T . Here, and throughout, we use the notation A^T exclusively to mean the induced map W^∗ → V^∗ for A: V → W . Using g to identify V with Hom_R(V, R), we see that A ∈ sp(2n, R) ⊂ End_R(V) if and only if it satisfies A^T i + iA = 0. Splitting A in complex linear and complex anti-linear parts a and b, it follows that a^T = −a and b = b^T . Hence, the map γ realizes the inclusion sp(2n, R) → sp(2n, C ).

The Hermitian metric h on V defines a Hermitian metric on E , and this realizes u(2n) → End_C (E ) as those endomorphisms, which satisfy A = −A^∗, where A^∗ denotes the adjoint. Finally, use the fact that Sp(n) is the intersection of U(2n) and Sp(2n, C ) to obtain sp(n) → sp(2n, C ).

We need to make one more observation: using the metric g to identify V with Hom_R(V, R), we have A^T = −A^∗; in other words the transpose of a real matrix corresponds to the conjugate transpose of a complex matrix, under the identification C = R^2 . Hence, u(n) ⊂ End_R(V) consists of those complex linear endomorphisms, which satisfy a = −a^∗, and therefore γ gives inclusions u(n) → sp(n) and u(n) → sp(2n, R).

Let P be a Sp(2n, R)-bundle with a flat reductive connection B. Applying Theorem 2.2, we obtain a poly-stable Higgs bundle (E, Φ). From the preceding discussion we see that this will be of the form

E = V ⊕ V^∗ and Φ = ( 0 b c 0 ) , (2.9)

where b = b^T and c = c^T ; in other words

b ∈ H^0(S^2V ⊗ K) and c ∈ H^0(S^2V^∗ ⊗ K).

Conversely, it follows from Simpson’s theorem, that any poly-stable Higgs bundle of the form (2.9) gives rise to a flat reductive Sp(2n, R)-bundle. Thus, the space of flat reductive Sp(2n, R)-connections on Σ is homeomorphic to the moduli space of poly-stable Higgs bundles of the type (2.9). We denote this space by M_{Sp(2n,R)}.

To conclude, we describe the infinitesimal deformations of a Higgs bundle of the type (2.9). The 5-term exact sequence (2.4) becomes

H^0(Σ; End(V ))^α→ H^0(Σ; S^2V ⊗ K ⊕ S^2V^∗ ⊗ K)^β→ T γ → H^1(Σ; End(V ))^δ→ H^1(Σ; S^2V ⊗ K ⊕ S^2V^∗ ⊗ K). (2.10) Here, α and δ are induced by the map of sheaves

α_1 ⊕ α_2 : O(End(V )) → O(S^2V ⊗ K) ⊕ O(S^2V^∗ ⊗ K), where α_1(ψ) = ψb + bψ^T , (2.11) and α_2(ψ) = −ψ^T c − cψ. (2.12)

2.3 Morse Theory

2.3.1 The Morse Function

In our analysis of topological properties of the moduli spaces, we shall follow the approach of Hitchin in [19] and use a Morse function which arises as a moment map for an action of the circle on the moduli space M. Here, we give a short review of the method, for more details see [19].

A Kähler metric on A × Ω is defined by

g((ψ_1, Φ_1), (ψ_2, Φ_2)) = 2i ∫ Σ tr(ψ^∗_1 ψ_2 + Φ_1Φ^∗_2),

and because it is invariant under the action of the gauge group, it descends to M. The corresponding Kähler form is ω_1(X, Y ) = g(IX, Y ). Furthermore, S^1 acts on M by (A, Φ) → (A, e^{iθ}Φ), preserving g and the symplectic form ω_1. The function (A, Φ) → −^1_2 ‖Φ‖^2 is a moment map for the S^1-action with respect to the symplectic form ω_1. We shall use the negative of this as our Morse function:

f(A, Φ) =^1_2 ‖Φ‖^2. (2.13)

Frankel [15, p.5] shows that, in this situation, the function f is a nondegenerate perfect Morse function. Therefore, the Poincaré polynomial of the moduli space M is given by the Morse counting polynomial

P_t(M) = ∑ N t^{λN} P_t(N), (2.14)

where the sum is over the critical submanifolds, and λ_N is the index of the critical submanifold N, i.e., the dimension of the subbundle of the normal bundle, on which the Hessian of f is negative definite. Thus, our task is to find the critical submanifolds and their indices.

Of course, this approach can only be applied directly when M is nonsingular. In Chapter 3, we shall consider the moduli space of Higgs bundles of rank 3 with rank and degree coprime, which is smooth. In Chapter 4, where we are only interested in finding the connected components of the moduli space, we shall use a slight variation of the argument, which also applies when the moduli space has singular points.

2.3.2 Critical Points and Morse Indices

The analysis of the critical submanifolds rests on the following observation.

Let m be a fixed point for the circle action, represented by (A, Φ). Then, either Φ = 0, or there is a one-parameter family of gauge transformations g(θ) such that g(θ)(A, Φ) = (A, e^{iθ}Φ). In the latter case, let ψ =^d_{dθ} g(θ)|_{θ=0} be the infinitesimal gauge transformation generating this family. We then have

d_Aψ = 0 (2.15) [ψ, Φ] = iΦ. (2.16)

Equation (2.15) says that ψ is covariant constant so, taking eigenbundles for ψ, we obtain a decomposition of E as a direct sum of holomorphic subbundles: E = ⨁ j U_j , (2.17)

where ψ acts on U_j by im_j for some real numbers m_j . Furthermore, when (E, Φ) is stable, it follows from (2.16) that consecutive eigenvalues of ψ differ by i, i.e. m_{j+1} = m_j + 1, and that Φ maps U_j to U_{j+1} ⊗ K non-trivially. When (E, Φ) is only polystable, it splits as a direct sum of Higgs bundles of this type, all of the same slope.

Conversely, any stable Higgs bundle of this form represents a critical point of f (see [21]).

Next we shall show how to read off the Morse indices at a critical point from the action of the infinitesimal gauge transformation ψ on the tangent space to M (Hitchin did this in a different way in [21, p. 646f.]). This, in turn, can be easily determined from the exact sequence (2.4).

Let X be the vector field on M generating the circle action; then

grad(f) = −iX

which is exactly the condition for −f to be the moment map. A point m ∈ M is a fixed point of the circle action if and only if X_m = 0. In this case, we can define an endomorphism H_X of T_mM by

H_X = ∇(X)_m,

where ∇ is any connection on T M. Clearly −iH_X = H_f , the Hessian of f. We shall express the eigenvalues of H_X in terms of those of ψ.

Let Y be the vector field on C generating the circle action there; then Y is given by Y_{(A,Φ)} = (0, iΦ). There is also the vector field on C given by ψ which is Z = (−d_Aψ, [ψ, Φ]). Finally, there is the vector field

Ỹ = Y − Z = (d_Aψ, iΦ − [ψ, Φ]). (2.18)

Note that Ỹ vanishes along the fibre F = π^{−1}(m) exactly when X vanishes at m, i.e., when m is a fixed point. Thus, Ỹ defines an endomorphism H~_Y of T_{(A,Φ)}C as above, given by

H~_Y (Ȧ, Φ̇) = (−[ψ, Ȧ], iΦ̇ − [ψ, Φ̇]). (2.19)

Clearly the diagram T_{(A,Φ)}C^{HỸ}−−−→ T_{(A,Φ)}C π π T_mM^{HX}−−−→ T_mM commutes, and therefore we see from (2.19) that, if ψ acts on (Ȧ, Φ̇) with eigenvalues (im, in) then H_X acts on their images under π with eigenvalues (−im, i(1 − n)) and, consequently, the eigenvalues of H_f are (−m, 1 − n).

2.4 Q-bundles

The notion of Q-bundle, due to Alastair King, provides a general framework for considering a large number of the variuos kinds of vector bundles with extra structure, which have been studied in recent years. Higgs bundles, the vortex pairs of Bradlow [6], and the triples of Bradlow and García-Prada [9], are all examples of Q-bundles.

2.4.1 Definitions

A quiver is a directed graph, specified by a set of vertices Q_0 and a set of arrows Q_1, together with head and tail maps h, t: Q_1 → Q_0. We shall only consider finite quivers, i.e. quivers for which Q_0 and Q_1 are finite.

Definition 2.3. A Q-bundle over a Riemann surface Σ is a collection of holomorphic vector bundles {E_i}_{i∈Q0} over Σ and a collection of holomorphic maps {ϕ_a : E_{t(a)} → E_{h(a)}}_{a∈Q1} .

A twisted Q-bundle is given by in addition specifying a linebundle L_a for each arrow a. The maps ϕ_a should then go ϕ_a : E_{t(a)} → E_{h(a)} ⊗ L_a.

We shall only consider Q-bundles of a particularly simple form: let Q be a quiver with k vertices and exactly one arrow connecting each pair of vertices in each direction. Let I = {1, . . . , k}. We denote the vertices by {v_i}_{i∈I} and the arrows by {a_{ij}}_{(i,j)∈I}2 , where a_{ij} is the arrow going from v_i to v_j. We shall consider Q-bundles where all the maps are twisted by a fixed linebundle L. Thus a Q-bundle, twisted by L, is a pair

E = (E, Φ),

where E = {E_1, . . . , E_k} and Φ = {ϕ_{ij}}. Here, each E_i is a holomorphic vector bundle on Σ and ϕ_{ij} is a holomorphic section of Hom(E_j, E_i ⊗ L).

There is a stability condition for Q-bundles, which generalises the stability conditions for the bundles with extra structure mentioned above. In our case this condition is as follows. It depends on k parameters α = {α_1, . . . , α_k}. The α-slope of a Q-bundle E is by definition

μ_α(E) = ∑ (α_i rk(E_i) + deg(E_i)) ∑ rk(E_i) . Note that this only depends on the topological types of the bundles E_i. A Q-bundle is α-semi-stable if μ_α(F) ⩽ μ_α(E) for any Q-subbundle F. Furthermore, E is α-stable if we have strict inequality above whenever F is non-zero and proper. We shall only have use for the case when all the α_i are zero, and

2.4 Q-bundles 21

we shall, therefore, use the word stable rather than α-stable. In this case, the α-slope is simply μ_α(E) = μ (⨁ E_i ) . (2.20)

2.4.2 The Higgs Bundle Associated to a Q-bundle

Given a Q-bundle E = (E, Φ), we can define an associated Higgs bundle (E, Φ) by putting E = ⨁ i∈I E_i and Φ = (ϕ_{ij}), (2.21)

where (ϕ_{ij}) is the matrix of Φ with respect to the above direct sum decomposition of E. Note that (2.20) says that

μ_α(E) = μ(E). (2.22)

Because of this we shall from now on denote the α-slope simply by μ(E), and call it the slope.

Let F be a Q-subbundle of E. Then, obviously, F ⊂ E is a Φ-invariant subbundle. Conversely, if a Φ-invariant subbundle F ⊂ E is of the form F = ⨁ F_i for subbundles F_i ⊂ E_i, then the collection F = {F_i} defines a Q-subbundle F of E. From the first of these observations and (2.22), we see that (semi-)stability of (E, Φ) implies (semi-)stability of E. The following theorem says that the converse is true when the Q-bundle E is of a particularly simple form. It would be interesting to investigate whether this holds for more general E.

Theorem 2.4. Let Q be a quiver with two vertices and one arrow connecting the vertices in each direction, and let E = ({E_1, E_2}, {ϕ_{12}, ϕ_{21}}) be a Q-bundle. Let (E, Φ) be the associated Higgs bundle as above; thus E = E_1 ⊕ E_2 and Φ = ( 0 ϕ_{12} ϕ_{21} 0 ) . Then E is (semi-)stable if and only if (E, Φ) is.

Proof. The bundle L by which we are twisting is completely irrelevant to the argument so, for ease of notation, we shall assume that L = O. Also, the following proof is the case of E being semi-stable; we only have to replace “⩽” by “<” in (2.25) to obtain the proof in the case of E being stable.

Assume that E is semi-stable. We need to show that μ(F^′) ⩽ μ(E) for any Φ-invariant subbundle F^′ ⊂ E. Let π_i : E → E_i be the projection on the ith factor. Let F_i ⊂ E_i and G_i ⊂ F^′ be the subbundles which are generically the image and kernel of π_i, respectively. Then F_1 and G_2 are contained in E_1, F_2 and G_1 are contained in E_2, and we have sequences of vector bundles

0 → G_i → F^′ → F_i → 0,

which are generically short exact. Hence,

deg(F^′) ⩽ deg(G_i) + deg(F_i).

Putting F = F_1 ⊕ F_2 and G = G_1 ⊕ G_2, it follows that

2 deg(F^′) ⩽ deg(F ) + deg(G) (2.23)

and, obviously, 2 rk(F^′) = rk(F ) + rk(G). (2.24) We claim that F and G are Φ-invariant and, therefore, define Q-sub-bundles of E. First, let x_1 ∈ F_1. If we write x_1 = π_1(x) for some x = x_1 + x_2 in F^′, then Φ(x) = Φ(x_1) + Φ(x_2).

By our assumption on the matrix for Φ, it follows that Φ(x_1) ∈ E_2 and Φ(x_2) ∈ E_1. Then π_1(Φ(x)) = Φ(x_2) ∈ E_1 and π_2(Φ(x)) = Φ(x_1) ∈ E_2. But Φ(x) ∈ F^′ because F^′ is Φ-invariant, and thus Φ(x_2) ∈ F_1 and Φ(x_1) ∈ F_2. Of course, we can repeat the argument with x_2 ∈ F_2 and hence, F is Φ-invariant.

The proof that G is Φ-invariant is similar. Let x_1 ∈ G_2. By assumption, Φ(x_1) ∈ E_2. But G_2 ⊂ F^′, so Φ(x_1) ∈ F^′ as well. It follows that Φ(x_1) ∈ G_1 and thus, G is Φ-invariant.

We have thus seen that F and G define Q-subbundles of E and from semistability of E, we get

deg(F ) ⩽ rk(F ) rk(E) deg(E) and deg(G) ⩽ rk(G) rk(E) deg(E). (2.25)

Finally, combining (2.23), (2.24), and (2.25), we see that

2 deg(F^′) ⩽ rk(F ) + rk(G) rk(E) deg(E) = 2 rk(F^′) rk(E) deg(E).

Thus, μ(F^′) ⩽ μ(E) and the proof is finished.

Chapter 3

The Moduli Space of Rank 3 Higgs Bundles

3.1 Statement of the Result

In this chapter, our aim is to calculate the Betti numbers of the moduli space of rank 3 Higgs bundles on a smooth closed Riemann surface of genus g ⩾ 2. In order to have a smooth moduli space, we shall restrict attention to bundles which have rank and degree coprime. Thus we let M be the moduli space of stable rank 3 Higgs bundles with fixed determinant bundle Λ_0 of degree d coprime to 3. This space is smooth (see [19]). In this case, the exact sequence (2.4) becomes

H^0(Σ; End_0(E))^α→ H^0(Σ; End_0(E) ⊗ K)^β→ T γ → H^1(Σ; End_0(E))^δ→ H^1(Σ; End_0(E) ⊗ K). (3.1)

The map α is always injective and δ is surjective.

From the point of view of gauge theory, we are considering gauge equivalence classes of solutions (A, Φ) to Hitchin’s equations (2.1) and (2.2) which, in the present context, take the form

F (A)^⊥ + [Φ, Φ^∗] = 0 ¯∂_AΦ = 0.

Here A is a unitary connection on a rank 3 vector bundle with a fixed induced connection A_0 on the determinant bundle, and Φ is a (0, 1)-form with values in the traceless endomorphisms. F (A)^⊥ denotes the traceless part of the curvature.

In terms of representations of the fundamental group, we are considering representation of a central extension (cf. [19]): there is a universal central extension Γ of π_1Σ, generated by elements A_1, B_1, . . . , A_g, B_g and a central element C subject to the relation ∏ [A_i, B_i] = C, and M is the moduli space of irreducible representations of Γ in SL(3, C ) which take C to a fixed nontrivial central element determined by the first Chern class of the bundle. Thus, our calculation gives the Betti numbers of this purely topologically defined space.

We shall also state the result for the moduli space M^′ where the determinant bundle (of degree d coprime to 3) is allowed to vary. This calculation is actually slightly less involved than the one we shall present.

Theorem 3.1. Let Σ be a closed Riemann surface of genus g ⩾ 2, and let Λ_0 be a holomorphic line bundle on Σ of degree d with (d, 3) = 1. Let M be the moduli space of rank 3 stable Higgs bundles on Σ with fixed determinant bundle Λ_0. The Poincaré polynomial of M is

P_t(M) =

(1 + t)^{4g−4} (1 − t)^4 ( 2t^2 + t^4 + 2t^{2g} + 2t^{2g+2} −^1_4 t^{4g−4} − 3gt^{4g−3}

+ (6g^2 + 2g − 3)t^{4g−2} + (11g − 12g^2)t^{4g−1}

+ (6g^2 − 10g +^{17}_4 )t^{4g} − t^{8g−6} − t^{10g−8} )

+ t^{2g}(1 + t)^{2g−4} (1 − t)^4(1 + t^2)^2 ( t^{6g−8}(1 + t^3)^{2g}(−2g − t^2 + (2g − 2)t^4)

+ (1 + t)^{2g}(−2t^4 − 2t^6 + t^{2g−4} + 2t^{2g−2} + t^{2g} − t^{4g−2}) )

− 2^{2g}t^{2g}(1 + t)^{2g−1}

(1 − t)^4 + 2gt^{8g−8}(1 + t)^{2g−3}(1 + t^3)^{2g−1}

(1 − t)^3(1 + t^2) + 2^{2g−1}t^{10g−8}(1 + t)^{2g}

(1 − t)^3(1 − t^3) + t^{4g−4}(1 − t)^{2g−1}(1 + t)^{2g−1} 4(1 + t^2) + t^{6g−2}(1 + t)^{4g−3}(1 + t^2 + t^4) (t − 1)^3(1 + t^2)^2(t^6 − 1) + (1 + t^5)^{2g}(1 + t^3)^{2g−1} (t^2 − 1)(t^4 − 1)^2(t^3 − 1) + t^{4g−4} ( (3^{2g} − 1)(1 + t)^{4g−4} − 3^{2g} ) . Let M^′ denote the moduli space of stable Higgs bundles of rank 3 and degree d with (d, 3) = 1 and any determinant. Then,

P_t(M^′) = (1 + t)^{2g} ( P_t(M) − (3^{2g} − 1)t^{4g−4}((1 + t)^{4g−4} − 1) ) . Remark 3.2. It is interesting to note that the Poincaré polynomial of M^′ does not split as the product of those of the Jacobian and M. This is

3.1 Statement of the Result 25

in contrast to the case of stable bundles (without Higgs field), see [3]. In particular, it follows that tensoring by a linebundle gives a nontrivial action of the group Γ_3 = {L ∈ Jac^0(Σ) | L^3 = O} ∼= (Z/3)^{2g} on H^∗(M; Q).

Remark 3.3. Some simpler results can be obtained from the formulas of Theorem 3.1. Setting t = −1, we see that χ(M) = −3^{2g}, while χ(M^′) = 0. And for a Riemann surface of genus 2, the Poincaré polynomial of M is

P_t(M) =1 + 3t^2 + 20t^3 + 54t^4 + 416t^5 + 572t^6 + 376t^7 + 117t^8 + 32t^9 + 47t^{10} + 56t^{11} + 42t^{12} + 28t^{13} + 16t^{14} + 8t^{15} + 3t^{16}.

3.2 Strategy of Proof

The proof of Theorem 3.1 follows Hitchin’s Morse theory approach as explained in Section 2.3, using the Morse function

f(A, Φ) =^1_2 ‖Φ‖^2.

In this section, we outline how it applies in the case of rank 3 Higgs bundles.

The critical points of f corresponding to the absolute minimum f = 0 can be easily dealt with: in this case the Higgs field Φ must vanish and conversely, any Higgs bundle with Φ = 0 is fixed by the circle action. Thus, the corresponding critical submanifold, N_0, is the moduli space of stable bundles of rank 3. The index of N_0 is, of course, λ_{N0} = 0, and Desale and Ramanan calculated the Poincaré polynomial of N_0 in [11, p.241]. Their formula is

P_t(N_0) =(t^2 − 1)^{−1}(t^4 − 1)^{−2}(t^6 − 1)^{−1} ( (t^5 + 1)^{2g}(t^3 + 1)^{2g} − (t^2 + 1)^2t^{4g−2}(1 + t)^{2g}(1 + t^3)^{2g} + (1 + t^2 + t^4)t^{6g−2}(1 + t)^{4g} ) . From Section 2.3, we know that a Higgs bundle representing a critical point is of the form (2.17). When Φ ≠ 0, there must be at least two nontrivial summands in the direct sum decomposition of E. Thus, we need to consider three distinct types of critical points: we shall say that a Higgs bundle (E, Φ) (or the critical point it represents) is of type (1, 2) if it is of the form E = L ⊕ V, (3.2)

where rk(L) = 1 and rk(V ) = 2, and where Φ = ( 0 0 ϕ 0 ) , with ϕ: L → V ⊗ K. Similarly, we say that (E, Φ) is of type (2, 1) if it is of the form E = V ⊕ L, (3.3)

with rk(V ) = 2 and rk(L) = 1, and where Φ = ( 0 0 ϕ 0 ) , with ϕ: V → LK. Note that in both cases stability of (E, Φ) forces ϕ to be non-zero.

3.2 Strategy of Proof 27

Finally, (E, Φ) is said to be of type (1, 1, 1), if it is of the form

E = L_1 ⊕ L_2 ⊕ L_3, (3.4)

with Φ = 0 0 0 ϕ_1 0 0 0 ϕ_2 0 , where ϕ_1 : L_1 → L_2K and ϕ_2 : L_2 → L_3K. Again, ϕ_1 and ϕ_2 must be non-zero because (E, Φ) is stable.

In Section 3.3, we describe the critical submanifolds corrseponding to Higgs bundles of type (1, 2) and (2, 1), the result being given in propositions 3.7 and 3.9. The critical submanifolds corresponding to Higgs bundles of type (1, 1, 1) are described in Section 3.4, with the result being given in Proposition 3.12. The indices of the critical submanifolds are given in Proposition 3.14. From these results, an elementary calculation of the type in [19, pp. 98–99] gives the formula of Theorem 3.1. This calculation is rather long, and was done with the help of the computer programme Maple. We omit the details.

3.3 Critical Points of Type (1, 2) and (2, 1)

Let (E, Φ) represent a critical point of f of type (1, 2), hence of the form (3.2). Set d = deg(E), l = deg(L), and v = deg(V ), so that d = l + v. An easy calculation using the Higgs bundle equation F (A)^⊥ + [Φ, Φ^∗] = 0 and the fact that F (A) = F (A)^⊥ +^1_3 F (A_0) · I, shows that the (critical) value of f at the point represented by (E, Φ) is

f = 2π(l −^1_3 d). (3.5)

The fact that (E, Φ) is a stable Higgs bundle, allows us to bound l, and therefore the critical values of f.

Proposition 3.4. The degree l of the linebundle L satisfies the inequalities 1 3 d < l <^1_3 d + g − 1.

Proof. There is a rank 1 subbundle L^′ ⊂ V , defined by the requirement that ϕ: L → L^′K. Thus ϕ is a non-zero section of the line bundle L^{−1}L^′K and hence, deg(L^{−1}L^′K) ⩾ 0. There are three obviously Φ-invariant subbundles of E, namely L^′, L ⊕ L^′, and V . Applying the stability condition to these and combining with the previous inequality gives the stated result.

It follows that we can construct any Higgs bundle representing a critical point of type (1, 2) as follows. First, we choose a holomorphic linebundle L of degree l with^1_3 d < l <^1_3 d + g − 1. Then, we choose a rank 2 bundle V and a non-zero section ϕ ∈ H^0(Σ; L^{−1}V K) such that Λ_0 = Λ^3(L ⊕ V ), and set E = L ⊕ V and Φ =

(_{0 0} ϕ 0 ) . But not any V and ϕ will do; they have to be chosen such that (E, Φ) becomes a stable Higgs bundle. An application of Theorem 2.4 will show that the condition on V and ϕ is essentially Bradlow’s condition of τ-stability (see [6] and [7]). In the case of bundles of rank 2 on a Riemann surface, it takes the following form (cf. Thaddeus [31]).

Definition 3.5. Let σ be a positive rational number. A pair (Ṽ , ϕ) consisting of a holomorphic bundle Ṽ → Σ and a non-zero section ϕ ∈ H^0(Σ; Ṽ ) is said to be σ-semi-stable if for any line bundle Ũ ⊂ Ṽ

deg(Ũ) ⩽^1_2 deg(Ṽ ) − σ if ϕ ∈ H^0(Σ; Ũ), and deg(Ũ) ⩽^1_2 deg(Ṽ ) + σ if ϕ ∉ H^0(Σ; Ũ).

If we have strict inequalities above (Ṽ , ϕ) is said to be σ-stable.

Let r = deg(Ṽ ). For σ ≢^1_2 r (mod Z) and σ <^1_2 r, smooth moduli spaces of σ-stable pairs can be constructed; in [31], Thaddeus constructed a moduli space N (σ, Λ) of pairs with fixed determinant bundle Λ by geometric invariant theory, and in [7], Bradlow and Daskalopoulos constructed a moduli space N (σ) of pairs with any determinant bundle (of degree r).

Lemma 3.6. The Higgs bundle (E, Φ) is stable if and only if the pair (Ṽ , ϕ) is σ-stable for the value σ = −^1_6 d +^1_2 l.

Proof. Let Q be the quiver with two vertices and just one arrow between them. Then, E = ({L, V }, {ϕ}) is a Q-bundle twisted by K and (E, Φ) is the Higgs bundle associated to E, as in Section 2.4. The quiver Q satisfies the hypothesis of Theorem 2.4 so, we know that (E, Φ) is stable if and only if the E is stable. But, it is a well known and easy fact that this is equivalent to the pair (Ṽ , ϕ) being σ-stable for the value of σ given above.

For completeness, we shall repeat the argument here. Let L^′ ⊂ V be defined by ϕ: L → L^′K. There are two types of non-trivial Q-subbundles of E. The first type is of the form F = ({0, U}, {0}), where U ⊂ V is a linebundle. Such Q-subbundles are in 1–1 correspondence with linebundles Ũ = L−1UK ⊂ Ṽ . The stability condition for these Q-subbundles is

deg(U) <^1_3 d,

or, equivalently, deg(Ũ) <^1_3 d − l + 2g − 2. (3.6)

The second type of Q-subbundle, of which there is just one example, is F^′ = ({L, L^′}, {ϕ}). This Q-subbundle corresponds to the subbundle Ũ^′ ⊂ Ṽ defined by ϕ ∈ H^0(Σ; Ũ^′). The stability condition for F^′ is

deg(L) + deg(L^′) <^2_3 d,

or, equivalently, deg(Ũ^′) <^2_3 d − 2l + 2g − 2. (3.7)

Finally, note that deg(Ṽ ) = d − 2l + 4g − 4. Hence, putting σ = −^1_6 d +^1_2 l, we see that the inequality (3.6) corresponds to the second condition in Definition 3.5, while the inequality (3.7) corresponds to the first.

We can now determine the critical submanifolds.

Proposition 3.7. The critical submanifolds of f corresponding to critical points of type (1, 2) are indexed by integers l satisfying^1_3 d < l <^1_3 d + g − 1. For each such l, the critical submanifold N_l is given by the pull-back diagram

N_l^h−−−→ Jac^l(Σ) π π_′ N (σ)^{det}−−−→ Jac^r(Σ)

where σ = −^1_6 d +^1_2 l and r = d − 3l + 4g − 4. Furthermore, the map π^′ is the 3^{2g}-fold covering of the Jacobian given by L → L^{−3}Λ_0K^2, the map h is given by (L ⊕ V, Φ) → L, and the map π is given by (L ⊕ V, Φ) → (L^{−1}V K, ϕ), where Φ =

(_{0 0} ϕ 0 ) . Proof. It follows from Lemma 3.6 that the map π : Jac^l(Σ) → Jac^r(Σ) is well defined and surjective. Note that Λ^2(Ṽ ) = Λ_0L^{−3}K^2. Thus, (Ṽ , ϕ) determines (L ⊕ V, ϕ) up to choosing a third root of Λ_0L^{−3}K^2 and we obtain the pull-back diagram above.

Finally, we need to calculate the Poincaré polynomial of the critical submanifold N_l. This is done by slightly adapting the calculation of the Poincaré polynomial of N (σ) of Thaddeus [31, (4.1)]. We briefly recall the version for σ-stable pairs without fixed determinant of [8]. Let i be an integer in the interval [0, (r − 1)/2], then the σ-stability condition is the same for all σ ∈ (max(0, r/2−i−1), r/2−i). Put N_i = N (σ) for σ in this interval. There are subvarieties PW^+_i of N_i and PW^−_i of N_{i−1} such that, when these are blown up, we obtain the same variety Ñ_i. Furthermore, PW^+_i is a P^{r+g−2−2i}-bundle over S^iΣ × Jac^{r−i}(Σ) and PW^−_i is a P^{i−1}-bundle over S^iΣ × Jac^{r−i}(Σ). Also, if the projection π : PW^+_i → S^iΣ × Jac^{r−i}(Σ)

is composed with the map

S^iΣ × Jac^{r−i}(Σ) → Jac^i(Σ) (D, L) → [D] ⊗ L we get the determinant map (and similarly for PW^−_i ).

Proposition 3.8. The Poincaré polynomial of N_l is

P_t(N_l) =

(1 + t)^{2g} 1 − t^2

Coeff_{xi} ( t^{2d−6l+10g−10−4i} xt^4 − 1 − t^{2i+2} x − t^2 ) ( (1 + xt)^{2g} (1 − x)(1 − xt^2) ) , where i = [^2_3 d] − 2l + 2g − 2.

Proof. Note that i = [^2_3 d] − 2l + 2g − 2 corresponds to σ = −^1_6 d +^1_2 l. Thus, using Proposition 3.7, N_l fits into the pull-back diagram

N_l −−−→ Jac^l(Σ)

N_i −−−→ Jac^r(Σ). We can similarly pull back the subvariety PW^+_i of N_i to obtain a subvariety (PW^+_i )^′ of N_l. Blowing up this, we get a new variety Ñ_l. But, this is the same variety as the one obtained by pulling back the blow-up Ñ_i, because they are locally isomorphic, and blowing up does not change the fundamental group. Note also that (PW^+_i )^′ is a P^{r+g−2−2i}-bundle over the pull-back of Jac^l(Σ) → Jac^r(Σ) under the map

S^iΣ × Jac^{r−i}(Σ) → Jac^r(Σ) (D, L) → [D] ⊗ L. It is, however, easy to see that this pull-back is isomorphic to S^iΣ×Jac^{r−i}(Σ). Of course, similar remarks apply to PW^−_i . Finally, we make the observation that for l =^1_2 [^2_3 d] + g − 1 (corresponding to i = 0) N_l is a P^{r+g−2}-bundle over Jac^r(Σ) and hence, its Poincaré polynomial is the product of those of the Jacobian and P^{r+g−2}. Altogether, this information allows us to replicate the argument of [31, (4.1)] and arrive at the formula stated. It should be emphasized that the basic reason why the calculation works and no further information about the various projective bundles is needed, is that the Poincaré polynomial of any projective bundle is the product of that of the base and that of the fibre.

The description of critical submanifolds of type (2,1) is completely analogous. Alternatively, one can note that E → E^∗ takes stable Higgs bundles of type (1,2) to stable Higgs bundles of type (2,1). In any case, we have the following

Proposition 3.9. The critical submanifolds of f corresponding to critical points of type (2, 1) are indexed by integers l satisfying^1_3 d + 1 − g < l <^1_3 d. For each such l, the critical submanifold N_l is given by the pull-back diagram

N_l^h−−−→ Jac^l(Σ) π π_′ N (σ)^{det}−−−→ Jac^r(Σ) where σ =^1_6 d −^1_2 l and r = 3l − d + 4g − 4. Furthermore, the map π^′ is the 3^{2g}-fold covering of the Jacobian given by L → L^3Λ^{−1}_0 K^2, the map h is given by (V ⊕ L, Φ) → L, and the map π is given by (V ⊕ L, Φ) → (LV^∗K, ϕ), where Φ =

(_{0 0} ϕ 0 ) . The Poincaré polynomial of N_l is given by

P_t(N_l) =

(1 + t)^{2g} 1 − t^2

Coeff_{xi} ( t^{6l−2d+10g−10−4i} xt^4 − 1 − t^{2i+2} x − t^2 ) ( (1 + xt)^{2g} (1 − x)(1 − xt^2) ) , where i = [−^2_3 d] + 2l + 2g − 2.

3.4 Critical Points of Type (1,1,1)

Let (E, Φ) be a stable Higgs bundle representing a critical point of f of type (1, 1, 1), therefore of the form (3.4). It will be convenient to introduce the linebundles M_1 = L^{−1}_1 L_2K, M_2 = L^{−1}_2 L_3K, so that ϕ_1 ∈ H^0(Σ; M_1) and ϕ_2 ∈ H^0(Σ; M_2). Set l_i = deg(L_i), m_i = deg(M_i), and m = m_1 + m_2, so that d = l_1 + l_2 + l_3, m_1 = l_2 − l_1 + 2g − 2 (3.8) and, m_2 = l_3 − l_2 + 2g − 2. (3.9) The value of f at a critical point can be calculated to be f = 2π(4g − 4 − m). Again, we obtain some easy numerical bounds.

Proposition 3.10. The degrees m_1 and m_2 of M_1 and M_2 satisfy the inequalities m_i ⩾ 0 for i = 1, 2 m_1 + 2m_2 < 6g − 6 2m_1 + m_2 < 6g − 6.

Note in particular that 0 ⩽ m < 4g − 4.

Proof. Clearly, the first inequality holds because M_1 and M_2 have non-zero global sections. To prove the other two inequalities, consider the Φ-invariant subbundles L_2 ⊕ L_3 and L_3. By stability, we get l_3 <^1_3 d, l_2 + l_3 <^2_3 d.

Using (3.8) and (3.9), we see that these are equivalent to the two last inequalities in the statement of the proposition .

Again, we may ask whether any Higgs bundle of this form is stable and in this instance, the answer is affirmative.

Lemma 3.11. Any Higgs bundle (E, Φ) of the form (3.4), such that the bounds of Proposition 3.10 are satisfied, is stable.

Proof. First, note that the bounds of Proposition 3.10 imply

l_3 <^1_3 d (3.10) and l_2 + l_3 <^2_3 d. (3.11)

Denote the projections E → L_i by π_i for i = 1, 2, 3. Let U ⊂ E be any Φ-invariant rank 1 subbundle of E. Then, π_{1|U} and π_{2|U} cannot both be zero, because then U = L_1, which is obviously not Φ-invariant. Similarly, π_{2|U} ≠ 0 implies π_{3|U} ≠ 0. Hence, π : U → L_3 is always non-zero, and so deg(U) < l_3 <^1_3 d by (3.10). Next, let U ⊂ E be a Φ-invariant rank 2 subbundle. If U = L_2 ⊕ L_3, (3.11) shows that the stability condition is satisfied. In fact, this is the only Φ-invariant rank 2 subbundle of E. To see this, assume that π_{1|U} ≠ 0. Then (π_2 + π_3)_{|U} : U → L_2 ⊕ L_3 is generically, and hence identically of rank 1. It follows that U = L_1 ⊕ U^′, where U^′ = (π_2 + π_3)(U) ⊂ L_2 ⊕ L_3. By Φ-invariance of U, we get

Φ(L_1) ⊂ U^′K ∩ L_2K.

As Φ(L_1) ≠ 0, it follows that U^′ = L_2, and hence, U = L_1 ⊕ L_2. But, this is clearly not Φ-invariant, in contradiction with our assumption.

We now arrive at the following description of the critical submanifolds.

Proposition 3.12. The critical submanifolds of f corresponding to critical points of type (1, 1, 1) are indexed by pairs of integers (m_1, m_2) satisfying m_1 ⩾ 0, m_2 ⩾ 0, m_1 + 2m_2 < 6g − 6, and 2m_1 + m_2 < 6g − 6. For each pair (m_1, m_2), the critical submanifold N_{m1 m2} is given by the pull-back diagram

N_{m1m2}^h−−−→ Jac^{l2} (Σ) π π^′ S^{m1} (Σ) × S^{m2} (Σ)^g−−−→ Jac^r(Σ) where r = m_1 − m_2 + d. The map π is defined by taking a Higgs bundle of the form (3.4) to the pair of effective divisors ((ϕ_1), (ϕ_2)), while the map h takes the Higgs bundle to L_2. The map g is defined by g(D_1, D_2) = [D_1 − D_2] ⊗ Λ_0 for effective divisors D_i of degree m_i and finally, the map π^′ is the 3^{2g}-fold covering of the Jacobian given by raising a linebundle to its third power.

Proof. The line bundles M_1 and M_2 do not quite determine L_1, L_2, and L_3. However, a small calculation shows that

L_1 = M^{−1}_1 L_2K, (3.12) L_3 = M_2L_2K^{−1}, (3.13) L^3_2 = M_1M^{−1}_2 Λ_0. (3.14)

Furthermore, the group of automorphisms of E is C^× × C^× , acting via

(λ_1, λ_2) → λ_1 0 0 0 λ_2 0 0 0 λ^{−1}_1 λ^{−1}_2

so, the action on the Higgs field is given by

0 0 0 ϕ_1 0 0 0 ϕ_2 0 → 0 0 0 λ^{−1}_1 λ_2ϕ_10 0 0 0 λ^{−1}_1 λ^{−2}_2 ϕ_2 0 .

Therefore, the isomorphism class of the Higgs bundle is determined by the projective classes of ϕ_1 and ϕ_2.

Combining these pieces of information, we see that

π : N_{m1m2} → S^{m1} Σ × S^{m2} Σ

is the 3^{2g}-fold covering given by pulling back the covering

Jac^{l2} (Σ) → Jac^r(Σ) L_2 → L^3_2.

Finally, we need to calculate the Betti numbers of N(m_1, m_2).

Proposition 3.13. The Poincaré polynomial of the component N(m_1, m_2) of the critical submanifold N(4(g − 1) − m) is

P_t(N(m_1, m_2)) = P_t(S^{m1} Σ)P_t(S^{m2} Σ) + ( 2g − 2 m_1 )( 2g − 2 m_2 ) (3^{2g} − 1)t^m.

Proof. H^∗(N(m_1, m_2); R) is the S_{m1} ×S_{m2} -invariant part of H^∗(Σ̃^m; R), where Σ̃m is the covering (Z/3)^{2g} → Σ̃^m → Σ^m of Σ^m induced by the composite Σ^m → S^{m1} Σ × S^{m2} Σ^f→ Jac(Σ). The fundamental group of Σ^m is

π_1Σ^m = π_1Σ ⊕ · · · ⊕ π_1Σ,

the direct sum of m copies of π_1Σ, and we denote the 2g generators of the rth copy by {α^r_i }^{2g}_{i=1}. In the case m = 1, the map f : Σ → Jac(Σ) induces an isomorphism f^∗ : H^1(Jac(Σ); Z)^{∼=}→ H^1(Σ; Z),

from which it follows that α^r_i ∈ π_1Σ^m acts on the covering

(Z/3)^{2g} → Σ̃^m → Σ^m

by permuting the elements of the ith copy of Z/3 cyclically. Consequently H^∗(Σ̃^m; R) = H^∗(Σ^m; F), where F is a local coefficient defined as follows. Let W^′_i be the π_1Σ^m-representation in R^3 defined by letting α^r_i permute the basis vectors of R^3 , and letting the other α^r_i act trivially. Then, the local coefficient system F is given by the representation W^′_1 ⊗ · · · ⊗ W^′_{2g}. Note that W^′_i splits as W^′_i = R ⊕ W_i, where α^r_i acts trivially on R and rotates the 2-dimensional space W_i through an angle of^{2π}_3 . Thus, F is of the form F = 2g⨁ j=0 F_j, where F_0 is given by the trivial 1-dimensional real representation and F_j is given by the representation ⨁ i_1<···<i_j W_{i1} ⊗ · · · ⊗ W_{ij} . In the following, we use the notation W_I = W_{i1} ⊗ · · · ⊗ W_{ij} for a multi-index I = (i_1, . . . , i_j ), with |I| = j, and we denote the local coefficient system corresponding to the representation W_I by W_I .

The group H^∗(Σ; F_0) is just the ordinary real cohomology of Σ. To calculate H^∗(Σ^m; F_j) for j ⩾ 1, we use the fact that

H^0(Σ; W_I ) = {w ∈ W_I : ξw = w for all ξ ∈ π_1Σ},

the set of points in W_I fixed by π_1Σ (see [32, pp. 275–276]). From this, we see that H^0(Σ; W_I ) = 0 and hence, by Poincaré duality, that H^2(Σ; W_I ) = 0. By induction on m, it follows that the cohomology of Σ^m with local coefficients W_I is concentrated in dimension m. The same is certainly true of the cohomology of S^{m1} Σ × S^{m2} Σ, because the cohomology of this space is just the S_{m1} × S_{m2} -invariant part of the cohomology of Σ̃^m and, therefore,

dim(H^m(S^{m1} Σ × S^{m2} Σ); W_I ) = |χ(S^{m1} Σ)||χ(S^{m2} Σ)| dim(W_I ).

The Euler characteristic of S^{mi} Σ can be calculated to be

χ(S^{mi} Σ) = (−1)^{mi} ( 2g − 2 m_i ) , by Macdonald’s formula [22, p.322] for the Poincaré polynomial of the symmetric product of a Riemann surface. This finishes the proof.

3.5 Calculation of the Morse Indices

Proposition 3.14. The critical submanifolds for the function f have the following indices.

i) The critical submanifolds of type (1, 2) (described in Proposition 3.7) have Morse index λ_{Nl} = 2(3l − d + 2g − 2).

ii) The critical submanifolds of type (2, 1) (described in Proposition 3.9) have Morse index λ_{Nl} = 2(d − 3l + 2g − 2).

iii) The critical submanifolds of type (1, 1, 1) (described in Proposition 3.12) have Morse index λ_{Nm1m2} = 8g − 8 − 2(m_1 + m_2)

Proof. We shall only prove i), the other cases being very similar.

Let (E, Φ) be a Higgs bundle of the form (3.2), representing a critical point of type (1, 2) and let T be the tangent space to M at this point. From the exact sequence (3.1), we have the short exact sequence

0 → coker(α) → T → ker(δ) → 0.

There is an isomorphism

Hom(L, V ) ⊕ Hom(V, L) ⊕ End(V )^{∼=}−→ End_0(E),

given by (η, ζ, ξ) → ( − tr(ξ) ζ η ξ ) ; and the map of bundles inducing the maps α and δ of (3.1) is ( − tr(ξ) ζ η ξ ) → ( −ζϕ 0 − tr(ξ)ϕ − ξϕ ϕζ ) . (3.15)

As the infinitesimal gauge transformation ψ giving the decomposition (2.17) has tr(ψ) = 0, we see that ψ has eigenvalues −i^2_3 on L and i^1_3 on V and from Section 2.3.2, we know that an eigenvalue in of ψ on coker(α) corresponds to the eigenvalue 1 − n of H_f and, that an eigenvalue im on ker(δ) corresponds to −m. Thus, we see that H_f can have no negative eigenvalues on coker(α) while the subspace of H^1(End_0(E)), which can give H_f a negative eigenvalue is H^1(Hom(L, V )). But, from (3.15), we see that δ restricted to this subspace is zero and hence, the index of the critical submanifold N_l is

λ_{Nl} = dim_R H^1(Σ; Hom(L, V )).

3.5 Calculation of the Morse Indices 39

Next, we show that H^0(Σ; Hom(L, V )) vanishes. A non-zero element of this space would define a non-trivial map L → L^{′′} ⊂ V for some line bundle L^{′′}, and hence, − deg(L) + deg(L^{′′}) ⩾ 0. On the other hand deg(L^{′′}) <^1_3 d, by stability, and we also know that deg(L) >^1_3 d. Hence, − deg(L) + deg(L^{′′}) < 0, which is a contradiction. Therefore,, we can apply the Riemann-Roch formula, to get

λ_{Nl} = 2(2l − v + 2g − 2) = 2(3l − d + 2g − 2),

which finishes the proof.

40

Chapter 4

The Moduli Space of Flat Sp(2n, R )-connections

In this chapter, we study the moduli space of flat reductive Sp(2n, R)-connections, using the Higgs bundle point of view. In Section 4.1 we give an easy proof of a well-known Milnor-Wood type inequality. The main results of the chapter are in Section 4.2; here we study the connected components of the moduli space of flat reductive Sp(4, R)-connections. In the final Section 4.3 we discuss a possible application of our results to 4-manifolds, which are fibred over a surface.

4.1 Milnor-Wood Type Inequalities

4.1.1 A Proof Using Higgs Bundles

Let P be a Sp(2n, R)-bundle on Σ. This has a characteristic number d, which is the first Chern class of the bundle obtained by a reduction of the structure group to the maximal compact subgroup U(n). Milnor-Wood type inequalities give bounds on |d|, when P is flat. The inequality proved by Milnor [23] concerns SL(2, R)-bundles, while Wood [33] considered SU(1, 1)-bundles. Dupont [14] found a bound for any semi-simple group with finite center. However, the inequality of Theorem 4.1 below for G = Sp(2n, R) is sharper than his. Using the ideas of Gromov [18], Domic and Toledo [12] proved a general result for mappings of a surface into manifolds covered by bounded symmetric domains, and also proved that their inequality is best possible. In particular, their work implies Theorem 4.1 below. Hitchin obtained a proof in the case of flat reductive SL(2, R)-bundles, using Higgs bundles, in [19]. Similarly, we obtain an inequality for flat reductive Sp(2n, R)-bundles (and the same argument works in the case of SU(p, p)-bundles as well).

Theorem 4.1 (Domic-Toledo, Dupont, Milnor, Wood). Suppose P is a flat reductive Sp(2n, R)-bundle. Then the characteristic number d satisfies the inequality |d| ⩽ n(g − 1). Proof. From Section 2.2.2 we know that flat reductive Sp(2n, R)-bundles correspond to poly-stable Higgs bundles of the form (2.9). The characteristic number is d = ⟨c_1(V ), [Σ]⟩.

Without loss of generality we can assume that d > 0. In this case c ≠ 0, as otherwise V would be Φ-invariant, and therefore violate the stability condition. Let U be the subbundle of V^∗, such that U ⊗ K is generically the image of c. Similarly, let U^′ ⊂ V be the subbundle, which is generically the kernel of c. Then the bundles U^′ and V ⊕ U are both Φ-invariant. We therefore get the following inequalities from semi-stability:

deg(U^′) ⩽ 0 (4.1) d + deg(U) ⩽ 0. (4.2)

Note that these inequalities also hold in the case when U^′ = 0 and U = V^∗. Next, we note that c induces a non-trivial global section of the linebundle

det(V/U^′)^{−1} ⊗ det(U ⊗ K),

which therefore has positive degree, i.e.

deg(U^′) − d + deg(U) + (2g − 2) rk(c) ⩾ 0. (4.3)

Combining this with the inequalities (4.1) and (4.2), we obtain

d ⩽ (g − 1) rk(c), (4.4)

so d ⩽ n(g − 1) as claimed.

Remark 4.2. The above proof gives some additional information. From (4.4) it follows that rk(c) = n for d > (n − 1)(g − 1). In particular, in the extremal case d = n(g − 1), we have rk(c) = n, and furthermore equality holds in (4.3). Hence, det(c) is a non-zero section of a linebundle of degree 0, and we conclude that c: V → V^∗ ⊗ K is an isomorphism.

4.1.2 The Extremal Case

The Higgs bundles of the form (2.9) are examples of Q-bundles, where the the quiver Q has two vertices and two arrows, one connecting the vertices in each direction. Thus, it is of the special form considered in Section 2.4 and we can therefore apply Theorem 2.4. This is particularly useful in the extremal case d = n(g −1), where we obtain an identification of the subspace M_{n(g−1)} ⊂ M_{Sp(2n,R)} of Higgs bundles with d = n(g − 1), with a moduli space of rank n Higgs bundles.

Let (E, Φ) be a Higgs bundle of the form (2.9) with d = n(g−1). Choosing a square root L_0 of the canonical bundle on Σ, we can define a rank n vector bundle W by W = V ⊗ L^{−1}_0 ,

and we can define C ∈ H^0(Σ; S^2W^∗) and ϕ ∈ H^0(Σ; End(W ) ⊗ K^2) by

C = c ⊗ 1_{L0} , and ϕ = (b ⊗ 1_L−1_0 ) ∘ (c ⊗ 1_{L0} ).

Note that ϕ is symmetric with respect to the quadratic form C.

From Remark 4.2 we know that c is an isomorphism when (E, Φ) is polystable, and thus we can recover (E, Φ) from this data. Therefore the set of isomorphism classes of Higgs bundles of the form (2.9) is equal to the set of isomorphism classes of Higgs bundles (W, C, ϕ), (4.5) where W has a non-degenerate quadratic form C, and the Higgs field Φ is twisted by K^2 and symmetric with respect to C. There is an obvious stability condition for (W, C, ϕ), namely that

μ(U) < μ(W ) (4.6)

for all ϕ-invariant subbundles U of W . Next, we shall prove that (W, C, ϕ) is stable, if and only if (E, Φ) is.

Theorem 4.3. The subspace M_{n(g−1)} ⊂ M_{Sp(2n,R)} of Higgs bundles of the form (2.9), with d = n(g − 1) is isomorphic to the moduli space of poly-stable Higgs bundles of the form (4.5).

Proof. We have to prove that (E, Φ) is stable if and only if (W, C, ϕ) is. From Theorem 2.4 we know that stability of (E, Φ) is equivalent to stability of the Q-bundle E = (E, Φ). Thus, all we need to prove is that E is stable if and only if (W, C, ϕ) is. Because stability is unaffected by tensoring with a line bundle, we can equally well prove that (V, b ∘ c) is stable. Note, that μ(V ) = g − 1.

Assume E is a stable Q-bundle. Let U ⊂ V be a ϕ-invariant subbundle. Let U^′ ⊂ V^∗ be the subbundle such that U^′ ⊗ K is generically the image of U under c. Then b maps U^′ to U, because of the ϕ-invariance of U. Hence, F = ({U, U^′}, {b, c}) defines a Q-subbundle of E, and it follows that μ(F) < μ(E). (4.7) But, as c is an isomorphism μ(E) = μ(E) = μ(V ⊕ V ⊗ K^{−1}) = μ(V ) − (g − 1), and similarly μ(F) = μ(U)−(g−1). Therefore μ(U) < μ(V ) and so, (W, C, ϕ) is stable.

Conversely, assume that (W, C, ϕ) is stable. Let F = ({U, U^′}, {b, c}) be a Q-subbundle of E. Let Ũ ⊂ V^∗ be the subbundle which is generically the image of U^′ ⊗ K under c^{−1}. Both U and Ũ are ϕ-invariant subbundles of V , because F is a Q-subbundle. Hence, μ(U) < μ(V ) and μ(U^′) < μ(V ), by stability of (W, C, ϕ). Recalling that μ(V ) = g−1 and μ(Ũ) = μ(U^′)−(2g−2), we get μ(U) < g − 1, (4.8) and μ(U^′) < −(g − 1). (4.9) Note also that rk(U^′) ⩾ rk(U), (4.10) because c is an isomorphism, and the image of U under c is contained in U^′ ⊗ K, by the assumption that F is a Q-subbundle. Combining (4.8), (4.9), and (4.10), we get: μ(F) = μ(U ⊕ U^′) = rk(U) rk(U ⊕ U^′) μ(U) + rk(U^′) rk(U ⊕ U^′) μ(U^′) < rk(U) − rk(U^′) rk(U ⊕ U^′)

(g − 1) ⩽ 0.

Of course, μ(E) = 0 and hence, the proof finished.

4.2 The Components of M_{Sp(4,R)}

In this section, we shall examine the number of connected components of the space M_{Sp(4,R)} of flat reductive Sp(4, R)-connections by means of its interpretation as the moduli space of poly-stable Higgs bundles of the form (2.9).

In general, the reduction to U(n) ⊂ Sp(2n, R) already provides some information. The first Chern class (d = ⟨c_1(V ), [Σ]⟩) is a continuous integervalued function on M_{Sp(2n,R)} and thus separates it into subspaces which are unions of different connected components. From Theorem 4.1, we know that |d| ⩽ n(g − 1) and we denote the subspace corresponding to d by M_d, for d = −n(g − 1), . . . , n(g − 1). Note that M_{−d} ∼= M_d by taking the vector bundle V to its dual.

We specialise to the case of rk(V ) = 2. We shall find the connected components of the subspace M_{2g−2}. We conjecture that the spaces M_d are connected for |d| < 2g − 2, and we prove this in the case d = 0. We discuss two possible approaches to a general proof in Subsection 4.2.7.

4.2.1 Statement of the Result

In the extremal case d = 2g −2, Theorem 4.3 gives an identification of M_{2g−2} with the moduli space of poly-stable Higgs bundles of the form (4.5), with W a bundle of rank 2. Recall that V and W are related by V = W ⊗ L_0, where L_0 is a square root of the canonical bundle.

The existence of the quadratic form C on W means that the structure group is O(2, C ). The maximal compact subgroup of O(2, C ) is O(2) and, therefore, we have the Stiefel-Whitney classes w_1 and w_2 as topological invariants.

The first Stiefel-Whitney class can be seen in holomorphic terms as follows: the quadratic form C gives an isomorphism (Λ^2W )^2 ∼= O; hence, Λ^2W gives an element of H^1(Σ; Z/2), and it is easy to see that this element is w_1(W ). It follows that Λ^2W = O if and only if w_1(W ) = 0. This, in turn, is equivalent to the existence of a reduction of structure group to SO(2, C ) ⊂ O(2, C ). Using the identification C^× ∼= SO(2, C ) via λ → ( λ 0 0 λ^{−1} ) , we see that this happens exactly when W decomposes as a direct sum W = L ⊕ L^{−1}, and C is of the form ( 0 1 1 0 )

with respect to this decomposition. Now it is clear that, in this case, w_2(W ) is given by w_2 = c_1(L) mod 2.

By interchanging L with its dual if necessary, we may assume that deg(L) ⩾ 0. Furthermore, when deg(L) > 0, the Higgs field ϕ must induce a non-zero holomorphic map L → L^{−1}K, because otherwise L ⊂ W would violate stability. Hence, we have

deg(L) ⩽ 2g − 2.

We, therefore, have a decomposition of M_{2g−2} into subspaces, each of which is a union of connected components, as follows:

M_{2g−2} = (⋃ u,v M^v_u ) ∪ (^{2g−2}⋃ l=0 M^l_0 ) ,

where M^v_u is the moduli space of poly-stable Higgs bundles (W, C, ϕ) with w_1(W ) = u ∈ H^1(Σ; Z/2)−{0} and w_2(W ) = v ∈ H^2(Σ; Z/2), and where M^l_0 is the moduli space of poly-stable Higgs bundles (W, C, ϕ) with w_1(W ) = 0 and deg(L) = l.

We can now state our main result.

Theorem 4.4. The space M_0 is connected. For d = 2g − 2, the spaces M^b_a and M^l_0 are connected.

Remark 4.5. As we shall see later (Remark 4.25), the subspaces M_d are non-empty. Therefore, Theorem 4.4 shows that M_{Sp(4,R)} has at least 2^{2g+2} + 8g − 11 connected components.

Remark 4.6. For general n, the reduction of structure group to O(n, C ) is, of course, still valid, and gives the Stifel-Whitney classes w_1 and w_2 as further topological invariants. Knowing that the corresponding subspaces were non-empty, would give us a lower bound on the number of components of M_{Sp(2n,R)}.

4.2.2 Strategy of Proof

We shall again use the function f =^1_2 ‖Φ‖^2 to analyse the connectivity properties of M_{Sp(4,R)}. This space is not smooth, so it is not clear how to do Morse theory on it. However, the function f is proper so, in order to show that a subspace of M_{Sp(4,R)} is connected, it is enough to show that the subspace of local minima of f on this space is connected.

Therefore, our strategy is first, to find the local minima of f on each of the subspaces M^v_u and M^l_0, and then, to show that in each of these spaces, the subspace of local minima is connected.

In Subsection 4.2.3, we find the critical points of f and determine which of them are local minima. In order to show that the subspaces of minima are connected, we need the theory of the spectral curve and we give a review of this, following Beauville, Narasimhan, and Ramanan [4], in Subsection 4.2.4. Finally, we prove that the spaces of minima are connected in Subsections 4.2.5 and 4.2.6.

4.2.3 The Structure of the Critical Points

Clearly, any (E, Φ) with Φ = 0 is fixed under the circle action and corresponds to the absolute minimum of f. When (E, Φ) is of the form (2.9), it follows from stability that deg(V ) = 0.

Let (E, Φ) be a stable Higgs bundle of the form (2.9) with Φ ≠ 0, which is a critical point of the circle action; it is thus of the form (2.17). The infinitesimal gauge transformation giving this decomposition is of the form Ψ = ( ψ 0 0 −ψ^T )

for a non-zero ψ ∈ H^0(Σ; End(V )) and hence, the decomposition (2.17) respects the decomposition E = V ⊕V^∗. There are now two possibilities: either ψ is multiple of the identity or, it has two distinct eigenvalues.

When the eigenvalues of ψ are distinct, we can split V in eigenbundles for ψ. Thus, V = L_1 ⊕ L_2, where L_i is an eigenbundle for ψ corresponding to the eigenvalue im_i. In view of the form of Φ and the fact that consecutive eigenvalues of Ψ differ by i, we see that m_1 = −3/2, m_2 = 1/2 and that the components b and c of Φ take the following form: b = ( 0 0 0 b̃ ) and c = ( 0 c̃ c̃ 0 ) , where b̃ ∈ H^0(Σ; L^2K) and c̃ ∈ H^0(Σ; L^{−1}_1 L^{−1}_2 K). We define Higgs bundles of type (1, 1, 1, 1) to be Higgs bundles of this form. Note that stability of (E, Φ) implies that b̃ and c̃ are non-zero, as otherwise (E, Φ) would decompose as a direct sum of lower rank bundles.

When ψ = im is a multiple of the identity, again using the fact that consecutive eigenvalues of Ψ differ by i, we see that m = −1/2. Now Φ is of the form Φ = ( 0 0 c 0 ) . We define a Higgs bundle to be of type (2, 2), if it is of this kind.

When (E, Φ) is only poly-stable, it decomposes as a direct sum of lower rank Higgs bundles of the same form. In other words, E = E_1 ⊕ E_2 with Φ = Φ_1 + Φ_2, where Φ_ν : E_ν → E_ν K for ν = 1, 2. Furthermore,

E_ν = L_ν ⊕ L^{−1}_ν

for a linebundle L_ν , and Φ_ν is of the form

Φ_ν = ( 0 b_ν c_ν 0 )

with respect to this decomposition. Without loss of generality, we may assume that deg(L_ν ) ⩾ 0. If (E, Φ) is a critical point, it follows that each of (E_ν , Φ_ν ) are of the form (2.17). Therefore, Φ_ν is of the form

Φ_ν = ( 0 0 c_ν 0 ) , and we see that these critical points may be considered as critical points of type (2, 2) as well. Note, in particular, that critical points of type (1, 1, 1, 1) are smooth points of the moduli space.

Critical Points of Type (1, 1, 1, 1)

We consider a critical point (E, Φ) of type (1, 1, 1, 1). Letting ψ =

(_{ψ11 ψ12}

ψ_{21} ψ_{22} ) , the sheaf maps α_1 and α_2 of (2.11) and (2.12) take the form

α_1(ψ) = ( 0 b̃ψ_{12} b̃ψ_{12} 2b̃ψ_{22} ) (4.11) and α_2(ψ) = ( −2c̃ψ_{21} −c̃(ψ_{11} + ψ_{22}) −c̃(ψ_{11} + ψ_{22}) −2c̃ψ_{12} ) . (4.12)

In the following proposition, we collect some simple numerical bounds on these Higgs bundles.

Proposition 4.7. Let (E, Φ) be a stable Higgs bundle of the above type and put d_1 = deg(L_1) and d_2 = deg(L_2). Then the following inequalities are satisfied. 1 2 d < d_1 ⩽ d + g − 1 1 − g ⩽ d_2 < d_1.

Proof. First, observe that the linebundles L^{−1}_1 L^{−1}_2 K and L^2K have non-zero holomorphic sections (viz. c̃ and b̃). Hence, d_1 + d_2 ⩽ 2g − 2 and d_2 ⩽ 1 − g. The first of these inequalities is, of course, just the Milnor-Wood type inequality of Theorem 4.1. Furthermore, the bundles L^{−1}_1 and L_2 ⊕ L^{−1}_1 are Φ-invariant subbundles of E and hence, we get, by stability, d_1 > 0 and d_1 > d_2. Combining these inequalities gives the stated result.

We can now determine under which circumstances these critical points can be minima of f.

Proposition 4.8. A stable Higgs bundle of type (1, 1, 1, 1) corresponds to a local minimum of f if and only if d = 2g − 2.

Proof. From the exact sequence (2.10), we have the short exact sequence

0 → coker(α) → T → ker(δ) → 0.

From Subsection 2.3.2, we know that an eigenvalue in of ψ on coker(α) corresponds to the eigenvalue 1 − n of H_f and that an eigenvalue im on ker(δ) corresponds to −m. Thus, we see that the subspace of

H^0(Σ; S^2V ⊗ K ⊕ S^2V^∗ ⊗ K),

which can give H_f a negative eigenvalue, is

H^0(Σ; L^{−2}_1 K) ⊂ H^0(Σ; S^2V^∗ ⊗ K),

giving the eigenvalue −2. From (4.12), it follows that the corresponding subspace of coker(α) is the cokernel of the map

η_∗ : H^0(Σ; L^{−1}_1 L_2) → H^0(Σ; L^{−2}_1 K),

induced by the sheaf map

η : O(L^{−1}_1 L_2) → O(L^{−2}_1 K) s → 2c̃s.

Similarly, we see that the subspace of ker(δ), which gives H_f a negative eigenvalue, is the kernel of the map

η_∗ : H^1(Σ; L^{−1}_1 L_2) → H^1(Σ; L^{−2}_1 K),

again giving the eigenvalue −2.

We can use the Riemann-Roch formula to calculate the Morse index,

λ = h^0(L^{−2}_1 K) − h^0(L^{−1}_1 L_2) + h^1(L^{−1}_1 L_2) − h^1(L^{−2}_1 K) = 2g − 2 − d. It follows that the Morse index of the critical point is zero if and only if d = 2g − 2.

Critical Points of Type (2, 2)

Here, we consider critical points corresponding to Higgs bundles of the form

E = V ⊕ V^∗, (4.13)

with Φ = ( 0 0 c 0 ) . Using Hitchin’s equations, the value of f at a critical point of this kind can be calculated to be

f(E, Φ) =^1_2 ‖c‖^2 = 2πc_1(V ).

Remark 4.9. It follows from this that, when c_1(V ) = 0, we must have c = 0. Together with Proposition 4.8 this shows that the the subvariety of local minima, N_0 ⊂ M_0, is the moduli space of poly-stable Higgs bundles (E, Φ) of the form (2.9) with deg(V ) = 0 and Φ = 0.

For 0 < d ⩽ 2g − 2, we denote the corresponding critical set by N_d. Thus, the subvariety N_d ⊂ M_d is the moduli space of poly-stable Higgs bundles of the form (4.13) with deg(V ) = d. The action of ψ on S^2V ⊗ K is multiplication by −i, the action on S^2V^∗ ⊗ K is multiplication by i, and the action on End(V ) is multiplication by 0. From Subsection 2.3.2, we know that the corresponding eigenvalues of H_f are 2, 0, and 0, respectively. Thus, the Morse index of N_d is necessarily 0 and hence, it is a local minimum of f. From Proposition 4.8 it follows that N_d is the whole subvariety of local minima of f on M_d, for 0 < d < 2g − 2

Next, we shall calculate the dimension of N_d. At a smooth point, this is the dimension of the subspace of the tangent space T on which H_f has eigenvalue 0. Consider the exact sequence (2.10). Note that, in this case, the maps α and δ are induced by the sheaf map η : O(End(V )) → O(S^2V^∗ ⊗ K) ψ → −ψ^T c − cψ. At a smooth point, α is injective and δ is surjective. Note, in particular, that H^1(Σ; S^2V ⊗ K) vanishes. Thus, we can calculate the dimension from the Riemann-Roch Formula as follows:

dim(N_d) = h^0(S^2V^∗ ⊗ K) − h^0(End(V )) + h^1(End(V )) − h^1(S^2V^∗ ⊗ K) = 7g − 7 − 3d. Note that (E, Φ) can be recovered from (V, c). Using Theorem 2.4, we can formulate the stability condition in terms of this pair. Proposition 4.10. The Higgs bundle (E, Φ) is stable if and only if deg(F ) + deg(G) < d, for all proper subbundles F and G of V , which are orthogonal with respect to c (here we think of c as a K-valued quadratic form on V ). Proof. It follows from Theorem 2.4 that (E, Φ) is stable if and only if deg(F ) + deg(G̃) < 0, (4.14) for all pairs (F, G), such that F ⊂ V , G̃ ⊂ V^∗ and c(F ) ⊂ G̃ ⊗ K. Define G = (V^∗/G̃)^∗ ⊂ V ; then, deg(G) = d + deg(G̃).

Note that F and G are orthogonal with respect to c if and only if c(F ) ⊂ G̃ ⊗ K. When (E, Φ) is stable, it follows from (4.14) that deg(F ) + deg(G) < d.

Clearly, we can go the other way and hence, the proposition is proved. Remark 4.11. Note that (V, c) is poly-stable, but not stable, when it decomposes as a direct sum of stable pairs of lower rank. In particular, there is no condition on the degrees of these bundles. This notion is, of course, equivalent to poly-stability of (E, Φ).

Remark 4.12. There is no need to restrict to the rk(V ) = 2 case here; the proof works for V of any rank.

Remark 4.13. One can easily check that, as it should be, the stability condition of the proposition is equivalent to the stability condition (4.6) when d = n(g − 1) and ϕ = 0.

4.2.4 The Spectral Curve

Consider a pair (V, c), where V is a rank 2 bundle of degree d and

c ∈ H^0(Σ; S^2V^∗ ⊗ K)

is a quadratic form, which is generically non-degenerate. Using the isomorphism

V^∗ → V ⊗ Λ^2V^∗ ω → ω ∧ −, and putting L = Λ^2V^∗K, we can alternatively think of c as an element of

H^0(Σ; End_0(V ) ⊗ L).

Here End_0(V ) denotes the trace-free endomorphisms of V . In this way, (V, c) can be considered as an ordinary Higgs bundle.

From either point of view, the determinant of c is a non-zero section

det(c) ∈ H^0(Σ; L^2).

We shall consider the spectral curve associated to (V, c). The spectral curve was introduced by Hitchin [20], but here we shall follow the exposition of Beauville, Narasimhan, and Ramanan [4].

Consider the compactification of L: π : P(O ⊕ L) → Σ. The hyperplane bundle along the fibres is a linebundle on the total space of P(O ⊕ L), which we denote by O(1). This has a canonical section, y, given by the section (1, 0) ∈ H^0(Σ; (O ⊕ L)^∗);

in other words, by projecting O ⊕ L → O. Similarly, there is a canonical section, x, of π^∗L ⊗ O(1), given by the section

(0, 1) ∈ H^0(Σ; L ⊕ O);

in other words, by projecting O ⊕ L → L.

The spectral curve Σ̃ is defined as the zero locus of the section

s = π^∗ det(c) · y^2 + x^2

of π^∗L^2 ⊗O(2). The zeros of x and y are disjoint in P(O⊕L) so, the restriction of y to Σ̃ is nowhere vanishing. Thus, O(1) restricted to Σ̃ is trivial and the restriction of x can be considered as a section

x ∈ H^0(Σ̃; π^∗L).

Furthermore, the trace of c vanishes, so the section s can be thought of as the characteristic polynomial of c in homogeneous coordinates x and y.

The double cover Σ̃^π→ Σ is, in general, ramified, and the ramification divisor is D = (det(c)). Furthermore, when det(c) has simple zeros, Σ̃ is smooth (see [4]). From now on, we shall assume that this is the case. The genus g̃ of Σ̃ can be calculated from the Riemann-Hurwitz formula:

2 − 2g̃ = 4 − 4g − 2 deg(L) = 8 − 8g + 2d,

and thus, g̃ = 4g − 3 − d. Beauville, Narasimhan, and Ramanan show that there is a 1–1 correspondence between isomorphism classes of linebundles M → Σ̃ and isomorphism classes of pairs (V, c). The linebundle M corresponding to (V, c) fits into an exact sequence 0 → M(−D) → π^∗V^{π∗c−x}−−−→ π^∗(V ⊗ L) → M ⊗ π^∗L → 0. Thus, M(−D) can be thought of as the eigenspace bundle corresponding to the eigenvalue x of c. Clearly, the linebundle τ^∗M(−D) is the eigenspace bundle corresponding to the eigenvalue −x. Thinking of π^∗c as a π^∗K_Σ-valued quadratic form on π^∗V , we see that it gives a holomorphic section M(−D) ⊗ τ^∗M(−D) → π^∗K_Σ, which has divisor 2D. Therefore,

M ⊗ τ^∗M ∼= π^∗K_Σ. (4.15)

Conversely, when M satisfies (4.15), the pair (V, c) obtained from M will have c symmetric. We, therefore, have the following version of the result of Hitchin and Beauville, Narasimhan, and Ramanan. We are still working under the assumption that (det(c)) has simple zeros.

Proposition 4.14. There is a 1–1 correspondence between linebundles M on Σ̃ of degree 2g − 2, such that the condition (4.15) is satisfied, and pairs (V, c), where c is a generically non-degenerate K_Σ-valued form on the rank 2 vector bundle V , such that (det(c)) is the ramification divisor of the covering.

Next, we shall examine to what extent a (V, c), obtained in this way, is stable.

Proposition 4.15. Let (V, c) be a pair as above, with 0 < d ⩽ 2g − 2 and rk(V ) = 2. Suppose that c is generically non-degenerate and that det(c) has simple zeros. Then, either (V, c) is stable in the sense of Proposition 4.10, or V ∼= L ⊕ L^{−1}K for a linebundle L of degree g − 1, and c is of the form ( 0 1 1 0 )

with respect to this decomposition. In particular, d = 2g − 2.

Proof. Because rk(V ) = 2 and c is generically non-degenerate, there are only the following two cases to consider.

1. Let L and L^⊥ be distinct rank 1 subbundles of V , which are orthogonal with respect to c. Then, L ⊕ L^⊥ → V (x, y) → x + y gives a generic isomorphism and hence,

deg(L) + deg(L^⊥) ⩽ d,

with equality only when (V, c) is of the form given above. But this is exactly the stability condition of Proposition 4.10.

2. Let L ⊂ V be a linebundle which is null with respect to c. First, suppose that d = 2g − 2. We can then consider the pair (W, C) instead, and W is an extension 0 → L → W → L^{−1} → 0. In particular, Λ^2W = O and therefore, w_1(W ) = 0. Thus, there is a reduction of structure group to SO(2, C ) ∼= C^× and, as we have seen earlier, it follows that V is of the form given above.

Thus, we may assume that d < 2g − 2 and consider the spectral curve Σ̃. In the notation of the preceding discussion of the spectral curve, the pull-back π^∗L to Σ̃ is either equal to M(−D) or τ^∗M(−D). In both cases, it follows that

deg(L) =^1_2 deg(M(−D)) = d + 1 − g <^1_2 d.

This is again the stability condition of Proposition 4.10 and the proof is finished.

4.2.5 The d = 0 case

In this subsection, we shall prove the following theorem.

Theorem 4.16. The subspace M_0 ⊂ M_{Sp(4,R)} is connected.

Proof. Recall from Remark 4.9, that the subvariety of local minima N_0 is the moduli space of poly-stable Higgs bundles (E, Φ) of the form (2.9) for which d = 0 and Φ vanishes. Thus, (E, Φ) is determined by V . It is easy to see that the Higgs bundle (E, Φ) is poly-stable if and only if V is poly-stable in the ordinary sense, and hence, N_0 is the moduli space of poly-stable vector bundles of rank 2 and degree 0. This can also be seen from the point of view of Hitchin’s equations: when Φ = 0 the solutions give the moduli space of flat U(2)-connections, which by the theorem of Narasimhan and Seshadri is isomorphic to the moduli space of poly-stable vector bundles of rank 2 and degree 0.

This moduli space is well known to be connected (see e.g. Atiyah and Bott [3]) so, from the properness of f, we conclude that M_0 is connected.

4.2.6 The d = 2g − 2 case

The w_1(W ) = 0 Case

Here, our aim is to prove the following theorem.

Theorem 4.17. The subvarieties M^l_0 ⊂ M_{2g−2} are connected

Recall that any (W, C, ϕ) in M^l_0 is of the form W = L ⊕ L^{−1}, with l = deg(L) and C of the form (^{0 1}_{1 0} ). First, we consider the case of l > 0. In this case, the Higgs field ϕ must be non-zero, as otherwise the subbundle L ⊂ W would violate stability. But any critical point of type (2, 2) has ϕ = 0 so, it follows that all the critical points in M^l_0 for l > 0 are of type (1, 1, 1, 1).

From the description of these critical points in Subsection 4.2.3, it follows easily that they correspond to Higgs bundles (W, C, ϕ), which are of the form described above and where, furthermore, ϕ is of the form ϕ = ( 0 0 ϕ̃ 0 ) , with ϕ̃ ∈ H^0(Σ; L^{−2}K^2). Using this, it is now easy to give an explicit description of N^l_0.

Proposition 4.18. The subvariety of local minima N^l_0 ⊂ M^l_0 fits into a pull-back diagram

N^l_0 −−−→ Jac^l(Σ) π L→L^{−2}K^2 S^{4g−4−2l}Σ^{D→[D]}−−−−→ Jac^{4g−4−2l}(Σ), where π(W, C, ϕ) = (ϕ).

Proof. The only thing there is to remark is that any (W, C, ϕ), of the form given above, is stable. But, L^{−1} ⊂ W is the only ϕ-invariant subbundle so, this is obvious.

From this proposition, it is clear that N^l_0 is connected so, from the properness of f, it follows that M^l_0 is connected. This proves Theorem 4.17 in the cases l > 0.

In the case l = 0, we have the following

Proposition 4.19. Any local minima of f in M^0 has ϕ = 0 and is, therefore, of type (2, 2).

Proof. Suppose we have a critical point of type (1, 1, 1, 1) as above, with ϕ ≠ 0. Then, L^{−1} ⊂ W is ϕ-invariant and therefore, (W, C, ϕ) is semi-stable, but not stable. Since we are considering the moduli space of poly-stable Higgs bundles, (W, C, ϕ) decomposes as a direct sum of rank 1 Higgs bundles of degree 0. The only subbundles of W of rank 1 and degree 0 are L and L^{−1}, and L is not ϕ-invariant so, we conclude that this situation cannot occur.

Consequently, we have the following description of the subspace of M^0 of local minima of f.

Proposition 4.20. The subspace N^0_0 ⊂ M^0 of local minima of f is isomorphic to the moduli space of poly-stable (W, C), where W is of the form W = L ⊕ L^{−1}, for a linebundle L of degree 0, and C is of the form (^{0 1}_{1 0} ), with respect to this decomposition.

Remark 4.21. The pair (W, C) decomposes into a direct sum of linebundles exactly when L^2 = O, and it is then poly-stable, but not stable. However, all other (W, C) are stable.

It follows that there is a surjective continuous map Jac^0(Σ) → N^0_0 , given by taking L to (W, C) of the form given above. Therefore, N^0_0 is connected, finishing the proof of Theorem 4.17.

The w_1(W ) ≠ 0 Case.

In this instance, we prove the following theorem. Theorem 4.22. The subvarieties M^v_u ⊂ M_{2g−2} are connected.

Because any critical point of type (1, 1, 1, 1) has w_1(W ) = 0, we see that the subvarieties of local minima N^v_u ⊂ M^v_u consist of critical points of type (2, 2). Recall that for these b = 0; in terms of the Higgs bundle (W, C, ϕ), this means that ϕ = 0. Thus, N^v_u is the moduli space of stable pairs (W, C) with the given characteristic classes. Since Λ^2W ≠ O, it follows from Proposition 4.10 that any such pair is stable. Hence, we do not need to worry about stability.

There is a connected double cover Σ̃^π→ Σ given by w_1(W ) ∈ H^1(Σ; Z/2) = Hom(π_1Σ, Z/2).

Clearly, π^∗W = M ⊕M^{−1} with π^∗C = (^{0 1}_{1 0} ). Because the cover is unramified, K~_Σ = π^∗K_Σ, and π^∗L_0 is a square root of K~_Σ. Obviously, π^∗V = Mπ^∗L_0 ⊕ (Mπ^∗L_0)^{−1}K~_Σ and hence, Σ̃ is the spectral curve associated to (V, c). Note that the bundle which was called M in Subsection 4.2.4 is Mπ^∗L_0 here. Therefore, condition (4.15) becomes τ^∗M = M^{−1}.

In other words, N^0_u ∪ N^1_u is the kernel of the map 1 + τ^∗ : Jac(Σ̃) → Jac(Σ̃), where Σ̃ is the unramified double cover of Σ given by u ∈ H^1(Σ; Z/2).

It remains to distinguish between w_2 being equal to 0 or 1. When the cover is unramified, the kernel of 1 + τ^∗ splits into two components, ker(1 + τ^∗) = P^+ ∪ P^−, each of them a translate of the Prym variety of the covering. It is a classical theorem of Wirtinger, that the function δ : P^+ ∪ P^− → Z/2, defined by δ(M) = dim_C H^0(Σ̃; M ⊗ π^∗L_0) mod 2 = dim_C H^0(Σ̃; π_∗M ⊗ L_0) mod 2, is constant on each of P^+ and P^− and takes different values on them. For proofs of these facts, see Mumford [24] or [25].

Now, let F → Σ be a real vector bundle. Choosing a metric on F , the complexification F^c = F ⊗_R C acquires a holomorphic structure and therefore, there is a ¯∂-operator ¯∂_{L0} (F ): Ω^0(Σ; L_0 ⊗ F^c) → Ω^{0,1}(Σ; L_0 ⊗ F^c).

Atiyah [2] shows that the function δ_{L0} (F ) = dim_C ker( ¯∂_{L0} (F )) mod 2 is independent of the choice of the metric, and that it extends to give a group homomorphism δ_{L0} : KO(Σ) → Z/2. Define γ ∈ ~KO(Σ) to be the pull-back of the generator of ~KO(S^2) under a map Σ̃ → S^2 of degree 1. Atiyah [2, Lemma (2.3)] shows that δ_{L0} (γ) = 1.

Furthermore, the total Stiefel-Whitney class gives an isomorphism w : ~KO(Σ) → {1} ⊕ H^1(Σ; Z/2) ⊕ H^2(Σ; Z/2) of the additive group ~KO(Σ) onto the multiplicative group of the cohomology ring H^∗(Σ; Z/2) (see [2, Remark, p. 54]). Clearly,

w(γ) = (1, 0, 1),

where we identify H^2(Σ; Z/2) = Z/2. We may, therefore, think of δ_{L0} as a homomorphism of the multiplicative group of H^∗(Σ; Z/2) to Z/2, which takes the value 1 on the element (1, 0, 1). Let u ∈ H^1(Σ; Z/2); then,

(1, u, 0) = (1, u, 1) · (1, 0, 1)

in H^∗(Σ; Z/2). Therefore,

δ_{L0} (1, u, 0) = δ_{L0} (1, u, 1) + 1. (4.16)

Returning to (W, C) with W = π_∗M for M ∈ ker(1 + τ^∗), we see that

δ(M) = δ_{L0} (W^r),

where W^r is a real rank two bundle, whose complexification is W . It follows from (4.16), that δ takes different values for different values of w_2(W ) and hence, that w_2(W ) determines whether M lies in P^+ or P^−.

From this discussion, we obtain the following explicit description of the subvariety N^v_u ⊂ M^v_u of local minima of f.

Proposition 4.23. Let u ∈ H^1(Σ; Z/2) − {0}, let v ∈ H^2(Σ; Z/2) = Z/2 and let P^+ and P^− be the Abelian varieties associated to the double cover of Σ, given by u as above. Then, the subvariety N^v_u ⊂ M^v_u of local minima of f is equal to P^+ and P^−, respectively, for the two values of v.

Consequently, N^v_u is connected and, from the properness of f, it follows that M^v_u is connected, proving Theorem 4.22.

4.2.7 The 0 < d < 2g − 2 case

In this subsection, we discuss two possible approaches to a proof of the following:

Conjecture 4.24. The subspaces M_d ⊂ M_{Sp(4,R)} are connected for 0 < d < 2g − 2.

The Spectral Curve Approach

Let N_d ⊂ M_d be the subvariety of local minima. From Proposition 4.8, it follows that any point of N_d is of type (2, 2). Thus, N_d is the moduli space of pairs (V, c), where deg(V ) = d and c is a K-valued quadratic form on V , such that (V, c) is poly-stable in the sense of Proposition 4.10. Note that c ≠ 0; this can most easily be seen from stability of (E, Φ) but follows, of course, also from stability of (V, c).

Let N^′_d ⊂ N_d be the subvariety of pairs (V, c) for which rk(c) = 2 generically, and let S = N_d − N^′_d be the subvariety of pairs for which rk(c) = 1. Recall, from Remark 4.2, that S = ∅ for d > g − 1. Let (V, c) ∈ S. There is a linebundle L ⊂ V which is generically the kernel of c and thus, V is an extension 0 → L → V → M → 0, where M = L^{−1}Λ^2V . Clearly, c maps V to M^{−1} ⊗ K and it is determined by the induced section c̃ ∈ H^0(Σ; M^{−2}K). One can prove that the extension is non-trivial if and only if (V, c) is stable. Using this description, a dimension count shows that the codimension of S in N_d is at least 1. Thus, it suffices to prove that N^′_d is connected.

For any pair (V, c) in N^′_d, we can consider the associated spectral curve Σ̃ → Σ. However, we only know that this is smooth when det(c) has simple zeros (see Subsection 4.2.4). Consider the Hitchin map

H : N^′_d → S^{4g−4−2d}(Σ) (V, c) → (det(c)). Let C^{4g−4−2d}(Σ) ⊂ S^{4g−4−2d}(Σ) be the space of effective divisors without multiple points, and let D ∈ C^{4g−4−2d}(Σ). Then, the spectral curve of any (V, c) ∈ H^{−1}(D) is the ramified double cover Σ̃ of Σ, with ramification divisor D. Using the theory of the Prym variety (see Mumford [25]) and Propositions 4.14 and 4.15, one can prove that H^{−1}(D) is isomorphic to the Prym variety of the cover. The Prym variety is an Abelian variety of dimension 3g − 3 − d and it follows that the subspace H^{−1}(C^{4g−4−2d}(Σ)) of N^′_d is connected.

Remark 4.25. As a consequence of this description, we see that N_d ≠ ∅ for 0 < d < 2g − 2. One way of turning this into a proof, would be to show that a stable pair (V, C), where det(c) has multiple zeros, can be deformed into one for which det(c) has simple zeros. Another way could be to investigate further the correspondence between rank 1 torsion free sheaves on the spectral curve and Higgs bundles on Σ, when the spectral curve is not smooth.

The Direct Approach

Consider (V, c) as an ordinary Higgs bundle, as described in Subsection 4.2.4. Here, we think of c as lying in

H^0(Σ; End_0(V ) ⊗ L),

where L = Λ^2V^∗K. We can then show that stability of (V, c) in the sense of Proposition 4.10 implies stability of (V, c) as a Higgs bundle. However, the converse is not true: (V, c) must satisfy three further conditions:

i) For any subbundle M of V , deg(M) < deg(V ).

ii) When deg(V ) > 0, c must be non-zero.

iii) When rk(c) = 1, let U ⊂ V be the subbundle which is generically the kernel of c, and let U^′ ⊂ V be the subbundle such that U^′L is generically the image of c. Then, U and U^′ must have negative degree.

Nitsure [27] shows that the moduli space of stable Higgs bundles (V, c) is connected. Letting U be the subspace of stable Higgs bundles (V, c), which satisfy the conditions above, it follows that there is surjective map from U to N_d. The problem is to show that U is connected.

4.3 Fibrations 63

4.3 Fibrations

In this section, we briefly discuss a possible application of our results.

Let X be a 4-manifold, which is the total space of a fibre bundle X^π→ Σ, over a surface of genus g ⩾ 2, such that the fibre S_x over x ∈ Σ is a surface of genus h. The fundamental group π_1Σ acts on the cohomology H^1(S_x; R) preserving the non-degenerate skew form given by the cup product. This way, we obtain an associated flat Sp(2h, R)-bundle

E = Σ̃ ×_{π1Σ} H^1(S_x; R)

over Σ. Here, Σ̃ is the universal cover of Σ.

This idea goes back to Griffiths [17], who considered families of varieties. Taking the Dolbeault cohomology of the fibres, led him to what he calls a variation of Hodge structure. This, in turn, was the inspiration for Simpson [28], who realised that the variations of Hodge structure are examples of Higgs bundles.

We get an invariant of the fibration by taking the degree d of the bundle V , obtained by a reduction to the maximal compact subgroup U(h). When the flat connection is reductive and d = h(g−1), we obtain a further invariant by taking the Stiefel-Whitney classes w_1 and w_2 of the O(h, C ) bundle W obtained from V by Theorem 4.3.

A slightly more general situation was considered by Atiyah [1]. He proves the following theorem.

Theorem 4.26 (Atiyah [1]). The number d is determined by the signature of X as follows: Sign(X) = 4d.

One can now ask the following questions in the case d = h(g − 1):

1. Do the further invariants given by the Stiefel-Whitney classes occur? We have seen in the case of h = 2, that flat Sp(4, R)-bundles with all the values given by Theorem 4.4 do occur. However, we do not know whether they can be induced by a fibration as above.

2. If these invariants do occur, are they then invariants of the fibration only, or of the 4-manifold X? It follows from Atiyah’s theorem that d is an invariant of X, but is this also the case for w_1 and w_2? This is perhaps not so likely for w_1, as it is defined in terms of the cohomology of Σ.

64

Bibliography

[1] M. F. Atiyah, The signature of fibre-bundles, Global analysis, papers in honour of K. Kodaira, University of Tokyo Press and Princeton University Press, 1969, pp. 73–84.

[2] , Riemann surfaces and spin structures, Ann. Sci. École Norm.

Sup. (4) 4 (1971), 47–62.

[3] M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Philos. Trans. Roy. Soc. London Ser. A 308 (1982), 523–615.

[4] A. Beauville, M. S. Narasimhan, and S. Ramanan, Spectral curves and the generalised theta divisor, J. Reine Angew. Math. 398 (1989), 169– 179.

[5] I. Biswas and S. Ramanan, An infinitesimal study of the moduli of Hitchin pairs, J. London Math. Soc. (2) 49 (1994), 219–231.

[6] S. B. Bradlow, Special metrics and stability for holomorphic bundles with global sections, J. Differential Geom. 33 (1991), 169–213.

[7] S. B. Bradlow and G. D. Daskalopoulos, Moduli of stable pairs for holomorphic bundles over Riemann surfaces, Internat. J. Math. 2 (1991), 477–513.

[8] S. B. Bradlow, G. D. Daskalopoulos, and R. A. Wentworth, Birational equivalences of vortex moduli, preprint, 1993.

[9] S. B. Bradlow and O. García-Prada, Stable triples, equivariant bundles and dimensional reduction, to appear.

[10] K. Corlette, Flat G-bundles with canonical metrics, J. Differential Geom.

28 (1988), 361–382.

[11] U. V. Desale and S. Ramanan, Poincaré polynomials of the variety of stable bundles, Math. Ann. 216 (1975), 233–244.

[12] A. Domic and D. Toledo, The Gromov norm of the Kaehler class of symmetric domains, Math. Ann. 276 (1987), 425–432.

[13] S. K. Donaldson, Twisted harmonic maps and the self-duality equations, Proc. London Math. Soc. (3) 55 (1987), 127–131.

[14] J. L. Dupont, Bounds for characteristic numbers of flat bundles, Springer LNM 763, 1978, pp. 109–119.

[15] T. Frankel, Fixed points and torsion on Kähler manifolds, Ann. of Math.

(2) 70 (1959), 1–8.

[16] P. B. Gothen, The Betti numbers of the moduli space of rank 3 Higgs bundles, Internat. J. Math. 5 (1994), 861–875.

[17] P. A. Griffiths, Periods of integrals on algebraic manifolds, III, Inst.

Hautes Études Sci. Publ. Math. 38 (1970), 125–180.

[18] M. Gromov, Volume and bounded cohomology, Inst. Hautes Études Sci.

Publ. Math. 56 (1982), 5–99.

[19] N. J. Hitchin, The self-duality equations on a Riemann surface, Proc.

London Math. Soc. (3) 55 (1987), 59–126.

[20] , Stable bundles and integrable systems, Duke Math. J. 54 (1987), 91–114.

[21] , Lie groups and Teichmüller space, Topology 31 (1992), 449– 473.

[22] I. G. Macdonald, Symmetric products of an algebraic curve, Topology 1 (1962), 319–343.

[23] J. W. Milnor, On the existence of a connection with curvature zero, Comment. Math. Helv. 32 (1957), 216–223.

[24] D. Mumford, Theta characteristics of an algebraic curve, Ann. Sci. École Norm. Sup. (4) 4 (1971), 181–192.

[25] , Prym varieties I, Contributions to Analysis (L. V. Ahlfors et al., ed.), Academic Press, New York, 1974, pp. 325–350.

[26] M. S. Narasimhan and C. S. Seshadri, Stable and unitary vector bundles on a compact Riemann surface, Ann. Math. 82 (1965), 540–567.

[27] N. Nitsure, Moduli of semistable pairs on a curve, Proc. London Math.

Soc. (3) 62 (1991), 275–300.

[28] C. T. Simpson, Constructing variations of Hodge structure using Yang- Mills theory and applications to uniformization, J. Amer. Math. Soc. 1 (1988), 867–918.

[29] , Higgs bundles and local systems, Inst. Hautes Études Sci. Publ.

Math. 75 (1992), 5–95.

[30] , Moduli of representations of the fundamental group of a smooth projective variety I & II, preprint no. 17, Laboratoire de Topologie et Geometrie, Université Paul Sabatier Toulouse III, 1992.

[31] M. Thaddeus, Stable pairs, linear systems and the Verlinde formula, Invent. Math. 117 (1994), 317–353.

[32] G. W. Whitehead, Elements of homotopy theory, Springer-Verlag, 1978.

[33] J. W. Wood, Bundles with totally disconnected structure group, Comment. Math. Helv. 51 (1976), 183–199.