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ABSTRACT. The emergence of clustering of rare events for chaotic dynamics was first
observed as a consequence of periodicity, i.e., by considering target sets that shrink to
a periodic point, one was able to create fast returns to these target sets which were
responsible for the appearance of a bulk of high observations of observable functions that
were maximised at the periodic point. This meant that the Rare Events Point Processes,
counting the number of entrances in these target sets, converge to a compound Poisson
process, with a geometric multiplicity distribution ruling the cluster sizes. In [AFFR16], a
new mechanism to create clustering of rare events was introduced by considering observable
functions maximised at a finite number of points that were linked by belonging to the
same orbit. We make a deep study of the potential of this mechanism to produce different
multiplicity distributions. Namely, we show that with the right choice of a system and
observable, one can obtain any given finitely supported cluster size distribution. We
also study the impact of symmetry and other properties of the systems on the possible
clustering size distributions, which are also classified for the case of periodic maximal
orbits.
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1. INTRODUCTION

In the last decade, the study of extreme value theory for dynamical systems, which turned
out to be intimately related with quantitative recurrence, has captured the attention of many
dynamicists (see for example [LEET16, BLRI19, [AFF20, [FFMa20, HV20, PS20, [CHN21,
[FFT21] and references therein) and inspired applications to climate dynamics (see [FMACYT7,
MCFIT, CEM ™19, ILFG™22| and references therein).

Observations of extreme or rare events are detected by abnormal high values of a given
observable function and correspond to the entrance of the orbits of the system into sensitive
regions of the phase space, which are assumed to shrink, as time evolves, to a set, M, of
zero measure, where the observable is maximised. We will refer to this set as the maximal
set.

In this context, Point Processes of Rare Events have revealed to be a very useful tool to keep
track of the number of rare events on a normalised time frame. Initially, M was assumed
to be a typical point and then one could prove that these point processes converged to a
standard Poisson process (see [HSV99, [FET10]). However, when M is a periodic point,
the extremal observations have a tendency to appear concentrated in the time line, forming
clusters of rare events associated to the fast recurrence imposed by the periodicity, which is
responsible for the appearance of compound Poisson process in the limit. Since, the systems
considered have nice mixing properties, there is an expansion at these periodic points which
explains the appearance of the geometric distribution for the size of the clusters, which is
of course associated to the Polya—Aeppli distribution of the total number of extreme events

([HVQ9, FETT3]).

In [AFFR16], the authors introduced a new mechanism to create clustering of rare events
by considering that M is made out of multiple points which are dynamically linked, in the
sense that they belong to the same orbit. This dynamical link between the points of M is
responsible for the creation of what was called a fake periodic behaviour, which was able
to generate cluster size distributions other than the geometric one. In fact, other cluster
size distributions had already been observed, for example in [AFVI5| but they were still
associated to periodic points, where the dynamical system was discontinuous.

The main purpose of this paper is to study deeper the device introduced in [AFFRI6|] to
create clustering and, in particular, its potential to generate different cluster size distribu-
tions. We will show that with an appropriate choice of the dynamics and observables we
can generate any finitely supported given distribution. However, as we will also show, the
choice of the dynamics plays a surprisingly important role since, for example, the existence
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of symmetry may preclude the possibility of certain distributions appearing. Moreover, we
will provide a more dynamical heuristics for the interpretation of the cluster distribution
formulae obtained in [FET13]. A more probabilistic interpretation of these formulae already
appeared in [AFF20, Section 2.1], but the one we provide here is particularly useful for de-
scribing for example, the class of cluster size distributions that can arise when M is made
out of a periodic orbit.

The paper is organised as follows. In Section [2] we establish the setting, give the definitions
and conditions in order to prove convergence of the Rare Events Point Processes. In Sec-
tion [3] we consider the case where the observable functions are maximised on multiple points
of a non-periodic orbit and study the possible cluster size distributions that can arise in this
situation. In Section [4, we study clustering patterns and provide a more dynamical inter-
pretation of the formulae that give the asymptotic cluster size distribution. In Section [f]
we study the possible cluster size distributions that may appear for observable functions
maximised at multiple points of the same periodic orbit. In Section [6] we provide the proofs
of the main results stated in Section [3], as well as a small simulation study to illustrate the
ability to generate any given finitely supported distribution for cluster size. In Section [7]
we provide the proof of the main result stated in Section [5] and we also consider some case
studies from [AFFRI0] to illustrate the performance of the methods we introduce here to
obtain the cluster size distribution.

2. CONTEXT AND BACKGROUND

In order to study the extremal behaviour of the chaotic dynamical systems, we consider
stochastic processes generated by such systems, simply by evaluating a given observable
function along its orbits,

2.1. The setting. Let (X, B, f, 1) be an ergodic dynamical system where X’ is a a compact
Riemannian manifold with a Riemannian metric that we denote by dist, B is the Borel
o-algebra, f: X — X is a measurable map and g is an f-invariant probability measure on
(X, B). In this paper, p will always be absolutely continuous with respect to Leb, we will
say that it is an acip (absolutely continuous invariant probability). Given an observable
w: X - RU{+xoo}, we consider the stochastic process (X)nen, given by :

Xn=po f"
As mentioned earlier, a realisation of the process (X, )nen, corresponds to obtaining a point
x € X, chosen according to the acip p, and then evaluate the observable along its orbit
(f"(2))neny-
As in [AFFRI16|, we assume that ¢ achieves N global maxima at the points &1,...,&{y. We
denote by up := ¢(§;) the maximum value (we allow up = +00) and for each &;, ¢ is defined
on a neighbourhood of &; by

p(x) = h(dist(z, &))
where h;: V; — h;(V;) is a decreasing bijection on a neighbourhood V; of 0 in Rar and
hi(0) = up. These requirements imply that the following set

U(u) = {XO > u}

is the union of the balls B (gi, h;l (u)) when the level u is sufficiently large. We suppose that
the maps h; and the f-invariant measure p are sufficiently regular in the following sense :
the quantity pu(U(u)), as a function of u, varies continiously on a neighbourhood of u FH

1Example : when the maps h; are continuous and p has no atoms (absolutely continuous for instance).
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The extremal behaviour of the systems can then be partly described by the distributional
limit of the sequence of partial maxima defined for each n € N as:

Mn = max {Xo, .. aXn—l}-

Ergodicity implies that M,, converges a.s. to ur and in order to obtain a non-degenerate
weak limit for M,,, motivated by the i.i.d. setting we consider a sequence of levels (uy)nen
such that:

nu (Xo > up) T 0. (2.1)

We succeed in proving the existence of an Extreme Value Law whenever, for a sequence
satisfying ([2.1]), there exists a non-degenerate distribution function such that

(M, < uy) — 1—H(r), (2.2)

where the convergence is meant at the continuity points of H. Note that on the i.i.d.
case, the convergence in (2.1) is equivalent to (2.2)), where H is the standard exponential
distribution function.

We observe that the inverse functions h; * determine the tail of the d.f. F and up = ¢(&;) =
h;(0) is its right endpoint. Moreover, they can be classified according to one of the following
three types :

(1) there exists some positive function g: h;(V;) — R such that for all y € R,

hi (s + yh(s))
s=hi(0) Ry l(s)

(2) hi(0) = co and there exists 5 > 0 such that for all y > 0,

= Exp(—y);

-1
h; (sy) —B.

§—00 h;l(s) ’
(3) hi(0) = D < oo and there exists v > 0 such that for all y > 0,
hi '(D — sy)

Di Y)Y

lim ——
s=D h; (D — s)

The tail of the d.f. F' determines the possible three types of limiting Extreme Value Law
(given by the classical Extremal Types Theorem — see |[LLR83, Section 1.4]), when the
sequence of levels (uy)nen is taken as one parameter linear family like

up = L + b, (2.3)
Qn,
for y € R, a, > 0. In this case, 7 is of one of the following three types expressed as a
function of the parameter y given in u,, for some 3,7 > 0, (see |[LFET16, Section 4.2.1]):

(1) m(y) = Exp(—y) for y € R (Gumbel type);
(2) m2(y) =y~ P for y > 0 (Fréchet type);
(3) 11(y) = (—y)" for y < 0 (Weibull type).

We recall that the study of the distributional limit of the maximum is intimately related to
quantitative recurrence ([Col01, [FFT10]), which can be realised by noting that the event
{M,, < u,} implies that there are no exceedances, i.e., no occurrences of {X; > w,} for all
1 =0,...,n — 1, which could be expressed equivalently by saying that the hitting time to
the set U(uy,) = {Xo > wup} is not less than n.

The study of the extremal behaviour and quantitative recurrence is enhanced by considering
point processes that keep track of the orbital visits to the sets U(u).
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Definition 2.1. For every A C R, u € R, we define :
N(A) = D s

1€ ANNg

Let R denote the set of elements J which can be written as a finite union of subsets [a, b)
of Rf. We define the Rare Event Point Process (REPP) N,, by :

VJER, No(J) = Mo, (ond) = Y Tx;su,
je(’an)ﬂNo

with v, = 1/p (Xo > up).

We rescale the time in the definition of the REPP because there are less and less exceedances
{X; > up}, on a fixed time period, as the level u,, grows, and we need to compensate it by
expanding the time period as the level grows, which creates a concentration of data in a fixed
interval. In fact, the rescaling is done so that E [IV,,([0,1))] = u (Xo > uy) (|vn] +1) — 1.

In the i.i.d. setting, one can prove that N,, converges weakly to a standard homogeneous
Poisson process. However, in the presence of clustering of exceedances, IV,, converges weakly
to a compound Poisson process. By the time rescaling, the jumps of height 1 occurring in a
cluster of size k for the REPP are compressed. Thus this series of jumps looks like a unique
jump of size k. Thus the cluster size is asymptotically ruled by the multiplicity distribution
of this limit process. Moreover note that {4, ([0,n)) = 0} = {M,, < u,}, hence the limit
distribution of (M,,),en can be easily recovered from the convergence of the REPP.

We recall here the definition of a compound Poisson process.

Definition 2.2. A compound Poisson process of intensity 6 and multiplicity distribution 7
is a point process defined by

N(J) = /]1Jd (Z DiéTﬁerTi) = Dibryy. () = Z D;

=1 i=1 =1

T +..+T;eJ

where T1,715,...,D1,D,,... are independent random variables defined on a probability
space, (Tn)nen is an ii.d. sequence with common exponential distribution of mean 1/6
and (Dy,)nen is another i.i.d. sequence with common distribution 7.

Note that by and the definition of the normalising time factor v,, when there is no
clustering, the Poisson process has intensity § = 1 and 7(1) = 1. On the other hand, in the
presence of clustering we clearly have that the expected cluster size > 22, jm(j) > 1, which
is compensated by a smaller frequency 6 < 1 (so that E [N, ([0,1))] = 1).

The parameter 0 < 6§ <1 is called Extremal Index (EI) and the fact that in most situations
it is the reciprocal of the mean cluster size (see [AFF20]) makes it particularly useful to
quantify the intensity of clustering. Absence of clustering means 6 = 1 and intense clustering
means that 6 is close to 0.

2.2. Convergence of Rare Events Point Processes. The convergence of REPP in the
dynamical setting relies heavily on being able to use memory loss properties of the system in
a useful way, which was paved from the adjustment and generalisation of classical conditions
introduced by Leadbetter (see [LLR83|) to study stationary stochastic processes. These
adaptations are particularly sensitive in the case of presence of clustering where the definition
of a certain hierarchy of events is rather convenient to write the formulae for the multiplicity
distribution and the computation of the EI.
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Definition 2.3. Given ¢ € N and a level u, we define the following events :

UO(u) := {X > u}
q
AP (u) = {Xo>u, X1 <u,..., Xy <u}=UOw)n ()~ ((U<0> (u))c>
=1
and for each Kk € N

U™ (u) := U () \ AL~ (w)
AP () = U () () 7 ((U(””) (u))c>.
=1

For u = wu,, we write Aé’f,{ = .At(f) (up) and Ul = U (up).
We denote by Uéo) (&) the ball B (&, h;l(un)) for n sufficiently large. It follows that U,(lo) =
Ufil ul® (&) and we define
U (&) = UM N U (&) and AZ(&) = AT N UL (&)
Given B € B, for some s > 0 and £ > 0, we define :
|s]+max {|£]—1,0}
Wiu(B) = N s
i=|s]

U (u) occurs when there are at least k + 1 exceedances, the first appears at time 0 and
there are less than ¢ units of time between each exceedance (except the k + 1-th one) and
the succeeding one. .A((f) (u) occurs when U (u) does and there is no exceedance up to ¢
units of time after the x + 1-th exceedance.

Usually, for every i, (UT(L”) (&))ken, is a sequence of nested topological balls and the events
AS,’;‘%(@) are annuli around these topological balls such that U (&) = Aéﬁ% (&)U UT(LHH)(&).

W ¢(B) occurs when the event B has not occurred during the time period of length |£] and
starting at time s.

We introduce below two conditions which allow to prove the convergence of the REPP. The
first is a condition of asymptotic independence, the second condition restricts the occurrence
of events f _i(A,(]?%) close together in time.

Condition (/I;). We say that [I; holds for the sequence (Xp)nen if for any integers
t,K1,...,ke,n and any J = U§:2 I; € R with I; = [aj,b;) and inf J > ¢,

S S
" Af{}%)ﬂ ﬂ%n(lj) = Kj —p(Aé’fﬁ)u ﬂ%n(fj) =rj || <v(g:n,t)
j=2 Jj=2

where (g, n,t) is decreasing in t for each n and there exists a sequence (ty)n,en such that
tn, = o(n) and ny(q,n,t,) — 0.
n—oo

Condition ([I;,). We say that JI; holds for the sequence (X, )nen if there exists a sequence
(kn)nen such that

® ky — 00, kntn = o(n) where t,, is given by condition JI¢;
n—oo

Ln/knJ_l .
e limn > u (Af]?% N f_](At(z?T)L)) = 0.

n—00 j=q1
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We recall now the main convergence result for the REPP, which also gives formulae for the
EI and the multiplicity distribution.
Theorem 2.4 (From [FFT10,[FFT13|). Let (up)nen be a sequence satisfying nu (Xo > up) —

n—oo

T for some 7 > 0. Assume that I1; and Z[; hold for some q € Ng. Then the REPP (Ny)nen
converges in distribution to a compound Poisson process of intensity 6 and an integer valued
multiplicity distribution m whenever the following limits exist :

(0) (k1) _ (k)
6 := lim M and Vk €N, m(k) = lim ! <Aq’n 1 ) ! <Aq’n) .
e (o) )

Note that, except for some exceptional cases as given in [AFF20], most of the times we have
61 =3, cn rm(k), it is the average cluster size.

The main advantage of the conditions above when compared to the classical ones is the fact
that they are easy to check if the systems have nice mixing properties, which are usually
captured by the rates of decay of correlations that we define next.

Definition 2.5. (Decay of correlations). Let %7, % denote Banach spaces of real valued
measurable functions defined on X'. We denote the correlation of non-zero functions ¢ € %3

and 1 € € w.r.t. a measure p as
[o-wory - [oau [

1
We say that we have decay of correlations, w.r.t. the measure p, for observables in %] against

Coru(¢, ¢, n) 1=
g wH‘&
observables in ¢ if we have Cor,(¢,1,n) — 0 for every ¢ € %1 and every ¥ € %,.

B H¢ €1

Condition [T} is typically very easy to check from most of statements providing summable
decay of correlations for the systems in consideration, i.e., > -, Cor,(¢,1,n) < co. See
ILEET16, Section 4.4].

For some systems it is possible to prove summable decay of correlations for all ¢ in some
Banach space %) against all L'(u) functions . This strong form of decay of correlations,
which we will express as summable decay of correlations against L', allows us to prove
condition I, as well. See for example [LFF™16, Proposition 4.2.13] .

When N =1, i.e., when the observable is maximised at a single point of the phase space &,
for nice systems (for example, systems with summable decay of correlation against L!), a
dichotomy regarding the extremal behaviour has been proved. See [LFF™16, Theorem 4.3.5].
Namely, either £ is a non periodic point in which case there is no clustering of exceedances,
the extremal index 6 is equal to 1 and the N,, converges weakly to a standard Poisson
process; or £ is a periodic point, say of period p, and in that case we have clustering of
exceedances, detected by an extremal index less than 1, which, in the case of an absolutely
continuous invariant probability measure with a regular density, it is given by the formula:

6 =1—|det DfP(¢)|~L

Moreover, the REPP converges to a compound Poisson process of intensity 6 and geometric
multiplicity distribution 7 :

m(k) = 6(1 —0)~ 1, for each k € N.
Throughout the rest of text, we assume that the dynamical systems considered have sum-

mable decay of correlations against L' and the observable admits N global maxima lying
on the orbit of £&; which is either a non-periodic point or a repelling periodic point.
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Moreover, we add other assumptions from which follows an ideal framework for the com-
putations. g is absolutely continuous, the Lebesgue differentiation theorem holds for the
maxima and f is a one-dimensional map. The derivative D f(x) is defined and non-zero for
each point x = f7(&1) with j € {0,...,mxy — 1} in the non-periodic case and for each point
x in the orbit of &1, in the periodic case. Flnally the observable is such that there exists 7,
equal to the radius of each extremal sets U (fz) within a constant factor of multiplication
depending on ¢ and independent of n.

3. NON-PERIODIC MAXIMAL ORBITS

We start by studying the non-periodic case, i.e. &1 is not periodic. We recall that the

observable ¢ has to achieve N global maxima &7, &s,...,&y which are correlated :
Vie {L"'vN}? gz = fml(gl)
with 0 = m; < mg < ... < my. In the applications, almost always, we will choose a

dynamical system (X, B, f, ) with summable decay of correlations of bounded variation
functions agains L' and maps h; defining ¢ on a neighbourhood of each maxima. Note

that the maps h; give the radius of the balls U’ ({,) However we will first define the balls
n (51) and then find a corresponding observable .

In this case of non-periodicity, it is easy to check that

N
AW(E) = U <fi>\< U fmms“(&)))

l=i+1

for n sufficiently large. Note that "for n sufficiently large" will not be specified anymore. It
is an asymptotic information following from the continuity of f at each &; and the fact that
we only know the expression of ¢ on the neighbourhoods of maximal points considered.

When N is equal to 1, the exceedances of a high threshold u,, appear scattered through the
time line (no clustering) and the multiplicity distribution 7 always satisfies 7(1) = 1.

For N > 2, we study several examples of dynamical systems and observable configurations
and analyse the possible emerging cluster size distributions.

3.1. The case of two maximal points and the effect of symmetry of the systems.
We start by considering that the observable achieves two global maxima at £ and & = f(&1),

where &7 is not periodic. Suppose that UT(LO) is defined. Since N = 2, it is easy to compute

éﬁ)forﬁeN:

Ul =UM(&)n U (&) and Vi > 2, UK = 0.
Then the multiplicity distribution 7 and the EI 6 are given by :

wUS) = 20U (&) N FH U (£2)))

(1) = lim
W= w(U) = w(@ (&) n 100 (&)
@)= lm PO E) N U ()
oo V) — (U (6 )0 FHOY (E2))) (3.1)

(k) =0 forall kK >3
§= lm (1 v €)n Ul @»)
u(

n—-+o0o UT(LO))
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whenever the limits exist. ! is the expectation of a distribution on {1, 2} so 6 determines
the distribution and must be in [1/2,1]. Then we only need to study

w(UL (&) 0 1O (E)))
u(U) '

Note that the case §# = 1 is not interesting as it leads to a distribution 7 verifying = (1) = 1,
which is a multiplicity distribution that we have already seen in the case N = 1.

Q1=

Regarding the numerator of «ay,, we have to compare UY(LO) (&1) and the connected compo-
nent of & in the preimage ffl(U,(lO) (&2)), which is equivalent to the comparison between

f (Uéo) (&1)) and UT(LO) (&2). Suppose that f is differentiable at £;. We consider an observable
such that :

{Uif” (€1) = B(&1m) 52)
U (&) = B(&2, A - |det Df(&1)] - 7a)
for some A € Rg and (r,)pen vanishing to 0, which we assume to exist. In fact, since

f(U,SO) (&1)) is approximately B(&a, |[det Df(&1)|ry), then A is a relevant parameter for the
comparison, depending on whether A is larger or less than 1.

3.1.1. Bernoulli maps. We consider a simple dynamical system given by X = S! = [0,1]/(0 ~
1), f: S! — S! defined by f(z) = gz mod 1 with ¢ an integer larger or equal to 2 and
@ = Leb which is an f-invariant probability measure.

Figure/Graphl.png Figure/Graph2.png

FiGURE 3.1. Graphs of f: z — gx mod 1 with ¢ = 2 and ¢ = 10.

Proposition 3.1. Assume that the dynamical system considered is given by f(x) = qx mod 1
on St with u = Leb and the type of observables (depending on a parameter \) such that the

balls UT(LO) (&) satisfy (3.2). Then the multiplicity distributions that we get for the limit of
the REPP are the distributions m on {1,2} such that 1 — % <m(l) <1

To be more precise, we obtain (1) =1 — q%\ with A > 1.

Remark 3.2. Note that we cannot get 7(2) > % with the system f(z) = gz mod 1.
To see this, first observe that

wU (&) n 100 (&)

+ DU ()N HUO < u(UO).
WU Z o) 0 100 (e)) = (g+D)uU7 (€N (U7 (&) < uw(Uy”)

(3.3)

A
Q=
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Secondly, the right hand side of lb implies that: M(Uﬁo) (E)nf=( 7(10)(52))) < u( {0 (&1))
and

WU () N FH U0 (E))) < ;uu-l(U,SO)(&zm - ;MU,SO)(&)) by invariance, (3.4)

then we conclude that

(q+ )pOE) N O ) =
= w(U(E) N O &) + apUL (&) N U (&)
< wUP(&) + U (&)

= wU).

: ; — nU (€N 1O (E))
Finally, by lb we obtain that 7(2) := lim u(UT(LO))—u(UEP)(E1)ﬂf*1(UEO>(£2))) is less or equal
to 1/q for all choices of observables achieving two maxima. With the same argument, it

is not possible to get m(2) > 1/qif & = f™2(&;) with an integer mg not necessarily equal to 1.

A crucial point is that what prevents from improving the result is the first inequality in
(3.4). It is due to the fact that u is translation-invariant and f(x + 1/q) = f(x) for every
rcSh

3.1.2. The full quadratic map. Let (I,B, f, ) be the dynamical system where I is the in-
terval [~1,1], f: I — I is the full quadratic map given by f(z) = 1 — 222 and p is an acip
with density given by :
du 1 1
/@)= Tep ™ = 2 =

The symmetry of f and p implies that

(3.5)

Figure/Graph3.png

FIGURE 3.2. Graph of the full quadratic map.

p(U (€)1 1O E)) < sulf U (),

as for the doubling map f(x) = 2z mod 1. Then we cannot get a multiplicity distribution 7
on {1,2} such that 7(2) > 1/2. In fact, for the limit of the REPP of the full quadratic map,
one obtains the same multiplicity distributions already obtained for the doubling map.

Proposition 3.3. Assume that the dynamical system considered is given by f(z) = 1 — 22
on [—1,1] with an acip p of density given by and the type of observables (depending on
a parameter \) such that the balls US)) (&) satisfy . Then the multiplicity distributions
that we get for the limit of the REPP are the distributions 7 on {1,2} such that 1 < (1) < 1.

To be more precise, we obtain 7(1) =1 — % with A > 1.
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Figure/Graphb.png

FIGURE 3.3. Graph of f;s.

3.1.3. A family of tent maps. In order to obtain more diversified cluster distributions, we
need to break symmetry and consider the following family of tent maps.

[0,1] — [0,1]
: 11—z . 3.6
f(S X — 5.’1) ]1[0’571}(37) -+ 1_75_1 ]1(571’1] (.’IJ) ( )

We consider that A > 1. These are uniformly expanding systems for which Lebesgue measure
is invariant.

In order to simplify the analysis, we assume that both & and & lie on (0,6~!), which means
that, in particular, they share the same derivative.

Proposition 3.4. Let § > 1. With the type of observables (depending on a parameter \)

such that the balls Uy(LO) (&) satisfy and the points & are in (0,071), the system f5 gives
the multiplicity distributions m on {1,2} such that

1-6t<m(l) <1

Remark 3.5. As in Remark we cannot get m(2) > 6! with the system given by fs.
However, note that, within the family, we can make 7(2) arbitrarily close to 1, which means
that except for the cases (1) = 1 and 7(1) = 0, we can generate any cluster size distribution
supported on {1,2}.

3.2. The more general case with an arbitrary finite number of maximal points.
Given an N € N, we consider the maximal points &1,...,&y such that & = f71(&), ie.
m; = 1 — 1, and define the balls:

[ U(&) = B(€1, )
UP(&) = B (2. M - [DF(&1)] - 7)
UD (&) = B (&, A2 - [DF(E0)DF(E2)] - ) (3.7)

UD(En) =B (En, Mda. .. An—1 - [DF(E)DF(&) ... Df(En—1)| - )

for some Aq,...,Any_1 € RS‘.
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3.2.1. Application to the family of tent maps. In this more general setting, the family of
tent maps considered earlier can generate quite a diverse scope of finitely supported cluster
size distributions.

Proposition 3.6. Let f5 be given as in (3.6), for § > 1 and consider that the observable is

such that the balls U,SO) (&) satisfy (3.7), with A1, ..., Any—1 > 1, and the points & are in
(0,671, for alli=1,...,N. Then, the cluster size distribution = defined on {1,...,N} is
such that

T, N} (E) =1~ S ANk for every k € {1,..., N — 1},

where w4 denotes the conditional probability ”75'&‘?). Moreover, the EI is given by
NoON-T
ot = —.
> w”:
k=1i=N—k+1

Remark 3.7. Note that Vi € {1,...,N — 1}, 7. ny(k) € [1 - 571,1).

Corollary 3.8. With the type of observables considered in (3.7)) (depending on parameters
A,y AN—1), the family (fs)s>1 can generate multiplicity distributions m on {1,...,N}
such that

Vee{l,...,N}, m(k)>0.

Proof. Given such a distribution on {1,..., N}, the quantity mineecg; . n—1} Tfx,.. N} (K)
is non-zero. Then take § > 1 such that min,eq, N1} 7w, N} (K) = 1 — 5~! and apply
Proposition [3.6] 0

Numerical results are given in the appendix (see where we illustrate the phenomenon
with two distributions : a uniform distribution and a binomial distribution. For each case,
we highlight the fact that the REPP records clusters whose size is asymptotically ruled by
the prescribed distribution and the wait time between each cluster is ruled by an exponential
law of mean #~! where @ is the EL

3.2.2. Application to a family of distorted tent maps. In the previous section, the system is
piecewise linear, equipped with Leb and the derivative at the correlated maxima is always
equal to 9. We want a system for which the derivative at &; is equal to §; > 1, for each
i€ {l,...,N —1} (the derivative at £x does not affect the multiplicity distribution).

Definition 3.9. Given A = (61,...,0n-1) with §; > 1, let fa: I — I denote an interval
map satisfying these three properties :

e fA is a piecewise linear and uniformly expanding map;

e the fa-invariant probability measure is Leb within a constant factor of multiplica-
tion;

e there exists & € I such that |Dfa(&)| = 9; for every ¢« € {1,...,N — 1}, with
& = fal(&) for every i € {1,..., N}, and the points & have two preimages.

We provide a plot of such a map in Figure [3.:4] Similarly to Proposition [3.6] we have:

Proposition 3.10. Let fa be as described above and consider that the observable is such
that the balls U,SO) (&) satisfy (3.7), with A1, ..., Ay_1 > 1, and the points &; are in (0,571),
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Figure/Graphl3.png

FI1GURE 3.4. Graph of fa

foralli=1,...,N. Then, the cluster size distribution 7 is given by
1
(1 = 1—-—
) AN-10N—1
N-1 1 N1
(k) = | H )\i5i_.H )\i(siforalllié{l,...,N—l}
i=N—r+1 i=N—k

N-1 1
T(N) = HW?
i v

1=
forallk > N +1
N

=1

0
) N-1 1
AR

7

i=N—r+1

Remark 3.11. Observe that the distribution 7 satisfies 7y, ny(k) = 1 — On" ./ AN—r for
every k € {1,...,N —1} and A = 1 — 35",/ is a bijection from [1, +00) to [1- SNt 1).

3.2.3. Application to 5 maps. In all the previous examples (the Bernoulli maps, the full

quadratic map and the tent maps fs and fa), the preimage of a ball U,SO) (&) had at least
two connected components. One that contains the point &_; and the others contain the

other preimages of &;. The presence of multiple connected components prevents from having
the multiplicity distribution for which 7(2) = 1, for example (see Remarks and [3.5).

Hence, in order to be able to generate any finitely supported cluster size distribution, we
consider a family of systems admitting points with a unique preimage, namely, we consider
the family of 8 maps:

1 1
Tps: { St = 8 , where (3 € (1,2).

~+00 1
DY B
n=0
z<Tg (1)

within a constant factor of multiplication (see [Par60]). Moreover, these systems have decay
of correlations against L!'-observables. Now, for 3 in the interval (1,2) there is an interval
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Figure/Graph8.png

FIGURE 3.5. Graph of Tj.

of points with a unique preimage. Let & € [0,1], & = Ts(&1), ..., Ev = Tév_l(fl) for
which the Lebesgue differentiation theorem holds. Let § be sufficiently close to 1 in order to
have a point &; such that the points &1, ...,&y—_1 belong to the interval (1 —1/8,1/8) (i.e.,

&2,...,&n have a unique preimage). Let ¢ be an observable such that the balls Uéo) (&)
are as in , with parameters Aq,...,Ay_1 > 1. As for the previous examples, the ball
where the orbit enters first determines the size of the cluster but the way to enter changes
by uniqueness of the preimage.

A cluster of size 1 is due to the entrance of the orbit in the set
B (8 Mda - Av—o 187 ) \B (€, M e AvaB8Y )

U () Ts (UL (6n-1))
and the only way to enter in it is to get close to £ _1 one unit of time before that. Note that

in the previous examples, there were connected components of f _1(U£0) (&n)) other than the

component of £x_1, which created other possibilities to enter in UT(LO) (En)\ f(UT(LO) (En-1))-
Then it prevented from having 7(1) less than a certain positive value as the parameter Ay_1

did not affect the proportion between the different connected components of f *1(U7(ZO) (&n)).
That is the reason why it may be expected in the case of a unique preimage that the limit
probability to have a cluster of size 1 is equal to 0 when Ay_1 is equal to 1.

In the same way, a cluster of size 2 is due to the entrance of the orbit in the set
B (én, MAz - Av-aAn—2BY 72 ) \ B (En, Mda - An 387 )

Ul (en-1) T3(U” (6n—2))
and the only way to enter in it is to get close to £ —o one unit of time before. It is expected
that the limit probability to have a cluster of size 2 is equal to 0 when An_s is equal to 1,
and so on.

Then we can state:
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Theorem 3.12. Let § € (1,2) and & € (1 —1/5,1/8) such that the points &1, ..., En—1
belong to (1 —1/B,1/B) and the Lebesgue differentiation theorem holds for all such points.
With the type of observables (depending on parameters \1, ..., Ay—1) such that the balls
Uéo) (&) satisfy (3.7)), the system Tg gives the multiplicity distributions m on {1,..., N} such
that

T, N () = 1= 1/AN_g, for every k € {1,...,N — 1},
with A1, ..., An—1 > 1 and the EI is given by
>y
=14 7
Corollary 3.13. Considering the type of observables such that the balls U7(10) (&) satisfy
(3.7, which depend on N € N and the parameters Ai,...,An—1, the family (Ts)sec1,2)

generates any multiplicity distributions m of finite support in N.

4. CLUSTERING PATTERNS

In this section we consider the possible clustering patterns for the exceedances within each
cluster. The multiplicity distribution is easy to determine for a certain pattern. With other
patterns, it is not as easy and we will need to have a better understanding of the formulae
giving the multiplicity distribution 7. The idea is simply to consider the set that the orbit
has to hit for giving rise to the cluster with the desired size.

We recall that the formulae for the limit cluster size distribution have been reinterpreted in a
more probabilistic approach in [AFF20, Section 2.1|. Here, the analysis is more dynamically
driven and the orbit structure of maps plays a prominent role.

Before we continue, we would like to stress the role played by the constants A; on the magni-
tude of the exceedances. Namely, observe that if A; is larger than 1 then the corresponding
exceedance is larger than the previous one, while it it is less than 1, then the opposite occurs.

4.1. Examples of observables. We start by considering the systems fa and Tz introduced
above. Recall that the observable ¢ is defined by functions h; for ¢ e {1 . N} having the
same type of behaviour among the three types defined in Section [2 For each domain of
attraction, we consider the following function h; :

() () = ~C1og (5

N
(II) B (x) = (%) with a > 0, B; > 0, then h1(;2)(0) = oo and 7(y) = 1/y%;

) with C' > 0, B; > 0, then h{"”(0) = 0o and 7(y) = Exp(—y);

1) h¥(@) =D - <;)1/a with D € R, @ > 0, B; > 0, then h{¥(0) = D < o0 and
)= (%
The constants B; depend on the desired shape of the balls U (fz) Here we consider
Bi=MAz2... Aic1 - [Df(§&)Df(&2) .- Df(&—1)l-

The parameters \; are larger or equal to 1. Moreover the sequences (7, )nen and (un)neN
depend on the observable :

hgl) DTy = Exp(—%) and u, = C'log <2n 21 (&) B
-

then u, = y/a, + by, with a, =1/C and b, = Clog (2n Y ;" | p(&)Bi);
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h(g) LT, = i and Uy = 2n E?:l p(gl)BZ
i n ’LL% n =
then an = 1/(2n Z?:l p(gz)Bz)l/a and bn = O7
(3) T 1/a
h; ZT”ZD_Unaandun:D— _
Z ( ) (2” > ie1 (&) )
then Ap = (27'[, Z?:l p(é‘l)BZ)l/a and bn _ _D,

where p is the density of the acip for the system fa or the system Tj.

For f equal to fa or T and x € Un (51) we can easily check that
[f7H @) = &l =172 (@) = &-1] - IDf(&-1)]-
This gives immediately the following estimates between exceedances within a cluster.

(1) h( ). Letz bea point in U (ﬁj) If z is sufficiently close to &, it is sent in U (f,)
via fZ J (with i > j) and the comparison between both exceedances is given by :

p(f(2)) = p(z) = Clog (Aj ... Ai-1)

2)
P e
) (Ao Aic1)
(3) "
D —o(f(x) _ 1
D — ¢(z) (Aj .o Aip)te

4.2. Occurrence of clustering patterns. In the examples studied in the previous section,
the clusters of size x have a simple pattern corresponding to an increasing sequence of
exceedances as A1, ..., An—1 > 1, and such a cluster appears when the orbit hits the last

balls U5 (Ex—s). - 7(10)(51\/—1)
When there exists an ¢ for which A; < 1, the clustering pattern does not necessarily cor-

respond to an increasing sequence of exceedances and the sets U (§Z) are not easy to
compute. It follows that the multiplicity distribution for the limit is difficult to determine.
That is why we need a deeper understanding of the meaning of the formulae giving the
multiplicity.

4.2.1. Observations regarding the example of Tg. Here take f = Tpz. In Figure below,
we represent the balls Ul (51) The preimages f~ (1 (U,SO) (§Z)> are sets around &7, given
by the dotted lines.

Figure/diagraml. jpg

FIGURE 4.1. U (51) and the preimages f~(—1) (U,SO)(&-))

Using the example given by Figure on Figure 2| we represent the set .Ag?% by encircling
its connected components (two components in U (52) two in U (&4), one in AR (&5))-
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Figure/diagraml0. jpg

FIGURE 4.2. The set ASI?)L

Figure/diagramil. jpg

FIGURE 4.3. The set A((f%

Applying f-invariance to the measures of f_l(Ag?%(ﬁg)), f_3(./4((1?¢)£(§4)) and f_4(./4¢(1?7)1(§5)),

we obtain that ,u(A((]?,)L) is equal to the measure of f~! (A((I?QL (52))uf—3(Ag?%(@))uf—“(Aé?%(fg,))
(represented by the brace).

Note that this set is a set of points (around &;) whose orbit hits at least one ball among

the balls U7(10) (&) up to N — 1 units of time. Moreover it is the largest set among the sets

) (UT(LO) (fz)) Here it actually coincides with f~! (Uéo) (52)).

Using the example given by Figure on Figure we represent the set Ag},l by encircling
its connected components (two components in U,(LO)(@)7 two in U (&3), one in Ul (&4)).

Applying f-invariance to the measures of f_l(.At(I}q)l(fz)), f_Q(.At(I}%({g)) and f_3(./4((1}7)1(§4)),

we obtain that ,u(.At(;)l) is equal to the measure of f~! (A((Ilq)z (52))uf*2(Ag}%(gg))uf*S(Ag%(@l))
(represented by the brace).

Note that this set is a set of points (around &;) whose orbit hits at least two balls among

the balls U,so) (&) up to N — 1 units of time. Moreover it is the second largest set among

the sets f~(=1 (U,SO) (§Z)> Here it coincides with f~3 <U7(LO) (§4)>.

More generally, by using f-invariance of the measure u, the quantity M(Ag';)l) is equal to
the measure of the entrance around &; (see the diagram on the left in Figure cor-
responding to a cluster of size larger or equal to k + 1, i.e. a set of points (around

€1) whose orbit hits at least x + 1 balls among the balls UT(LO) (&). Then the quantity
(k) = (u(Aé'f,:l)) — u(At(ﬁ)l)) /M(A((I?%) is exactly the probability that the orbit enters in
the set around &; corresponding to a cluster of size x conditionaly to the entrance of the
orbit in the set around &; corresponding to the beginning of a cluster.

Fi glife, BTy ki rasyl - jpg

FI1GURE 4.4. Cluster size depending on the entrance around &;.

Moreover ,LL(A((II;)L) is the measure of the x-th largest set among the sets f_(j_l)(UT(LO) (&)
for j € {1,...,N}. Then, considering

UD(&) =B (&M - Nim1 - [DF(EDDF (&) ... DF(&i—1)] - 70)

and using the fact that f is piecewise linear, we have:

HAE) = (B, AT )

with {A0 > AW > 0> A0 3 = {1, AL, Adas Adeds, oo Mdeds.. Avo1) and
Ag\lflj = 0 for every 57 > 0. If the Lebesgue differentiation theorem holds for &;, then
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(ALY ~ 2p(60)A 7, and

SNIAL SN A

A(()l) - A(()l) :
In the example of Figure m we have N =5, f‘4(U7SO) (&)) C f_2(Ur(LO) (&) C A (&) C
F30 (&) € F1U0(&)) and then A = Ay, ALY = A aodg, ALY =1, ALY = A,
ALY = A dodsAs.

Moreover the EI 6 is given by =1 = SN kr(k) =

Figure/diagram3. jpg

FIGURE 4.5. Diagram showing the different ways to enter in some balls
7&0) (&;) in this case.

4.2.2. Observations regarding the example of fa. Now take f = fa. Here the points &; have
two preimages. We will denote by ¢! the preimage of &;41 other than &;. In this case, hitting

a set around & (set that we will denote by Efll)) is not the only way to start a cluster.
A cluster can also start when the orbit visits a set around & (set that we will denote by

Eq(jﬂ)).
As in the case of T, f-invariance implies that computing 7 (k) consists in measuring the
subset of Uf\i 1 E,(f) which leads to clusters of size k. We consider

UD(&) =B (&M - Nie1 - DF(EDDF(&) ... Df(&i-1)] - 7a)

and Eﬁbl), E,(?), ey EﬁLN) the different entrances for the start of a cluster:

o EY is the connected component of & in Ujvzl =1 éo)(gj));

o foreveryi € {2,...,N}, EY is the connected component of _; in U;V:Z f—(j—”l)(U?gO) (&))-
The goal is to measure for each entrance the subset which leads to a cluster of size k. We
write 7(k) = sz\; 1 aﬂr(i)(n) where the coefficient «a; is the limit proportion of E,(f) among

the entrances Efll), ceey Ele), i.e.,

a; = lim M(ET(Ll))
(2 300 2 N )
= u(BD) + (B + .+ n(EYY)
and TF(i)(I{) is the probability, conditionaly to an entrance in Eff), that the orbit hits the

subset of E,(f) leading to a cluster of size k. Adapting the ideas of the previous example and
using the facts that f is piecewise linear and p is normalised Leb, we obtain :

B =B (&,40"r),

B =B (&, (1= roh . Aiadr 6 aA )
(1= r)A1 - X161 ... 61 AV

Z;'V:1 (=7 Nj—101 ... (5j_1A(()j) )

AY, =AY
A

7@ (k) =

)
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with {AY > AP > 0> AU 3 = {1, A Adin, Mdicidise, oo, Adipi iz Avoa )
Ag\? irj =0forevery j >1,r =0,r;= 5;_11 for every j € {2,..., N} and by convention

51 5Z1:1and/\1...)\i_1:1Wheni:1
Note that if ¢ > 2, the radius of the ball EY is the one of U P (Un (&5)) affected

by a factor 1 — r; which is the inverse of the derivative at 57 Moreover, 1 — r; can
also be considered as the proportion, in the preimage of a ball around &;, of the connected

(1)

component of ;. This is not the case for i = 1 (here 1 —r; = 1) because Ey,

the ball U;V:Z fu=o (Uéo) (&5)). In the next section, we will use these ideas which adapt well
to systems which are not necessarily piecewise linear.

is exactly

5. PERIODIC MAXIMAL ORBITS

Now, we consider the periodic case. Let (X, B, f, 1) be a dynamical system satisfying with
decay of correlations against L' and let ¢ be an observable defined asabove. Given the

correlated maxima & = ™ (&), with a repelling p-periodic point £;, and balls U (§,)
is easy to check that :

N+1
A (€)= U ( U e fm) (5.1)

l=i+1
where mjy = m; +p and {1y = §;. We assume that 0 =m; <mg < ... <mpy <p.

When N is equal to 1, the clusters consist of strictly decreasing bulk of exceedances and
the multiplicity distribution 7 is always geometric. The fact that the cluster size is not
necessarily equal to 1 is due to the periodicity: when the orbit hits Uéo), it can return after
p units of time. The fact that & is repelling means that, once the orbit visits its vicinity,
it is repelled farther and farther away from &; and ends up escaping the periodicity of the
point, that is the reason why the exceedances among a cluster are decreasing and the cluster
is of finite size. Here the goal is to see how these results are affected when N is larger than
1.

As we will see in the following example, the formula does not simplify the computations
and we will adapt the ideas of Section [£.2] to the periodic case, for a more direct approach.

5.1. The doubling map case with period 2. Here we consider the system given by
f(x) =22 mod 1 with a periodic point of period 2, &, and & = f(&1).
Consider an observable such that the connected components of U,(LO) are of the shape :

UQ (&1) = B(&1,mn), U (&) = B (&2,2X 1)

with )\ > 1 and let J > 0 be the integer such that /47 > 1 > \/47*!. By computing the
sets Un (51) explicitely, the multiplicity distribution is given by :

ke{l,....J}: w(m):%
1 1+A/22J+1
= 1: 1 - 5.2
k=J+ n(J+1) = v ) (5.2)
114 /22741
>1: 1 _
\I{_ (J+ + ) 2K 3\

More generally, with the system given by f(x) = gz mod 1 and the orbit of a periodic point
of period p, for integers ¢ and p larger or equal to 2, this method becomes cumbersome, as
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Figure/Graph6.png

FIGURE 5.1. Graph of f(x) = 22 mod 1 with the orbit of a 2-periodic point.

the sets Ur(f") (&) are more difficult to determine. On the other hand, the method developed
in the next section will turn out to be useful to compute the multiplicity distribution for
this type of system.

5.2. A prototype example with simple combinatorics. We consider a dynamical sys-
tem f with decay of correlations against L' and admitting an acip p with a density p
(w.r.t. Leb). We also assume that there exists a repelling p-periodic point &; such that the
Lebesgue differentiation theorem holds for the points & = fi=1(&;) for every i € {1,...,p},
& is the unique preimage of &1 for every i € {1,...,p — 1} and &; has two preimages: &,
and another point &,.

Fignre/diagramb. jpg

FIGURE 5.2. Diagram showing the unique way to enter in some balls U,(ZO)(&)
in this case.

Now consider an observable ¢ so that the corresponding extremal sets are such that:

(

U (&) = B(&1,mn)
U (&) =B (b2, A1 - dy - 1)
U (&) = B (&, Az - dida - ) (5.3)

UD(&) = B (& Ao A1 - dada ..y - 7)
with d; = |Df(&)] and for some Ay,...,Ay_1 € ]Rar,

To create a cluster of exceedances when the orbit is not in any of the extremal sets U,(LO) (&),
the orbit has to enter in a set around 51’), which corresponds to a topological ball around {I’),

which in turn will lead to the entrance in U,SO) after less than p units of time, i.e., a set of
points close to fl’) whose orbit hits U,(lo) after less than p units of time. This set, denoted by

Eq(zl), is the connected component containing &, in U, f*"(UfZO) (&))-
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Figure/diagram6. jpg

FIGURE 5.3. Cluster size depending on the entrance around 51’).

To understand how the ideas of the non-periodic case can be adapted to the periodic case,

we just have to act as though fP(¢;) was not &, for every i € N (see Figure [5.3)). Then the
goal is to measure the subset in E,(ll) which leads to a cluster of size x and we have to sort
the sets f~ (U(0 (&) n Eg) for i € N. Let 71 be the limit proportion, in f~1(B(¢1,x)), of

the connected component containing &, (as = goes to 0). Observe that :
u (P OREN N ED) ~ (1= 1) (OO0 €)) 0 f(ED))

A2 ... Ny
~2-(1l—r —_
( 1) (51)( 1...dp)M T'n
with M € Ny and g € {0,...,p — 1} such that ¢ — 1 = pM + ¢q. Then we just have to
compute the quantities Ay Az ... \,/DM with D :=d; ...d, (D > 1 since & is repelling) and
for M € No, ¢ € {0,...,p—1} (by convention, A; ...\, =1 for ¢ =0).
In the example of Figure we have

)\1/\2 1 /\1)\2

D D2 D2

To include the quantities A;/DM (for M > 0) in . we have to know for which integer
J does one of the following bounds holds: % A1 /\5%‘,2 or % > A\ > ﬁ To
( ;) in the diagram. For instance, if we have

> —

1
1> M > 55 > > .. (5.4)

D
determlne this, we have to draw more sets U (0)
=7 > A1 > My after sorting, we get:

DJ
1 At Mz 1 A1 Ao 1 _ AL Ak
1> M > —= > > ... > >—>)\> > >—> >
e = D T =D/ =DpI=" =Dl = piAl T p T pitl =
1 A A

Figure/diagram9. jpg

FI1GURE 5.4. Multiplicity distribution in the case N = 3, D = 1.1 and );
such that A\ = 1.8, A\{\o = 1.3.

It follows that the multiplicity distribution 7 is given by:
A(l) . A,(f)

Kk—1

m(K) =
Al

A1A
with {A[()l) > Agl) > Agl) > } = {12 ‘ M €Ny, g€ {0,...,p— 1}} Moreover
the EI 6 is given by:

> o) 1 N-1
071 — Zﬂﬂ.(ﬁ:) En:OAf(i) _ .D Zqzo )\1...)\q.
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Note that 7(x) might be zero for some x. It occurs when {\;...\;_1/DM | M € No} N
{A1...Nj—1/DM | M € No} is not empty for different integers i and j in {1,..., N} and
then 7 = 0 on an infinite subset of N.

The multiplicity distributions that we get belong to a family of distributions on N, denoted
by II, that we will call eventually pseudo periodic distributions:

IT = {distribution ron N | 3K, pe N, 3D > 1,Vk > K, n(k + p) = w(rk)/D}.
We denote by ng the set of distributions m# € II with rank K, pseudo-period p and
attenuation coefficient D and we write II, p := U ey HfD.

Here the multiplicity distributions that we get are all in II,, p with p the number of maximal
points, D = dj...d,. The rank K, depending on ¢, is for instance the integer such that

A%) :min{l, )\1, ey )\1...)\p_1}.

Figure/diagram8. jpg

FIGURE 5.5. Diagram showing the different ways to enter in some balls
7(10) (&) in this case.

5.3. A more general scenario. After the example of Section[5.2] a possible generalisation

consists on allowing the points &; 11 to have preimages other than &;. As in the non-periodic
case, we consider the different entrances Eg). More precisely we consider for every i €
{1,...,p} the factor r; which is the limit proportion, in f~1(B(¢&;,z)), of the connected
component of §_1 (as x tends to 0) with & := &,. Then M(Eg)) ~2-(1—m)- p(fi)L(()i)rn
where the quantities L,(f) play the same role as A,(f) and will be defined in , after we

clarify the notations for the balls UT(LO) (&;). Then the probability that the orbit enters in E,(f)
is equal to

(1= rp(e)Ls’
S (1 - r)p(&)LY

while the probability to start a cluster of size x conditionaly to an entrance in Eg) is equal
to

Q1=

. L, — LY
W) = ==
LO

In the previous cases, the notations were taylored to compare the preimages f —(i-1) (UT(LO) (&))
with UT(LO) (&1). In this periodic case, we have to compare the preimages f*(i*j)(Ur(Lo) (&))
with U,(lo) (&) for every j. Then it is not useful to write

UD(&) =B (€, M o Ny - dida .. di1 1)

Now, in order to simplify the notation we set

&' = )\1)\2 N )\1;1 . d1d2 e dl'fl so that U7(10) (51) = B(fi, fl"l"n), (5.5)
Then the quantities L,g ) are defined by :
@) < 1) < 70 litq
Ly >1Ly >Ly > ... = M eN .o,p—1 .
{ 0o =*+1 =2 = } {di---di+q—1DM € 0 q€{07 y P }}7 (5 6)

where D = dy...d, > 1, {j4, := ¥}, dj+p := dj and by convention d;...d;j14q—1 = 1 when
q=0.
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Finally the multiplicity distribution 7 and the EI 8 are given by :

P P (1) (@) (4)
i I—ry )L Lnf — L
_ 2 :Oéiﬂ'(l)(lﬁ) _ p( T )p({) 0 7 1 o ’ (57)
i=1 Zj:l (1 —7;)p(&)Lg Lo

o 1 (@)
Zazé?lvvlth&l Zmr —Zﬁzi(;L“_ —1Zd 2+q

i=1 L(()) H"l 1

Note that 7 is a convex combination of multiplicity distributions of 1I,, p that we introduced
in Section and it follows that 7 is also in II,, p.

Consequently a simple idea for building examples and getting new multiplicity distributions
would consist in considering multiplicity distributions of Section and making a convex
combination. However the constraint is that these distributions and the weights of the
combination must be functions of the same parameters as we can see in the expression in
. Nevertheless this idea will be applied in the proof of Proposition below.

5.4. Illustration and applications. First we return to the example given in More
generally, we will determine the multiplicity distribution and the EI for f(z) = gx mod 1
with ¢ > 2. Then, assuming the existence of some dynamical systems similar to fa, we will
classify the limiting cluster size distributions that we could get. Finally, we explain how the
method can be redesigned when some points of the orbit are not global maxima and why
these ideas can be applied in the non-periodic case.

Figure/Graphll.png

FIGURE 5.6. Graph of f(z) = 5x mod 1 with the orbit of a 4-periodic point.

We consider again the system given by f(z) = gz mod 1 with the p-periodic point & and
& = fz_lif 1) (for example & = 1/(¢?» — 1)). In this case, r; = 1/q. Considering the

notation (5.5)), i.e. Un ({Z) = B(&;, ¢;iry,), we obtain :
SRV RTINS A0 N 2
Z R » 10 (58)
i=1 (1- 1/Q) Ly =110

Concerning the example given in we find the distribution (5.2)) for the limiting cluster
size distribution by considering ¢ = p =2, [; = 1 and ly = 2\ (see in the appendix for
the details).

As in Section [3:2.2] we want to find a family of dynamical systems admitting the desired
properties, in the periodic case. Now that we have introduced the notion of entrances for
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computing the multiplicity distribution, we can interpret the family (fA)Ae(l’OO)N—l as a
family containing the relevant parameters r;. In Definition , the second point and the
third point imply that for every (pa,...,pn) € (0,1)V, there exists A € (1,00)N¥ =1 such
that for fa the limit proportion 7; is equal to p; (i € {2,...,N}). Then r; = 51.;11 and we
set 71 = 0. We want the same properties in the periodic case, with a family indexed by the
p-tuple of limit proportions ;.

Definition 5.1. Given R = (ry,...,rp) with ; € (0,1), gr: I — I denotes an interval
map satisfying these three properties :

e it is equipped with an acip p of density p;

e it has summable decay of correlations against L!(1u);

e there exists a repelling p-periodic point &; in I such that the limit proportion, in
g5 (B(&, ), of the connected component of &_; is equal to r; (as = tends to 0)
for every i € {1,...,p}, with & := gﬁ_l({l) for every ¢ € {1,...,p} and & := &,.
Moreover gg is differentiable at &1, ..., &,.

Using the notation introduced in (5.5))) i.e. A (&) = B(&;, 4iry,), we obtain :

P (4) (%) (4)
1—7r)L ; L., —L
7_(_(,{,) — Z p( T’L) 0 p(§§2) k—1 (Z) K . (59)
i=1 Zj:l (1 —7)Ls p(&) Ly
N———
() (k)
Note that this is a convex combination of distributions 7" with non-zero weights which can
be adjusted by the parameters r; € (0,1). This is what we use in the following statement

which illustrates the kind of multiplicity distribution that we could get for the limit of the
REPP in the periodic case.

Proposition 5.2. Assume that such a family (gr)re(0,1)» evists. Givenp € N anday, ..., ap
RS’ such that a1 +. . .+ap < 1, there exist a dynamical system and an observable such that the
REPP converges in distribution to a compound Poisson process of multiplicity distribution
T satisfying :

e Ve {l,...,p}, (k)= ax;

° WEH?)’D with D =1—a1 —a2— ... — ap.

For the proof (see , we use the family (gr)re(o,1)» With parameters ¢; such that for every
je{l,...,p}, 7 is in 119 , and its support is pN — j +1 = {pk — j + 1 | k € N}. Then
the difficulty is just to show that the parameters r; can be chosen to adjust the quantities
7 (p — j +1) and the weights of the convex combination.

Using the notation (5.5 we can also address the case of an observable achieving a maximum
value at only IV points of the orbit with N < p. Namely, consider an observable admitting
N global maxima &, ..., {y defined by &; := f™i(&;) for every i € {1,...,N} (0 =m; <
me < ...<mpy < p) with & a repelling p-periodic point. We set for every j € {1,..., N},

U?S,O)(fj_l(gl)) =B (fj_l(gl)?gjrn)

with ¢; equal to 0 for j & {m1 +1,...,my + 1}. Then the connected components of U,(LO)
are the balls UTSO) (&) for i € {1,..., N}. We need to adjust the definition of the quantities
L. Namely, for every i € {1,...,p},

@) < 7@ < 70 _ litq A
{Ly’ > Ly’ > L, 2”.}_{di...di+q_1DM M €Ny, ¢ {0,...,p—1} s.t. €z+q7é0}.
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Note that we consider L,(f) for i € {1,...,p} and not "i € {1,..., N}" because there can
still be p entrances Eﬁbl), e E,(Lp ) which are sets around preimages of f%(£1) other than
points of the orbit. Then using the same formula, we obtain multiplicity distributions in
HN,D with D = dl...dp > 1.

We apply this in the appendix - 3| with an example given in [AFFRI6l Section 5.2. 1] It is

the good example for explaining how to proceed in some cases where the radii of Un (fl)
are not all proportional to 7,.

Remark 5.3. We remark that the notation introduced in is also useful in the non-
periodic case, when the global maxima are not defined by m;_1 =i—1foralli € {1,...,N}.
Namely, we consider an observable admitting N global maxima &1, ..., &y defined by
& = f™i(&) for every i € {1,...,N} (0 =m1 < mg < ... < my) with & a non-periodic
point. We set for every j € {1,...,my + 1},

U (7€) = B (£ (&) 4rm)
with ¢; equal to 0 for j & {m1 +1,...,my + 1} and the quantities L,g) are given by
% 7 % gl .
@Y >0 > > }_{dﬂ)qe{o '—z}suchthatli+q750}
H—q 1

(assuming that L,(f) = 0 for k larger or equal to the cardinality of the right hand side) and
LSO G R M) & LS LB

m(k)= Y 0

= oyr -y LY
We apply this idea in the appendix with an example given in [AFFR16, Section 4.3].

6. MULTIPLICITY DISTRIBUTIONS IN THE NON-PERIODIC CASE — PROOFS OF THE MAIN
RESULTS AND NUMERICAL SIMULATIONS

6.1. Proofs of Propositions and Theorem [3.12
Proof of Proposition [3.1] ,u(UT(LO)) =2(1+g\)ry,

If A>1, then
u(U)) — 2u<Un (&) n UL (£)))

(1) = lim w09~y (&) 0 100 (&)
_ o mU) —2u(Bar) g -1 1
n—+o00 ,U( éo))—M(B(flyrn» e »

where A — 1 —1/(g\) is a bijection from [1,+00) to [1 —1/¢,1).

If A <1, then
o u(U) = 2u(B(E1, M) T4 g -2\ A
m(l) = lim © = -1-—>
R WU — (B, Ary)) L HAATA I+ (¢=1DA
where A — 1 — A/(1+ (¢ — 1)) is a bijection from (0,1] to [1 —1/¢,1). O

Proof of Proposition [3.3] First we cannot get m(2) > 1/2 by symmetry, as explained
before Proposition Secondly we want to get the multiplicity distributions on {1, 2}
such that 7(2) < 1/2.
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Note that u(U(€0)) = p(B(Er,ra) ~ 2p(€)rm and u(UL(€)) = u(B(Er, Al Arn)) ~
2-4X\p(&2)|&1 |y then N(Ur(L )) ~ 2(p(&1) +4Mp(&2)[&1]) . Without loss of generality, assume
that & € (0,1).

U(&)n fHUD(&)) =

<max {51 — Ty =2/ E2 + 2/\|§1\rn},min {{1 + Ty, =1/ €2 — 2)\\51\m})

On the one hand,

E1 41 > =/ F2NE | = 2\ & |rn < 2|61, — 12
N’

~ 2[&1|rn
and

£ — 10 < =€ = 2M&|rn = 2M&|r < 2l61|m + 2.
~———

~ 2|&1|rn

= 2[&].

It A > 1, then u(U”(&1) N YUY (&) ~ u(B(&1, ) ~ 2p(&1)ry and

(1) = o)l —p&) _ 1

Dp(&)lel  2x
where A — 1 —1/(2)) is a bijection from (1, 4o00) to (1/2,1).

If A < 1, then (U (&) N 1O (&) ~ p ((—\/gf 2N G [, —/E — 2>\y§1|rn)) ~
2Ap(&1)ry and
(1) = p(&1) +4rp(&2)[61] — 200(&1) L A
p(&1) +4rp(&2)l&1] — Ap(&1) 1+ A

where A — 1 — A\/(1+ ) is a bijection from (0,1) to (1/2,1).

If A=1, then
MO N U = ( (/6 + 2t 10 ) ) ~ (e pt€a)r = 20(60)rs
and m(1) = 1. O

Proof of Proposition [3.6] In the last proofs, we only had to set a parameter \ larger or
equal to 1 (or less or equal to 1). Here, we consider parameters A, ..., Ay_1 larger or equal
to 1 for this proof. This makes the computations easier because we can check by induction
that for all K € Ny, for all 7 € {1,..., N},

(0) , .
() ey ) Un (&) k< N-—i
(&) {(ZJ if k> N —i

Then Aq 7 1s equal to U (§ N—r) if K < N —1 and is equal to () otherwise. The Rare Event
Point Process converges to a compound Poisson process with intensity # and multiplicity
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distribution 7 given by :

1
m(l) = 1- JY;
N-1 ) N1
(k) = H o H ﬁforallﬁ;G{l N -1}
i=N—r+1 i=N—k
N-1
mN) = Ao
=1 "
m(k) = Oforallk >N+1
N—-1

The distribution 7 satisfies m,,  ny(k) =1 — 51 /AN_x for every k € {1,..., N — 1} and
A+ 1—§71/)\is a bijection from [1,400) to [1 — 671, 1).
Note that the parameter Ay_; defines 7(1), and if w(1) is defined, the parameter Ay_o

defines 7(2) and so on. If all the parameters \; are given, then w(1),...,7(N — 1) are
defined and we get 7(N) =1—m(1) —... — (N — 1). O

Proof of Theorem [3.12] First note that :
Ui (&) = { @Uno (&) ifn<N-—i

ifk>N-—1

Then .,4((1'2 is equal to U,EO)(gN x) if K < N — 1, 0 otherwise. By linearity of Tg on
(0,1 —1/p), unlqueness of the preimage and T-invariance of p, we have ,u(Un (&iv1)) =

AL-. Z,u(Un (&1)). Then Rare Event Point Process converges to a compound Poisson
process with intensity # and multiplicity distribution 7 given by :
1
(1 = 1-
(1) -
N-1 1 N-1 1
m(k) = | H )\—sz " forall k € {1,...,N — 1}
i=N—kr+1 i=N—k
N-1
m(N) = —>0
i=1 )\Z
m(k) = Oforallk >N+1
N-1 1

The distribution 7 satisfies 7, . ny(k) = 1 — 1/An_ for every & € {1,...,N — 1} and
A —1—1/X1is a bijection from [1,+00) to [0,1).

Note that the parameter Ay_; defines 7(1), and if w(1) is defined, the parameter Ay_o
defines 7(2) and so on. If all the parameters \; are given, then m(1),...,7(N — 1) are
defined and we get 7(N) =1—-7(1) —... —7(N —1). O

6.2. Numerical simulation results. Consider the observable ¢ defined on a neighbour-
hood of every & by p(z) = rl'é\ Hz_l ( 0), i.e. hi(z) = %H;;ll (Aj6), and the sequence
of levels given by u, = 22 ZZ 11_[ L (A;6) so that nu(Xo > uy) — T We define
n—oo
vn = 1/p(Xo > uyp). Note that Ty = 1/uy,.
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We estimate by empirical averages the EI 6 and the quantities w(k) for k € {1,...,N}.
For every test i, we compute the time T; before the first exceedance and we write 6, 1=
T;7/n ~ T;/v,. Then we count the exceedances among the first cluster (the cluster ends
when an exceedance is not followed by another during a time period of length N) and we

denote the number of exceedances by K;. Then we obtain estimators ! = =7 ZZ 1 0

6! and p(k) = 1 LS~ L Kilk,—, of m(k) where L is the number of runs.

6.2.1. Uniform multiplicity distribution. Take 7 = 1, N = 10, n = 1000, L = 1000 and
parameters \; which lead to a multiplicity distribution which is uniform. There we give the
Q-Q plot between the exponential distribution of mean 8! and the distribution of the 6,7,
and the histogram of the cluster sizes.

Figure/qgplotunif.png

FIGURE 6.1. Q-Q plot between the exponential distribution of mean #~!
and the distribution of the 0 L

Figure/Histunif.png

FIGURE 6.2. Histogram of the cluster sizes.
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6.2.2. Binomial multiplicity distribution. Same thing but with parameters which lead to a
multiplicity distribution on {1,...,10} which is the distribution of a random variable X
such that the law of X — 1 is the binomial distribution with paramaters (9,0.7).

Figure/qgplotbin.png

FIGURE 6.3. Q-Q plot between the exponential distribution of mean o1
and the distribution of the 0;1.

Figure/Histbin.png

FI1GURE 6.4. Histogram of the cluster sizes.

7. MULTIPLICITY DISTRIBUTIONS IN THE PERIODIC CASE — PROOFS AND CASE STUDIES

7.1. Example given in using the approach introduced in Section Consider
g=p=2,11 =1 and ly = 2). Using (5.8)), the multiplicity distribution is defined by :

] 2 7
212:1 Ll(ill - Zi:l L’(i)
>2 Ly

with {L§) > LY >} = {1/4M,2/4 ) M €Ny} and

(k) =

(L > > = {1/@ < 4¥), /(2 x 47 ( M €N}

Let J > 0 be an integer such that A\/47 > 1 > \/47F1.
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ked{0,...,J}: LW =)/4",
k>1: LY, = a4+
k20 Lfillznﬂ = 1/4%;
ke{0,...,J+1}: L& =)/(2x4"1);
. (2) J+k
k>1: LEJ)+1)+2K—)\/(2><4 Y
2 K
R0 L) e = 1/(2x49),
then
ke{0,....,J}: LW 41> :i’%
1 2 1 A
k2>0: LF]J)F2H+1 + Lf]—i)-2n+1 1 <1 + 2><4J>
) @ _ A 1
= L57+2n T Lo = AT+R + 9 % 4r—1°

Thus the multiplicity distribution is given by :
3N/457E — 3\ /48

ke{l,...,J}: (k) =

I
= o
A
3/\/4J—(1+W>
k=J+1: n(J+1) =
B i 1+)\/22J+1
= 7 ,
% ( J) < J+r+1 + 2><4ri)
k>0: n((J+1)+2k+1) = - 2 3A4
1 1422
T 92kt 3\ ’
A 1 1 A
(ﬁ+ﬁ>—7(1+7j)
/iZl: 7r((J+1)+2,‘<a) _ 47+ 2x4 4 2x4

3A
114 )/22+
22 3 ’
we find the same distribution as (/5.2]).

7.2. Possible cluster size distributions in the periodic case.

Proof of Proposition [5.2] Consider the dynamical system given by gr with R to be
chosen later, and an observable ¢ such that U (&) = B (&, ¢iry,). We want an entrance
of the orbit in Ey(f) to be followed by a cluster of size at least p — ¢ + 1. Then we set
l;=(dy...d;—1). Then the quantities L,g) are defined by :

Ve e{0,...,p—i}, LO =

Vi e{l,...,p}, VjeNy, LP-i+ktir) —1/pi-1
with D = [Dgr(&1) ... Dgr(&,)|, and 7 is defined on the support pN — i + 1 by

. 1 1
VjeN, W(Z)(jp—i+1):Dj1<1—D>.
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Since L(()z) =1 for every i € {1,...,p}, the multiplicity distribution is defined by :

V& € No, 7( Z 7 1_5@)@) 7D (k).

For every k € {1,...,p},

(1 = rp—r+1)p(Ep—r+1) 2 PR+ () — (1 = rp—st1)p(Ep—r+1) 1
L (L=7j)p(&) (%) b (L=7j)p(&)) (1 )

D
since 7( ( )#0 <= i=p—kr+1. We want to express D as a function of the parameters
ri. By gr-invariance, the measure of g5' (B(&;,x)) is equivalent to p(&;), as z tends to zero,
and its connected component containing &;_1 is of measure equivalent to p(&*l)ngprl)\'

(k) =

_ p(&i-1) 1 _
Then r; = A& Do e )] and 5 =71...7p.
Now let a1, ..., ap be positive real numbers such that a; + ... +a, < 1 and set 7, :=
(1 —rp—rt1)p(€p—r+1). First we want 7(x) = a, for every k € {1,...,p}, ie. :
0 F n;
Vee{l,....ph = —|1- (1—J) = ay.
y gy E p(Ep—i+1) :
If such real numbers 7, exist, then 1 — ?:1 (1 —=nj/p(ép—j+1)) = a1 + ... + ap since
P Nk — Tq 3 raa
D1 ST = 1. This implies
ar

Veed{l,...,p
t ) Z; 177] Z?:la]

and it follows that there exists v > 0 such that 7, = ya, for every k € {1,...,p}. We have
to check that this is consistent with the equality 1 —[T;_; (1 —n;/p(§p—j+1)) = a1 +...+ap.
Let () :=1—[[;_ B (1 —~a;/p(&—j+1)). The parameters r; have to be chosen in (0,1),

. . . e : . .
then v must be in (0,1/M) with M := REI{I}?.).{,;)} {7;7(&,7%1) } 1 is continuous as a function

of v, 9¥(0) = 1 and ¢ (1/M) = 0, then it follows from the intermediate value theorem that
there exists v € (0,1/M) such that ¢(y) = a1 + ... + ap. Then we get 7(k) = a,, for every

ke{l,...,p}.
The second point follows from the following facts :

e D=1/(1—-a; —...— ap) by definition of ~;
o 700 ¢ H%D

O

7.3. Example given in [AFFRI6| for the periodic case. In [AFFRI6|, the authors
illustrate the content with the following example concerning the periodic case.

Consider the dynamical system given by f(z) = 2z mod 1 on S! and the observable :

—log |z — (] for x close to ¢
(z) = lz — f(¢)]7Y/2  for x close to £(¢)
)= |z — f3(O)|7Y2 for z close to f3(¢)

0 otherwise



32 C. CORREIA, A. C. M. FREITAS, AND J. M. FREITAS

with the 5-periodic point ¢ := 1/31. Given 7 and (uy,)nen satisfying nLeb(Xo > u,) — 7,

n—oo
the connected components of {¢ > u,} are given by :

U (¢) = B(C¢,Exp(—un))
UD(F(C) = B(f(Q).1/u2)
UD(3(C) = B(A(C),1/u2)

The problem is that we cannot define the sequence r,. However note that Exp(—u,) =
n—oo

o(1/u?), meaning that Uy(LO)(C ) is asymptotically negligible compared with the connected

components of ffl(UT(ZO)(f(C))) and f*3(U7(LO)(f3(C))). Then this ball has asymptotically
no effect and the multiplicity distribution can be more easily computed by considering the
observable :

lz — f(O)]7'/2  for x close to f(¢)
G(x) = q |z — fAQI7? for z close to f3(¢)
0 otherwise
Then the theory is applied with N = 2, m; =0, ma = 2, & = £((), &2 = f2(&1), 61 =3 =1,
0y = ly = U5 = 0 and r, = 1/u?. Concerning the system, the quantities d; are equal to 2
and §; = % Then the quantities L,(f ) are defined by :

(L) > LY >y = {1725 1/25M+2 | M e Ny}
(L > L > ) = {1/25MH1 1/25M+4 | \f e Ny}
(L > L >y = {1/25M1/2°M+3 | M e N}
(LW > 1 >y = {1/25M+2 1/25M+4 | 0 e No}
(LY > 1P >y = {1/25M+1 1/25M+3 | b e No}

L =12 1 1y
Lgi) = 1/25°42, Léi)ﬂ = 1/95%+4
Y JNRYE
Lgi) — 1/25/{+2’ Lgi)_i_l — 1/25!43-1—4
L8 =y, L, =1y

and we obtain :

T26+1) = — (=

w(2K) = g(;)S

as in [AFFRI16].

7.4. Example given in [AFFRI16| for the non-periodic case. In [AFFRI16|, the authors
illustrate the content with the following example concerning the non-periodic case.

Consider the dynamical system given by f(z) = 2z mod 1 on S! and the observable :

—log |x — (] for x close to ¢

e F(OI7Y2 for z close to f()
P =3 2~ B2 for o close to £3(C)
0

otherwise



CLUSTER DISTRIBUTIONS FOR DYNAMICALLY DEFINED POINT PROCESSES 33

with the non-periodic point ¢ := v/2/16. Given 7 and (un)nen satisfying nLeb(Xy >

Up) T the connected components of {¢ > u,} are defined by :

U(¢) = B(CExp(—uy))
UD(F(C) = B(f(Q).1/u2)
UD(3(C) = B(A(C),1/u2)

As mentionned in the ball U,(P)(g ) has asymptotically no effect and we consider :

lz — f(O)]7Y/2  for x close to f(C)
G(x) =1 |z — f3(0)|"Y? for z close to f3(¢)
0 otherwise
Then the theory is applied with N = 2, m; =0, ma = 2, & = £((), &2 = f2(&1), 61 =3 =1,
¢y =0 and r, = 1/u2. Concerning the dynamical system, the quantities d; are equal to 2,
6o =0and 6, = 6o = % Then the quantities L,(.f) are defined by :

LV =1, 1M =14

LY =1/2
LY =1

L,(.f) = 0 otherwise
and we obtain :

(1) =6/7

m(2)=1/7

(k) =0forall kK >3
as in [AFFRI16].
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