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Abstract:
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1 Introduction

It is well known that a polynomial sequence {P,(z)},>0 is orthogonal if and only if
it satisfies a recurrence relation of order two (see (3)-(4)) defined by two sequences of
coefficients {3, }n>0 and {Vn+1}n>0, the so-called recurrence coefficients. If we modify, at
the order r, the B-coeflicient by translation, 8, — B, + u,, or the y-coefficient by dilation,
Y — ArYr, Dy means of some parameters p, or A., we obtain a perturbed orthogonal
sequence. We remark that p, and A, are not supposed to take small values, they are
parameters that can be symbolic or numerical. In the last years, several authors have
worked about perturbed orthogonal polynomials often taking as study case the perturbed
Chebyshev sequence of second kind due to the simplicity of its recurrence coefficients
which are constant if we consider monic polynomials (see (5)). With no attempt of
completion, we cite [3, 4, 16, 17, 18, 20, 21]. Zeros of orthogonal polynomials, and in
particular zeros of Chebyshev families, constitutes an important topic, because they are



used in several methods in numerical analysis and have applications in applied sciences
[11, 14, 19, 21]. With respect to properties of zeros of perturbed polynomials see in
special [1, 2, 15, 20]. Furthermore, these sequences have some applications, in which
their zeros play a role [10, 22]. I have also studied these perturbed sequences in the
papers [5, 6, 7, 8], where the reader can find further references about this subject. The
present article is one more contribution to the knowledge of the endless properties of
these polynomials.

Is is well known that [—1,1] is the smallest interval that contains the set of zeros
of the four Chebyshev sequences [19]. It is an interesting question to know how the
above perturbations change the location of zeros. In this work, we furnish an answer
to this question by applying the Gersgorin circle theorems [12, 13, 23] to the Jacobi
matrices associated to perturbed Chebyshev polynomials of second kind [4, 19]. Then,
we obtain some locations for their zeros, and also a refined location for one extremal
zero in the translation case. Those results by Gersgorin [12, 13, 23] provide a simple
way to determine certain circles or intervals whose union contains the eigenvalues of any
n X n complex matrix. Jacobi matrices (8) are defined from the recurrence coefficients
of an orthogonal polynomial sequence in such a way that P,(z) is the characteristic
polynomial of J,, (9); in other words, the eigenvalues of .J,, are the zeros of P, (x) [4].

This article is organized as follows. After this introduction, in Section 2, we define
the perturbed Chebyshev polynomials of second kind by translation and by dilation,
and we give some of their properties. In Section 3, we consider the Jacobi matrices
associated to perturbed Chebyshev polynomials of second kind, and we compute their
Gersgorin disks and sets. We begin by fixing the order r of perturbation, then for each
r, we should consider separately some initial values of the degree n, thereafter we obtain
results valid for all the upper values of n. In the next section, we apply the Gersgorin
circle theorems and we obtain, in each case, a location for the set of zeros depending on
the values of the parameters of perturbation u, or A\.. Furthermore, in the translation
case, doing a diagonal similarity transformation, we get a more precise location for one
extremal zero that belong to a neighborhood of p,. Also, we present a definition for the
sharpness of GerSgorin locations. In Section 5, in order to illustrate this work, we give
some symbolic and numerical results, and we show some graphical representations. We
finish this article with some conclusions about the locations obtained.

2 Perturbed Chebyshev polynomials of second kind

Let P be the vector space of polynomials with coefficients in C and let P’ be its topo-
logical dual space. We denote by (u,p) the effect of the form u € P’ on the polynomial
p € P. In particular, (u,z") := (u), ,n > 0, represent the moments of u. A form wu is
said regular [17] if and only if there exists a polynomial sequence { P, }>0, such that

(u,P,Pyp) = 0, n#m,nm>0, (1)
(u,P2) =k, # 0,n>0. (2)



Consequently deg P, = n, n > 0, and any P, can be taken monic, then {P,},>0 is
called a monic orthogonal polynomial sequence (MOPS) with respect to u. The sequence
{P,}n>0 is regularly orthogonal with respect to u [17] if and only if there are two se-
quences of coefficients {5y, }n>0 and {Vn+1}tn>0, With 45,41 # 0, n > 0, such that {P, },>0
satisfies the following initial conditions and linear recurrence relation of order 2

Pg(.%') = 1, P1<l') =T — 50, (3)
Proya(z) = (2 = Buy1) Pug1(2) = yy1 Pa(z), n>2. (4)

Furthermore, the recurrence coefficients {5, }n>0 and {y,+1}n>0 satisfy

u, zP?(x kn,
/Bn = <kn()> y  Int+l = k:17

n > 0.

As usual, we suppose that, 8, =0, v,4+1 = 0 and P,(z) = 0, for all n < 0.

A form u € P’ is positive definite if and only if < u,p >> 0, Vp € P: p(x) > 0,
p# 0,z € R A formu e P is symmetric if and only if (u)o,y1 = 0, n > 0. A
polynomial sequence {P,},>0 is symmetric if and only if P,(—x) = (—=1)"P,(z), n > 0;
then P5,11(0) = 0, and zeros of P,(z) are symmetric with respect to the origin. If
{P,}n>0 is a MOPS with respect to u, the symmetry of { P, },>0 is equivalent to 3, = 0,
n > 0, and the positive definiteness of u is equivalent to 8,, Yn+1 € R, Yp+1 >0, n >0
[4]. If {P,}n>0 is a symmetric MOPS, then P»,(0) # 0, n > 0.

In this work, we study the monic Chebyshev sequence of second kind {P,(x)}n>0
with the following recurrence coefficients

1
Bn=0 |, Y1 =—-,n=>0. (5)

4
We consider the r-th perturbed Chebyshev sequence of second kind by translation, noted
by {P! (pr;7) () }n>0, with parameter p, € R, p, # 0, and order r > 0, defined by the
following recurrence coefficients

1
IBf,Z/JT,6220,n?£7’;’}/;+1:*7n20. (6)

4
When r = 0, we recover the so-called co—recursive sequence [3, 4], for which only the
initial polynomial P;(z) is perturbed becoming Pf(up;0)(z) = z — Bo — po = = — po-
Also, we consider the r-th perturbed Chebyshev sequence of second kind by dilation,
noted by {PZ(\;7) (x)}n>0, with parameter A\, € R, A, # 0, A\, # 1, and order r > 1,
defined by the following recurrence coefficients

A 1

Bg:o;'Ygzzrafyg-i—l:ivn?ér_17n20>7”21' (7)
Then {P! (p;7) () }n>0 is nonsymmetric and positive definite, and {PZ (\;7) (x)}n>0
is symmetric; in addition, if A, > 0, then the last sequence is also positive definite.

It is well known that in the positive definite case all zeros are distinct real numbers



and satisfy some interlacing and monotonicity properties [4]. Perturbed Chebyshev
polynomials by translation, and by dilation with A, > 0, satisfy these properties as well.
In both cases, perturbed Chebyshev polynomials are semi-classical [18], which ensure
that their zeros are simple [17, p.123]. We shall see that in the case of dilation, with
Ar < 0, there are some conjugate pairs of complex zeros. We pointed out in [6], that the
monic Chebyshev sequences of first {7}, },>0, third {V},}n>0, and fourth {W,,},,>0 kinds
[19] can be naturally considered as perturbed of the sequence of second kind { P, },>0 as
follows: Tp,(z) = P2 (2;1) (z), Va(z) = P! (3;0) (z), Wa(z) = P} (—3;0) (z) .

3 Gersgorin disks and sets of Jacobi matrices

3.1 Gersgorin disks of Jacobi matrices associated to monic orthogonal
polynomials

Let us recall some results by Gersgorin to locate the eigenvalues of any matrix A4, =
(aij)i<ij<n € C™ ™ [12, 13, 23]. Gersgorin disks (G-disks) are defined by !

n
Dgn):{zeC:\z—aeri”)},r§”>: > agl, 1<i<n.
J=1, j#i

Gersgorin set (G-set) is the union of G-disks, i.e.,

P =y DM n>1.

Gersgorin circle theorem [12] states that the set of eigenvalues of A,, the so-called
spectrum of A,, o(Ay), satisfies 0(A,) € D™ . Furthermore, if there are m G-disks
disjoints from the remainders ones, then their union contains exactly m eigenvalues of
A,. In particular, if there is one G-disk disjoint from the others, then it contains an
unique eigenvalue.

Let us consider the Jacobi matrix associated with P, (z) given by (3)-(4), taking a,,
such that a2 = v,, n > 1,

Bo o
a; fr1oaz
ay Po o3

Qn-2 P2 Qn-1
Qpn-1 Pn-1
It is well know that P,(x) is the characteristic polynomial of J,, [4], that is,

P, (z) =det(zl, — Jy) , n>1, (9)

!these are the row G-disks; columns G-disks are obtained exchanging i with j.



where I, denotes the identity matrix of order n. Thus zeros of P,(z) are eigenvalues
of J,, and we can apply the above cited results by GerSgorin to .J,, in order to find a
location for the zeros of P,(z). G-disks of J,, are

DY = {Bo} .

Dgn):{ze(C:]z—Bo\Sfaﬂ}, nz2;

DI = {z€C:|z—Bia| <l +|ul}, 2<i<n—1,n>2;
(

Dn") ={z2€C:|z—fBp1| <|an-1l}, n>2.

3.2 Gersgorin disks and sets of Jacobi matrices associated to Cheby-
shev polynomials of second kind

From (5), we see that the Jacobi matrix of the Chebyshev polynomial of second kind
P,(z), forn > 1, is

0 1/2
/2 0 1/2
1/2 0 1/2
1/2 0
The corresponding G-disks and G-sets are
D) =D = {0}, n=1. DP =DP =D =[] n=2 (10)
P = | ;%yzﬁﬁzpuu,2gi§n—1;DfM4—ﬂﬁ,n23.un
DM =[-1,1], n>3. (12)

We consider that 7, is the matrix constituted by the first n rows and n columns of an
infinite dimensional Jacobi matrix, noted 7, corresponding to the sequence { Py, }n>1.

3.3 Gersgorin disks and sets of Jacobi matrices associated to perturbed
Chebyshev polynomials of second kind

For n > 1, let us denote the Jacobi matrices associated to Py (u;7)(x) and P(\.;7)(x)
by J.(ur;r) and JE(\.;7), the corresponding G-disks by Df(n) (pr; ) and Df(n)()\r;r),
with radius rf(n) (pr;7) and T?(n)(/\r; r), for 1 <i <mn, and the G-sets by

Dt(n) (Mr; T) = U?:ﬂ);(n) (,U/T§ T) s Dd(n)()‘r; 7") = U?:lpg(n)(Ar; T) ,



respectively. From (5), (6) and (7), we obtain the following infinite dimensional Jacobi
matrices

1
vz,
2 2
1' 1 1
T (i) = 3 Mg , o (13)
1 1
3 0 3
0 3
1 1
2 0 3
% 0 \/QAT <— IOW T
diy oy
T Orir) = \/2)‘7 0 % P rowr+1 (14)
1 1
2 0 3

such that J! (u,;7) and J9(\.;r) are the matrices constituted by the first n rows and
n columns of them, for n > 1. Forr > 1land 1 <n < r, J\(up;r) = J,. For r > 2
and 1 <n<r—1, J¢N\;r) = Tp. If pr, A, € R and A\, > 0, then these symmetrical
tridiagonal Jacobi matrices are real, it is well know that their eigenvalues are real and
distinct [13], thus G-disks and G-sets are intervals of real numbers. If A\, < 0, then
e Vx|

J4 ;) has two imaginary complex entries equal to 5—1, it has conjugate
pairs of complex eigenvalues and G-disks and G-sets are disks in the complex plane.

3.3.1 Translation case

Perturbation by translation modify only the row of order r + 1 of J. Consequently it
modifies only the G-disk of order ¢ = r 4+ 1 that now has center u, and whose radius
depends if n =r 41 or if n > r 4+ 2, and also if » =0 or if r > 1; it is given as follows

1
norele {’“Zoéri(”wo;m:o; rzmwiﬁi”(ur;r):z},

n 1 n
n2r+2:>{7“:0=>1“§( )(M0;0)=§; r21:>r$(+%(,ur;r):1}.

Next, we shall explicit G-disks and G-sets for J! (u,;7), n > 1, for different values
of the order r of perturbation. For r > 0, the i-th G-disk of J!(u,;r), for i # r + 1,



coincide with the one of 7, that is,

D (uyir) =DM it r+1,1<i<n,n>1.

(2

For 7 = 0, the G-disk of J}(10;0) and the first G-disk of J},(10;0) are

1 n 1 1
D (03 0) = {0} s m =1 3 D (130) = [0 — Zomo+ 5], n 22
For r > 1, the (r + 1)-th G-disk of J%,(uy;7), for n > r+ 1, is
1 1 1
DT arim) = e = 5o+ 5], m=r+ 1
D) (i) = e — Lo +1], n> 74 2.
G-sets of {J! (pr;7)n>1 are the followings.
For r =0,
11 1 1
D' (1g;0) = {po}, n=1; D (ug;0) = [—5 5] 1o — 57 Ho + 5] y =2y
1 1
D' (103 0) = [=1, 1] U fuo — 5o + 5], m > 3.
For r =1,
11 1 1
(1) _ ), . 11 LT
D" ;1) = {0}, y D (s ) =[5, 51V — 5o m+ 5], n=2
11
D' (p151) = =5 gl Vlm =L +1], n=3;
D (puy;1) = [1, 1)U — L+ 1], n> 4.
For r = 2,
Dt(l)(:u2 2) = {O} s n=1 Dt(g)(l@?) = [_777] y =2
1 1
D' (1g;2) = [~1,1] U [ — 5o M2+ 5] =3
D (9 2) = -1, 1 U [pug — Lpo + 1], n >4 .
For r» > 3,
M) () = I YO S S B
D (/’L’NT)_{O}7”_17D (MT7r)_[_§7§]7n_27
DO (i) = [=11], n=4k , k=31)r
1
DO (i) = 11 Uy — 5ot 3], m=r 13

rDt(n)(MT;T,) =-L1U[p —Lipu+1,n>r+2.



3.3.2 Dilation case

Perturbation by dilation modify only the rows of orders r and r + 1 of J. Consequently
it modifies only the G-disks of orders ¢ = r and ¢ = r+1 whose radius depend if n = r+41
or if n > r 42, and also if r = 1 or if » > 2; they are given as follows

n=r+1— {7’:1:>{7"§l(2)(>\1;1):7“3(2)()\1;1):\/?}7
P22 {r:!(“%;r) LI ey ‘;T’} } ;
n>r42=—= {r:1${ﬁ@khq):V?“;rywhﬂ):1+gﬁﬂ},
r>2= {rﬁl(")()\r;r) =W () = H;m} } .

Next, we shall explicit G-disks and G-sets for JZ(\;7), n > 1, for different values
of the order r of perturbation. For » > 1, the i-th G-disk of J(\.;7), for i # r and
i # r + 1, coincide with the one of 7, that is,

DI (N\ar)=D™ ikr, i#r+1,1<i<n,n>1.

We begin by giving results for A, > 0, A\, # 1.

For r > 1 and n = 1, the G-disk of J{(\.;7) is Df(l)()\r;r) = {0}.

For r = 1 and n > 2, the first G-disk of J¢(\,;7) is

“[%
“[%
[

D™ (A;1) = [— ]

For r > 2 and n > r + 1, the r-th G-disk of J4(\,;7) is

C14VA 14VA

DI i) = -

].
For r > 1 and n =7+ 1, the (r + 1)-th G-disk of J%(\;7) is

VA VA
22

DN (i) = [—

For r > 1 and n > r + 2, the (r 4+ 1)-th G-disk of JZ(\.;7) is

_l—i—\/)\r 14+ VA
2 7 2

DX (A7) = |

]

For A1 > 0, \; # 1, the G-sets of {J%(\;7)}n>1 are the followings.



Forr=1,

DO = {0}, n=1; DO 1) = -5 Y =2
DU (A1) = [-1,1] U [ +2\/x, ! +f] n>4.
For r = 2,
DO;2) = {0}, m=1; D) =[5 1], n=2;
DI (n:2) = DIy 2) = [ LT L8y gy
DU (A9 2) = [-1,1] U [ +2\/E, ! +2¢g] 5.
For r > 3,

DU (ir) = {0}, n= 15 DU (ir) =[5 5], n=2:
DB (\sr) = [-1,1],, n=k, k=3(1)r

1 ro 1 r
DA (i) = -1, u [~ LA LENy

n>r+1.

G-disks and G-sets for A\, < 0, r > 1 are easily obtained from the preceding ones.
In each case of r, the intervals {0}, [—3, 3], [-1,1], [~ @’\/j] and [—Hrﬂ,%]

r

are replaced by the following disks in the complex plane centered at the origin, {(0,0)},
{zeC:|z| <3} {z€C:|z| <1}, {zE(C |z| < VI T} and{zE(C |z| < s M},

respectively.

4 Gersgorin location of zeros of perturbed Chebyshev poly-
nomials of second kind

4.1 Translation case

Proposition 4.1 For the rth-perturbed by translation case with p, € R, p, #0, r > 0,
we have

e Forr =0 andn =1, DM (ug;0) = {uo}.
o Forr=0 orr=1, and n = 2, the following holds.

-If =1 < pp <0, then DU (s 7) = [, — 1,17 (it varies from [-3,1] to [-1,1]).



SIf0 < py < 1, then D™ (ppyr) = [—3, 3+ ) (it varies from [—3,1] to [-1,3]).
~If pr < =1 or pp > 1, then D (ppir) = [ 3, 40U (e — 2,000 + 3]

As =3, 30— %, 3] = 0, there is one zero of PL(pr;7)(2) in [y — 5, pir+ 3],
the other one is in [— é,é]

o Forr=0andn >3, or forr>2 andn =r+ 1, the following holds.

SIf =3 < pe < =3, then DU (ppi ) = [ — 3, 1] (it varies from [-2,1] to [—1,1]).
1
2

SIf 3 < py <3, then D) () = [—1, + + ] (it varies from [—1,1] to [-1,2]).
~Ifpr < =3 or gy > 3, then DU (pysr) = (1,1 U [y — 5, 1 + 3.

As [-1,1]0 [y — 5, pr + 3] = 0, there is one zero of PL(uy;7)(z) in
[r — &, e + 1], the other (n — 1) ones are in [-1,1].

e Forr=1 and n =3, the following holds.
- If =3 < p < —3, then D) (i) = [pr — 1,3] (it varies from [-5,3] to
=331

If v

1

2

i

i

%) < %’ then Dt(”)(ur;l) = [pr — 1,y + 1] (it varies from [—%, %] to

< p
1 < <3, then D) () = [—4 2. 14 p,] (it varies from [—3, 3] to [—3, 3]).

a

e < —3 or py >3, then DI (s 1) = [—3. 31U (e — L pr + 1]

As =1, 3] N [y — 1, py + 1] = 0, there is one zero of Pi(u,;r)(x) in
[r — 1, e + 1], the other 2 ones are in [—3, 3].

—_

e forr=1andn >4, or forr > 2 andn > r + 2, the following holds.

- If =2 < pp <0, then D) (pp; 1) = [y — 1,1] (it varies from [—3,1] to [-1,1]).
- If0 < pp < 2, then DU (pps ) = [—1,1 + ] (it varies from [—1,1] to [-1,3]).
- If pr < =2 or py > 2, then DM (s r) = [—1,1] U [y — 1, e + 1].

As [=1,1] N0 [pr — 1, e + 1] = 0, there is one zero of PL(py;7)(x) in
[r — 1, uyr + 1], the other (n — 1) ones are in [—1,1].

In the last proposition, in the cases there is one extremal zero isolated in a G-interval
centered at the parameter of perturbation pu,., it is possible to improve its location,
reducing the radius of that interval, as stated by next result.

Let P = P'(r, p) be an infinite diagonal matrix whose diagonal entries are P11 11 =
p,p#0,and Py; = 1,4 # r+ 1. We consider the following similarity transformation

10



that does not change the eigenvalues of J*(u,;7)

N|—= .

0 p
_ 2 —row r + 1.
P!(pr;mp) = P~HJ (). P = % o3
L0
2

(15)
We shall note by P Hr) (tr; 75 p) the matrix constituted by the first n rows and n columns
Of Pt (IU’T’? T p) and ltS G—Set by Pt(n) (,UJT’ T, p)

Proposition 4.2 For the rth-perturbed by translation case with u, € R, u. #0, r > 0,
we have

o Forr=0orr=1, and n =2, the following holds.

Bn) () Ly _ [_E B] |, -1 1
P (H'f‘a Tap) Gl U G2 P Gl 27 2 ’ G2 Hr 2p7ﬂ'f‘ + 2p .
Let B(py) = —pr + 5, and D(py) = pir + s, with s = \/u2 — 1.

n 1 1
]f‘ur < —1 (mdp S [1,B(Mr)[ ; then ‘éi( ) | < m =0 <4|M|>

1 1
< =0 .
2D(pur) (4lur|)
e Forr=0andn >3, or forr > 2 and n=r+ 1, the following holds.
1 1
P (urimip) = G1 UGy, Gy = [_7 } , Go = [ur Tyt T ]

2 2p
Let B(py) = —s1 + /82 — 4 with s1 = 1 + 2u,.
Let D(py) = —s3 + /83 — 4 with s3 =1 — 2p,.

If ur < =2, and p € [1, B(ur)|, then ‘fi(n) o

If i > 1 and p € [1, D(p,)[ , then |7 — p,

< 5y =° ()

1 1
If . > 3 and p € [1, D(p,)[, then :(’)< >
: 2 | (o)l D(pr) 4|y

gfz(n) — pr| <

e Forr=1 and n =3, the following holds.
) (e ) = _[.pP 2t 1
P (/Lrarap) G1UGs , Gy |: 2a2] , Ga |:,Ur p;#r+p .

Let B(uy) = —pir + s and D(py) = pr + s, with s = \/p2 — 2.

11



If i < =3 and p € [L, Bu)[, then |6~ i

<B&nzo<ﬁm>

<D&»=O(ﬁm)

e Forr=1andn >4, or forr > 2 andn > r+ 2, the following holds.

If > and p € [1,D(g)[, then [€47) — i,

1 1
P (pyirip) = GLU Gy, Gy = [—,] , Go = [ur— ,m—l—}

p p
Let B(u,) = % <—31 + \/8%7—8>, with s1 = 1+ 2u,..

Let D(u,) = % (—53 + \/sg — 8), with s3 =1 —2u,.

<B&»:O<JM)

<D&»:O<ﬁm>

In all cases, G1 N Gy =), G contains a unique (one extremal) zero and the others
zeros belong to G .

If e < =2, then |1 pr

If pr > 2, then €4 — p,

Proof. In all cases, we take p > 1, in order to assure that the radius of G4 will be
smaller than the one provided by Proposition 4.1. Let us demonstrate the first
case, other ones are similar. From (15), we obtain the G-intervals: G; = [—g, g]
and G = [,uT — Qip,ur + %] If p. < —1, in order to Gy N G2 = (), we must have

1
ur—i-% < —g & PP+ 2up+1 <0 & p €|A(uy), B(ur)[, where A(p,) = —pip — s =
1/B(uy), B(pr) = —pir+s, and s = y/pu2 — 1. It is easy to see that B(u,) > 1, thus
A(pr) < 1, then we must take p € [1, B(u,)[. Now applying the Gersgorin circle

theorem, we conclude that Go contains a unique zero, the extremal zero fi(n), that

satisfies ‘fi(n) — | <

1
< %" Taking p as big as possible, we get the best location
p

t(n) . ‘ t(n) r < 1 >
of , obtainin - < ——— =0 | —— . The other zeros belong to
o B8 < 3Gy ~ O\ ;
G1; in fact by Proposition 4.1, they belong to [—%, %] C Gy. [ |

In all cases of the last proposition, we observe that one extremal zero is located in a
neighborhood of the parameter u, of perturbation. We remark that p,, for » > 1, is not
a zero of PL(u,r)(x), n > 0. For r = 0, ug is only zero of Pf(u,0)(x) = 2 — po.

Note that the matrix P!(ju,;r;p) is not symmetric, consequently row and column
G-sets are different. Nevertheless, if we consider column G-sets with 0 < p < 1, we
obtain exactly the same conclusions.

12



Definition 4.3 For the rth-perturbed by translation case with u, € R, p, # 0, r > 0,
a measure of the sharpness St (r;7) of the Gersgorin location is defined as follows,

where {ﬁf(n) (3 7)1y motes the zeros of PL(uy;r)(z), n > 1.
e Case 1

If the G-set is a unique interval D™ (u,;7) = [a, b] given by Proposition 4.1, then
8" (pyir) = (b—a— (& (uir) =6 rin)) ) /2.

Observe that | t(n)(,ur; ), 52(71) (pr;7)] s the smallest interval that contains all zeros.

In this case, we say will that the Gersgorin location is sharp if and only if

lim S*™ () = 0.

n——o0
e Case 2
If the G-set is the union of two disjoint intervals
D (i r) = [=b,0] U [y — €1y + ]
with b given by Proposition 4.1, and € given by Proposition 4.2, then
St (i) =b—0 . S (i) =~

int out

b= max{)fli(in)(uﬂr) ) } ) - gltgin)(#ﬁr) )

with ko, = 1, ki = 2 and ky = n, if the zero outside of [—b,b] is fi(n)(ur;r); or
ki=1, kf =n—1 and k, = n, if the zero outside of [—b,b] is 52(71) (7).
Observe that [V, V'] is the smallest interval centered at the origin that contains

all zeros belonging to [—b,b], and [, — €o, jtr + €] is the smallest interval centered
at p, that contains the extremal zero outside of [—b,b).

where

o (i)

In this case, we will say that the Gersgorin location is sharp in [—b,b] and in
[tr — €, 1y + €] if and only if

lim S”(lt)(/ir;r) =0 and hm Sogt)(,uﬁr) =0.

n—-+o0o

Example 4.4 As particular cases of the Proposition 4.1, we recover the well known
location of zeros of the Chebyshev families of third and fourth kinds [19].

1 1 1 1
. t(1) . . pt(2) . . =92
Vi(z) , Va(z) : D <2,0>—{2} ,n=1;D (2,0> [ 2,1],n 2



In both cases, the sharpness satisfies
1
lim S <;o> =0 i
n——+00 2 n—-+oo
because (see [4, 19])

t(n) 1 (L.
ngr—lr—loog (2 0) =1 _nll}}-loogl ( 270>’

1 1
t(n — e frmd tn) N
nhrf &) (2,()) 1 ngrfoog ( 2,0).

Then, we conclude that the Gesrgorin location is sharp.

I
=
B
2!
=
/I\
N | —
[an)
~__

Proposition 4.5 In the case 2 of the Definition 4.3, the Gergorin location is sharp in
[—b,b] = [-1,1].

Proof. In [9], we state the following interlacing property between the zeros of perturbed
Chebyshev polynomials of second kind by translation {f: (nHH)(ur; )}t and

the zeros {¢; (n+r+1)}”+T+1 of Chebyshev polynomials of second kind:

- If p, > 0, then

(n+r+1) t(n+r+1) (n+r+1) - (n+r+1) (n+r+1)
£ <§ <& y J=10n+r; §n+r+1 €n+7“+1 :

- If pp <0, then

5i(nJrr‘Jrl) < §§n+r+1) : £(.nJrrJrl) < gt‘S?_lirJrl) < §§i§7‘+1)7 _ 1(1)n—l—r '
Now, observe that limy, 40 & (ntr+l) — 1, and lim,_, 100 gnitz:l) =1.

4.2 Dilation case

Proposition 4.6 For the rth-perturbed by dilation case with A\, € R, A\, #£ 0, A\, # 1,
r > 1, we have

o Forr=1, and n =2 orn =3, the following holds.
- If My < —1, then

DI 1) S {2 € C: 2 < 5}, D@1 D {z ezl <1}
-If—1< )\ <0, then

DI (A;1) c{zeC:|z] < 3} , DA c{zeC: |z <1}.
SIf0 < M\ <1, then D¥A(\51) € -4, 1], DI (A1) € [-1,1].
~If A\ > 1, then DU (\;1) D [-35,3], DO (A\;1) D [-1,1].

14



o Forr =2, and n =3 orn =4, the following holds.
- If Xy < —1, then D3 (\y;2) = DD (Ng;2) D {2 € C: 2| <1},
SIf =1 < XAy <0, then DU (N\g;2) = DU (N\y;2) c {z€C: 2] < 1}.
- If0 < Xy < 1, then DU3)(\g;2) = DU (Ng;2) C [—1,1].
- If Ao > 1, then DU 3)(\g;2) = DU (Ny;2) D [—1,1].

e forr=1andn >4, or forr =2 andn >5, or forandr >3 andn >r+1, the
following holds.

CIf A < =1, then DY (\y5r) = {z €C: |2 < “2'“} S{zeC: |z <1}
-If -1 <\ <0, then Dd(”)()\r;r) ={zeC:|z] <1}

-If0 < A\ < 1, then DY (N, 7) = [—1,1].

S If A > 1, then DUM () = -1 1) 5 [ 1),

Definition 4.7 For the rth-perturbed by dilation case with A\, € R, \. #£ 0, \. # 1,
r > 1, a measure of the sharpness of the Gersgorin location is defined by

Sd(”)()\r; r) = Td(")()\r; 7) — max {

& )| i = 1Un

where {ffl(n)(kr;r) ", notes the zeros of PI(\;7)(x), n > 1. We will say that the
Gersgorin location is sharp if and only if

lim S™™ (A7) =0.

n—-+o0o

Observe that, in this case, the sharpness measures the difference between the radius of
the G-set and of the smallest circle centered at the origin that contains all zeros.

Example 4.8 As a particular case of the Proposition 4.6, we recover the well known
location of zeros for the Chebyshev family of first kind

Ti(x), Tox) : D(21)={0}, n=1; D (21) = [—fﬁf} ,n=2;
To(z) , n>3 : Dd<n>(2;1):[—1+\/§,1+\/§]3[—1,1] ,n>3.

2 2

The sharpness satisfies

lim S¥M(2;1) = */52 !

n—-+00

~ 0.21 ,
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because (see [4, 19])

S

rd(")(2; 1) =

LS , n>3; lim max{‘fid(n)(Q;l)‘:izl(l)n}zl.

2 - n—-+o0o

Then, we conclude that the Gergorin location is not sharp.

5 Symbolic, numerical, and graphical results

In this section, we give some symbolic, numerical, and graphical results, obtained with
the software Mathematica®, in order to exemplify and illustrate the main results of
this work. To get concrete results, we should fix the order r of perturbation and the
degree n. Taking, for example, r = 5 and n = 17 in the translation case; and r = 6
and n = 18 in the dilation case, and using the recurrence relation (3)-(4) with the
recurrence coefficients (6) and (7), we compute recursively the polynomials Pl (5; us) ()
and PJg(6; \g)(z) presented next, with symbolic parameters of perturbation us and Xe.
We have used the command Fzxpand to get these polynomials in the canonical basis.

7 105 79 91
PL(5; p5)(z) = 21T pusal® — 4zl 4 g5$14 + T 213 1/(;51:12 _ E3311
11
32 256 256 128 512 2048
12905 4 15 5 us o 9
— — . 16
1096 © 2018”7 81927 T 65536" (16)

1 1
PL(6; X) () = 28— = (N\g+16) 20 + 3 (The +53) L 57 (792 +376) z1?

1 o (367X +920) 4 (157X +305)
356 (2300 +7T1)w 1024 © T o018 ¢
B(4BNa+67) 4, 92X +3) 5 1

16384 65536 262144

N

From (16), it is easy to realise that
Pi7(5; —ps) (=) = = Pl7(5; p15) () -

In fact, Py, (r; —pr)(—2) = —Ph, 1 (r; ) (@), r >0, n > 0, (see [7, Prop. 4.4]). This
implies that,

Phya (ri 1) (§) = 0 <= Py (ri—p1y) (=€) = 0,7 >0, n> 0. (17)

This result will be cited in Figure 1 above for interpreting some numerical values of
ZEToS.

16



Fixing the parameters of perturbation, taking, for example, us = 1 and A\g = —2, we
obtain polynomials that can be traced and study numerically.

72 105213 79212 91zl 115210
Pt 51 — 17 16 4 15 _ _
17(5: 1) () v T T 16 6 T 32

+715m9 B 36728 B 9927 N 15725 N 231z° B 12924 B 1523
256 256 128 512 2048 4096 2048
9x2 9x

8192 + 65536

16 14 1 12 11 10 g 6 4
PL(6;—2)(z) = s T 39t 1002 31110 932%  9af 5T
2 8 32 256 512 2048 ' 16334
92 1
65536 262144

We compute their zeros with the command NSolve. They are

(005 1)1, = {~0.968526, —0.891216, —0.866025, —0.725445, —0.571048, —0.5,

—0.291687, —0.0951584, 0., 0.225188, 0.420171, 0.5, 0.687401,
0.833122, 0.866025, 0.963003, 1.4142} .

(€709 (6, —2)}18 | = {—0.967703, —0.877088 — 0.01301991, —0.877088 + 0.01301991,
—0.719435, —0.535283 — 0.0538511, —0.535283 + 0.0538511,
—0.27156,0. — 0.137111,0. + 0.137111, 0. — 0.3383281,
0. + 0.3383281,0.27156, 0.535283 — 0.0538511,
0.535283 + 0.0538511, 0.719435, 0.877088 — 0.01301991,
0.877088 + 0.01301997, 0.967703} .

Next, we present two Figures with graphical representations of zeros and Gesrgorin
locations for P}, (5; us)(x) and Pk (6; A) (), with values of parameters u5 and g cor-
responding to each case of the propositions of the preceding section. Also, we give the
measures of sharpness of G-sets, numerical values of extremal zeros, and some comments.

17



Figure 1: llustration of Propositions 4.1 and 4.2. Zeros and G-sets of some perturbed
by translation of the Chebyshev polynomial of second kind of order r =5 and de-
gree n = 17, P4.(5; us)(x), for us = —1,1,—3,3. Remark the symmetry of zeros with

respect to the origin, when ps — —us due to (17).

— — . 4
-2.0 -15 -1.0 -0.5 0.0 0.5

—2<pus=-1<0, §~0.31. The G-set is [—2,1].

¢ =-1.4142, &£ = —-0.963003, ..., &, = 0.968526
8-S —— OG0 o -
-1.0 -0.5 0.0 0.5 1.0 15 20

0<pus=1<2, S~0.31. The G-set is [—1,2].

& = -0.968526, ..., &g = 0.963003, ¢t = 1.4142
—— ‘ - B—0—B——8—-09
-3 -2 -1 0 1

s = —3< -2, Sout ® 0.16 , Sint ~ 0.033
The extremal zero & = —3.16228 at the left is in the G-interval [~3.219, —2.781].

All other zeros are in the G-interval [—1,1]. & = —0.964978, ..., ¢, = 0.966836
== s === | s
-1 0 1 2 3

s =3> 2, Sint ~ 0.033 , Sous ~ 0.16
The extremal zero ¢&, = 3.16228 at the right is in the G-interval [2.780, 3.220].
All other zeros are in the G-interval [—1,1]. & = —0.966836, ..., s = 0.964978
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Figure 2: llustration of Proposition 4.6. Zeros and G-sets for some perturbed by dila-
tion of the Chebyshev polynomial of second kind of order r = 6 and degree n = 18,

P (6;06)(x), for A\g = —2,-0.75,0.75,5. For 1 # \g > 0, all zeros are real.

For

Ag < 0, there are some pairs of conjugate complex zeros. Real zeros are symmetric

with respect to the origin.

10

05

05

00 0.0

-05

-10

104

P S T s e S Y R A R P S R S " T
-10 -0.5 0.0 05 10 -10 -05 0.0 05

10

All real zeros are in [—1,1] [9)]. The G-set is the unit disk.

+V1-2]

The G-set is {z €C:lz| < ! c— =121

de=-2<-1, S~0.24 —1<X=-075<0, S~ 0.031

-1.0 -05 0.0 0.5 1.0

0<X=075<1, S~0.021
The G-set is [-1,1].
The extremal zeros are : fil =—-0.978712 , 5?3 = —5‘11 .

— 08— ——0-0-—0 -9 - O——0—83~0" PR
-15 -1.0 -05 0.0 0.5 1.0 15

d=5>1, S~0.28
The G-set is [— 1+2\/g7 %] ~ [-1.62,1.62]
Both extremal zeros are outside [~1,1] [9] : & = —1.34162 , ¢y = —¢¢ .

All other zeros are inside [—1,1].
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6 Conclusion

We remark that Gersgorin circles theorems were applied to the matrices J% (u,; ) and to
J4(Ap;7), for r and n fixed, giving constant results for  and n sufficiently big, depending
in almost cases on the parameters of perturbation u, and A,. All initial conditions are
made explicit.

The methodology applied in this article constitutes a starting point for treating more
complicated perturbed orthogonal sequences and geting circles or intervals locations for
their zeros.

Symbolic, numerical and graphical results such as we showed in the previous section
are useful in the investigation on this topic, because they can serve as a verification tool,
as a way to get negative answers, to formulate conjectures or to make some discoveries,
and therefore allow to direct some aspects of the theoretical study. For example, we
notice the existence of pairs of zeros very close. This fact will be treated in a forthcom-
ing work [9] about interlacing properties and locations of extremal zeros of perturbed
Chebyshev polynomials of second kind in terms of zeros of Chebyshev polynomials.

It is worthy to note that Gersgorin circles theorems are not intended to furnish
estimates for the eigenvalues of a matrix, but only some locations of them, that can be
sharp or not.

Funding: The author was partially supported by CMUP (UID/MAT/00144/2013),
which is funded by FCT (Portugal) with national (MEC) and European structural funds
through the programs FEDER, under the partnership agreement PT2020.

Conflicts of Interest: The author declares no conflicts of interest.

References

[1] K. Castillo, F. Marcellan, J. Rivero, On co-polynomials on the real line, J. Math.
Anal. App., (2015) 427(1) 469-483.

[2] K. Castillo, Monotonicity of zeros for a class of polynomials including hypergeomet-
ric polynomials, Appl. Math. Comp., (2015) 266, 183-193.

[3] T. S. Chihara, On co-recursive orthogonal polynomials, Proc. Amer. Math. Soc. 8
(1957) 899-905.

[4] T. S. Chihara, An Introduction to Orthogonal Polynomials, Mathematics and its
Applications, Vol. 13. Gordon and Breach Science Publishers, New York-London-
Paris, 1978.

[6] Z. da Rocha, A general method for deriving some semi-classical properties of per-

turbed second degree forms: the case of the Chebyshev form of second kind. J.
Comput. Appl. Math., 296 (2016) 677-689.

20



[6]

[16]

[17]

Z. da Rocha, On the second order differential equation satisfied by perturbed Cheby-
shev polynomials, J. Math. Anal., 7(1) (2016) 53-69.

Z. da Rocha, On connection coefficients of some perturbed of arbitrary order of the
Chebyshev polynomials of second kind, J. Differ. Equ. Appl., 25:1 (2019) 97-118.

Z. da Rocha, Common points between perturbed Chebyshev polynomials of second
kind, Math. Comput. Sci., (2020) 1-9.

Z. da Rocha, Some properties of zeros of perturbed Chebyshev polynomials of second
kind, (in preparation).

W. Erb, Accelerated Landweber methods based on co-dilated orthogonal polyno-
mials, Numer Algor (2015) 68: 229-260.

W. Gautschi: Orthogonal Polynomials: Computation and Approximation. Numer-
ical Mathematics and Scientific Computation. Oxford Science Publications. Oxford
University Press, New York (2004).

S. Gersgorin, (1931) Uber die Abgrenzung der Eigenwerte einer Matrix, Izv. Akad.
Nauk SSSR Ser. Mat. 1, 749-754.

R. A. Horn, C. R. Johnson, Matrix Analysis - Second edition, Cambridge University
Press, Cambridge, 2013.

M. E. Ismail, Classical and Quantum Orthogonal Polynomials in One Variable.
Encyclopedia of Mathematics and its Applications, 98. Cambridge University Press,
Cambridge, 2005.

E. Leopold, The extremal zeros of a perturbed orthogonal polynomials systems, J.
Comp. Appl. Math., 98 (1998) 99-120.

F. Marcelldn, J.S. Dehesa and A. Ronveaux, On orthogonal polynomials with per-
turbed recurrence relations, J. Comput. Appl. Math. 30 (1990) 203-212.

P. Maroni, Une théorie algébrique des polynomes orthogonaux. Application aux
polynémes orthogonaux semi-classiques (in French) [An algebraic theory of or-
thogonal polynomials. Applications to semi—classical orthogonal polynomials|. In
C. Brezinski et al. Eds., Orthogonal Polynomials and their Applications (Erice,
1990), IMACS Ann. Comput. Appl. Math., 9, Baltzer, Basel, (1991), 95-130.

P. Maroni, Tchebychev forms and their perturbed as second degree forms, Ann.
Numer. Math., 2 (1-4) (1995), 123-143.

J. C. Mason, D. C. Handscomb, Chebyshev Polynomials, Chapman & Hall/CRC,
Boca Raton, FL, 2003.

21



[20] A. Ronveaux, A. Zargi, E. Godoy, Fourth-order differential equations satisfied by
the generalized co-recursive of all classical orthogonal polynomials. A study of their
distribution of zeros, J. Comput. Appl. Math., 59 (1995), 295-328.

[21] G. Szegd, Orthogonal Polynomials, fourth edition, Amer. Math. Soc., Colloq. Publ.,
vol. 23, Providence, Rhode Island, 1975.

[22] H.A. Slim, On co-recursive orthogonal polynomials and their application to poten-
tial scattering, J. Math. Anal. Appl. 136 (1988) 1-19.

[23] Richard S. Varga, Gersgorin and His Circles, Springer Series in Computational
Mathematics, 36, Springer-Verlag Berlin, 2004.

22



